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1. Text S1
Introduction

In this supporting information, we show how to get the weak-form solutions for wavefield
decomposition. If you are familiar with the spectral element method, please go to section

3 directly. For detailed deviations, please refer to Fichtner (2010).
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Text S1. Notes for understanding the weak solutions

1. Weak Solutions for the elastic wave-equation

The strong displacement-stress variant of the equations of motion:

p(x)i(x,t) — V-o(x,t) =f(x,t) , (1)

o(x,t) = C(x) : Vu(x,t) , (2)
subject to the boundary and initial conditions
n-olxeoc =0 , Ulmo=1l—=0 . (3)

For the moment we disregard dissipation, i.e., the time dependence of the elastic tensor
C. Multiply Eq.(1) by an arbitrary, differentiable, time-independent test function w and

integrating over G gives

/pw-ﬁdgx—/w-(V-J)d3x:/w-fd3x . (4)
G G €

Invoking the identity

w-(V-o)=V-(w-0)—Vw:o . (5)

Poof:
V . (W . O') = &(wjaij) = (éh-wj)aij + U)j(ai(fij) = VW 0+ W (V . O')
Together with Gauss’s theorem, yields,

/pw-iid3x— W-a-nd2x+/VW:ad3x:/w-fd3x . (6)
e hle e e

Upon inserting the free surface boundary condition, Eq. (6) condenses to

/pw~iid3X+/Vw:ad3x:/w-fd3x : (7)
G € G
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Finding a weak solution to the equations of motion means finding a displacement field u

that satisfies the integral relation Eq. (7) and

/W-O’dSX:/W-<C:Vu)d3X . (8)
a €]

for any test function w and subject to the initial conditions.

2. Discretisation of the Equations of Motion

By using the Galerkin method, we approximate the p-component w, of the displacement

field u by a superposition of basis functions

Yijr(x) = Vi (1, 22, 73) (9)
weighted by expansion coefficients u;ﬂ“
N+1
up(X,t) = Uy(x,t) = Z ”k( JVigr(x) (10)
irj k=1

The corresponding approximation of the stress tensor components o, is

N+1

Opg(X, 1) m Opg(x, 1) = Z ”k( Ohijr(x) (11)

i k=1
To find a weak solution in the Galerkin sense, we replace the exact weak formulation

forms from Eqgs. (7) and (8) by the requirement that approximations u and & satisfy

/pw ud?’x—l—/VW 0d3X—/W fd*x |
/W0d3X—/WCVud ,

for any test function, wfjk = 1);;1€p in the form of

/ pijre, - ud°x +/ V(Yijre,) 1 5d°x = / bk, - fd*x (12)
Ge Ge Ge
/ Vijkep - gd’x = / Yijrep - (C: Vi)d*x . (13)
Ge Ge
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Here Egs. (12) and (13) already assume that u, and o,, are considered inside an element
G. C R3 where they can be represented by (N + 1) basis functions.

For the first term on the left-hand side of Eq. (12), we find

N+1
qus(pdp) ::/ PPqrs€p - ud’x = Z / p¢qrsu wzgkd?)
i,5,k=1
N+1 (14)
= Y [ OO OO
i,7,k=1

For the basis function ;;,[x(§)] we chose the product of three Lagrange polynomial col-

located at the GLL points:

Brlx(E)] = LENL (€& (15)
then we have
P = 3 [ oon@ @@ onan @ Erde .

Apply the GLL quadrature rule to Eq. (16) yields the following simple expression:

N+1 N+1
Fors(piip) Z Z w (&) wg(&2)wn(és)
- i,5,k=1 f,g,h=1
p(ETIYiIR (£).T (€M1 (6)12 (€)M (€)1 (€)1 (€)1 (5) (17)

= (€7 )wg(En)wr (E2)ws (Es) iy (1) T (€7)

here, J represents the Jacobin matrix. For the second term on the left-hand side of Eq.
(12), we need to know that, according to the proof for Eq. (5), Vw : o actually represents

a double inner product for two matrices, which is in the form of A : B = ) A;;By;.
i7j
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3
Therefore, Vw : 0 = ) 0;w;0;; then we have
ig=1

Fors(V - ‘7) / V(Wgrsep) : 5d°x

/ Z ;@:ep - ad®x

¢ m,n=1
/ Z lflqrse mndgx
€ mn=1 Lm
¢qrs — 3
————0PF,,nd
/ mgl dl’m " :

L

-/ 5 ng L ) me) (€)%

m,n=1

/Z SN o, (el

m,n=1

/ Zl (€l (E(E) 1€ HOPE
/ Zz (€I 12 TP

+f Zz () (&) T TOFE
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Now if we bring the GLL quadrature rule to Eq. (19), we have

N+1
5

qrs V U Z quwrws fl l]<€2)lk<€3)

1,7,k=1 m=1

N+1 df
+ Z quwrws Sl)lr<€2)lk(€3) 2
Z?Vk;’ll N 5 . o
+ D D wgwewdy () ()l (€) - (€7 Ty (€7)T(€7)d%%

i,j,kil m=1 19
3 N+1 ( )

= 30D w6 1€ (7)€

m=1 i=1

(5”'“) Tp(§77) T (€97)d*€

(5“’“) Tmp(§7%) T (€7)d%€

3 N+1

D0 S (€ T €0y (€79 (€7

m=1 i=1
3 N+1

£ 30 S i 6) (€ o €T I

m=1 i=1

Repeating the above procedure for the source term in Eq. (12)gives

Fors(£) := wqwrw, f,(€7°) I (€77) (20)

It remains to consider the approximate weak form of the constitutive relation as specified

by Eq. (13). For the left-hand term:

qus(amn) @qu(em 5_)nd3x
Ge
N+1
_/ djqrsuz ljk( )Q/Jz]k( ) X
v !
B /AWS D ok (&) T (€)d* (21)
i,5,k=1
N+1
/Z zjk ) (€2)1 (53)li(fl)lj<§2)lk(§3)<](§)d3§
i,5,k=1

= wy(&)wr(§2)ws(&s) o (H)J(E7)
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while the right-hand term could be simplified by

Furs(C: V) /G [Ygrs€m - (C : VU)],d*x

/ ¢q7’s Z Cmnab vu abd3

a,b=1
N+1
/ Z wqrs mnab Z aw”k de?’
¢ a,b=1 i,5,k=1
N+1
(li(&1)1(&2) k(&) d&a uik 7
/ab212§1¢qT8 mnab dfl de‘a j d3€
N+1
(Li(60)1i(62)lk(&3)) déo W g
TS mna Jd
/ abzl 7 ;1 wq b d€2 d&?a 5
3 N+l
(1i(0)1;(&2) 1 (E3)) d3 Sk 7
TS mna j Jd
/ a%zl 7 jzkzl 77Z)q b dfg dil?a 5
3 N+l e, ‘)
/ > 3 I Comands €10 )0) - €N )
(;Vlzrllz]k: 1 é
+f S 3 () (€16 Comanls €0 (@60 T2 0 (O
ab3 11]]\[]111
/ DY () (E)1(E)] Crnnali (€1) 1 <52>lk<53> [5] S I(©)d%
N+1 CLJI:/+11HI€ 1 e
=¥ wfwgwhz D [ (€0 (&) )] Comnanl] (€)1 (€)1 (60) = (6" T (€17")
h=1 a,b=11,5,k=1
1£\17+1 JJV+1 . . e, ko
Z WrWeWh Z Z 51 lg 52 l 53)] mnabl (51)lg(€2)l (g )d (gfg )U’b] J(£ g )
firll ab3 121]\71111 d¢ 3
Z WfWgWp, Z Z (£)1(&)12(&3)] Crnabl (fl)lg(éz)lh(é >d = (MYt ()
f,9,h=1 a,b=11,j,k=1 - dé_
- wqwrws Z Z Cmnablq Sl) ! (gqrs) quj(gqm)
v "
+wqwrws Z Z Omnablr 52) 2 (gqrs) qlk (éqm>
e p
gy DY Comarl (&) 2 (€7 "I (€7)
a,b=1 1=1

(22)
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Let’s see if the above equation is right or not (with the 2D case for simple) with the Voigt

notation for the tensor index as:

17 = 11 22 33 23,32 13,31 12,21
=4 41 \ \ (23)
« 1 2 3 4 5 6
[C11 Crz C13 Ciy Cis Cig]
Cra Coy Cyz Cyy Coys Cyg
Ciz Coz Cs3 O34 C35 Cs
Cz" :>Ca = 24
= Cod = | O Coy Cyy Caa Cy Cg (24)
Cis Cys C35 Cys Css Cse
[C16 Cos C36 Cus Cse Cos.
For the isotropic case, it only has 2 independent elements:
(K +4p/3 K—2u/3 K—21/3 0 0 07
K—-2u/3 K+4u/3 K—2u/3 000
K—-2u/3 K—2u/3 K+4u/3 0 0 0
Cap = 0 0 0 w00 (25)
0 0 0 0poO
L 0 0 0 00 ul
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N+1

Passive RTM

oft* = cun Y _[if (€)= 51 i+ 1} (&2) 7=

i=1
N+1

reun Y6 Tt + e T

i=1
N+1

renn Y6 T + €)1

i=1
N+1

renm Y6 Tt + e T

i=1
N+1

ol = con D lH(E) T 51 uf + (6

i=1
N+1

+C1212 Z[lq(§1) 61 uly +l (52)

1=1
N+1

+C1221 Z[lq(§1) 51 w +l (52)

1=1
N+1

52 qz

Iy

52 qz

Iy

52 qz

il

7

il

52 qz]

52 qZ]

52 qZ]

52 qz]

v Y6 Thu + &) )

=1

N+1 5 de

oy = ot Z[lq(&) —uf® + 1} (€2) 7~ : q’]
Va1 " it

e ) lIH(&) w+l(§2> j'ﬂ]
o ot

e Y[ (&) =+ () ~uf ]
Va1 5 i

+C2122 Z[lq(&) - uy’ (52) : ql]
Vo s i«

0328202211 Z[lq(&) ; w (52) : ql]
Va1 5 5

tem Y[ (6) s + () -uf ]
Va1 5 ”

+c2001 Z[lq(&) - uf + 1} (&) 22 ul’]

Va1 52 y

+C2222 Z[lq(&) 51 w+l (52)

=1

2]
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Here for the isotropic, K = A 4 2/3pu, so that c¢j111 = A + 2u,¢1120 = A, C1112 = Cr191 = [y

therefore, Eq. (26) could be simplified by

N+1

r 5 i d&s i
o’ = (A 20) D[ o + (&) ]
i=1
N+1 f e
+A21q &) 52 + 1 (&) > uf]
P
o 5 dg
oty = p Dl (€ g + 1 (&) ]
i=1
<« 5 dg
+leq 51 “ult 4+ 1] (52) “uf]
T
o 5 " (27)
ot = p LI (€  + 1 (&)
=1
N+1 f e
‘thlq 51 “ult 4+ 1] (52) “uf]
T
N+1 5 e
(2]72“8_)\21(] 51 Ul + 01 (&) 21 uf'
o 5 s
O+ 20) D[ s+ 1 ()
i=1
3. Isotropic weak solutions for the PS decoupling
Given the equation for separating amplitude-preserved vector S wave fields as
w = -V x v’V xu) . (28)

To get a weak solution, we use the test function as

/WU. /WVX(QVXu)d : (29)

Since a- (bx ¢) =b-(cx a)=c-(axb), and note ® := v2V x u therefore,

w-d’x = — [ w-(Vx ®)d’x
Ge Ge (30)

= V x w- ®d>x
Ge
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For any test function, wfjk = 1;jr€p, the right hand of Eq. (1.30) has the form of

F s (®), == v X Ygrs€p - Pd°x

/ Z Emnp a’(gm’sepq) d3
G

e myn,p=1

= [ ()5 e, T

E’mnp 1

0
/G S €06 € 52 €y T (O
emnp 1
5 (31)
/ S o€ ()] € 5 (€, T )
emnp 1
N+1 851
z Comp D Wity (€0) (€7 D] (€)'
mnp—l ]zH_ll ag
+ Z oy 3 wquittnly (€) 5 (67°) ey T (€)'
m,n,p=1 N+1z 1 af
+ Z oy 3 watrwidy(€9) 52 (€)@ ey T (€)'

m,n,p=1 i=1

Now let’s solve ® := v2V x u by neglecting the v? term, similarly, for any test function,
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Fors[V x ul, /Wqud3x

= | Wl ¥ x uut

3

:/ [wqrse]m'[ Z Emnp%em]dgx

m,n,p=1

ou
,lvbrsemn emd?’x
3 e

m,n,p=1

(9u o€ Ju, 0& Ju, 0E
/ Z ¢QT86mNP agf 8331 + 855 ax2 + 85: 8$3]6m‘](€)d3£

¢ m,n,p=1

N+1
/ Z Vars€mmpem ( Z L(&)1(&) 53)851 (&)d*¢

€ m,n,p=1 z]jvlill f
/ Z Q/qusfmnpem Z l gl 52 lk 53) (g)dgg
e mn,p= z]jvljrll
/ Z wqrsemnpem Z l 51 62 lk 53) (g)d?)é-
emnp 1 %,
N+1 3 ]kNl-i-l af
= 2wl (EEE)E) D emmpen (€)Y U(EE(€)IE) 72-(©)
f,9,h=1 m,n,p=1 i,5,k=1
N+1 3 N+1 aé.
+ D wpwnnli(E)HENEE) D emnpen (€)Y HH(E)E(&)IE) 7 (©)
f,9,h=1 m,n,p=1 i,5,k=1
N+1 3 N+1 65
+ 2wl (E)RENEE) D emmpen (€)Y UH(E)E(&)IE) 72 (©)
f,9,h=1 m,n,p=1 1,7,k=1
3 N+1 afl
= WqWrWs Z Emnpem é:qrs Z lq 51 (quS>
m,n,p=1
3 N+1 852
+wqwrws Z 6mnpem 5qu er 52 (§q7‘5>
;n’n,p_l N+1 86
+wqwrws Z 6mnpem gqrs le 53 3(£qrs)
m,n,p=1 (32)

If given the equation for separating amplitude-preserved vector P wave fields as
uP = V(UZ%V ‘u) (33)
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then the weak solution could be
w-uPd’x = [ w-V(@V-u)d’x . (34)
Ge Ge

According to the Wiki (https : //en.m.wikipedia.org/wiki/Vector.alculus;dentities),

the integral by parts of the vector dot product is in the form of

J[fev-aav =4 aais— [[[a-voav . (35)

According to Eq. (3), we get the integral by paths of Eq. (34) in the form of

/W~upd3X:/ aw-nd2x—/ aV.-w . (36)
Ge oG Ge

If we take the boundary condition into the first term of the last equation, we have

W-upd3x:—/ aV-w | (37)
G& €
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where we note o = vﬁV -u. Now let’s try to get the weak form solution,

B. He et al. : Passive RTM

FlV sl = [V o™’
‘ qrs

:/ %ad:gx
Ge P

_ / it 2 o(e)(6)

8xp
0& 5
- LGOI
. 063 .
v [ g
N+1 o6, ) )
= Z wlw]wklfllills@a 1 (£ZJk>a(€l]k)J<€ljk)
i N
+ 3wy I 2 (E)ale )T
i "
+ ; wanswidy 1y 7 3 (£0F)a(¢4) ] (£9%)
N+1 | |
— Z wzwrws f”s) (£7%).J(€7%)
N+1

szwrwsll 0 fqls) (£7)J(£75)

N+1

+ Z wiwrwsll 53 (fqm) (5qri>J(€iT§) &
i=1

It is not necessary to get this weak form of this term o = U;Q)V - u, since it is fairly easy.
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