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1 | INTRODUCTION

Abstract

In this paper, we study the Cauchy problem for the three-dimensional isentropic compressible Navier-
Stokes/Allen-Cahn system, which describes the phase transitions in two-component patterns interacting
with a compressible fluid. We establish the existence and space-time pointwise behaviors of global solu-
tions to this non-conserved system. In order to control the source term consisting of the phase variable, we
make use of the Green’s function and space-time weighted estimates to prove that the phase variable only
contains the diffusion wave whose amplitude decays exponentially in time, so as to show that the density

and momentum of the fluid obey the generalized Huygens’ principle.

KEYWORDS
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In this paper, we investigate the isentropic compressible Navier-Stokes/Allen-Cahn (NSAC) system, which was proposed by
Blesgen" to describe the interface phase transitions in a fluid mixture, given by

Orp + div(pu) =0,

1
Oi(pu) + div(pu ® u) + VP = div(2oD(u) + 7idivuls) — ediv (VX Q@ Vy - 2|Vx|213) s

(D

O(px) + div(pux) = —,

p

PR ==
€

(OC = x) - eAx,

where (x,7) € R3 x R,. The total density, the velocity, and the phase field of this diffusion interface model are denoted by
p = px, 1), u =ulx,t) = (u,uu3)x,t) and x = x(x, ), respectively. The constant ji represents the chemical potential, and
€ > 0 is the interface thickness between the phases. The fluid pressure P = P(p) is assumed to be a smooth function of p
satisfying for any p > 0 that P'(p) > 0, and Du = %Vu + %(Vu)T is the deformation tensor. The symbol I3 denotes the 3 x 3
unit matrix. The constant viscosity coefficients © and 7} satisfy

v>0, 20437 > 0. 2

We impose () with the following initial conditions

(P’ u, X)(x’ 0) = (100, Up, XO)(-X)’ (3)
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2 | CHEN, TANG AND ZHANG

and the far-field states
lim (o, u)(x) = (5,0), lim Ixo()l =1, 4)
Ixl—+o00 Ixl—+00

where p > 0 is a positive constant.

Regarding the compressible NSAC system, there is significant progress on the global existence of solutions and related
topics, such as the dynamical behaviors of solutions. More precisely, considering the one-dimensional case, Ding-Li-Luo™
obtained the global solutions for the initial boundary value problem with positive density. Ding-Li-Tang™" established the global
existence of strong solutions to the NSAC system with free boundary. Chen et al.®" obtained the global strong solutions for
the non-isentropic NSAC system with degenerate heat-conductivity, and Yan-Ding-Li*’ proved the global existence of strong
solutions when the phase variable is viscosity-dependent. As for the case that the initial density contains vacuum, Li et al."™®
obtained the existence of global weak solutions, and Chen-Guo” established the global existence of classical solutions. Chen-
Zhu" stated the blow-up criterion and obtained the global existence of strong solutions to the initial boundary value problem.
Besides, Luo-Yin-Zhu ™" investigated the nonlinear stability of the rarefaction wave and the composite wave consisting of two
rarefaction waves and a viscous contact wave to the Cauchy problem. When considering the multi-dimensional case, Feireisl
et al.™ first established the global existence of weak solutions in a bounded domain for the adiabatic exponent +y of pressure
satisfying v > 6. Later, Chen-Wen-Zhu" extended Feireisl’s result to v > 2. Kotschote™ proved the local existence and
uniqueness of strong solutions to the non-isentropic NSAC system with general initial data in a bounded domain. On the other
hand, Zhao™ and Chen-Hong-Shi” obtained the global well-posedness and time decay rates for Cauchy problem with different
far-field states of the phase variable, provided that the initial density is bounded and away from zero. Chen-Tang” and Chen-
Li-Tang"® investigated the global existence and optimal time decay rates of the three-dimensional compressible NSAC system
for the isentropic and non-isentropic cases respectively. Moreover, Fei et al.™> considered the sharp interface limit of a matrix-
valued Allen-Cahn equation, and showed that the sharp interface system is a two-phase flow system where the interface evolves
according to the motion by mean curvature. However, as far as we know, only a few results are available for the space-time
pointwise behaviors of solutions to the immiscible two-phase flow.

The motivation of this paper is to obtain the global existence and space-time pointwise behaviors of classical solutions to the
isentropic compressible NSAC system so as to observe the influence of phase transition phenomena on the compressible fluid,
and understand the wave propagation of the immiscible two-phase flow. It should be pointed out that the phase field variable
x is introduced to identify the two components of the mixture, and in this paper we consider the case that x has the constant
equilibrium states x = =1, which describes the phenomenon of phase transition in the immiscible two-phase flow. Under this
assumption, we define a new variable ¢ = x? and rewrite the system (II)-(8) into the density-momentum formulation with
m = pu below

Oip +divm = 0,
2 —1 [*1
o +div [ "EM) L wp= oA (™) 4o+ ipvdiv () - ediv (2P EVEVATD
p p p 8¢ o)
m-V 2000-1) €Ay eVl
o+ P _ 20 N 2<p_ 290,
p pe p 2p7p
subjected to the initial data
(p, m, ©)(x,0) = (po, Mo, L0)(X) = (Pos Pottos X5)s (6)
and the far-field states
|x|£r?oo('00’ my, ©o)(x) = (p, 0, 1). (7

From now on, we mainly study the Cauchy problem (8)—(), and establish the space-time pointwise behaviors of global
solutions to this problem as follows.

Theorem 1. Suppose that the initial data (py, mg, po) satisfies
po—p € H'R)NL'RY), my € HR)NL'RY), po-1 € H®), ®)
and there exists a small positive constant €y > 0 such that

g0 = [ = o, mo)l| 1+ + llpo = 1l s ©)
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Then the Cauchy problem (B)—(1) admits a unique global classical solution (p, m, p) satisfying

(o= 5o m)@)|| s + | = DOls < Co, 1> 0, (10)
and it holds for 0 < Ikl < 4 that
3 Ikl

D55, m)D)|| 2 < CA+D7572, [[(p = DOlus < Ce 77, 1> 0. (11)

If the initial data (pg, my, po) further satisfies

21
ID*(po — p, mo)(X) < go(1+ D)™, 1>,

10

3 (12)
1D (o — D! < eo(1 + 1?72, n>2,

Jorlal < 1, 181 < 2, then the solution (p, m, @) has the space-time pointwise behaviors

2\ 3 2\ 3
D (p - p)(x, ) < Ceo(l + 1)~ {(1+("C'_Cot)> + <1+ b ) }

1+1 1+1¢
o _ 4ol o (Il = cor)®\ 2 x>\ 2
ID¢m(x, ) < Ceo(1+1) 2 {(1+t) 2 (1+———) +|1+-— , (13)
1+t 1+t
5 x b2\ ;
DL (0 —D)(x, 1)l < Cepe™<7 | 1+ T+s , (x,H)eR xRy,

where cy = /P'(p) and C > 0 is a positive constant independent of (x, 1).

In addition, we can derive the following detailed descriptions of the global solution (p, m, ¢) and its L” (p > 1) time decay
rates.

Corollary 1. Let (p,m, ¢)(x,t) be the solution to the linearized system of (H). Under the assumptions in Theorem [, there exists
a positive constant C > 0 independent of time such that

(o= pom =)l 2 < CA+ 073, (- @)O)||12 < Ce77. (14)
Furthermore, the following L7 -norm estimates hold
(=Pl < CA+7 %, 1<p < +oo, (15)
CA+ty®3), 1<p<2,
T S P (16)
_3-1
c+n2"0), 2<p <+,
(o= D@l < Ce#, 1<p < +oo. (17

Remark 1. 1t should be noted that the estimate (I3) in Theorem [ implies that the density and momentum of the compressible
NSAC system have the same space-time pointwise behaviors as the compressible Navier-Stokes system in™™. Thanks to the
damping structure of the phase variable derived from the constant equilibrium states, we are able to obtain the exponential time
decay rates of the phase variable, which will not impact the generalized Huygens’ principle of the mixture fluid. Moreover, the
estimate (I3) shows that the phase variable contains the diffusion wave only.

Remark 2. We mention that the global existence and optimal L?>-norm time decay rates of classical solutions have been proved
by Chen-Tang in” and here we only restate the results (I0)—(I) in terms of the density-momentum formulation. Indeed, we
extend the L?>-norm time decay rates obtained in®® to the L/-norm (1 < p < +00) time decay rates (I3)—(I2) of the global
solution.

Throughout this paper, we denote by C a general positive constant that may vary at different formulas. We use the standard
notations 1 and W** to denote the usual Lebesgue and Sobolev space on R?, with the norm || - ||;» and | - ||y, respectively. In
particular, when p = 2, we denote W*? by H* with the norm || - || .
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The rest of this paper is organized as follows. In Section B, we reformulate the system (H) and then obtain the pointwise
estimates of Green’s function for the reformulated system. In Section B, we establish the space-time decay rates of solutions to

the Cauchy problem (B)—([), and finally give the proof of main theorem.

2 | POINTWISE ESTIMATES OF GREEN’S FUNCTION

9,r= 22
LB,

In this section, motivated byf , we first define

Y 7 2
V=z,n=z,a=fgb=5560= P'(p),
p p €p p
and introduce the new variables . m
n=——,, w=——, ¢=p-1
p Cop

Then the system (H) can be rewritten as

o + codivw = 0,
ow+coVn =vAw+ (v +n)Vdivw + Fy,
8;(;5 + Cl¢ = bA(b + F2,

with the following initial data

(. w, )(x, 0) = (0, wo, do)(x) = (”0‘ P - 1) ,
Cop

and the nonlinear term F; (i = 1, 2) satisfies

_ L wRw VP(p(1 + n)) nw . nw
Fy ——c0d1v< Ton > +coVn-— —1/A(1+n)—(1/+17)Vd1v(1+n)

cop
g <2V¢5 ® V- IV¢I213)
cop 8(1 + ¢) ’
P, = cow - Vo . ap(n—@) bnn+2)A¢ bIVol?
27T 1+ T+n  (1+n?  2(0+n2(0+)

Set U = (n,w, )", Uy = (ng, wo, o) ', F = (0, F1, F>) " and

0 —codiv 0
L=\ -V vA+ v +n)Vdiv 0 ,
0 0 —a+bA

the Cauchy problem (P0)—(Z2) can be reformulated into the vector form

atU—;CU = F,
U|t=0 = U().

Let us introduce a semigroup generated by £. For U € L2, we set
SU =F! (e’ﬁ@f/(f, t)) =G(,0) * U, 1),

where F~! represents the inverse Fourier transform, ﬁ(f ) is a linear operator satisfying

0 —icol 0
LE) = | —icotT —VIEPL-w+mETE 0 ,
0 0 —a—blEP

5x5

(18)

19)

(20)

2y

(22)

(23)

(24)

(25)

(26)
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and the Green’s function G(x, t) is defined by

Gl = (e£9) (. @7
After a direct calculation, we have the following expressions of the Green’s function.

Lemma 1. (i) The set of eigenvalues for ﬁ(f) consists of \j(§) G=1,2,3,4), where
i (€) = —VIER (double),

1
Xa(€) = ~E16P + 3\ Juigt ~Achier, o= 204,

A 28)
Aa(8) = =TIEP = 2/ ek — AcgeP,
(&) = —a — bIEP.
(ii) e£© has the spectral resolution
4
HL© - Z NP, (29)
j=1
Here Pi(§) (j = 1,2,3,4) is the eigenprojection related to \j(§) satisfying
As i
0 0 0 — —39% 0
P©=|on-%50]. PO = | -5 5% 0 ]
0 0 0 0 0 0 (30)
A ic
%2—2%3 /\2E§\3T 0 000
P3@)=| &5 2% 0 |- Pa©={000 |,
0 0 0 001
which implies for j,k = 1,2, 3 that o
R ) Goo Gox 0
GEn=e"®=| Go Gy 0 |, (31)
0 0 Gu
where
~ /\26)\3t - )\36>‘2t
Gy, t)y= —/——,
00(&, 1) N
Go6) = G0 =~ =it
0(&,1) = Goi(€, 1) = ————ico),
0 0 A — )3 05/ (32)
A )\28)‘2[ - )\3€>‘3l 2\ &k
Gul€.1) = —u|5|2r5, _ Ve ) S5k
jk(f ) e ik + )\2 _ )\3 e |£|2

Gu(&,1) = ¢ @IER

To verify the spectrum structure, it is necessary to study the asymptotic behaviors of eigenvalues. Hence, we present the
following lemma, which can be easily deduced by Taylor’s expansion.

Lemma 2. Assume that the constant r > 0 is sufficiently small, then the eigenvalues satisfy
(1) for low frequency part Il < r < 1,

i (€) = —VIER (double), Mo (€) = icolél - %|§|2 +0(I€P),

I3 (33)
A3(€) = —icolél - E|§|2 +O(EP),  M(&) =—a—bIEP,
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(ii) for high frequency part €] > % > 1,

2
i (€) = —VIEP (double), M(6) ==L 4 0xer?),
P a (34)
A3(€) = —plel + ﬁ +0(€17),  My(©) = -bIEP —a,
and there exists a positive constant Ry = min {r%, %, a} such that
Relj <Ry, j=1,2,3,4. (35)
(iii) for medium frequency part r < I&l < %, there exists a constant R, = min{vr?, %, a} > 0 such that
Relj < -R», j=1,2,3,4. (36)

Here 11 = 2v + 1 and the constants v, 1, a, b, cq are given by (IH).

We conclude from Lemma D that the semigroup has different characters in different frequency parts and thus we decompose
G(&, ¢) into three parts as A A R .
G0 =G"En+G"(En+G"E

it e s e G37)
=X (OGE D+ X"(OGE, D)+ X" (G, D),
where x*, X" and X" are smooth cut-off functions satisfying
o L E<H2, o LIS+, ’ n
x(ﬁ)—{o, el > r, x(f)—{o’ €l < Ur, X"(©) =1=x"(&) = x"(©). (33)

The pointwise estimates of Green’s function are stated as follows.
Proposition 1. Let G(x, t) be the Green’s function to (24) and o be a multi-index, then the Green’s function can be decomposed
into
DYG(x,t) = DY [g(x, N+ G (x, t)} + GR(x, 1), 39)
where g(x,t) = (gr)(x, 1) (,k = 0,1,...,4) and G§(x,t) are the leading long waves and short waves, respectively. Each
component g has the following estimates for j, k = 1,2,3 that

(Ixcgn?

|D%goo(x., )| < CrEE (1 41y et

x-con)?
ID%(g0, )0, )| < CE " (1 41y 2
sl [ w2 1 Gegn? w2\~ (40)
|Dagjk(xJ)| SCr 2 |ea+(1+072e O+ X{u<cor) 1+T ,
3+lal w2
|D¥gua(x,0)| < Cr7e e
The leading short waves term G¢ (x, 1) holds
, /100
0]
Gi,ty=e ' [ 000 | 5x)+S(x,1), 41
000

where S(x, t) satisfies for some generic constants ( > 0 and R > 0 that

Clxl™2, xI <R,

C(N)IxI™N, Ixl > R, (42)

|SCx, )| < ' S(x) with Sx) € L'(R?), and S(x) = {

for any given positive integer N > 0.



WAVE PROPAGATION FOR 3D NSAC SYSTEM 7

The remainder G§(x, t) holds the following estimates

3+al

|GRx,n| < C ((1 +1)2

O ~ (wcgn? _ il
(1 +t) e Ct +e C . (43)

Proof. We divide the domain into two parts: the finite Mach number region {lxI < Mcyt} and outside finite Mach number
region {Ixl > Mct} with suitable positive constant M > 0. Inside the finite Mach number region, the decomposition of long and
short waves and the complex analysis is fully applied as used in™™™ It should be pointed out that the extra term of Green’s

function corresponding to the phase variable can be expressed as
Gaa1) = gaa(, ) = §1 (@0 ) = e, b), (44)

12 . ..
with A(x, 1) = (47rt)’% ¢ the heat kernel. Hence, there exists a positive constant C > 0 such that

3ol _ 2

|D“g44(x, t)‘ <Crz eea, 45)

and then we conclude (Bd)—(E2). Furthermore, it holds

DS (G~ g) (x| < €1+ (140

3+lal

|DEG"(x, | < C(L+1)7 T eC, (46)

3+

D2 (6"-G5) (en| < € (et vet).

As for outside finite Mach number region, we consider the initial value problem (IVP) below

O + codivw = 0,

ow+ coVn—vAw - (v +n)Vdivw = 0,

47)
O +ap—bAp =0,
(n, w, $)(x,0) = (ng, wo, Po)(x).
Multiplying e’ by (n(&2), + w - (E2), + ¢(&2);) and then integrating by parts over R?, we get
1d
at f. MO (n? 4wl + ¢%) dx
M
. / gMeat (n2 +Iwl® + ¢2) dx — / Mol diy(conw)dx
2 R3 R3
+ / MOt (Y Aw - w + (v +n)Vdivw - w) dx — / MOl G (ad — BAD) dx
R R (48)
M .
-« / gMi-Meot (n2 +Iwl> + ¢2) dx + co / iMeotyy, - X gy
2 Jrs RS Ixl
- / MO (VI W + (1 + ldivwl?) dx — / MO (U - Vw + (v + p)wdivw) - %dx
R3 R3
_a/ elxI—Mcot¢2dx_b/ eIxI—Mc()t (|v¢|2 + ¢v¢ . i) dx,
R3 R3 Ixl
which, by applying the Schwarz inequality, yields
1d / eM-Meot (n2 +Iwl + (]52) dx
2 dt R3
1 . 1 1
< — —(Mcy - cp) / MOt 20y — —(Mco—co—p) | e MONwildx — —(Mcg—2a—b) | MM (2 dx (49)
2 R3 2 R3 2 R3

1 b
- = / MO (VW + (U + pldivil?) dx - = / M7 2 .
2 R3 2 ]R3
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Here we take M > 0 sufficiently large satisfies

(50)

Mcy—co—p >0,
Mcy—2a—-b>0,

and so the weighted L?-norm of (n,w, ¢) is non-increasing in time, which implies there exists a positive constant C > 0
depending only on (rg, wy, ¢o) such that
MOt (4wl + ¢%) dx < C. (51)
R3
We can apply the same method as above for D (n, w, ¢)(x,t) with lal > 0. Due to the Sobolev embedding theorem, we
conclude that

sup e OHMAD | (a v )(x,1)| < C. (52)
(HER3I XR,
Note that for |x| > (2M + 1)cot,
x| [xl Ixl  cot
|)C|—MC()I> ?Jr (Z_MC()[) > E+7, (53)
which, together with (Ef), gives rise to (E3).
Thus, we complete the proof of Proposition [I. [
3 | POINTWISE ESTIMATES OF NONLINEAR SYSTEM

In this section, we will study the initial value problem (24). By Duhamel’s principle, the solution can be expressed as

t
DXU(x,t) = D / G(x—y,HU(y)dy + D / / G(x—y,t—$)F(y, s)dyds
R3 0 JR3

(54)
2T 0D+ N(x, 1).
We notice that the nonlinear term F; contains the derivative of U and is therefore separated as
2V V-Vl
Fi=div (o (550) -wv () - S 28 Ve-IVorls
l+n l+n cop 8(1 + ¢)
P(p(1 +
+V <c0n _POAED) ) ydiv (’””)) 2 divf; + Vs, (55)
cop 1+n
F,o _ Cow V¢ adpm—¢) bnn+2)A¢ bIV ¢
S P 1+n (T+n?  20+nX1+¢)
It is easy to obtain that each component of the nonlinear terms F; and F, satisfies
fi=00) (|w|2 +1allDwl + IV llwl + InllDaliwl + ID¢>I2),
f=00) (|n|2 +InllDwl + 1Dnliwl + InIIDnIIwI),
Fi =0(1) (IwIIDwI +Dnllwl? + [nllDal + ID*nliwl + InlID*wl + IDrllDw! (56)

+ 1Dnl*wl + [nllDRIlDWI + [RID*nliwl + D1 + IquIIDzz,zSI),

F,=01) (lengzSI +Inllgl + 16 + D2l + InPID?¢ + ID¢|2>.

3.1 | Initial propagation

We first study the propagation of the initial data Z(x, r). Denote (71, w, Q_S) as the solution to the linearized system of (Z0), from
(BT) and (B4)), we have for any multi-index S that

D?é(x, 1) = DP /R Guax =y, D60()dy = /R ; D’ gaa(x —y, Do(y)dy. (57)
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Due to (E0) and the assumption (), it holds for 151 < 2 that

87 3B " _ﬂ 2\—,
D (x| < Ceo(1+1)2 e [ e (1+yP)"dy
]RS

-+ byl
< Ceo(1 + t)‘%ﬂ‘e“” / +/ e‘%(l +Iy1»)"2dy
>5 Jiy<y

4

‘ W2\ . .
< Ceo(1+ 1) F (1 +1)3 (1 + 1)6”) + Cep(l+ 1) T et

W2\
g050(1+t)'5e“f(1+x) .
1+¢

(58)

where we used the fact that [yl < % = Ix—yl > %

Similarly, we also obtain the estimates of ]ij‘ﬁ| and ‘D;’M for lal < 1. Here we omit the details and one can refer to™. As
a result, we have the following pointwise estimates for the linearized system.

Proposition 2. For 0 <lal <1, 0 <8I < 2, it holds

A \2 7% 2 —%
|DgA(x,1)| < Ceo(1+0)7% {(1 +1)7 (1 + W) +(1+1)7? (1 + llxlt> }

PPN ? N
r5s 0] < Crolt w7 {(1 0 (1 * “’“ﬁfi”) s (1 * ﬂt) } (59)
3
n IxI2 \ 2
Dﬁ < —at 1 _18! 1+ 0 .
| xd)(xat)’_cg()e ( +[) 2 +l+t

3.2 | Nonlinear coupling

Let T > 0, based on Proposition [, we introduce the following ansatz

1 _ 1 _
M(T) = sup {||mp;1||po + Wiyt |z + (1 + 62 || Dyt 1o + (1 +1)2 || Dwapy" ||~
0<t<T

181=0
where ¢; (i = 1,2, 3) satisfies the following expression of waves

2 5 (60)
+ 3 ID7 605 o + (140 [ D2 w)u |,

bl — ot WP\

Y A L RN
Pa(x, ) = (1 +1) <1+ To; ) +(1+9) <1+ )

1+1¢
3
x> \ 2
D= |1+ — .
Pi(x, 1) =e ( 1+t>

In what follows, we mainly prove that M(7T) < C. When the initial data (rng, wg, ¢o) satisfies (8)—(8), by (l) and Sobolev in-
equality, we know the ansatz on D?(n, w) is reasonable. Thus, we focus on the pointwise estimates for the low-order derivatives

, (61)

of solution in ansatz (B0).

For the nonlinear term N %(x, t), we have

N, 1) = NV N0, j=0,1,2,3, (62)
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where .
NP (x, 1) = D¢ /0 /R 3 Gin(x =y, t — $)FX(y, s)dyds
t t
= / / D%gix(x—y,t— $)F*(y, s)dyds + / / DG¢(x—y,1— $)FX(y, s)dyds
o Jr3 o Jr3 (63)
t
+ / / G4 (x—y,1—5)F(y, s)dyds
0 Jr?
A To T Q
= Lj + Sj + Rj S
and .
NP (x, 1) = DY / / Gas(x —y,t—S)F2(y, 8)dyds
3
. 0 R (64)
=/ /; D gaa(x—y, t = $)Fa(y, s)dyds.
0 JRr3
Here g, G5 and Gy are defined in Proposition [, and F k denotes the k-th term of F. First, from the ansatz we have
Inl < M(T)y1, wl < M(T)ia, lpl < M(T)1s3,
IDnl < M(T)(1 + 672401,  IDwl < M(T)(1 + 1) by, IDGl < M(T)s, (65)

ID2(n, W)l < M(T)(1 +1)°3, D¢l < M(T)3,

which together with (Bf) gives rise to

i +5] < M) (63 + 03+ (407 s + 43
[F1] < M@ (07 (0F+ 03 + (0 bnen) + (07 @+ +03), (66)
|Fa| < CMP(T) (1 + 1 + 13) 3.

. . . 3o (teqn® e
Since the Green function contains the Huygens’ wave of the form t’¥(1 + t)’% e, the diffusion wave of the form

_34al

2
_34lad 2

. 3+l 2 . . . .
2 ¢ o, and the Riesz wave of the form o X{d<cory | 1+ %) ’ , to estimate the interaction of these different waves, we
should divide both the time ¢ and the space x into several parts. In particular, we define

X = {P < 1+1}, Xo={(xd—cot? < 141}, X3 = {lxl > cot + \/1+r},

cot cot (67)
X, = {\/1+zg Il < 7}, Xs = {7 << cot—\/l+t},
and set
t VvV1+t
max{z,t— 1 }, (x, 1) € X UXUXs,
to = (68)
t—Ixl Ixl
f—mind LTy e X, UXs.
4C() 4C()
Moreover, for any multi-index «, we denote
2 Ixl 2 _%
+Ha o, - t
Holr,t) =" F (140 2e a0, hambﬂ+0wo+uﬁ3)>’
4ol i ol X2\ 2
Do(x,H)=1"2 e @, do(, ) =1 +1) 1+ ) (69)

3Hal

_ 34al |)C|2 2
Ro(e,1) =172 X{<eery | 1+ e ,

and give the following lemmas.
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Lemma 3. (refer to™) For 0 < lal < 1, there exists a positive constant C > 0 independent of (x, t) such that

4+larl

)
VA / Hyyo(x =Y.t = )Ny, s)dyds < C(L+1) 7 (ho +dp).
0
to
Q1 = / Hiwo—y,1=)d3 (. 8)dyds < C(1+ 0% (ho + d) ,
0 2

A+lal

to
O = [ Doty = 50300 xdvds < €L7% o+ .
0

4+lal

> db,

)
@iy = / Drsa(x—y.1 =) (v, s)dyds < C(1+ 1
0 2

4+l

fo
oI5 = / Risa(x =y, t—$)h3(y,8)dyds < C(1+1)"2 (ho+dp),
0
fo
©)g = / Risa(x—y,t=5)d3 (3, 8)dyds < C(1+0)7"F dy.
0 2

Lemma 4. (refer to™) For 0 < lal < 1, there exists a positive constant C > 0 independent of (x, t) such that

6+l

t
(HJy = / Hi(x-y,t—s)(1 +s)_%h2(y, S)dyds < C(1+1) 2 (hg+dy),
to

4+l

t
Q)3 =/ Hi(x—y.t=5)(1+ ) ds (v, )dyds < C(1+1)™ ((1 +t)’%h0+do),
to

6+l

t
(35 =/ Di(x—y,1=5)(1+9)" % ha(y,)dyds < C(1+ 1% (hg +dy) ,
to

t
4)Jg' = / Di(x—y,1=s)(1+5) ¥ dy (v, s)dyds < C(1+ 1) "+ dy,

to

t
(5)JS = / Ri(x—y,1=5)(1 +5)"F ha(y,9)dyds < C(1+1°% (h +dy) ,
to

t
(6)J¢ = / Ri(x—y,t—s)(1+ s)-wd% (v, s)dyds < C(1 + 1) dp.

fo

To begin with, we devote to the estimates of ./\/ja. It follows from (BQ), (63)—(BA) that

e

0]
/ / (Higa # Disa + Rise) (3,130 + )0, )
0 R

+

t
/ (Hy + Dy + R) D (fy + f2)(v, $)dyds
to R3

6

< CMAT)Y (I +J7)
k=1

(70)

which, together with Lemmas B8, gives rise to

2\ -3 2N\"2

Next, we consider the convolution between the leading part in short wave G§ and F'. In terms of (&1]), we have

52| < cM(T) / / ePEIS(x—y) ((1 +5) T2y, 8) + (1 +5) 3y, s)) dyds
0 JR3

< a1 (407 3 + (1 + 07 () 72)

) S (= con*\ WP\
< CM~(T)(1+1) ((1+ T+ ) +(1+1+t> )
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Since the convolution between G§ and F can be estimated as those for Lj?‘, here we omit the details and give the conclusion as

follows

_Stol (Ixl = C‘Ol‘)2 -3 LxI? -
RY| < cM*(T)(1 1+ —— 1+ — .
| | MDA +0) {< * 1+1¢ ) +( +1+t

On the other hand, due to (&0), (64) and (BA), it holds for any multi-index [ that

t g o DENTE
Wil ara [ [ a-oFeemasten (1 2 aas
0 JR

1+s

We consider the following decomposition

x]
Iyl > —,
2°

||<":»| |>||||>'xI
- X — X —_—.
2 Y Y=

For the first part, we have

3
. | |2 2
/ / (t_s)_% 181 —a(1— S) "3)(1 + S) e <1 + y> dyds
|y|> Il +s

_3HBE (1-s) |X|2 h i
<C (t—s) P gratis (1+s) T (14 e @ dyds
0 L+s >
W2\
gc(1+> /(r )7 eI +5) 3 e ds

3
[ |2 2
<CU+1Fe (1 + x) :

1+t

I

and the second part can be treated in a similar manner

3
! + ey 2 2
/ / (t—s) T 9 (1 4 5) 36 <1+'y') dyds
0 |y|<lx\ 1+s

2
S Ce’% / (t_s)—Teﬂ(t ) avds
0

3

2\ 2

<Ce-“’(1+ al ) .
1+1¢

Accordingly, we have the following estimates of nonlinear couplings.

Proposition 3. For multi-indexes o, 8 with lal < 1, 181 < 2, it holds

2\ 2 2\ 3
{(H(m_cm) +<1+|x|> }
1+1¢ 1+1¢

IS < CMA(TY(1 + 12"

NP1 < CMHTY(A +1) %

WPl < CMA(T)e™ 1+£ 7,
4= 1+¢

where C > 0 is a positive constant independent of space and time.
So far, with the help of Propositions @ and B, we are ready to prove Theorem [ below.

Proof of Theorem . It follows from (84)), (89) and (IZ¥) that

M(T) < C(go + M*(T)),

3 3
| (xl = cot)>\ 2 lxI2 \ 2 :
14— 1+-— , j=1,2,3,
{ ( * I+t U 1+t J

(73)

(74)

(75)

(76)

(77)

(78)

(79)
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which, combined with the smallness of £y and the continuity of M(T') leads to
M(T) < Cey. (80)

Thus, based on the definition of M(T') in (B0), we conclude

3 3
_44al (Ixl — 001)2 2 Ixl2 \ 2
IDSn(x, 1)l < Cep(1 +1) 2 1+ — + |1+ — s
w1 Ol < Ceol ) {( 1+¢ 1+¢

3 3
3o bl —cot)?\ 2 b\ 2
IDCw(x, ) < Ceo(l + 1y % {(1 41t (1 + (XHC‘;)> + <1 + ;CH) } (81)
I \ 2
IDEp(x, )l < Cege™ [ 1+ — |
x¢(x)_ €o€ ( +1+l>
which, together with (I9), gives rise to (I3) and the proof is completed. O

Proof of Corollary [l. In terms of (84), we are able to obtain for lal < 1 that

1D (n = n)(@)|p2 = [ING" @] 2

-3 -3 3
_44al (Ixl - C()l)2 |xI?
< 2
< Cep(1+1) {/R3 <1+ T3 > +(1+1+t dx

| (82)
2
< Cep(l+1y % {/ (1+y)°a +;)3dy}
R3
< Cep(1+1yi7 %,
Similarly, it holds
IDw =)D 2 < Ceo(1 +1y5%, (83)
and for |5l < 2 that
ID%(¢ = 9)D)]|12 < Ceoe . (84)
This, together with (I9), completes the proof of Corollary [I. O
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