APPROXIMATE CONTROLLABILITY OF LINEAR PARABOLIC EQUATION WITH
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Abstract. In this paper, we consider an optimal control problem governed by linear parabolic differential equations
with memory. Under the assumption that the corresponding linear parabolic differential equation without memory term
is approximately controllable, it is shown that the set of approximate controls is nonempty. The problem is first viewed
as a constrained optimal control problem, and then it is approximated by an unconstrained problem with a suitable
penalty function. The optimal pair of the constrained problem is obtained as the limit of the optimal pair sequence of the
unconstrained problem. The result is proved by using the theory of strongly continuous semigroups and the Banach fixed
point theorem. The approximation theorems, which guarantee the convergence of the numerical scheme to the optimal pair
sequence, are also proved. Finally, we also present a numerical example to validate our main theoretical results.
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1. Introduction. Consider the following linear parabolic differential equation with memory and
distributed control in abstract form

(1.1) %y + Ay(t) = /t B(t,s)y(s)ds + Gu(t), t<[0,T)],

ot
y(0) =yo € X,

where X denotes a real Hilbert space, y is a state variable, u represents a control variable, A is a self-
adjoint, positive definite linear operator in X with dense domain D(A) C X, B(¢, s) is also a linear and
unbounded operator with D(A) C D(B(t,s)) C X for 0 < s <t < T and G is a bounded linear operator
from the control space L%(0,T;U) to L?(0,T; X).

In applications that we have in mind, A represents a second-order linear self-adjoint elliptic partial
differential operator defined on bounded domain Q in R? of the form

d
(1.2) A=->" a(z]- <aij(x)8ii> + ag(x)1

,j=1

with homogeneous Dirichlet boundary condition, where the matrix (a;;(z)) is symmetric and positive
definite, ag > 0 on ). Here, B(t, s) is a general second-order partial differential operator of the form

d d
(1.3) B(t,s) = — Z 36% (bi’j(t’s;x)aaxi> + ij(t,s;x)aij + bo(t, s; )1,
3,j=1 j=1

and G = I. For the abstract form (1.1), we choose here X = L%*(Q), D(A) = H?(Q) N H}(Q) and
D(B) = H?(Q) and throughout the article, we assume that the coefficients b; ;, b;,by, are smooth. Our
subsequent analysis includes Gu as uY,,, where w is a nonempty subdomain of €2 and Y, is a characteristic
function which takes value 1 on w and zero elsewhere.

Parabolic integro-differential equations of the type (1.1) occur in many applications such as heat
conduction in materials with memory, compression of poroviscoelastic media, nuclear reactor dynamics,

etc. (see, Cushman et al. [5], Dagan [6], Renardy et al. [28]).
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For control problems of the heat equation with memory, that is, when A = —A and B(t,s) =
—a(t — s)Au(s) in (1.1), where a(-) is a completely monotone convolution kernel, Barbu et al. [1] have
discussed approximate controllability using Carleman estimates, see also [20] and [35]. Later on, Pan-
dolfi [25] has considered Dirichlet boundary controllability of heat equation with memory in one space
dimension by employing Riesz systems. Subsequently, Fu et al. [7] have established controllability and
observability results for a heat equation with hyperbolic memory kernel under general geometric condi-
tions and using Carleman estimates. Further, Pandolfi [24] has employed a cosine operator approach to
discussing the exact controllability results for the Dirichlet boundary control of the Gurtin-Pipkin model,
which displays a hyperbolic behaviour. On second-order integro-differential equations, Kim [13, 14] has
established reachability results using continuation arguments and multiplier techniques combined with
compactness property. Wang et al. [33] have proved some sufficient conditions for the controllability of
parabolic integro-differential systems in a Banach space. A result in the direction of approximate con-
trollability of integro-differential equations (IDE) using Carleman estimates and continuation argument
has been proved in [21] and using spectral analysis in [31] and [34]. However, Chaves-Silva et al. [2]
established null controllability results for parabolic equations with memory terms by means of duality
arguments and Carleman estimates. Loreti et al. [23] have analyzed reachability problems for a class
of integro-differential equations using Hilbert uniqueness results. Kumar et al. [16] discussed controlla-
bility of mixed Volterra—Fredholm type integro-differential third-order dispersion equation by using the
theory of semigroups and the Banach fixed point theorem. However, several negative results like lack of
controllability of such systems are discussed in [9], [10] and [11].

Numerical solution by means of finite element methods has been investigated by several authors when
u is a given function and G = I. In [32], Thomée et al. have considered the backward Euler method and
obtained related error estimates for non-smooth data. Pani et al. [26] have used energy arguments and the
duality technique to get error estimates for time-dependent parabolic integro-differential equations with
smooth and non-smooth initial conditions. Lasiecka [17, 18] have considered optimal control problems
for linear parabolic equations, which are approximated by a semidiscrete finite element method or Ritz-
Galerkin scheme and then the convergence of optimal controls are derived. Moreover, Shen et al. [30]
have developed the finite element and backward Euler scheme for space and time approximation of a
constrained optimal control problem governed by a parabolic integro-differential equation. Further, in
[29] Shen et al. have discussed mathematical formulation and optimality conditions for a quadratic
optimal control problem for a quasi-linear integral differential equation and a prior error estimates are
also established.

In the present article, an attempt has been made to discuss the approximate controllability of a
distributed control problem for a general class of partial integro-differential equations of parabolic type
(1.1), under the assumption that the corresponding parabolic equation without the memory term is ap-
proximately controllable. Firstly, the control problem is viewed as an optimal control problem, and using
operator theoretic form, an optimal pair of the solution is derived, which, in turn, provides proof for the
approximate controllability. The present proof is constructive in its approach and avoids using Carleman
estimates and continuation of argument etc. Finally, some approximate theorems are established, and one
numerical experiment using the finite element method are conducted to confirm our theoretical findings.

In order to motivate our main results, we first define the operator B as

(By)(t) = / B(t, 7)y(r)dr.

Since A generates a Cp-semigroup {S(¢)}:>0 of bounded linear operators on X, then for a given
u(t) € U and yo € X, the mild solution for the system (1.1) is given by

(1.4) y(t) = S(t)yo +/0 S(t— T)By(T) dr +/O St —7)Gu(r) dr

(see, Pazy [27]). This correspondence which assigns a unique y € L?(0,T; X) to a given u(t) € U, will be
denoted by a solution operator, say W i.e. Wu(t) = y(t).
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The system (1.1) is said to be approximately controllable if for given functions yy, § € X and a
d > 0, there exists a control u(t) € U such that the corresponding solution y of system (1.1) also satisfies

ly(T) = gllx < 0.
In view of (1.4), for such control u, we arrive at

(1.5) 9 =5S(T)yo + /0 S(T — T)By(T) dr + /0 S(T — 7)Gu(r)dr,
where § = y(T).

Setting an operator L as
T
(1.6) Lu = / S(T — 1)u(r)dr,
0

such that D(L) = {u € L?(0,T;U) : Lu exists in X }. Since u € L*(0,T;U) or u € C([0,T];U) implies
Lu € C(X) and hence, we have that D(L) is dense in L%(0,7;U). Moreover, L is a closed opera-
tor, see Lasiecka et al. [19] (chapter 0, below equation 0.32). Its adjoint L*, defined by (Lu,y)x =
(u, L*y) 2(0,mv) is the closed operator defined by

(L*y)(t) =S(T —t)y, 0<t <T, yeDL"),

where D(L*) = {y € X : L*y € L?(0,T;U)}. If G* is the adjoint operator of the operator G, then it
follows that
(G*L*y)(t) = G*S(T —t)y, t €0, T) and y € X.

Thus, the equation (1.5) can be written equivalently as an operator equation
(1.7) %= LBy + LGu,

where 2 = § — S(T)yo. Define for § > 0, the set Us C L?(0,T;U) of admissible controls of (1.1) by
Us = {u € L2(0,T;U) : |[LBy + LGu — 2||x < 5} .

It is a closed, convex and bounded (possibly empty) subset of Y. Setting Z = L?(0,T;X) and
Y = L%(0,T; U).

DEFINITION 1.1. Letyo, § € X and T > 0. We say the problem (1.1) is approximately controllable if
for 6 > 0, there exists u € Y such that Us # ().

Now, our main problem is to prove Us # () and then to determine uj € Us such that

(1.8) J(uy) = uiél[i J(u)

where J(u) = ||u|)%..

DEFINITION 1.2. For a given 6 > 0, let ui € Us be a solution of the problem (1.8) with y5 € X as
the corresponding mild solution of the system (1.1). Then the pair (uj,ys) is called optimal pair of the
constrained optimal control problem (1.8).

Our main thrust is to establish an existence of an optimal pair (u},y;) of the constrained optimal
control problem (1.8) and thereafter, present a numerical scheme for approximating the optimal pair.
Under the assumption B = 0, in section 2, we first show that the set Us of admissible controls is
nonempty. Then the optimal pair (u},y;) is obtained as a limit of the sequence of an optimal pair
(u?,y¥), where uX minimizes the unconstrained functional J,(u) over the whole space Y defined by

1 - 2
(1.9) Jelu) = J(w) + HLu—kLBWu—éHX,
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where W is an operator which assigns to each control u} the solution y* of (1.1). We shall refer to (u*, y*)
as the optimal pair corresponding to the unconstrained problem.

The plan of this paper is as follows. In Section 2, it is shown that the set of admissible control
Us is nonempty under the assumption that the corresponding system with B = 0 is approximately
controllable. The optimal pair (u},y;) of the constrained problem (1.8) is obtained as a limit of the
optimal pair sequence {(u},y})}, where v} minimizes the unconstrained functional J.(u) defined by (1.9).
Approximation theorems that guarantee the convergence of the numerical scheme to the optimal pair are
proved in Section 3. In Section 4, we discuss a technique for the computation of optimal pair {(u,,y,)}
through the finite-dimensional approximation scheme and demonstrate one numerical experiment to show
the existence of the optimal control and the applicability of our results.

2. Existence of optimal control and convergence to the control problem. In this section,
we first show that the set Us of admissible controls is nonempty. Here, we first make the following
assumptions for the problem (1.1):

(A1) The set {S(t)}+>0 of Co-semigroup of bounded linear operators on X, generated by (—A) is
uniformly bounded, that is, there exists 8 > 0 such that ||S(¢)||x < 8, for all t € [0,T].

(A2) The operator B(t,7) is dominated by A together with certain derivatives with respect to ¢ and 7,
that is, ||[A™1B(t, 7)pl| < alle|| ¥ ¢ € D(B(t, 7)), 0<7<t<T.

(A3) The system (1.1) with B = 0 is approximately controllable.

(A4) The operator G : L?(0,T;U) — L?(0,T; X) is a bounded linear operator.

The condition (A2) is not restrictive as it shows the dominance property of the main operator A, see
Thomée and Zhang [32]. The assumption (A3) is on the approximate controllability of the corresponding
linear parabolic problem.

The following lemma is related to the assumption (A3).

LEMMA 2.1. The system (1.1) with B = 0 is approzimately controllable on [0,T] if and only if one
of the following statement holds:
(i) Range(LG) = X.
(ii) Kernel(G*L*) = {0}.
(iii) For all z € X, there holds for § € (0,1)

LGus = 7 — 5(51 n LGG*L*) 2,
-1
where ug := G*L* (6[ + LG G*L*) z.
-1
(iv) 513&5(51+LG G'L ) 2=0.

For a proof, we refer to Curtain et al. [3, 4] and Leiva et al. [22]. As a consequence, it is observed
that

lim LGus = z,
6—0t
and the error esz due to this approximation is given by
-1
esz = 0(01+LGG'LY) 2,

which tends to zero as § — 0.
For approximate controllability of the problem (1.1), we rewrite its controllability equation as

(2.1) us = G*L* (51 + LGG*L*) (s — LBy),

where Z = y(T) — S(T)yo.
Now for a fixed z € Z, consider the following linear parabolic integro-differential system which is
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indexed by z

0y
ot

t
(2.2) + Ay, = / B(t, 7)2(r)dr + Gus, t € [0, T,
0
y-(0) = yo € X.

The mild solution y, € Z of the above system is given by

(2.3) y=(t) = S(t)yo + /0 S(t—7)Bz(r)dr + /0 S(t — 7)Gu(7)dr,
and hence,
T y T
(2.4) U =y (T) — S(T)yo = /0 S(T —7)Bz(r)dr + /0 S(T — 7)Gu, (1) dr.

In operator theoretic form, (2.4) reduces to the operator equation
(2.5) LGu, = i, — LBz,

for each fixed z.

Now under the assumption (A3), the system (1.1) with B = 0 is approximately controllable, and
hence, Lemma 2.1 implies that (61 + G*L*LG) is boundedly invertible. For approximate controllability
of (2.2), we observe that for a given state 2 = g — S(T")yo € X, and for 6 > 0, a control us . solves

(2.6) us. = G*L*(6 + LG G*L*)™! [z - LBZ] .

To keep the notation simple and wherever there is no confusion, we write u; , simply by u..
Denote the operator Mz := G*L*(6I + LGG*L*)~! {2 - LBZ} and consider for ¢ € (0, 1], the family

of operators Rs : Z — Z which assigns a solution y, of (1.1) (given by (2.3)), corresponding to z € Z,
that is,

(2.7) Rsz(t) = S(t)yo + /Ot St—r1) (Bz(r) + LGMZ(T)) dr.

Now, define the operator K : L%(0,T; X) — L?(0,T; D(A)) by

t
(28) (K0 = [ St =rytr)ar

which is linear and continuous. Rewriting equation (2.7) in operator form as
(2.9) Rsz(t) = S(t)yo + KB2(t) + KGMx(t).

First of all, we need to prove that for each fixed ¢ € (0, 1], the operator Rs has fixed point, say, zs.
The following lemmas deal with some properties of K and L.

LEMMA 2.2. Let the assumptions (A1) and (A2) be satisfied and let the operators L : L*(0,T;U) — X
and K : L?(0,T; X) — L*(0,T;D(A)) be defined by (1.6) and (2.8), respectively. Then, the following

estimates hold ¢
(B(©llx < C [ (o)l s

and

T
HMMMSC/IMMMM
0
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Proof. From the definition of K and B, we rewrite using semigroup property as
t T
(Kéy)(t) = / S(t— T)/ B(7,s)y(s)dsdr
0 0
t d T
= —/ —S(t— T)/ A B(r,8)y(s)dsdr.
o dr 0

After integration by parts, we arrive at

t t T

(K By)(t) = / ATIB(t,s)y(s)ds — / S(t— 7)/ AT B, (1, 5)y(s)dsdr
0 0 0
t
—/ St —7)A B, (1, 7)y(T)dr.
0
We note that
t t T
1B < [ 147 B swlds+ [ 18- [ 147 B, s)y(ldsar
t
+/O 1St = DA™ By (7, 7)y(7)|dr,
and hence,
R t t t
1B < [ los)lxds+alld=10+8) [ l)lxdr +a8 [ utr)lxar

<a(l+B)(1+ A7) / ly(m)lxdr.

Thus, we now arrive at

I(KBy)#)]x < C / () xdr,

where C' is a generic constant, which depends on «, 3 and ||A™!]].

B yields

Similarly, a use of definition of L and

T
ILBylx < C / ly(r)l|xdr.
0

This completes the proof of the lemma. O

On the lines of Lemma 2.2, we have the following result.

LEMMA 2.3. Under the assumptions (A1), (A2) and (A4), the following estimate holds

|(sezoa) o < ex (121 + € [ lutriear).

where Cy depends on T, B, |LG||, |G*L*|| and ||(] + LGG*L*)71||.

A variation of the Banach contraction mapping principle will help in the proof of the following
theorem, which provides the approximate controllability of the system (1.1).

THEOREM 2.4. Under the assumption (A1) — (A4), the operator R} is a contraction on the space Z
for some positive integer n. Moreover, for any arbitrary zo € X, the sequence of iterates {z5 1}, defined

by
(2.10) Z8,k+1 = RSLZ&]C, k= O7 1, 2, ‘e

with z50 = Yo converges to yi, which is a mild solution of the system (1.1). Further, usp = Mz is
such that us converges to us = Myjs, and the system (1.1) is approxzimately controllable.
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Proof. Let 21,29 € Z. Then, a use of (2.9) yields

(Rsz1 — Rsz)(t) = KB(21(t) — 22(t)) + KGM(21(t) — 22(t)).

Apply Lemma 2.2 and 2.3 and obtain
t
I(Rsz1 — Rsz2)(t)[[x < C / [21(7) = 22(7)l| x dr,
0
where C' depends on 3, a, T, || LG||, ||G*L*| and ||(6] + LGG*L*)~!||. Hence,
cT
Rsz1 — Rsz < —|lz1 — 22]|z-
[Rsz1 — Rs22llz < \/5” 1~ 22|z

Proceeding inductively, we obtain a constant v, = F(QCT)W , such that

2n(3-5---2n—1)

[R5 21 — Riz2llz < yull21 — 22| -

Choose n large enough (independent of T' and C) such that v, < 1, and hence, R} is a contraction.
Therefore, by Banach contraction mapping theorem, R§ has a unique fixed point, say, y5, which is the
limit of the sequence defined by (2.10). This y; is also the unique fixed point of the operator Rs, for fixed

5 € (0,1].

In order to show Mzs, — Myj, set us, = Mzs ), where 25, is the mild solution of the system (2.2)

with control us . Then, we obtain

| (Mzsi = Muz) |, < OTIG L7 (el + LGG L)) 1z = 351 2

Since for each fixed 6 € (0,1], the sequence 25 — y5 in Z. This implies that Mzs, — Myj = uj. As y3
is the mild solution of the system (1.1) with control uj, as zsx — Yy, it follows that Rszs51 — Rsy; = ;.

Using the definition of Rs and with similar arguments as earlier, it follows that

R(;z(;,k(t) = S(t)yo —|—/0 S(t — T)BZg,k(T) dr —|—/O S(t — T)GU571€(T) dr.

As k — oo, we obtain

t t
ys (t) = S({t)yo -l-/ S(t — 7)By; (1) dr +/ S(t — 7)Guj(7) dr,
0 0
and y; is the mild solution of the system (1.1), corresponding to control u} given by
(2.11) uy = Mys
-1 ~
(2.12) =G L (51 + LGG*L*) [z - LBy;;] .

It remains to show that the problem (1.1) is approximately controllable. To this end, we observe that

LGuj = LGG'L* (81 + LGG'L") - 2 - LBy;]
_ ((51 +LGGH L) — 51) (5[ n LGG*L*) B [z - LBy:;"]
(2.13) =[2— LBy} -6 (51 + LGG*L*) B [z - LBy:;} .

Since ||z — LBy;|| is bounded, a use of Lemma 2.1 (iv) yields

lim H—5 (51 + LGG*L*) B

§—0t

[73 — LByg}

-
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and hence, )
lim ||LGuj + LBy; — 2| =0,
6—0t

that is, for given any given §; > 0, there exists a dg > 0 such that for 0 < § < g
|LGu; 4+ LBy; — 2| < d;.

Hence, the system (1.1) is approximately controllable. This completes the rest of the proof. (Il
Remark 2.5. Note that Us # (). Further, the error of the approximation in this case is given by

eszs =0 (81 + LGG*L*Y1 2 - LBy;] .

Remark 2.6. Under assumption (A1)-(A4), Theorem 2.4 implies that the system (1.1) is controllable
without any inequality constraint on 7'

Thus, we have Us # (). The pair (u},y;) so obtained need not be an optimal pair satisfying (1.8),
and hence, the problem (1.8) remains unanswered.

We now change our strategy and examine the process of obtaining the optimal pair of the constrained
problem through a sequence of optimal pairs of the unconstrained problems, as indicated in Section 1.
For this purpose, we first define a sequence of functionals {J.} with ¢ > 0 as

(2.14) Je(u) = %J(u) + ip(u)7 uey,

where penalty function P(u) is of the form

(2.15) P(u) = HLGu+LBWu72H1, wevy.

Now the problem under investigation is to seek u} € U such that

(2.16) Je(ug) = inf Je(u).

As in [8], roughly speaking, the approximate controllability can be viewed as the limit of a sequence
of optimal control problems (2.16). We now make further assumption that

(A5) The solution operator W : U — Z is completely continuous.

Remark 2.7. One of the sufficient condition for W to be completely continuous is that the semigroup
{S(t)} is compact.

Denote by & the operator Eu = LGu+ LBWu, where the operators L, B and W are as defined before.
Then, the functional J. defined through (2.14) can be written as

1 1
(2.17) Je(w) = S[lully + —llEu — 2[I%
2 2€

Note that the operator £ is a sum of continuous linear operator L and a completely continuous
operator W, and hence, it is a weakly continuous operator.

THEOREM 2.8. Under assumptions (A1)-(A5), the unconstrained optimal control problem (2.16) has
an optimal pair (ul,yr) such that u} € U minimizes Je(u) and y¥ solves (1.1) corresponding to the control
Proof. We first prove the weakly lower semicontinuity of the functional J.. Let ul — u} in Y, then, it
follows that

1 1
. S lim Lim2 e - n_ 22
liminf Je(u¢ 2 liminf oflug |y + liminf o= [|Eug — 2]k
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Observe that

lEur =215 = ILGul I + |LBWu? — 2% + 2 (Lu?, LBWu? = £)

and hence,
lim inf |Eu” — 2||% > liminf | LGu?||% + liminf || LBWu? — 2||%
n—00 n—00 n—00

+21iminf (LGul', LW - 2)

n— oo X ’

From Lemma 2.2, we arrive at

T
ILB (W = W) x <€ [ Wa? = W) | xds
0
< CTV?|Wul — Wull|z.

_ Since u¢ — g inY, and W is completely continuous, this implies that Wu — Wu? in Z and hence,
LBWu? — 2 — LBWu! — 2 in X. Using the fact that L is weakly continuous and W is completely

continuous, we obtain LGu? — LGu*, LBWu! — % — LBWu? — % and (LGug,LBWen - z) -

(LGuj, LBWU,: — 2) and along with the fact that the norm is weakly lower semicontinuous functional,
we find that

o I 1 v s
liminf J(u?) > 3wt + o-ll€ur - 215

This proves the weakly lower semi-continuity of J.. Let {u} be a minimizing sequence for the
functional J, that is, inf,cy Je(u) = limy,—, o0 Je(ul). Since J. is coercive, the sequence {u”} is bounded
in Y. Then, there exists a subsequence which is also denoted by {u”} such that u? — u} weakly in Y.
Since the functional (2.17) is weakly lower semicontinuous in Y, we arrive at

. _ NRTAN ny > -
Inf Je(u) = lim Je(uc) = lminf Je(uc) 2 Je(u)
Therefore, we obtain
Je(u}) = ulél}f/ Je(u).

As yl = Wul and ul — u?, the complete continuity of W implies y* — vy, where yF = Wu?. Thus,
(ur,y?) is the optimal pair for the unconstrained optimal control problem (2.16) and this completes the
proof of the theorem. |

In our subsequent analysis, we need the following properties of the sequence of minimizers {u*}.

LEMMA 2.9. Let € > 0 be arbitrary and let u. € Y be a minimizer of Jc.(u) in'Y, where J.(u) as
defined by (2.14). For €' < e, the followings holds:
(1) Je(ue) < Jeor(uer).
(ii) P(uc) > P(uer).
(iii) J(uo) < J(uer).
(iv) J(ue) < Te(ue) < J(u*) + 3

Z.
Proof. As u. minimizes J, it follows that
1 1

Tu(ue) = () + 5 Plue) < J(ue) + 5 Plue) < (o) + %P(ue/) = Juue).

This proves (7). For (i), let u. and u be the minimizers of J. and J, respectively, then, we arrive at

T(u0) = J(u) + %P(ue) < J(us)+ iP(uef)



10 A. KUMAR, A.K. PANI AND M.C. JOSHI

and

iP(ue).

1
— ) <
P(ue ) — J(ue) + 26’

JEI €’ = J €’
(U ) (U )+ %€/

On adding above inequalities, we get
P(ue) > P(ue).

For (#ii), note that
1 1
= —_— < ’ - 7).
Je(ue) = J(ue) + 26P(ue) < J(ue) + 26P(u6 )

Hence, using (#4) it follows that

T = (o) < 5 (Pluc) = P(u0) <0

and
‘](ue) S J(ue/)'

For (iv), again we observe that

1 1 52
< = — < * — ) < * —.
J(ue) < Je(ue) = J(ue) + 26P(ue) < J*) + 2€P(u ) < J(u')+ 9
This completes the rest of the proof. O

We are now in a position to state the main theorem of this article.

THEOREM 2.10. Assume that for a fized 6 > 0, Us # 0 and assumptions (A1)-(A4) hold. Let (u},y})
be an optimal pair of the unconstrained problem (2.16). As e — 0, there exists a subsequence of (uf,yr)
converges to (u},y;), where (u},y;) is an optimal pair of the constrained optimal control problem (1.8).
Furthermore, if Us is a singleton then the entire sequence (u},y}) converges to (u},ys).

Proof. For a fixed § > 0, Us # 0; the existence of the optimal pair (u*,y*) to the unconstrained problem
(2.16) follows from the Theorem 2.8. Let u}, € Us. From Lemma 2.9, we have

Jo(ul) < Jo(ulh) for € < e.

Thus, {Jc(u¥)} is a monotone decreasing sequence which is bounded below and hence it converges.
Similarly, {J(u})} is also a convergent sequence. Now 1P(u?), being the difference of two convergent
sequence, also converges, which in turn, implies that P(u}) — 0 as ¢ — 0. Hence,

lim ||Eu? — 2||x = 0.
e—0 i

Since {u’} is a uniformly bounded sequence in Y, it has a subsequence, again denoted by {u’} such
that u? — uj in Y. Weak continuity of £ implies that Eu} — £uj. Hence fuj = £ and uj € Us. By the
weak lower semicontinuity of the norm functional and Lemma 2.9, we arrive at

[uslly < liminf [luglly <limsup [uflly < fluzlly,
e—0 e—0

and hence,
lim ||uf ]y = ||Jufl|ly.
lim fJuglly = [Juslly
This along with the weak convergence of u} to uj, implies that
ur — uj as € — 0.

Again from Lemma 2.9 and weak lower semicontinuity of the norm functional, we obtain the inequality

J(uz) < liminf J(uf) < J (@), @ € Us.
e—
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This, in turn, implies that
J(uy) < J(w) YV u € Us.

Therefore, (u3,y;) is the optimal pair for the constrained optimal problem (1.8). It is also clear that
if Us is a singleton then the entire sequence u! converges to uj in Y.
Next, we show the convergence of y to y} in Z. From (1.4) and Lemma 2.2, we obtain

e - w0l <€ [ i) - \um+ﬁ/nu )= w3 (llxdr

<0 [ 1) = g5l + 5T il
Using Gronwall’s lemma, we arrive that
lyz (8) = y5 (D)l x < BTY?[|uf — uslly €T
and hence,
(2.18) ly: = yillz < BTe T uf — uj|ly.

Since uf — uf in Y, from (2.18), we obtain y* — y} in Z as ¢ — 0. This completes the rest of the
proof. O

3. Approximation theorems. In our analysis, we are interested in the computation of the optimal
control pair for the unconstrained problem. We first begin by establishing some properties of the operator
arising from the derivative of the functional J., which is defined as follows:

1
(3.1) Je(u) = *||u||y+ ”gu—Z”Xv

where Z is a fixed element in X. We first recall the unconstralned optimal control problem

(3.2) Je(u) = 1}2{/ Je(v).
LEMMA 3.1. The critical point of the functional J¢ is given by the solution of the operator equation
1
(3.3) ut-K(Eu—-2)=0
€

where K = (LG + LBW)*, &u = (LG + LBW)u and y = Wu.
Proof. We note that

1
Je(u+ hv) — Je(u) = 3 (u+ hv,u + hv)

+i€ ((LG + LBW)(u + hv) — 2, (LG + LBW)(u + hv) — z)

f% (u, ) — i ((LG + LBW)(u) — 2, (LG + LBW)(u) — z)

h(u, h = (0,0) + h (LGu+LBWu—z (LG+LBW)(v))

v) + =

2 ~
? ( (LG + LBW)(v), (LG + LBW)(U)) .
Then, J, (u) is given by

J/(u)v ~ lim Je(u+ hv) — Je(u)
h—0 h

= (u,v) + % (LGu Y LBWu— 2, (LG + LBW)(U))

— (uv)+ > ((LG + LBW)*(LG + LBW)u — %, v) ,
€
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and hence,
/ 1 ~ -
J(u) =u+ E(LG + LBW)*(LG + LBW)u — %).

If w is a critical point of J¢, then it follows that
1 -
u+ EIC(LGU +LBWu—%)=0,

where K = (LG + LBW)*. This concludes the proof. O

Note that, in the literature, the operator equation (3.3) is known as the Hammerstein equation (see,
Joshi et al. [12]) Also, note that the operator K is bounded linear operator. We first assume that the
critical point of J, is the unique minimizer of J.. Then the minimizing problem (3.2) is equivalent to the
following solvability problem in the space Y:

(3.4) u+ %IC&’U =0,

where w = %IC,%. We now first begin approximating the main problem in the following way. Consider a
family {X,,} of finite dimensional subspaces of X such that

o0
XiCXyC...C Xpp...C X with UXm:X.

m=1

Let {¢;}22, be a basis for X. The approximating scheme for the space Z = L?(0,T; X) is then defined
in a natural way by the family of subspaces Z,, = L?(0,T; X,,). Then the projection P, : X — X,, is
given by

Pm[y(t)] = Zai¢iu te [07 T]v
i=1
where X,,, = span{¢1, ¢2,..., ¢ }. Similarly, let U, be the finite dimensional spaces of U and {;}52;
be a basis for U such that U, = span{t1,2,...,%n} and naturally the approximating scheme for the
space Y = L%(0,T;U) is given by Y, = L?(0,T; U,,) which induces a projection P, : Y — Y,, given by

(Ptt)(t) = PrGul(t).

The projections P,, and P, generate the approximating operators K,, and &,, defined by KC,,, = P,.K
and &,u = P,,Eu. Then, the approximated minimization problem is stated as: Find u,, € Y;, such that

. 1, = 1 - )
(3.5) Jem(tm) = i0f | Jem(u) = S|Pl + 5| P P — Pzl | -
UEY s, 2 ™o 2e m
As in the case of problem (2.16), one can show that the problem (3.5) has a solution u,, € ¥;,, and
hence, its critical point satisfying the operator equation in the approximating space Y,, as

1
(3.6) U, + *Icm (5mum - Pmé) = 0.
€

Let u,, = Z?ll Bit; be the solution of (3.5) and y,,, = 2211 a;¢; be the corresponding solution of
the state equation. Then for each m, we shall refer to (ty,, ym) as approximating optimal pair of (3.5) in
(Ym7 Z’”L)'

Following theorem shows that the solution for the problem (3.6) is uniformly bounded in Y;,, and the
approximating pair (u},,y},) converges to (u*,y*), where (u*,y*) is an optimal pair of the constrained
problem (1.8).

THEOREM 3.2. Let Us # () and uf, be the solution to the problem (3.5). Then {uk} is uniformly
bounded in Y,,. If in addition, J. possesses a unique minimizer in Y which is also the only critical point
of Je, then (3.5) has an optimal pair (uk,,yk,) which converges to (u*,y*) in' Y x Z, where (u*,y*) is an
optimal pair of the constrained problem (1.8).
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Proof. Existence of the optimal pair (uy,,¥;,) to the optimal control problem (3.5) follows from Theorem
2.8. Let u* € Us, then from the definition of Us, we have ||Eu* — Z|| < ¢. Define u¥, = P, u*. Then

1 1, = 1
Sltll® < Jem(ui) = 51 P ” + 2 IPméum = Pz

1,5 1
< 1P| + S Pl 1w, — 217

1 ~ * 1 * * * 2
< 1Pl 12 + <11 Pl (€0, — £ |2 + flEw™ — 2112).

Since u*, = P,u* — u* and € is weakly continuous, we have Eu*, — Eu*. Hence, both the term on
right hand side is bounded. Therefore {u},} is uniformly bounded.

Since {u},} is uniformly bounded, it has a subsequence, still denoted by w,, which converges weakly
to u* in Y. Then from the weak lower semicontinuity of the norm functional and Lemma 2.9, we arrive
at

| < Timin [z, | < 1im sup 3 | < "]
m—0o0

This implies
Tim[fu || = [l

Together with the fact that v, — v* in Y, we obtain

m
uy, > u* inY, asm — oo.

As yr, = Wu?, and u}, — u*, then continuity of the solution operator W implies that y, — y* =
Wu*. This now completes the rest of the theorem. O

In the next step, we discretize in the direction of t. This leads to finite dimensional subspaces Z¥ of
each fixed Z,, which satisfy the following property

o0
Zp CZ3 C... 2k C...CZy with | ) Zk = Z,.
k=1
Denoting the orthogonal projection Q¥, from Z,, to Z¥ which introduced the operators KX, = Q¥ KC,,
and EFu = QF &,,u. For a fixed m, we approximate the minimization problem (3.5) by the following
minimization problem in the finite dimensional subspace Y* of Y;,.
Find uk, € V¥ such that

. 1 1 .
(3.7) (I)e(ufn) = unirgf,ﬁ Jek,m(um) = 5”@5@”771”;{3 + % ”angmum - Zm”?xm

The unique minimizer of the problem (3.7) is given by the critical point of ®., which is equivalent to
the following solvability problem in the space Y,F.

1
(3.8) uf + g/cf;L (Ekuk, — PL2) =0.

Let u¥, = Y7, BF4; be the solution of the minimization problem (3.7) and let y* = > ak¢, where
of = a;(kAt) and BF = Bi(kAt),1 < k < N,N = T/At. For each m, we shall refer to (uk,, y*) as
approximating optimal pair of the problem (3.7) in (Y,F ZF).

On the lines of Theorem 3.2, we have the following theorem giving the convergence of the approxi-
mation optimal pair (uf,,y¥) as k — oo with m fixed.

THEOREM 3.3. Let the assumptions (A1) - (A5) be satisfied and {u,} be the solution of the problem
(3.8). Then the approzimating optimal pair (uk,,y ) converges to (uf,,y:) in (Yo, Zm)-

m>
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4. Application. Let © be a bounded domain in R? with smooth boundary 9. For fixed T > 0,
let @ =(0,T) x Qand X = (0,T) x 9. Let A be a second order uniformly elliptic differential operator
given by (1.2). Further, assume that the operator B(t, s) is an unbounded partial differential operator of
order 8 < 2 given by (1.3). Set X = L?(Q), V = H}(Q), D(A) = H*(Q) N H}(Q) and D(B) = H?(Q).
Then the weak formulation of the problem (1.1) is given by

(4.1) (00 ) + Aly, &) = /O Bt, s;y(s), 6)ds + (Gu, d) Vb€ V, t € [0,7]
y(0) = vo,

where A(-,-) : HY(Q) x H}(Q) — R and B(t,s;-,-) : H}(Q) x H} () — R are the continuous bilinear
forms corresponding the operators A and B(t, s) given respectively by (1.2) and (1.3).

From Lumer—Phillips theorem (see, Pazy [27]), (—A) generates a Cy—semigroup. For yo € D(A), the
unique mild solution for the system (1.1) is given by

t

(4.2) ) = S(Om+ [ S0 = 9)By(s)ds + /0 S(t — $)Gu(s)ds,

where S(t) = e~*4 generates a Cp-semigroup.
For final time t = T, we obtain

(4.3) y(T) = S(T)yo + LBy + LGu

where the operator B and L are defined as before in Section 1. Since the linear operator A is self-adjoint
and positive definite, one can show that A~! exists and hence ||[A™1B(t, s)¢|| < a|¢| for ¢ € D(B) and
0 <s<t<T, is satisfied.

Since all the hypotheses (A1-A4) are satisfied, an appeal to Theorem 2.4 ensures the approximate
controllability of (4.1). Also, set U = L?(Q2) and Y = L?(0,T,U), the solution operator W : U — Y is
compact and an application to Theorem 2.8 and 2.10 shows the existence of optimal control.

Let {Jx} be a family of regular triangulation of Q with 0 < h < 1. For K € Jp, set hx = diam(K)
and h = max(hg). Let

Xy ={vy € C%Q) :vplx € P1(K), K € Jn,vr, =0 on o0},
where P; (K) is the space of linear polynomials on K. Let U}, be the finite dimensional subspace of U con-
sisting constant elements defined on the triangulation 7. Then, the semidiscrete Galerkin approximation
of (4.1) is defined by
t
(4.4) (Yn.ts X) + AYns X) =/ B(t, s;yn(s), X)ds + (Gun, x) Vx € Xn, t €[0,T]
0

yr(0) = yon,

where, ygp, is the approximation of yg in Xp.

Let P, : X — X, is the L?-projection and let {S),(t)} denote the finite element analogue of S(t),
defined by the semidiscrete equation (4.4) with w = 0 and B = 0. This operator on X, may be defined
as the semigroup generated by the discrete analogue Ay : X, — X of A, where

(Ahv7X) = A(”vX) v v, X € Vh~
Define the discrete analogue By, = By (t, s) : X, — X, of B = B(t,s) by
(Bh(t,S)’U,X) = B(t,S;U,X) VU7X € Xp, 0<s<t<T.

Now we write the semidiscrete problem (4.4) in an abstract form

t
(4.5) Yt + Anyn = / By (t, s)yn(s)ds + P,Gup, = Bryn + PoGuy, fort e [0,T7,
0

yh(o) = Pryo-
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where up (t) € Uy and y,(t) € Xp. Using Duhamel’s principle, the solution yy, of the semidiscrete problem
(4.5) may be written as

(4.6) yn(t) = Sp(t)Pryo + /0 Sy(t — 8)Buyn(s)ds + /0 St — ) PrGup(s)ds,

where the discrete counter part of S(t) = e~*4 is defined by Sy, (t) = e~ *n.
At time t = T, equation (4.6) becomes

(4.7) yn(T) = Su(T)Puyo + LuBryn + Ly PaGuy,.
where L, is defined by

T
(4.8) Lpvp, = /0 Sh(T — s)vp(s)ds.

When m is replaced by h in equation (3.6), then the critical point u} of the functional J, 5, given by
(3.5), is the solution of the following equation

1
up, + EICh (5huh — PhP:’) =0,

Here, Pj, is the L?-projection from the space X to Xj,. Since all the conditions of Theorem 3.2 are
satisfied, there exists an optimal pair (u},y;) of (3.5) which converges to the optimal optimal pair of the
constrained problem (1.8).

Full Discretization. In order to discretize in the direction of t, we partition the t-axis in a uniform
partition (not necessary) by 0 = tg < t1--+ < tp, < -+ < ty with ty = T and set I,, = (t,—1,tn]. Let
Wy denotes the set of scalar functions on [0, 7] which reduces to polynomial of degree ¢ — 1 on each
I,. Let Z,JLV =Wnxn ® X, and YhN =Wy ® Up. In fact, Z,ILV consists of functions defined on [0, 7] whose
restrictions to I,, is a polynomial of degree < ¢ — 1 with its coefficients in X}, that is, Z,JIV consists of
piecewise constant on each I,,. Similarly, Y}V is defined for ¢ = 1.
Let At be the step size in time, t, = nAt, n =1,2,---, N, where N = T/At. Let ¢" = ¢(t,). For
¢ € C[0,T], set
Gt = )~ )

Backward Euler Scheme: For y}Y € Z and u)) € U with y}Y|;, denoted by yi! € X and ul|;, = u} € Uy
forn =1,2,..., N and replacing the integral term by the left hand rectangular rule as

tn n—1
(4.9) / p(s)ds = At Y o(t;).
0 =0
Then the backward Euler scheme is given by
B n—1 )
(4.10) (O, x) + A(wi, x) = At Y Biltus tysyh,x) + (Guil, x), X € Xn,
§=0
0 __ in Q
Yr = Yon 1M1 13L,
Let yp = f\;h'l alp; and up = Zf\ihl Brp;, where {1, 02,...,0n,} and {¢1,v¢a,...,¢¥n, } are

basis of X}, and Uy, respectively. Note that the space YhN can be identify as the space of matrices M
of dimension M}, x (N + 1). Therefore, the minimization problem (3.7) is equivalent to the following
minimization problem in M:

Find 8* € M such that

1 1
(@.11) 0.(5) = jut, (2(8) = JI3IR:+ 51655 — 2l
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We shall use the following Matrix Optimization Algorithm (MOA) (for more details, see [15]) to get
B* € M iteratively.
Step 1: Start with the initial guess 34 (i = 0), and e. Set G = &_ (")) and D® = -G,
Step 2: Set AUtD = 3() 4 o(IDO  where o minimizes

. (80 = &, (8D + aIDO)

Step 3: If |30+ — B|| < ¢y, then set £ = B0+ and go to Step (6) else go to Step (4).
Step 4: Compute GO = &_(0+1)) and set

plitl) = _glt+D) 4 @O p()

(1D gi+D)
Tegmy (-
Step 5: Set ¢ =i+ 1 and go to Step (2).

Step 6: Set 3V = g0+ and e =€e+46, 6 > 0.

Step 7: If |30+ — (|| < ey, then set * = ) and stop. Else set i =i + 1 and go to Step (2).

We note that corresponding to this minimizer 8*, yY € ZN with y|;, = y? € X is computed
through the backward Euler scheme (4.10). From the algorithm, it is clear that the inner loop finds the
optimal control u}Y for fixed values of N,k and € and in the outer loop, we increment € to find the optimal
control u* which is the optimal solution to the problem (1.8).

where ¢() = -) represents the inner product in M.

4.1. Numerical experiment. In this section, we present a numerical experiment to illustrate the
computation of the minimizer u* with the operator G = I, identity operator. We consider the following
one-dimensional initial-boundary value problem

% g; +/ B(t, s)y(s)ds + u(t,z), on (0,T) x (0,1)
(4.1) y(0,2) = yo(x) z € (0,1)
y(t,0) =0=y(1,t) t €[0,7)

Set T =1, Q= (0,1) C R! with B(t,s) = exp (—72(t — 8))I, yo(z) = sin(rz) and § = exp( 2) sin(7x).
Note that for the above problem, § € R(T, yo), set of reachable states, since y(t, z) = exp(—m>t) sin(rx) is
an exact solution of the system (4.1) corresponding to the control function u(t,x) = —t exp(—n>t) sin(mz)
with y(T,z) = exp(—?) sin(nz).

—%— Exact sol at T=1

—>— Appr. sol at T=1

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fic. 1. Comparison between y(T) and §.

Here, we choose At, h and N = 1/At. Using MOA algorithm, we compute v}, n =1,2,..., N and
then plot the graph of numerical results for V = 40. In Fig. 1, we plot the graph of the approximated
state at time 7' = 1 and the given final state § = exp(—n?)sin(mx) corresponding to the approximated



APPROXIMATE CONTROLLABILITY OF LINEAR PARABOLIC EQUATION WITH MEMORY 17
optimal control u*. Solution profile of the exact solution y(t,7) = exp(—=?t)sin(mx) corresponding to

the control function u(t, z) = —texp(—n?t)sin(nz) is shown in Fig. 2. Fig. 3 shows the solution profile
of the optimal solution corresponding to the optimal control computed by using the MOA algorithm.

Exact solution Control functi

2
55

Sy
S
o014 SN
= 5 /
aots | T /
N 4
" 002 \\\\\\"lﬂ ’
il Y
(wraiil { 003 | W

FI1G. 2. Profile of ezact solution with the control function u(t,z) = —texp(—m2t) sin(nz).

Approximate solution Optimal control

Fic. 3. Profile of the approximate optimal solution with respect to the computed optimal control.

5. Conclusion. In this work, the approximate controllability of the parabolic integro-differential
equation is proved under a set of sufficient conditions. We note that such problems require a specific
approach as the kernel B(t, s) is unbounded. We develop this approach to obtain the optimal control u*.
In this approach, we have shown that the set of admissible controls Us is nonempty, and the approximate
controllability is proved using the Banach fixed point theorem. We also proved approximation theorems,
which guaranteed the convergence of the numerical scheme to the optimal pair sequence and presented a
numerical example to validate our main theoretical results. Note that the system (1.1) is considered as a
more general linear integro-differential equations, and the approximate controllability results are proved
neither using multiplier techniques nor continuation arguments.
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