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1 Introduction and Definition
We consider the following Schrédinger-Possion system

—Au+u+ K(@)p(@)u = a(z) [ul" > u+ Au| u, z € R?,
—A¢ = K(z)u?, z € R?,

(1.1)

where 4 < p < 6, A > 0 is a positive parameter. K (z),a(z) : R® — R are positive functions.
we make the following assumption.

(A) lim)y|so0 () = ase > 0, a(z) :=a(z) —ax € L% (R3).

(B) a(z) > s > 0 and a(x) > 0 in a positive measure set.

(C) K(z) € L*(R?), lim|;|00 K(2) =0, K(z) >0 and K(z) #0 ,2 € R?.

Schrodinger-Possion system have a strong physical meaning because they appear in
quantum mechanics models (see [1]). In recent years, many people have studied the following

Schrédinger-Possion system

—Au+V(x)u+ ¢(z)u = f(z,u),
—~A¢ =u?, v € R3.

Ambrosetti, Azzollini and Wang obtained the existence of ground states in [2-6]. By using

Lusternik-Schnirelmann category theory, Marco and He [7,8] proved the existence of many
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critical points for the case f(x,u) = f(u) in a bounded domain. Cerami and Vaira [9]
discussed the existence result of solutions for (1.1) in the case A = 0. For the other subcritical
cases, we refer the reader to [10-12] and the references therein.

However, to the best our knowledge, there is few information on the existence of solution
to the Schrédinger-Poisson system in the critical case. In this paper, we shall prove that the
problem (1.1) has at least one positive solution for the subcritical case A = 0 and the critical
case A # 0.

Let E = H'(R?) be the usual Sobolev space equipped with the norm

lu| = </R (IVu|* + u2)dx)l/2.

Let DV2(R3) be the completion of C§°(R3):

D'*(R?) = {u € L(R%) : Vu € L*(R*)}

1/2
2
ull, = (/ [Vul dx) .
R3

The norm of L*(R?)(2 < s < 6) is denoted by

1/s
lull, = ( / |u|5dx> .
R3

with respect to the norm

For u # 0, suppose that

then
6 6 o
lJullg < [Jul]”S72. (1.2)

S is achieved by the family of functions

(Ce)t/4

Ue(z) = ——F5—,
) (e + |2|7)'/2

and U, (x) satisfies the equation:
—Au=ulul*,u e DV*(R?).

Hence we have

IT|* = |Ullg = $*.



Since that K (z) € L?*(R3?), then using Holder inequality and (1.2) we have

IN

I @) [l 11l

STE|K (@), lulillv]l, Vo e DY(R?). (1.3)

/Q K(x)u?yda

IN

By Lax-Milgram theorem there exists a unique solution ¢, € D"?(R?) such that

V¢, Vodr = | K(z)u’vdz, Vv e D“*(R?),
Q Q

and ¢, has the following properties

(1) ¢, : H(R?) — D'?(R?) is continuous and ¢ maps bounded sets into bounded sets;

(2) If w,, = u in H'(R3), then ¢,, — ¢, in DV?(R3);

(3) 60 2 0, 9l < Cllul’, fys dutPda < C ulldy 5 < C ]

(4) ru(z) = t*¢, for all t € R.

See [9] for the details.

We now introduce the main results in this paper.

Theorem 1.2  Assume that (A)(B)(C) with 4 < p < 6, A = 0, then the problem (1.1)
has at least one positive solution.

Theorem 1.3  Assume that (A)(B)(C) with 4 < p < 6, X # 0, then the problem (1.1)

has at least one positive solution for any A > 0.

2 The proof of Theorem 1.2

For A = 0, we define the energy functional associated with (1.1)

1 1 1
J(u) = 3 /R% (|Vul® + u2)dx+1 . K(z)p,u*dx — » /R3 a(z) |u|’ dx

1 1 1
=5 ]l + ZP(U) - ];A(u)u
where

P(u) = K(x)pu’dx, A(u) = /R3 a(z) |ul|” dx.

R3
Suppose that Sy is the Sobolev constant for the embedding of £ = H'(R3) in LP(R3)(2 <
p < 6), then Holder inequality and the condition (A)(B) imply that

A(w) = /Raa(x)|u|pdx:/Ra(a(x)+aoo)|u]pdx

lae(@) + asoll o [lull,, < CoSF [|ull”, (2.1)

IN

where

Co = [la(z) + aool| a_-



By (1.3) and (2.1), we get J € C*(E, R).

Consider the Nehari manifold
N ={u € E\{0}|(J'(u),u) =0} .
It is easy to see that u € N if and only if
(I (w)ou) = [ull® + Pu) — A(u) = 0.

Define
M(u) = (J'(u),u) .

It is clear that M (u) is of C* class. For u € N, we have

(M (u), ) 2 |[ul)” +4P(u) = pA(u)

= (4-p)A®) = 2|ul* <o0. (2.2)

which implies that N is a C'' manifold.

Lemma 2.1 Assume that ug is a local minimizer for J on N and (M’(u),u) # 0, then
J'(ug) = 0.

proof Our proof is almost the same as that in Brown and Zhang (see [13]), we omit
it.

Let uw € N, we have for 4 <p <6

Iw) = 5l + 3P = A
1 2 1 1
= P+ (G - A > o

Then J(u) is bounded below on N. Since that J(u) is bounded below on N. we may define

¢ = inf J(u).

ueN

Lemma 2.2 There exists C; = C1(Cy, p, So) > 0 such that £~ > (Y.
Proof Let u € N, then

Alu) = Jul* + P(u) = [[ull”. (2.3)

From (2.1)(2.3) we get
1< CoS§ Jull"™, (2.4)

by (2.4) we deduce that there exists C; = C1(Co, p, Sp) > 0 such that &~ > C4.
Lemma 2.3 For each u € E, u # 0, then there exists a unique tq such that tqu € N
and

J(tou) = sup J(tu).
>0



Proof Suppose that u € F, u # 0. Set

() = T(tw) = 5 Jull + TP - S Atw),

then
W (t) = t(||ul]* + 2 P(u) — 22 A(u).
From h/(t) = 0 we have t = t3 > 0. Moreover, we have h(0) = 0 and h(t) - —oc0 as t — +00.

Observe that h/(t) > 0 for t € [0,%) and h/(t) < 0 for t € [to, 00), it follows that h(t) achieves

its maximum at ¢t = {;. By computation we have
(J' (tou), tou) = ¢ |[ull® + t5P(u) — tfA(u) = 0,

(M (tou), tou) = (4 — p)th A(u) — 262 ||u|® < 0.

Then tou € N and J(tgu) = sup J(tu).
>0

Lemma 2.4  Assume that (A)(B)(C) with 4 < p < 6, then J(u) has a minimizer
ug € N, and it satisfies

(1) J(uo) = €7,
(2) wo is a nontrivial negative solution to (1.1).

Proof Let u, € N be a minimizing sequence for J(u), that is

lim J(u,) = inf J(u).

n—oo ueN
Then we get
() = S funll® + (5 = D) A(u) > 0
Up) = 1 Up, 17D U, .

Which implies that {u,} is bounded in E. We can extract a subsequence(still denoted {u,})
and ug € E such that

Uy — Ug in F,
u, = up in L'(R*)(2 <i < 2%),
U, — up a.e. in R3.

Define the operator 7' : L%/?(R?) — R by

(T, w) = /R _a@)wde.

From (2.1) we get that T is linear and continuous, then

Aluy) = /R3 a(z) |u,|” de — /R3 a(z) |ug|” dz = A(ug), (2.5)



With the same arguments as [9] we can show that
K(x)puZdr — K(7)p,uidx. (2.6)
R3 R3
Therefore
0<Co< & < J(up)

= (5 - g)A(Un) - ZP(U”)
(5~ 1) Auo) — 1 Pluo)

then ug # 0. Now we prove that: u,, — ug in E. Supposing the contrary, by Fatou Lemma,
lluoll < li_>m inf ||Ju,]| , (2.7)

By Lemma 2.3, there exists a unique ¢, such that t;uo € N. Note that u, € N, J(tu,)
achieves its maximum at ¢ = 1. Hence we have J(tu,) < J(u,) for t > 0. From (2.7) we get
that

_ (ty )? 1 1. _
J(tyuo) = 1 lluol|* + (Z - 5)@0 )2 A(uo)
< lim inf J(tyu,) < lim J(u,) =&,
n—oo n— 00

which is a contradiction. Hence w, — wy in E. If n — oo, J(u,) — J(ug) = £~. Since
ug # 0. then Lemma 2.1 implies that u is a nontrivial negative solution to (1.1).

let uy = max{ug,0}. Replacing ug in J(u) by ug, we get one nontrivial negative solution
o (1.1). From the Harnack inequality [14] we deduce that ug is a positive solution to (1.1).

Then we complete the proof of Theorem 1.1.

3 Proof of Theorem 1.2

Now we turn to the case A > 0.

Definition the energy functional
1 2 2 1 2 1 P
J(u) == (IVul]” + v*)dz+— K(z)p,u“de — — a(x) |ul” dz
2 R3 4 R3 P Jrs
A 1 1 1 1
5 [l = 5l + P = - 4w — 5 B(w)

where
B(u) :/\/ u|® dz.
R3

Definition 3.1 We say that a sequence {u,} C E is a (PS). sequence, if there exists
¢ € R such that
I(u,) = ¢, I'(u,) = 0,n — oo.



Lemma 3.2 Assume {u,} C E is a (PS), sequence for J, then there exists a subse-
quence(still denoted {u,}) and u € E such that w, — v € E and u is a solution to (1.1).
That is, (J'(u),u) = 0.

Proof From the definition of (PS). sequence, there exists a sequence {u,} in E such

that for some ¢ € R we have

J(un) = e, J' (un) — 0,n — 0.

1 1 1 1
J(u,) = 3 llunll® + ZP(U") — Z;A(un) — éB(un) =c+o0,(1),

(J'(tn), un) = ||un||2 + P(un) — A(un) — B(u,) = 0,(1),

hence

c+o0,(1) = J(uy,) — ]1) (J' (un), un)

(- ]19) Junll® + (G - ;)P(un) + (; ~ Bw) > (5 - ;) [

Hence {u,} is bounded.
Since {u,} is bounded, we can extract a subsequence in E(still denoted {u,})and u € F
such that
U, — Ug in F,
u, — up in L'(R*)(2<i<2%),
un — Ug a.e. in R3.

By using (2.5)(2.6) we have P(u,) — P(u), A(u,) — A(u). Therefore u is a solution to (1.1)
and J'(u) = 0.
Lemma 3.3 Let c € R, if {u,} C F is a (PS). sequence for J and u,, — u with

1 1 3
< -Ai53
€s3

then u,, — u.

Proof From the definition of (PS). sequence we have
J(un) = ¢, J'(u,) =0

as n — co. From Lemma 3.2, there exists a subsequence(still denoted {u,}) and u € E such
that u, — u € E and w is a solution to (1.1). Set v,, = u,, — u, then we deduce that v, — 0.

Brezis-lemma Lemma [15] implies that

2 2 2
lunll” = lJonll” + [Jull” + 0n(1),



B(u,) = B(v,) + B(u) + 0,(1).

Since P(u,) — P(u), A(u,) = A(u), then we get
P(u,) = P(u) + 0,(1),

A(u,) = A(u) + 0,(1).
Therefore

(J'(tn), un) = ”Un”2 — B(v,) + 0a(1).

We may therefore assume that

. 2 9. _
o, loall” = livg Bloa) =4,

By the definition of S we have
2 2 2
[onl|” = [[Vonlly = S l[onllg -

Then A3l > Si3, it follows that either [ =0 or [ > A\"253, If | > \~253,

Tn) = 5 7 (), ) = T () + 3 Bwn) + on (1)

Let n — o0, ) )
—c—Zl<c—SATESE
J(u)=c glse—3 Sz <0,
we deduce that J(u) < 0.
On the other hand, since u is a solution to (1.1) then J'(u) = 0.

1

J(u) = J(u) 1 (J'(u),u)
1, 1 1 1
= 1 [Jull™ + (1 - Z*))A(U) + EB(U) >0,

which is a contradiction. Hence [ = 0, u,, — u.
Lemma 3.4 The following results hold
(1) There exist 0, p > 0 such that J(u) > § > 0 for any v € F with ||u| = p;
(2) There exists ¢ € E such that tlggo J(tp) = —o0;
proof (1)From (2.1)(1.2) we have

1, e 1 1 1
T) = 5 Julf + {P) ~ - Alw) - ¢ Bw)
1 1 1 1 1
25 Il =~ AQw) = 5B > 5 ull* = GCoSE [ulf” — 5 Jul

We may choose ||u|| = p small enough such that § > 0, .J(u) > ¢ > 0, then the first conclusion
of Lemma 3.4 holds true.



(2) Let ¢ € E, ¢ > 0,¢ # 0, by the properties of ¢, and the condition (B)(C), we have

for t — oo,
It = 1o + L P(o) - L aw) - LB(6) 5 —oo
2 4 P 6 '

We now complete the proof of Theorem 1.2.
The proof of Theorem 1.2 By using (1) (2) of Lemma 3.4 and Mountain Pass
Theorem, there exists a (PS). sequence {u,} in F such that

J(upn) = coy J'(uy) = 0, n — 00,

where

¢o = inf maxJ(v(t)),
veT,te(0,1]

I'={y € C([0,1], E),7(0) = 0,7(1) = (t¢)}.

From Lemma 3.2 we obtain u,, — v and J'(u) = 0.
Let {(z) € C*(R?) is a cut-off function such that £(z) = 1 for || < R and {(x) =
for |z| > 2R, where |V&(z)| < C, Bogr(0) € R3. We define the function u.(x) as follows

us(z) = ¢U. ||¢U. 5",

then we have the properties of the function w,:
u/w%ﬁm_s+ogmx (3.1)
Q

and
O("),  qe[2,3),
/“aqdﬂf: O(e**|Inel), ¢ =3, (3.2)
: OEO-D/Y), e (3,6).

see [16-18] for the details.

Consider the functions
Lo p t6
ww:§tu||+ £ P - am | fucl"de - Ag,

Note that , liIle g(t) = —oo and li%{r g(t) > 0, then sup g(t) is attained for some t. > 0. By
—> 100 t—

computation we get

0 =g'(t:) = te(l|uc|® + 2 P(uc) — 2 2an / Ju|"dz — At2),
Q

ue|® + 2P (u) = tg_Za,oo/ lu.[Pdz + A2 > Atl. (3.3)
0



Then there exists t; > 0 such that t. < ¢;. On the other hand from (3.3) we deduce that
Vel < el < 2 % [ fucffdo -+ 0t
Q
Using(3.1)(3.2) we deduce that there exists M > 0 such that
t. > M.

Set ) .
t
2
h(t) = §t2 HVust - )‘g’

then sup h(t) is attained for some to, = A5 ||Vug|\;/2. If 4 < p < 6, we have
6—p 1
— < <1,
4 2

then (3.1)(3.2) and the properties of ¢, imply that

1, 2 2 1 24 P
g(t) < h(ta) + St fluelly + ZC llwell 125 — PR [Juell,
3
2

1 1 1 —p 1 1
ggxas% L Ched + COhe — Cae™ ™ < PR

where C;(i = 2, 3,4) are constants independent of . Thus we get that

N|=
Njw

ATzS

W=

sup J(tu.) < g(t) <

1 :
co = inf maxJ(y(t)) < “AT2SE,
~vel,te(0,1] 3
By Lemma 3.3 we have that u,, — u,J(u) = ¢y > 0. From the above steps, we obtain that
the problem (1.1) has one nontrivial solution. Using the same argument as that in the proof
of theorem 1.1, we deduce that the solution is positive. This completes the proof of Theorem
1.2.
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