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Key Points:

e Solutions for tidal responses were derived for both vertical and horizontal wells situated in a
relatively thick semiconfined aquifer.

e A nondimensional number was derived mathematically, forming the basis for the criterion to
assess the validity of the existing solutions.

e The new solution was applied to the case of the Arbuckle aquifer to demonstrate the
improved validity of the new solution.
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Abstract

Subsurface tidal analysis requires only continuous pressure monitoring data and therefore can be a
cost-effective technique for estimating aquifer properties. The tidal behavior of a well in a
semiconfined aquifer can be described by a diffusion equation that includes a leakage term. This
approach is valid for thin aquifers, as long as the overlying layer has low permeability relative to the
main aquifer. However, in cases where the aquifer is not thin and the permeability of the overlying
layer is not low, using the existing solutions based on these approximations may lead to unsatisfactory
outcomes. Alternative solutions for both vertical and horizontal wells were obtained by solving the
standard diffusion equation, with leakage expressed as a boundary condition. Furthermore, a
nondimensional number was derived mathematically, which forms the basis for a quantitative criterion
to assess the applicability of the existing solutions. In the case of a vertical well, the existing solution
exhibits acceptable error only if the nondimensional number is less than 0.245. Our new solution
extends this upper limitation to 0.475. However, when the number is greater than 0.475, both the
existing solution and our new solution are invalid due to the invalid uniform flowrate assumption. For
a horizontal well, when the number is less than 0.245, the existing solution is suitable with acceptable
error. Our new solution effectively overcomes this limitation. Finally, the new solution was applied to
the case of the Arbuckle aquifer to demonstrate the improved validity of the new solution compared to
the existing one.

1. Introduction

1.1 Earth tides and its application

Earth tides are the deformation of the solid Earth’s surface caused by the gravitational attraction
of the Moon and the Sun. The gravitational pull of these celestial bodies causes a tidal force on the
Earth, which results in the deformation of the Earth's surface, primarily in the form of vertical
displacement. The magnitude and phase of the Earth tides vary according to the positions of the Moon
and the Sun in relation to the Earth (Melchior, 1966). Earth tides can be calculated by theoretical Earth
model given the location and time (Matsumoto, et al., 2001; Agnew, 2012).

Earth tides are naturally occurring and offer an opportunity to infer subsurface information.
The downhole pressure in closed wells or water level in open wells may include periodic signals with
dominantly diurnal and semidiurnal periods induced by Earth tides. Analyzing these oscillatory signals
enables the evaluation of various aquifer properties, such as permeability, wellbore storage, skin effect,
and CO: saturation, by calculating the phase difference and amplitude ratio between the recorded
pressure/water level fluctuations and the corresponding theoretical tides (Bredehoeft, 1967; Robinson
& Bell, 1971; Gieske & De Vries, 1985; Merritt, 2004; Doan et al., 2006; Cutillo & Bredehoeft, 2011;
McMillan et al., 2019; Simon et al., 2021; Liang et al., 2022).

1.2 Tidal response models of confined and semiconfined aquifers to Earth tides

The study of how confined aquifers respond to Earth tides has a rich history and yields valuable
information about aquifers. Key analysis parameters include amplitude ratio and phase difference.
Amplitude ratio, the ratio between response tidal signals and theoretical tides, can provide insight into
the poroelastic properties of the aquifer, including Skempton’s coefficient, pore compressibility, and
CO; saturation. Analyzing the amplitude ratio has been explored in previous studies by Jacob (1939),
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Arditty et al. (1978), Van der Kamp & Gale (1983), Rojstaczer & Agnew (1989), Wang (1993), Dean
et al. (1994), Sato (2006), Burbey (2010), Burbey et al. (2012), Sato & Horne (2018), and Sato et al.
(2022). On the other hand, the phase difference between tidal responses and theoretical tides is more
closely related to the flow properties of the aquifer, such as permeability, transmissivity, and skin effect,
as seen in previous studies like Hsieh et al. (1987), Xue et al. (2013), Lai et al. (2014), Wang et al.
(2018), Gao et al. (2020), Zhu & Wang (2020), Zhang et al. (2021), and Lu et al. (2022).

While extensive research has been conducted on the tidal behavior of confined aquifers, studies
of tidal behavior within semiconfined aquifers have been fewer. In a semiconfined aquifer, flow occurs
both from the aquifer to wells and at the interface between the aquifer and the permeable layer above
it, known as an aquitard. Recognizing that many aquifers may not be perfectly confined, the
consideration of leakage is essential in these semiconfined systems. Such consideration contributes to
the safety monitoring of groundwater resources, the security of underground repositories, and the
detection of CO> leakage. Allégre et al. (2016) utilized a vertical flow model to infer permeability from
tidally induced water level variations, without accounting for horizontal flow. Their findings,
compared with conventional large-scale pumping tests, revealed consistent hydraulic properties. Wang
et al. (2018) expanded upon Hsieh’s model (Hsieh et al., 1987) by introducing the concept of specific
leakage to the diffusion equation as a volumetric source term and then presented a model for
understanding the tidal response in a vertical well to Earth tides in aquifers with both horizontal flow
and vertical leakage. Provided that transmissivity and storativity are determined independently, this
model can be employed to estimate aquitard leakage by analyzing the phase shift and amplitude ratio.
The authors put this model into practice in a US Geological Survey deep monitoring well located in
the Arbuckle aquifer in Oklahoma, with their analysis highlighting significant leakage at the site. Gao
et al. (2020) proposed new models based on work by Hsieh et al. (1987) and Wang et al. (2018) for
tidal analysis that incorporate skin and wellbore storage effects. These models are designed for
application to vertical wells situated in confined aquifers with only horizontal flow or in semiconfined
aquifers with both horizontal and vertical flow. Capable of accurately assessing information related to
aquifers through tidal analysis, the proposed models were tested and validated using real-world
examples in both confined and semiconfined aquifers, thereby showcasing their practical applications.
Lu et al. (2022) derived and solved tidal response models for analyzing tidal response in a horizontal
well, considering factors such as skin effect and wellbore storage across three traditional types of
aquifers: confined, semiconfined, and those with mixed boundaries. The authors conducted a variable
condition analysis to investigate how different parameters, including wellbore storage, skin effect, and
vertical leakage, impact the tidal behavior.

It is noted that one of the main assumptions made in previous tidal response models of a
semiconfined aquifer is that the overlaying layer has significantly lower hydraulic conductivity than
the main aquifer (not an unreasonable assumption in nature). Consequently, leakage from the main
aquifer is assumed to be uniformly distributed along the thickness of the main aquifer if it is relatively
thin (not always a good assumption in nature because many aquifers are not relatively thin). This
simplification replaces the actual flow system with a hypothetical one involving an impermeable
confined aquifer, and a diffusion equation incorporating the effect of leakage as a volumetric source
term is derived to approximate the flow in such leaky systems (Hantush, 1960; Wang et al., 2018; Gao
et al., 2020; Lu et al., 2022). However, this model may not be accurate for systems where the main
aquifers are not relatively thin and the permeabilities of the overlaying layer are not relatively low, and
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in those cases, the standard diffusion equation with leakage expressed as a boundary condition should
be used for a more precise mathematical analysis. Hantush (1967) derived such a model where the
standard diffusion equation was solved with leakage expressed as a boundary condition to analyze the
pump test results. Then, a quantitative criterion was established for the applicability of the solutions
that were used in the analysis of pump test. However, the study did not take the tidal force into
consideration, which means the author did not incorporate tidal stress term in the diffusion equation.
Such types of solutions and quantitative analyses remain an unexplored domain within the field of
subsurface tidal analysis. Another assumption made in the previous tidal response models is the
uniform flow rate along the wellbore. The quantitative criterion to assess the validity of this assumption
should also be analyzed.

In this study, new tidal response models of a semiconfined aquifer were derived and solved
with leakage expressed as a boundary condition, as it happens naturally in the physical system. Well
arrangements (vertical well and horizontal well), skin effect, and wellbore storage are both considered
in the new models. Moreover, comparisons with existing solutions were analyzed and a quantitative
criterion was established to determine the suitability of the existing solutions derived from the
approximate theory that is currently in use and to assess the validity of uniform flow rate assumption
quantitatively. Finally, the application of the new model was demonstrated with real-world examples
based on previous work by Wang et al. (2018) and Gao et al. (2020).

2. Tidal response model for a vertical well in a semiconfined aquifer

Vertical wells are very common in water resources utilization and oil and gas industries. This
section describes the development of a tidal response model for a vertical well in a semiconfined
aquifer with skin and wellbore storage considered and with leakage expressed on the boundary
condition. A schematic of a vertical well placed in a semiconfined aquifer system is shown in Figure
1. The target aquifer is located beneath a permeable aquitard, and above the permeable aquitard is an
unconfined aquifer. 7, isthe wellbore radius. #and b’ are the thickness of the aquifer and permeable
aquitard respectively. 7y is the radius of damaged zone that causes the skin effect and the pressure
drop at the wellbore caused by skin effect is Ap;. The definition of the skin factor is S =

Aps /( ap) , where pressure p represents the excess pressure in the aquifer above the initial
r—)p=
ar’T=Tw

baseline pressure. The assumptions for this model are as follows: (1) both the aquifer and aquitard are
laterally infinite; (2) the permeable aquitard has negligible storage and is incompressible; (3) the
aquifer and aquitard are isotropic and homogeneous; (4) flow rate is uniform along the wellbore.
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Land surface

Vertical flow

Tw,
Target reservoir Target reservoir

h

Horizontal flow

Figure 1: A vertical well placed in a semiconfined aquifer system.

Then the flow transient for a vertical well in a semiconfined aquifer system like Figure 1 under
the cubic tidal stress o; is governed by:

ax2  dy?  9z2 1

0%p 0%p 0%p 1/0p do; k
(E_BE>' heren = Puc, (1)

Here, p equal to p(m,t) is the excess pressure at point m in the aquifer above the initial baseline

pressure, S0 p(M,t) = Papsoiute — Pinitiar- Lhe hydraulic conductivity of the aquifer is n = k/ buc,

where k, ¢, u, and c¢; are permeability, porosity, fluid viscosity, and total compressibility
respectively. B is the Skempton coefficient, which is defined as the ratio of the change of pore
pressure to the change of stress loading under undrained conditions (Skempton, 1954; Wang, 2000).

The initial condition is p(m, t)|;=o = 0. The outer boundary conditions at x = oo and y =
too are

p(m; t)lx:ioo,y:ioo = Bo—t (2)

The inner boundary at the wellbore is a flow rate boundary. Considering the effect of skin and
wellbore storage, inner boundaries are governed by:

r —

? dpw _|, _ ga@r (3)

27rkh< 6p>
u )remy  de P TP 2mkR]

q(t) =

_TW

Here, q(t) is the flow rate from the aquifer into the wellbore, named the sand face flow rate. This
boundary condition means that the sand face flow rate is equal to the wellbore flow. C is the wellbore
storage caused by fluid expansion or changing liquid level. For a fluid expansion storage coefficient,
C =cyV,, where V,, is the volume of the wellbore, and c,, is the compressibility includes the

volume changes in the tubing and casing. For a falling liquid level storage coefficient, C = 'Z—Z, where
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A,, is the cross-sectional area of the wellbore in the region where the liquid level is falling (Horne,
1995). S is skin effect and p,, is the pressure measured inside the wellbore.

The boundary condition at z = 0 is an impermeable boundary, which is

2| (4

0z z=0

The boundary condition at z = h is a permeable boundary, which is a Robin boundary as

kl
ub'

kdp
uoz

=0 (5.)

p

z=h z=h

This boundary is the main point of departure from previous research (Hantush, 1960; Wang et al., 2018;
Gao et al., 2020; Lu et al., 2022), where researchers modeled the leakage from the aquifer to the
permeable aquitard as a volumetric source term in the diffusion equation and then the semiconfined
aquifer is simplified as a confined aquifer and the permeable boundary degenerates into an
impermeable boundary. The discussion and analysis in this article mainly revolve around the changes
to this boundary condition.

2.1 Helper function: solution of a point source

To solve the governing equation (Equation 1) associated with boundary conditions Equation 2
— Equation 5, we can define a helper function, the solution of a point source in the same aquifer system
and then integrate the helper function along the z direction from z =0 to z = h to obtain the final
solution for the tidal behavior of a vertical well in a semiconfined aquifer. The helper model is shown
in Figure 2 (Thambynayagam, 2011). An infinite continuum in the regions —o0 < x < 00, —00 <y <
o and finite in the region 0 < z < h. Point source at S, = (X, Yo,Zp) attime t =t, and —o0 <
Xog < 00,—00 <Yy <00,0<z,<d, ty=0. The initial pressure p(x,y,z,0) =0. The bottom
boundary is a Neumann boundary, and the top boundary is a Robin boundary, which are same as
Equation 4 and Equation 5. The outer boundaries at x = +o0 and y = too are also the same as
Equation 2.

Figure 2: Helper model: pressure transient induced by a point source (from Thambynayagam, 2011).

The assumption is made that the flow rate is uniform along the wellbore, so in the helper model,
fluid is produced at the rate of gs(t) = q(t)/h from t =t, to t =t at a point (xy, Yo, Z,). The
pressure at point m and time t induced by point source S, denoted as ps(m,t), can be obtained
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181 by solving the partial differential equation:

aps ao-t a Ds 0? Ds a Ds ( - to)
182 S5 B =Mz Ty 3y T, ot u(t— to)wc&“(x — %0)8(y — ¥0)8(z — 20)(6.)
183  Associated with initial condition and boundary conditions:
(Ds(M, )] ¢=o =0
ps(m, t)lx:i—oo,y:ioo = Bo;
aps
184 1221, =0 (7.)
k' k dp; _0
kl’lb,ps z=h M aZ zZ=h

185  where U(t —t,) is Heaviside step function and 6(x — x,) is delta function.

186 2.2 Nondimensional form of the helper model and its solution
187 The nondimensional equations are posed through the following definitions:

2rkhpg B 2nkhB o, . kt c C

= O' = — = ———- e —————————————
188 Ps U P u P ¢.uct(rw)2 P 2ﬂh¢Ct(TW)2 (8 )
_T - _ Y -z '
TD_T,W XD_TW yD_TW ZD_TW

189 If n =n, =n, =n, and set psp = psp — Bop, the nondimensional equation becomes:

0ﬂ= 0*psp 62%4_62@4_2”‘]0@0 — tpo)

190
ot,  ox3  dyp 0z} T

8(xp — xpo)6(¥p — ¥p0)d(zp — Zpo) (9)

191  Associated with boundary conditions:

(Dsp =0 =0
mlxzioo,yzioo = 0
9Psp _
192 ¥ =0 (10.)
ZD ZD=0 )
0Dsp k' k'
+ =P =~ Bop
LaZD ZD:% kbp 23 kbp
193 The next step is to take the Laplace transform of Equation 9 and Equation 10 for ¢t. The Laplace

194  transformation of function f(t) is f(s) = [ Ooo f(t)e stdt. Here the Laplace variable is s. We have

195 the following equation:

0°Psp | 0°Psp | 0°Psp qp(s)exp (—stpo)

196 Sﬁ = axg + ayDz + azg + 2 r 5(xD - xDo)(S(yD - yDO)(S(ZD - ZDO)(ll')
197 We then twice take the complex Fourier transformations of Equation 11 and associated
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198  boundary conditions for x and y. The complex Fourier transformation of function f(x) is defined

199 by f(x) = fjozo f(x)e"™* dx. We have the following equation:

200 spo = -mPps —nPho + Psp +2thD( Jexp ( DO)(S.

> (zp — zpo)exp (imxpg)exp (in)’Do)(lz-)
0z} Tw

201  Here, m and n are Fourier variables of x and y respectively.

202 We then take (once) the finite Fourier transformation for z of Equation 12 and associated
203  boundary conditions. For the diffusion system p(x,t) = f(x)T(t) with known and time-dependent

204  Neumann boundary (0, t)/ 9y and Robin boundary 9p(h, t)/ ax T Ap(ht), the finite Fourier

205  transformation of function f(x) is:

h
206 (&) = f f(x)cos(&,x)dx (13.)
0
207  and its inversion formula:
G EX + 22
208 Flx) =2 zl FED {h GESDEI LG (14)
n=
209  Here &, isapositive root of & tan(é,h) = A4,n=1,2, ...
210 The finite Fourier cosine transform of the second derivative is obtained by integration by parts:
h
0°p(x, t) dp(0,t)  (dp(h,t)

211 _— = —&2p - 15.

| 25 cosenn) dx = g2, 0 - T2 4 {4 Ap( O feos(Eal)  (15)

0
212 After finite Fourier transformation, we have:
213 5% = _mzﬁ - nZ% - frzm 6;129? + 2m o (S)eXf (=St50) cos (§ppzZpo)exp (imxpg)exp (inypg) — %ﬁcos (&nphp) (16-)

D w D

214  Here, &,p isapositive root of &, ptan(é,php) = Ap, Ap = k’/ka.

215 Simplifying Equation 16:

k' =
_ 1 2nqp (s) exp(—stpo) cos(§npZzpo) exp(imxpo) exp(inypo) n B EBGD cos($nphp)

T s+m?2+n?+&2, s+m?2+n?+&Z,

216

(17.)

=
2
o]

217 Dividing Equation 17 into two parts pspq, the first term of pgp that represents the pressure
218  distribution induced by flow at the point source and psp,, the second term of pgp that represents the
219  pressure distribution induced by the boundary, then taking the inverse Fourier transformation for m
220 and n:
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1
Psp1 = r_‘h) (s) exp(—stop) cos(&npZop) Ko (J((XOD —xp)?+ op —yp)H(s + fﬁzﬂ) (18')

S 1
Pspz = —ApBop COS(anhD)m (19.)

Taking the inverse finite Fourier transformation for &,,, by Equation 14:

oo + 23
hp(E2p +25) + Ap

Ko (J ((xop — Xp)? + op — ¥p)2)(s + %)) (20.)

_ 2 o
Psp1 = r—QD(S)EXP (=stop)Xn=1c0s (§npZop)cos (§npzp)
w

1 $ap + 4D
s+ & hp(E2, +23) + Ap

Dsp2 = _22;?:1/10%(305 (&nphp) cos ($npzp) (21-)

2.3 The solution of the vertical well with wellbore storage and skin effect considered

The solution of a vertical well in Laplace space p, can be obtained by firstly, integrating pgp;
along the wellbore direction from z, = 0 to z, = h to obtain pp,, and secondly, Pp; = Pspz. Then,
DPp = Pp1 + Ppz- The result of pp; is shown here:

o 1 $np T AD
= 2 —st il e h
D1 qp(s)exp (—stop)¥n=1c0s ($npzp) 2 sin ($nphp) hp (82, + 22) + 1) (22.)

Ko <\/((XOD —xp)?+ Yop —yp)*)(s + fﬁp))

Wellbore storage and skin effect can be easily introduced into the final solution via qp(s) (the
details can be found in Lu et al. (2022)) and finally the transfer function between p,p (the
nondimensional pressure at the wellbore) and the theoretical pressure induced by theoretical Earth tidal

stress Bop is:

u 3 B+1
) =135+ Cps7a
_ L (&) 2
B =-2¥7 2 2 £ cos (§npzp)cos (§nphp) (23-)

hp(&hp +A3) + Ap s + &5

o 2 78) i, (o — 507 + Gop ~ 900705 + €2 ) o5 Gup) i G
hp(E2, +A2) +Ap ° Xop — Xp Yop — Yp)°)(s nD)COS nDZp fnbsm noflp

2 (oo}
- s Zn:l

3. Tidal response model for a horizontal well in a semiconfined aquifer

Horizontal wells have been used in many applications, including oil and gas production,
geothermal extraction, hazardous waste remediation, and CO; sequestration. In this section, a tidal
response model for a horizontal well in a semiconfined aquifer is developed with skin and wellbore
storage considered and with leakage expressed on the boundary condition. A schematic of a horizontal
well living in a semiconfined aquifer system is shown in Figure 3. Notations are the same as in Section
2 for a vertical well, in addition to L representing the length of a horizontal well. The same
assumptions are made as follows: (1) both the aquifer and aquitard are laterally infinite; (2) the
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permeable aquitard has negligible storage and is incompressible; (3) the aquifer and aquitard are

isotropic and homogeneous; (4) flow rate is uniform along the wellbore.
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Figure 3: A horizontal well living in a semiconfined aquifer system.

Then the flow transient for a horizontal well in a semiconfined aquifer system like Figure 3

o _
< <
ke o~
n N—r
=
o)
)
g
<
wn
()
=
~—
..m..
8 E
Q +
o = )
2% =|%
g 2 <
& 9 [
w5
g% g
£E38 =
O o -
Wﬁ)
& S Y
008
0 .Q
2 € "
5 2 _
O < Qs+
um.mqo_qo
bw,ﬂcl_rl
9 2 Il
- o~
MWZU..Z
V.maa
SRS +
& 2 ol
RN N N
= |
¢& T4
)
£ g olIo
v e
= 3
<
==
-
g 9
e
s &
o 2
£ .5
53
ERs
5 O

249
250
251

wit
QU
dd
S O
1
~ Il
=
S Qs
(naa
TN ~
“ <
S e
(R aa) o o —_— N
Il Il Il Il Il
T
8 N
H QN
1 S|
g = | 3
0._4_ +
L= <
AN o N
-~ = Il QU
SRS S s =
/.\/.\p_Zlkb 2 —
Q QI 3 Q o
N— ~ —
(9]
LO
N

It is noted that leakage is expressed as a boundary condition instead of expressed as a volumetric source

term in the diffusion equation as in earlier research.
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3.1 Helper function: solution of a point source

255
256
257
258
259
260
261

To solve the governing equation associated with boundary conditions Equation 24, we use the

same helper model as shown in Figure 2 (described in Section 2) and solve a similar helper function,

the solution of a point source in the same aquifer system and then integrate the helper function along
the x direction from x = —L/2 to x = L/2 to obtain the final solution for the tidal behavior of a

horizontal well in a semiconfined aquifer. Fluid is produced at the rate of g4(t) = q(t)/L from t

to to t =t atapoint (xg, Vo, Zy). We solve pg(m, t), the pressure at point m and time t induced
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262 by apoint source S, from the partial differential equation:

aps ao-t a Ds 0? Ds a Ds ( - to)
263 e BE Mgz +ly 572 57t Ut — tO)WS(x — x0)8(y — 0)8(z — 24)(25.)
264  Associated with initial condition and boundary conditions:
(Ds(M, )] ¢=o =0
ps(m, t)lx:i—oo,y:ioo = Bo;
aps
265 1221, =0 (26.)
k' k 0ps _0
kl’lb,ps z=h M aZ zZ=h

266  where U(t —t,) is Heaviside step functionand &(x — x,) is delta function. It is noted that the slight
267  difference between helper function for a vertical well Equation 6 and helper function for a horizontal
268  well Equation 25 is in the definition of q¢(t). The former one is q4(t) = q(t)/h and the latter one is

269 qs(t) = q(®)/L.

270 3.2 Nondimensional form of the helper model and its solution

271 The nondimensional equations are posed through the following definitions:
- 2mkLpg By = 2nkLBo; b = kt = C :

279 . I Ny [ ¢5Ct(l‘/2) 2§L¢Ct(l'/2) (27.)
TD=m X0=m YD=m Zn=m

273 If n =n, =n, =n, and set p;p = psp — Bop, the nondimensional equation becomes:

Obsp 0°psp 02ﬂ+02%+4nqn(t0 — tpo)

274 =
ot,  dx5  Ayp dz3 L

8(xp — xpo)6(¥p — ¥p0)(zp — Zpo) (28->

275  Associated with boundary conditions:

(Dsp =0 =0
mlxzioo,y=ioo =0
0P 6
276 0z 1, (29.)
0Dsp k' k'
+-—"Dsp = ———Bo,
| 0zp 1, _2n " kbp sb 22t kb, P
277 After Laplace transformation of Equation 28 and Equation 29 for t, twice complex Fourier

278  transformations for x and y, and once finite Fourier transformation for z, we have:

0D, qp(s) exp(—stp,) - ; M=
— &2 OZSD + 4 2 I 207 cos (§npzpo)exp (imxpg)exp (inypo) — EBUDCOS (anhD)(30')
D

!

|
|
I

279 SPsp = _mzpsD —n?

280  Here, &,p isa positive root of &, ptan(é,php) = Ap, Ap = k’/ka.
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281 Simplifying Equation 30:
N — ] i — 77— Bop cos(§nphp)

282 = _1l4nqp (s) exp(—stpg) cos(§npZpo) €xp(imxpg) exp(inyp,) + kbp (31)
Psp =7 s+m?2+n?+&7, s+m?2+n?+&Z, '

283 Similarly, dividing Equation 31 into two parts pgpq, the first term of pgp that represents the
284  pressure distribution induced by flow at the point source and pgp,, the second term of pgp that
285  represents the pressure distribution induced by the boundary, then taking the inverse Fourier
286  transformation for m and n and inverse finite Fourier transformation for &,p:

oo + 23
hp (i +23) + 2p

4
287 Psp1 = ZQD(S)EXP (=stop) Yn=1c0s (§npZop)cos (§npZp) Ko <\/((XOD —xp)? + Yop — ¥p)?)(s + fﬁu)) (32-)

1 &op + 25

288 = =2 _1ApBopcos h cos z 33.
Psp2 Yn=1ApBop (¢nphp) st €T'ZLD hD(‘frZLD n /1%) 1, (¢npZp) ( )

289 3.3 The solution of the horizontal well with wellbore storage and skin effect considered

290 The solution of a horizontal well in Laplace space pp can be obtained by firstly setting x =

291 y =0 and integrate pgp; along the wellbore direction from x, = —L/2 to xy, = L/2 to obtain
292  pp1. Secondly, Ppz = Dspz- Then, pp = pp1 + Pp2. The result of pp; is shown here:

293  DPp1 = 4qp(s)exp (—=stop)Yn=1€0s (ExpZop)cos (§npzp) Sup + arcsinh | —— (34.)
Pp1 dp p 0D)2in=1 nDZop nDZD hp(E2, + 22) + Ap 24s + &3 '
294 Similarly, wellbore storage and skin effect can be easily introduced into the final solution via

295  qp(s) (the details can be found in Lu et al. (2022)) and finally the transfer function between p,,, (the
296  nondimensional pressure at the wellbore) and the theoretical pressure induced by theoretical Earth tidal

297  stress Bop for a horizontal well is:

y B B+1
) =TT ssteyseA
_ o (&3p +2D) Ap
298 B =-2y%, b (& 1 1) 1 g5 1 £ cos (&xpzp)cos (é,php) (35.)

(§np +45) sinh~1! T cos (EnpZwp)cos (§npZp)
hD(‘frle + /1%)) +p 2{(s+ frZLD) i

4 (o]
- s anl

299 4. Comparison with the existing solutions and the quantitative criteria

300 In this section, the solved solutions Equation 23 and Equation 35 are compared with the
301 previously available solutions. Also, the quantitative criteria are derived to assess the applicability of
302  the existing solutions and the new solutions.

303 4.1 Comparison with the existing solution of a vertical well: Gao’s model

304 The transfer function of Gao’s model (Gao et al., 2020) for a vertical well living in a
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semiconfined aquifer is shown as:

aj  Ko(Bp) .S - ap\?
250Bo Ka(Bo) T, (5D> (36)

_ iwpuce _ [2miSp _ mécthry 1 __2m?kh _ mtkh .
Here, ap =1, = , Sp=—7—=—,Tp = =——0y, Bp =
k Tp Cc 2Cp Cuw cu

T / lww “ = JHp+a3, H = KTT and Hp, = 1,2H'. K' is the vertical hydraulic conductivity

of the overlaymg aquitard and T is the transmissivity of the target aquifer. Replace iw using
Laplace variable s, Equation 36 can be rewritten as:
B

1+ CpSs + Cps?A
S

" Hp+s (37.)

1 (\/ (Hp +5))
s\/(HD +s Kl(\/m)

If leakage is expressed on the boundary, the solution for a vertical well has been solved as
Equation 23. Equation 23 is placed here again for the convenience of comparison (set (xqp — xp)? +
(Yop — ¥p)? = 1p = 1, the position at wellbore):

H(iw) = [1 +

H(s) =

u B B+1
) =TTy ssteyseA
_ - (&2, + 13) A
B =-2Yn-1 = 2 = cos (§npzp)cos (§nphp) (38-)

hp(Eip +25) + Ap s+ &2y
2 o+ A
A = ;Z%o 1 hD(f(fDD+ PP 3))+ 1 < /(S + an)> cos ($npzp) T— En sin (§pphp)

Here, &,p is a positive root of &,ptan(é,php) = Ap, Ap = k’/ka = Hphp.

Starting with:

hpéuptan(Enphp) = hpdp = (hpy/Hp) (39.)

We can derive a quantitative criterion for a vertical well model to assess the applicability of the
previous models like Gao’s and Wang’s models (Gao, et al., 2020; Wang, et al., 2018).

The first positive root &yp is firstly discussed here. The Taylor expansion of tanx = x +
§x3 + 0(x%), then Equation 39 becomes if hp&yp is represented by x for the convenience of

mathematics:
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1 2
x (x + §x3 + 0(x5)> = (hpy/Hp) (40.)
Because hp./Hp is a small value, x is also small, then:

1
3t 432 = (hpHp) = 0 (41)

The solution of Equation 41 is:

4 2
s —1+\/1+§(hDJH_D)

2
3

(42.)

X

2
The Taylor expansion of V1 +x =1+ E - % + 0(x?), then Equation 42 can be rewritten as:

2 1 4 6
x* = (hp\/Hp) —g(hD\/H_D) +0 ((hD«/H_D) ) (43.)
Ifa 1% error is acceptable on x, then %(h[,\/H_D)4 should be no more than 2% of (hD\/H_D)Z
and x? ~ (hD\/H_D)2 , which means

$op & \/H_D (44.)

and the quantitative criterion is:

hp/Hp < 0.245 (45.)
For other positive roots &,p,
$np = nit/hp,n =123 ... (46.)

Inserting Equation 44 and Equation 46 to Equation 38, which is the solution of the new model,
and ignoring small terms, then:

B+1zS+HD (47.)

which is the term B in Equation 37, the solution of the previous Gao’s model.

Additionally, the term A in Equation 38 is approximated as:

A= Koly's + o) “S:HD) (48.)
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For small arguments 0 < |x| < Va + 1, we have:

—In (g)—y ifa=0

POE s )

Kq (X) ~
X

So, the term A in Equation 37 can also be simplified given Hp + s is small:

4 n Ko(y/s + Hp)
S

which is the same as Equation 48, the approximated value of term A in Equation 38.

Hence, it is demonstrated that we could derive the solution of the previous Gao’s model
(Equation 37) from the solution of the new model (Equation 38) given the quantitative criterion

hp/Hp < 0.245.

Figure 3 illustrates a comparison between Gao’s model and the new model under three different
values of hp./Hp, ranging from 0.1 to 0.548. The relative error is also examined in the figure. The

absolute values of physical parameters to generate Figure 4 are shown in Table 1. Different tidal
constituents are marked in the figure and periods of these tidal constituents are listed in Table 2. When

hp+/Hp = 0.1, the amplitude and phase of transfer function H for Gao’s model and new model are
almost identical. However, there are larger differences of the amplitude and phase of transfer function

H between Gao’s model and new model when hp./Hp = 0.548. This means the previous model is

not suitable for aquifer with relatively larger hp./Hp. With the increasing frequency, the relative error
of amplitude of transfer function between the previous model and new model decreases from more

than 12% to less than 5% for hp./Hp = 0.548 while the relative error of phase of transfer function

increases rapidly from around 0% to more than 20% for hp./Hp = 0.548. Hence, models should be

chosen carefully if the phase difference for semidiurnal tidal constituent and diurnal tidal constituent
are analyzed to infer aquifer properties, which is a common method in hydrological applications
(McMillan, et al., 2019; Rau, et al., 2022; Valois, et al., 2022).

The amplitude ratio and phase difference between water level and tidal force depend on
frequencies of tidal force and vertical leakage coefficient Hp. With the increasing frequency of tides,
the amplitude ratio increases and phase advance decreases, which means the aquifer tends to be
confined aquifer under tidal force with high frequency and tends to be open aquifer under tidal force
with low frequency (Wang, 2000). With the decreasing vertical leakage coefficient, the amplitude ratio
increases and phase difference decreases, which is reasonable because the aquifer becomes more
confined aquifer.
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(a) §=1,Cp=143.92 (b) §=1,Cp=143.92

[S~)
(=]

1t e S
/‘ o 15 ——hpv/Hp = 0.100 — Gao model

= Decreasing| H, / = - - -hpvHp = 0.100 — new model
,.:5 0.5 :TAE 10¢ S ﬂ[,,ﬂ[; Kl .Mrg B _hD z/ HD = 0245 - GQO modcl
E:’ == = ==hpvHp = 0.245 — new model
— Y = 5l hpvHp = 0.548 — Gao model

. ] L N L hpvHp = 0.548 — new model

10°10 108 10°° 1071 10°% 10°°

wp : Dimensionless frequencies of tidal constituents wp
(c) (d)
100 20

= ™~ f— 15!
] =
3 \ 3=
‘:—’ 50 S, MM ¢ Qﬂb i:::: 10+
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0 (== T

1071 107° 1076 107" 107° 107

wp Wp

Figure 4: Comparison between Gao’s model and the new model under three different values of

hp+/Hp. (a): the amplitude of the transfer functions; (b): the relative error in amplitude of the transfer

functions between Gao’s solution and the new solution; (c): the phase of the transfer functions; (d)
the relative error in phase of the transfer functions between Gao’s solution and the new solution. (Ss.:
semiannual constituent; M,,: monthly constituent; M;: Fortnightly constituent; K;: diurnal
constituent; M,: semidiurnal constituent.)

Table 1: The absolute values of physical parameters to generate Figure 4

Parameters Values Parameters Values
Well radius 7, 0.1m Aquifer permeability k 4x107"% m?
Viscosity u 0.003 Pa's Aquitard permeability 4x107"3 m?
Porosity @ 0.25 Aquitard thickness h 10,60,300 m
Compressibility c; 1.02x10° Pa’! Skin S 1
Aquifer thickness b’ 100 m Wellbore storage C 2.3059%10°- h m’

Table 2: Different tidal constituents and its periods

Tidal constituent Period
M; 12.421h
K; 23.934 h
My 13.661 days
My, 27.555 days
Ssa 0.5yr

4.2 Comparison with the existing solution of a horizontal well: Lu’s model

The transfer function of Lu’s model (Lu et al., 2022) for a horizontal well living in a
16 / 31



386

387

388
389

390

391

392
393
394
395

396

397
398

399

400

401

402
403

404

405

manuscript submitted to Water Resources Research

semiconfined aquifer is shown as:

B
H =
) = T¥CsstCysia
S
21 8 4 s nnz nnz

A = Eh—sinh_1 —+ ;21?:1 h—sinh_1 == COS A ¥ cos 3 =

D 2\/s + Hp D 2\/(5+HD+(Z_T[)> D D
D

The solution for a horizontal well if the leakage is expressed in boundary has been solved as
Equation 35, which is placed here again for the convenience of comparison:

u B B+1
) =TT sstiyseA
- (&ap +A5) Ap
B =-2Y>_ h
4 (éap +45) s
A ==Y sinh™ ———cos (§,,pz,p)cos ({,p2p)

Here, &,p is a positive root of &,ptan(&,php) = Ap, Ap = k’/ka = Hphp.

It should be noted that for horizontal well and vertical well models, although the symbols used
are the same, the characteristic length used for nondimensionalization is different. For the horizontal
well model, the characteristic length is half well length (L/2), but for the vertical well model, the
characteristic length is wellbore radius (7;,,).

2
Similarly, starting with hp&,ptan(&é,php) = hpdp = (hD,/HD) , the quantitative criterion for

a horizontal well model can be derived mathematically to assess the applicability of Lu’s model (Lu,
et al., 2022). The criterion for a horizontal well model is the same with that for a vertical well model:

hDW/HD < 0245, then EOD = w/HD, an = nT[/hD,n = 1,2,3

Inserting the approximated ¢&,, to Equation 51 and ignoring small terms, then:

— S
B+1zS+HD (52.)

which is the term B of the previous Lu’s model Equation 50.

The term A in Equation 51 is approximated as:

y 21 Bt T 4 45: 1 Bt T NnZyp nnzp (53)
~ ——sin —_—t - —sin cos cos .
sh s h 2 h h
D 2\/s + Hp £ fp ? (S_*_(Z_n) ) D D
D

2
Because Hp issmall enough comparedto s + (Z—n) given hp/Hp < 0.245,theterm A in
D
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Equation 50 could be approximated as:

2 21 Bt I8 +4§: 1 . Bt s NZyp nnzp (54)
~ ——sin —_—t - —sin cos cos .
sh S h 2 h h
S =
D

which is the same as Equation 53, the approximated value of term A in Equation 51.

Similarly, we show that the solution of the previous Lu’s model (Equation 50) could be derived

from the solution of the new model (Equation 51) given the quantitative criterion hp/Hp < 0.245.

Figure 5 provides a comparison between Lu’s model and the new horizontal model under three
different values of hp./Hp, ranging from 0.1 to 0.548. Within this range, the relative error is also

examined. The absolute values of physical parameters used to generate Figure 5 are laid out in Table
3. The figure also marks different tidal constituents, with the periods of these tidal constituents detailed

in Table 2. When hp./Hp = 0.1, there is a close resemblance between the amplitude and phase of the

transfer function for both Lu’s model and the new model. However, as hp./Hp increases to 0.548, a

noticeable difference between Lu’s model and the new model emerges in the amplitude and phase of
the transfer function. This discrepancy implies that the previous model becomes unsuitable for aquifers

with relatively larger values of hp./Hp. As the frequency increases, the relative error in amplitude of
the transfer function between the previous model and the new model decreases from over 10% to less

than 2% for hp./Hp = 0.548. Conversely, the relative error in the phase of the transfer function

escalates rapidly from approximately 0% to more than 10% for the same value of hp./Hp. Therefore,

selecting the appropriate model requires careful consideration, especially when analyzing the phase
difference for semidiurnal tidal constituents and diurnal tidal constituents to infer aquifer properties.
In addition, the dependence of amplitude ratio and phase difference between water level and tidal force
in a horizontal well on frequencies of tidal force and vertical leakage coefficient Hp is similar to that
in a vertical well.
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Figure 5: Comparison between Lu’s model and the new model under three different values of

hp+/Hp. (a): the amplitude of the transfer functions; (b): the relative error in amplitude of the transfer

functions between Lu’s solution and the new solution; (¢): the phase of the transfer functions; (d) the
relative error in phase of the transfer functions between Lu’s solution and the new solution. (S.:
semiannual constituent; M,,: monthly constituent; M;: Fortnightly constituent; K;: diurnal
constituent; M,: semidiurnal constituent.)

Table 3: The absolute values of physical parameters to generate Figure 5

Parameters Values Parameters Values
Well radius 7, 0.1 m Aquifer 4x107"2 m?
Viscosity u 0.003 Pas Aquitard 4x107"3 m?
Porosity @ 0.25 Aquitard thickness 10,60,300 m
Compressibility ¢; | 1.02x10”° Skin S 1
Aquifer thickness b’ 100 m | Wellbore storage C | 2.3059x10° m? /Pa
Well length [ 300 m

4.3 Relative error variation with skin effect S, frequencies of tidal force, and thickness of

aquifer

Figure 6 and Figure 7 illustrate the variation in relative errors between the approximate
solutions and the new solutions with the skin effect (S), the frequencies of tidal force, and the
nondimensional thickness of aquifer (hp) for a vertical well and a horizontal well in a semiconfined
aquifer respectively. Except for the skin effect and the thickness of aquifer, the values of other
parameters align with those listed in Table 1 and Table 3.

These figures clearly demonstrate that the skin effect has negligible impact on the relative
errors, while both the thickness of aquifer and the frequencies of tidal force exert significant influence

on these errors. More precisely, an increase in aquifer thickness results in higher relative errors in both
19 / 31
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447  the amplitude and phase of the transfer function. As for the frequencies of tidal force, a tidal constituent
448  with a high frequency leads to smaller relative errors in the amplitude of the transfer function but larger
449  errors in its phase.
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451  Figure 6: The variation in relative errors between the approximate solutions and the new solutions
452  with the skin effect (S), the frequencies of tidal force, and the nondimensional thickness of aquifer
453  (hp) for a vertical well.

20 / 31



454

455
456
457

458

459

460
461
462
463
464
465
466
467

468

469
470
471

manuscript submitted to Water Resources Research

v [ i My |t fo 124 ¥
— 0.16
3.5 0.016 3.5 3.5 3.5 35E 0.6 ]
3t— 0.014 3p— 0016 33— 012 37— 014 3L o4 ]
290 g012 2.5 1 . 2.5 0.12 250012 — 1
! ol Q<
S 2 iy g 2 o 18 2 & 2 0.1 £ 21—o01 -
0 150 | g 008 1.5 — 0.08 1.5 F— 0.08 ———
0.014 —] — —[0.061 —L0.06] —
1 0.008 1 ] 1 1 1 ]
—— 0.04 0.04 004 —
=4 P i |4 4
0-5 0.5 — E; — U5 g0 05L g02 051 o2 — 1
— §.605 = H:
2 0 2 4 2 0 2 4 20 2 4 20 2 4 2 0 2 4
S S S S S
i‘lfg X ‘mgﬁ;’:;(—;jg‘l!{j)l Kl ) ‘arg F(-:’;:)L:;?\H)‘ JI} ) |6‘Tglf:1\3!(;l‘§' (H2 )| lf—m A |rfrgf!:;i' I:'i?(ﬂ )| S.m J‘:;\Q:Z:L(—E'ZTIHJ‘
- 0.08 ——[0.04] — gg%ﬁs
3501 g9 3.5 |35 007 3.5 — 0.035 3.5 g:0045
— 0.06 — 0.03 — 0.004
3 3 ] 3L 31— 0.025 31— 0.0035
ryvl L 002 L 0.003
2.5 2.5 2.5 : 2.5 2.5 0.0025
— 0.03 —— — 0.015 — 0.002
S 2 o1 — 8 20— & 2t 40 1.8 2 o0 £ 21— 00015
= — 0.001
15 15 L5E g ——1 150005 1.5
1—{0.05] 1 —Loos] 1 1 1 0.0005
0.5+ 0.02 0.5— 302 0.5 0.5 0.5
0B —
20 2 4 20 2 4 20 2 4 20 2 4 20 2 4
S S S S S

Figure 7: The variation in relative errors between the approximate solutions and the new solutions
with the skin effect (S), the frequencies of tidal force, and the nondimensional thickness of aquifer
(hp) for a horizontal well.

4.4 The physical significance of the nondimensional number: h,, Hp

. . . . hk' .
Previously, the nondimensional number, either represented as hp/Hp or o > Was derived

4

mathematically, where h and b’ denote the thickness of the aquifer and overlaying layer,
respectively, and k and k' symbolize their respective permeabilities. This nondimensional number
forms the basis for a quantitative criterion to assess the applicability of the existing solutions derived
from the approximate theory that is currently in use. The physical significance of this nondimensional
number can be understood by looking at the fluid flows from the overlaying layer to the target aquifer,
as shown in Figure 8(a). The fluid flow experiences two resistances: one for diffusion within the
overlaying layer (proportional to its thickness b’ and inversely proportional to its permeability k"),
and the other for diffusion within the target aquifer (also proportional to its thickness h and inversely

!

: . o . . hk . .
proportional to its permeability k). The nondimensional number o can be interpreted as the ratio

bl
between the flow resistances of the target aquifer and the overlaying layer. If the flow resistance within

the overlaying layer is much greater than that within the target aquifer, the nondimensional number
will be less than a specific value of 0.245, which has been derived mathematically in the previous
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sections. In systems where the nondimensional number less than 0.245, it may be presumed that fluid
flows into the target aquifer have time to uniformly distribute and thus have uniform pressure along
the vertical direction, consequently, the leakage at the boundary can be approximated as a volumetric
source term. Conversely, for systems with the nondimensional number exceeding 0.245, which means
the flow resistance within the overlaying layer is not significantly greater or may even be less than that
within the target aquifer, pressure gradients within the target aquifer become important and the interior
of the target aquifer cannot be assumed to have uniform pressure along the vertical direction, rendering
the approximate theory invalid.

bl

. . . fhk' .
From another perspective, the nondimensional number ~ can be understood as a descriptor

for a physical system’s ability to maintain uniform distribution against boundary effects, akin to the
role of the Biot number in heat transfer, as illustrated in Figure 8(b). In this figure, the symbols h
and § represent the characteristic length of the object and the thickness of thermal boundary layer,
respectively, and K and K' symbolize their respective thermal conductivities. The Biot number is

defined as Bi = ?Ch, signifying the ratio of the conductive heat resistance within the object to the

convective heat transfer resistance across the object’s boundary. Here, h. is the convective heat
transfer coefficient, K is the thermal conductivity of the object, and h is a characteristic length of
the object. After modeling the heat conduction within the thermal boundary layer, the convective heat

. K’ . . .
transfer coefficient can be expressed as h, = L allowing the Biot number to be expressed as Bi =

h K’ . . . . hk'
x5 which takes exactly the same form with the nondimensional number o except for the

. fhk' .
presence of the square root operator. Consequently, this number S can be named as the “hydraulic

Biot number” to emphasize its application in hydrology and to set it apart from the original Biot number,
which pertains to the field of heat transfer.

(a) Land surface (b)

—

7 A

Vi
X 7 AN Z A A

r PermeableaQUltard ' k

! Vertical flow
Nple———

< -
. Target reservoir h, k
DI

T
Horizontal flow

Figure 8: (a) the fluid flows from the overlaying layer to the target aquifer; (b) heat transfer from the
surface to the object.
5. Examine the assumption: uniform flow rate along the wellbore

In the previous section, it was concluded that the existing approximate solution exhibits
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acceptable error and proves suitable only when the nondimensional number ’Zi‘k is less than 0.245.

Our new solution extends this upper limitation by solving the standard diffusion equation with
appropriate initial and boundary conditions, expressing the leakage as a boundary condition. However,
both the approximate and new solutions are solved under the assumption of a uniform flow rate along
the wellbore. This assumption can be acceptable for a horizontal well because the horizontal well is
parallel to the leakage boundary while this assumption may not always be valid for a vertical well,
especially when the thickness of target aquifer is large and the permeability of the overlaying layer is
not low. Therefore, it becomes necessary to quantify when this assumption fails and the scope of
application for the new solution.

5.1 Two candidates: hp./H, and k'/k

To quantify when the assumption of uniform flow rate fails, the initial step is to identify a
nondimensional number that can reflect the distribution of flow rate along the wellbore. Two potential

candidates were considered here. One is hp/Hp ( ’%), the “hydraulic Biot number” derived earlier.
The other is k'/k, the ratio of the permeability of the overlaying layer to that of the target aquifer.

Numerical experiments were then performed to pinpoint the appropriate nondimensional
number. Because the distribution of flow rate cannot be obtained directly from the new solution due to
the underlying assumption of uniform flow rate during the model’s construction, the research
methodology shifted to that under the premise of assuming a uniform distribution of flow rate, the
focus is on investigating the pressure distribution along the wellbore. If the variation in pressure
distribution remains within 10%, the assumption of uniform flow rate distribution is considered correct;
otherwise, it is deemed incorrect.

Subsequently, the effects of varying hp./Hp and k'/k on wellbore pressure distribution are

. . h . .
explored under two extreme scenarios for a vertical well: b—D = 0.048 (very thin target aquifer
D

relative to the overlaying layer) and Z—D = 6 (very thick target aquifer relative to the overlaying layer).
D

The results are presented in Figure 9. In this figure, the x-axes represent amplitude and phase of the
transfer function between wellbore pressure and Earth tides. Because the referenced Earth tides are
consistent, the amplitude and phase of the transfer function can serve as representations of the relative
amplitude and phase of the wellbore pressure. The y-axis indicates height from the well bottom. Each

curve corresponds to specific values of hp,/Hp and k'/k, identifiable by the color in the color bar.

From Figure 10, it is observed that the phase of wellbore pressure remains nearly consistent from the
well bottom to wellhead, while the amplitude of wellbore pressure changes along the wellbore. Two

representative curves are highlighted: one with hp,/Hp = 0.245 and the other is marked with
k'/k = 0.09 or 0.1. Under both two extreme scenarios, a small “hydraulic Biot number” (hp+/Hp =
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0.245) consistently maintains a pressure distribution close to uniform along the wellbore, while a small
value of k'/k (0.09 or 0.1) fails to ensure uniformity in the thick aquifer scenario. This illustrates
that the uniformity of pressure distribution can be controlled by the “hydraulic Biot number” instead
of k'/k. Thus, “hydraulic Biot number” is the key nondimensional number that reflects the
distribution of flow rate along the wellbore.

by —0.048 b — 0.048 ¥ /k hovHp
500 % - 500 L &/ .
(b) 18
’ Il -
400 + - 400 { {l Il 1.6 0.25
" 1.4
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. e h .
Figure 9: Wellbore pressure distribution under b—D = 0.048: (a) amplitude; (b) phase.
D
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Figure 10: Wellbore pressure distribution under Z—D = 6: (a) amplitude; (b) phase.
D

5.2 The condition for the assumption of uniform flow rate along wellbore

After determining the crucial nondimensional number that reflects the distribution of flow rate
along the wellbore, Figure 11 illustrates the amplitude ratios of wellhead pressure to well bottom

pressure variation with  hp./Hp, under different tidal constituents with varying frequencies
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> f S D

From earlier discussions, if the variation in pressure distribution remains within 10% (the
amplitude ratio of wellhead pressure to well bottom pressure falls in the range of 0.9 to 1.1), the
assumption of uniform flow rate distribution is considered correct; otherwise, it is deemed incorrect.
Assuming h?/k > 1013, which holds true for most aquifers, two boundaries are determined. The
lower boundary, marked with a green curve in Figure 11, is determined when h?/k is a large value.
The upper boundary, marked with a blue curve, is determined by h?/k = 1013, Two critical points,
labeled A and B, are determined by the intersections of the lines y=0.9 and y=1.1 with the two

boundaries. The minimum hp./Hp values of points A and B establish the upper limit where the
assumption of uniform flow rate distribution remains valid. With an increase in the tidal period (from
M, to M), the value of hp/Hp corresponding to point A remains constant at 0.475, while that

corresponding to point B decreases from around 0.8 to 0.3. This behavior occurs because the aquifer
tends to be more confined under tidal force with high frequency and tends to be more open under tidal
force with low frequency (Wang, 2000). A more open aquifer leads to a tighter upper limit where the
assumption of uniform flow rate distribution is valid. Because the amplitude of tidal constituent M

is too small, semidiurnal and diurnal tidal constituents are primarily analyzed to characterize the

aquifer. Thus, by comparing the hp./Hp values of lower and upper boundaries for semidiurnal and

diurnal tidal constituents, the upper limit for the assumption of uniform flow rate distribution is

identified as hp/Hp = 0.475.
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Figure 11: The amplitude ratios of wellhead pressure to well bottom pressure variation with

hp+/Hp: (a) semidiurnal constituent; (b) diurnal constituent; (c) half-month constituent.
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In summary, the quantitative conditions for the application of both the approximate solution
and the new solution are detailed in Table 4. For a vertical or horizontal well in a semiconfined aquifer,

the approximate solution works only when hp./Hp < 0.245. Meanwhile, the new solution is valid
when hp./Hp < 0.475 for a vertical well and is always valid for a horizontal well. It is noted that

when hp./Hp = 0.475, there is no existing analytical solution that works for a vertical well.

Table 4: The quantitative conditions for the application of both the approximate solution and the new
solution

hp/Hp < 0.245 0.245 < hp\/Hp < 0.475 | hpJH, = 0.475

Approximate solution/ . No existin
pp New solution g

Vertical wells . )
New solution solution

Approximate solution/

. New solution New solution
New solution

Horizontal wells

6. Application of the new leaky aquifer model to the Arbuckle Aquifer, Oklahoma

The new solution was applied to the Arbuckle aquifer to illustrate its enhanced validity
compared to the existing one. Wang et al. (2018) developed the current semiconfined model and
applied it to assess the vertical leakage of the Arbuckle aquifer. The data analyzed in their study was
collected from a deep monitoring well in the Arbuckle aquifer in Oklahoma by the US Geological
Survey. Table 5 provides detailed information on both the well and the aquifer parameters to
characterize this specific well-aquifer system. According to Wang’s findings, there isa 12.5° phase
advance between the water level tidal response and the theoretical tide. Given the thickness of the
aquitard (277m) and the storativity of the aquifer ranging from 2.6x10° to 2.7x107, the estimated
hydraulic conductivity of the aquitard is between 3x10® to 3x107 m/s, based on the existing
approximate semiconfined model. Consequently, the permeability of the aquitard is estimated to be
around 3x107"° to 3x10* m?,

Table 5: Details parameters to characterize the Arbuckle aquifer

Parameters Values Parameters Values
Well depth 960m Well radius Ilcm
Casing radius 3.65cm Thickness of aquitard 277m
Thickness of aquifer 48m Permeability 2x107 to 3x10712 m?
Transmissivity 9.6x10° to 1.4x10° Storativity 2.6x10° to 2.7x107°
m?/s

Given the permeabilities and thickness of both the aquifer and aquitard, the “hydraulic Biot
number” hp./Hp can be calculated, as shown in Figure 12(a). In this figure, the white area represents
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the “hydraulic Biot number” less than 0.245, indicating that both the existing approximate solution
and the new solution are applicable within this region. However, in the blue area where the “hydraulic
Biot number” exceeds 0.245, the new solution should be analyzed in preference to the existing
approximation, although this blue area represents a relatively small region.

A value of hp./Hp is selected from the blue area, marked with a red star. With given values

for the aquifer’s permeability and the estimated aquitard’s permeability, this value of hp./Hp is

around 0.4. Both the existing and the new solutions are applied to this specific case. The corresponding
phase advance variations with leakage coefficients are shown in Figure 12(b) and the relative errors of
phase advance between the existing and new models are shown in Figure 12(c). In these figures, the
red line represents the result of Gao and Wang’s model, while the blue line corresponds to the new
model. The intersection points between these two lines and the black horizontal line (which represents
the phase advance equal to 12.5°) result in two leakage coefficients: 1.1x10% and 1.2x10%,
corresponding to the existing and new models, respectively. The relative error in phase advance
between these two models is around 10% given the estimated leakage coefficient and the relative error
in estimated leakage coefficients between these two models is about 9% given the phase advance equal
to 12.5°. Although a 10% error is not a major error, these results nonetheless highlight the enhanced
validity of the new solution compared to the existing one and expand the applicability of tidal analysis
to aquifers with relatively large thickness and leakage.

3 1012 ) h=48m,b=2TTm | (b) |
2@ 207 ——Gao and Wang model
| g —— New model
10712} ] 2 10
o | =
=
s 0f 116l [1.2¢-6 .

5 2

\
-

Permeability of target reservoir[m?]

o :
o %1076
[\RY /
10,13 L /0.\’5 /
\RS 02
Q3®
- — 02 03 Q_'z,‘f) ob | ‘
2 x 1071 - : o _ i n 9
3% 1071 101 2x 10714 x 107 0 .
HD x107°

Permeability of overlaying layer|m?]
Figure 12: (a) the “hydraulic Biot number” hp./Hp for the Arbuckle aquifer; (b) phase advance
variations with leakage coefficients when hp./Hp = 0.41; (c) relative errors of phase advance

between the existing and new models when hp/Hp = 0.41.

7. Summary and Conclusions

Our work can be summarized as follows:
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1. Accurate solutions for tidal behaviors of a vertical well and a horizontal well in aquifers with
relatively large thickness and leakage were obtained by solving the standard diffusion equation
with appropriate initial and boundary conditions, expressing the leakage as a boundary
condition instead of treating it as a volumetric source term in the diffusion equation. The
difference between this solution and that of Hantush (1967) is that Hantush analyzed the pump
test results and did not take the tidal force into consideration.

2. The “hydraulic Biot number” was derived mathematically, dependent on the thickness of the

aquifer and overlying layer, as well as their respective permeabilities and expressed as hp+/Hp.

This nondimensional number “hydraulic Biot number” forms the basis for a quantitative
criterion to assess the applicability of the existing approximate solution. The physical
significance of this number was discussed and it can be understood as a descriptor for a physical
system’s ability to maintain uniform distribution against boundary effects, akin to the role of
the Biot number in heat transfer.

3. Two key assumptions used in the existing approximate solution are assessed: one is relative
thin aquifer and relative low permeability of aquitard and the other is uniform flow rate along
wellbore. The quantitative criterion of the applicability of both the existing solution and the
new solution were concluded. In the case of a vertical well, the existing solution exhibits
acceptable error and proves suitable only the nondimensional number is less than 0.245. Our
new solution extends this upper limitation to 0.475. However, when the number is greater than
0.475, both the existing solution and our new solution are invalid due to the invalid uniform
flow rate assumption. For a horizontal well, when the number is less than 0.245, the existing
solution is suitable with acceptable error. Our new solution effectively overcomes this
limitation.

4. The new solution and existing solution were applied to the case of the Arbuckle aquifer to
demonstrate the improved validity of the new solution compared to the existing one.
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