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[bookmark: _Hlk125535957][bookmark: _Hlk126141305][bookmark: _Hlk125556219]Abstract A model-free control (MFC) method based on iterative learning law combined with adaptive super-twisting is proposed to realize the synchronous coordination control of multi-lift overhead cranes system for the problems of inaccurate modeling, system parameter variation and disturbance uncertainty that exist in multi-lift overhead cranes system. Firstly, a load coupling model of the double-container overhead crane considering the deformation tangential force in the interlocking mode is established. Secondly, a time-varying sliding mode surface designed by using nonlinear functions effectively improves the convergence speed of the system state. The method of iterative learning control (ILC) is introduced to compensate the system dynamics to achieve model-free control, and the dynamic learning rate is designed instead of the constant learning rate to improve the convergence speed of the error of the system and the steady-state performance. In order to suppress uncertainty disturbances and avoid control gain overestimation, an adaptive gain is added to the generalized super-twisting algorithm, which has the advantages of both finite-time convergence and chattering suppression, and improves the robustness and tracking performance of the multi-lift overhead cranes system. The stability of the controlled system is analyzed by using Lyapunov stability theory. The simulation experiments illustrate the effectiveness of the proposed synchronization control scheme.
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1．Introduction
[bookmark: _Hlk122176817]The current development of port shipping business is rapid and trade is frequent, in order to maximize the efficiency of container handling, increase the port container cargo throughput, multi-lift overhead crane came into being. Compared with single-lift overhead crane, multi-lift overhead crane can lift multiple containers at the same time, which improves the efficiency of container loading and unloading. In the process of loading and unloading operation of multi-lift overhead crane, each spreader needs to maintain synchronized and coordinated operation, but various uncertainties in the operation of multi-lift overhead crane make this synchronized operation very difficult. First of all, the drive motors of the multi-lift overhead crane have strong nonlinear, time-varying and high-order characteristics during the synchronous and coordinated operation of the double-lift overhead  crane and the double-spreader [1]. Unlike the general motor drive system, the load of the multi-lift overhead crane system is potential load, and the direction of load and motor control torque are the same during the descent of the multi-spreader, and the opposite direction during the ascent. At the same time, in the interlocking working mode, the boxes are connected with each other by interlocking rods, which present strong coupling in the case of different loads. In addition, uncertainties such as external disturbances (e.g. wind disturbance, tooth gap, etc.) and friction forces are also prevalent in the synchronous coordination system of multiple spreader. Therefore, due to the above reasons, in the actual loading and unloading process, the multi-lift overhead crane system is prone to cause the container asynchronous situation, and at the same time, the accurate model of multi-lift overhead crane is difficult to establish. In order to meet the synchronization control requirements under such special conditions, it is of great significance to study a multi-spreader synchronization control method which does not rely on the model parameter information at all.
At present, most of the loads of multi-axis synchronous systems are inertial loads or kinetic loads, while the loads of multi-lift overhead crane systems are potential loads. The study of synchronous and coordinated control of multi-lift overhead cranes belongs to a special kind of multi-axis synchronous and coordinated control problem[2]. Scholars have proposed many control methods based on models, such as sliding mode control [3], model predictive control [4], backstepping control [5], optimal control[6], etc. The above control methods rely on the known mathematical and nominal models of the system, but the multi-lift overhead crane system has nonlinear, time-varying and high-order characteristics, while there is strong coupling in the interlocking mode, and the multi-lift overhead crane system may also have parametric perturbation during operation, so it is difficult to obtain the exact model of the system, and the model-based control methods are not suitable for the multi-lift overhead crane system.
[bookmark: _Hlk125487877]Model-free control (MPC) is an alternative technique for controlling uncertain complex systems that does not require information from the dynamics [7]. The development of MPC has many rich theoretical results, and some scholars have proposed proportional-integral-derivative (PID) control algorithms [8]. However, PID control is difficult to achieve high synchronous control accuracy when the system is subject to large external disturbances. Neural network control (NNC) methods have significant advantages in parameter estimation of complex nonlinear systems [9], but NNC is computationally intensive and require specific training sets for training. The fuzzy rules of fuzzy control [10] rely on manual adjustment and are not suitable for complex controlled objects alone. As with neural network control, their limitations reduce the real-time performance of the control process. Time delay estimation compensation performance is very susceptible to environmental changes [11]. Iterative learning control (ILC) has the advantages of control mechanisms based on uncertain models of unit memory, fast convergence, high adaptability and simple algorithms, and is widely used in control systems with strong nonlinear coupling, high position repetition accuracy, and difficult to model and high precision trajectory tracking control[12].
ILC has established a more complete theoretical system, for example, the traditional iterative learning laws in the form of P [13] and PD [14] have shown some superiority. To improve the control performance, scholars have combined adaptive techniques with iterative learning [15], which enables the controller to handle parameter uncertainty adaptively while updating parameters over the iterative domain. In the above iterative learning form, the selection of learning gain is often based on the designer's experience, and this method has a certain uncertainty, while the selection of learning gain plays a crucial role in the convergence performance of the ILC system. To address this problem scholars introduced the idea of optimal design into the field of iterative learning control, iterative learning control methods based on optimization algorithms can achieve high tracking control accuracy, and the good performance brought by optimization algorithms is often accompanied by the disadvantage of algorithmic complexity[16] [17]. In contrast, the information of the sliding mode surface is used in  [18] to design a dynamic learning rate that changes with the sliding mode surface, improving the sliding mode dynamics while increasing the control accuracy and convergence speed of the iterative learning law.
In fact, for approaches to date, there is a fundamental tradeoff between plant model knowledge and ILC convergence speed, and the robustness of the system is often sacrificed when little information about the study object is known while focusing on the convergence speed [19]. In order to retain the advantages such as fast convergence speed of iterative learning while ensuring the robustness of the system, many scholars have combined iterative learning with sliding mode control (SMC) methods. Some scholars [20] proposed an iterative learning enhanced integral terminal sliding mode control method to further improve the performance of precision motion systems under repeated trajectories and disturbances. In order to deal with nonparametric uncertainties and external disturbances, the adaptive sliding mode method is added to the iterative learning control scheme to suppress the chattering of the control torque[21] [22]. Chattering is a problem that must be solved in sliding mode control, and the presence of excessive chattering will have a negative impact on the dynamic performance of the multi-lift system [1]. The current boundary layer technique [23], convergence law technique[24], and super-twisting algorithm [25] are widely used to suppress chattering. For the tracking control and swing regulation performance of the dual spreader overhead crane system, in [26], the controller was designed by combining the improved overtwist algorithm with the integral sliding surface, and better tracking control performance was obtained. However, the super-twisting algorithm often brings unnecessary chattering due to the overestimation of control gain. In the study of [26], the fixed gain of the super-twisting algorithm is designed as an adaptive switching gain, which enhances the robustness of the controller against external disturbances and parameter uncertainties, while the chattering is also suppressed.
The existing multi-objective synchronous control strategies mainly include master-slave mode [27], deviation coupling mode [28], and cross-coupling mode strategies[29,30]. The master-slave mode is used in [27] to effectively achieve position synchronization between multiple induction motor-driven robots. However, when the states between the master and slave motors cannot feed back to each other, the whole control system has the risk of instability. [28] effectively achieved synchronous control of the multi-motor control system based on the improved deviation coupling mode, but the control structure became more complicated. The cross-coupling strategy  achieved a better control effect for the synchronous control of multi-objective systems [30]. A variable gain cross-coupling control algorithm was proposed in [29] to improve the contour accuracy of a two-axis permanent magnet synchronous motor system to improve the matching degree of the two-axis permanent magnet synchronous motor system, maintain the stability of the speed, and make the system have a small contour error.
Inspired by the above work, this paper proposes an adaptive super-twisting model-free control scheme (DILC-ASTA-TSMC) based on dynamic learning rate iterative learning law for multi-lift overhead crane systems with uncertainties. The mathematical model of the multi-lift overhead crane system is converted into a hyperlocal model, and a time-varying sliding mode surface combined with an adaptive super-twisting algorithm is constructed for the multi-lift overhead crane system to design the sliding mode controller, which is robust to the perturbations caused by parameter ingestion and disturbances. An iterative learning law is used to estimate the uncertainty so that the state information can be incorporated into the subsequent iterations to obtain the disturbance resistance of the control system. 
The main contributions of this paper are as follows: (1) For the purpose of illustrating the significance of the research problem and simulation validation, a load coupling model of a bridge crane with two spreaders considering deformation tangential forces in interlocking mode is established as an example of a bridge crane system. (2) A model-free controller framework of DILC-ASTA-TSMC is designed for synchronous coordinated control of multiple spreaders, which does not require accurate model information relative to model-based controller design and at the same time suppresses uncertainty well. (3) A new time-varying sliding mode surface based on synchronous coupling error is designed to drive the system state to equilibrium with the help of nonlinear functions. (4) A new adaptive law is added to the generalized super-twisting algorithm to effectively weaken the jitter of the control system, achieve finite time convergence, and improve the robustness of the multi-lift overhead crane system. (5) A form of iterative learning including dynamic learning rate is designed to compensate for the system dynamics, while the auxiliary sliding mode controller suppresses the uncertainty disturbance, which takes into account the convergence speed and steady-state performance of the learning process. 
The rest of the paper is organized as follows: The system model and problem formulation section establishes the mathematical model of the multi-lift overhead crane system and the control requirements to be achieved. In the main results section, the overall framework of the MFC scheme for the multi-lift overhead system is constructed and the stability analysis of the closed-loop system is carried out. The simulation results verify the effectiveness of the method. Finally, the paper is summarized in the conclusion section.
2 problem descriptions
2.1 Coupling model of crane in interlocking mode
Here, taking double-lift overhead crane system as an example, the load coupling model of double lift overhead crane in interlocking mode is established. When the double spreaders works in interlocking mode, there will be coupling between the spreaders. The mechanical interlocking device is a linkage device. Since the mass of the mechanical interlocking device is much smaller than the mass of the spreader and its load, the mass of the linkage can be neglected.
[image: ]
[bookmark: _Hlk126142311]Fig. 1 Asynchronous state in interlock mode
The rectangular coordinate system xoz in Figure 1 is the two-dimensional plane of the double spreaders coupling system, the x-axis is the horizontal direction, the z-axis is the vertical direction, and the mass points A and B are in a asynchronous state. Suppose the masses of the loads corresponding to mass points A and B are ,and the length of the connecting rod between mass points is fixed as . The fixed distance between the driving motors of the double spreaders is . The lengths of rope A and rope B are .  is the angle between rope A and the vertical direction, is the angle between rope B and the vertical direction, and  is the angle between the connecting rod and the angle of the vertical direction.
In Figure 2,  are the corresponding tensions of the two ropes,  is the tension of the tie rod,  is the acceleration of gravity. The instantaneous velocity of mass point A is decomposed into the normal velocity  of rope1 and the tangential velocity  perpendicular to the rope. Mass point B is decomposed into the normal velocity  of rope 2 and the tangential velocity  perpendicular to the rope.
The geometric relationship can be obtained from Figure 1 as follows
                                                                                           (1)
Deformation is inevitable in the course of practical engineering operations. Therefore, we can treat the motion of the connecting rod as a component of its rigid motion and elastic deformation. 

[image: ]
Fig. 2 force analysis of double container
Assuming that the deformation of the connecting rod is small, for the purpose of deriving the coupling model, assume that there is no deformation at end A of the connecting rod and deformation at end B. Consider the following boundary conditions as shown in (2)
                                                                                         (2)
where  is the transverse deformation of the beam with respect to frame o-xz. Here ,  is the derivative of the deformation variable with respect to time. The uniform flexural rigidity is ,  is the shear force at end .
The following expression can be obtained from the relationship between linear velocity and angle
                                                                              (3)
Based on the force analysis of mass points A and B, the kinetic differential equation of mass points A and B can be obtained
[bookmark: _Hlk124878456]                                                    (4)
The expressions of the action forces ,  are obtained according to (4) and expressed as follows
                                  (5)
The functional forms of  and  can be obtained from (5) as follows
                                                                                                     (6)
In the ideal state, the double spreaders exists in a perfectly synchronized state, when  , and the force analysis is performed on the mass points A, B
                                                                                                                    (7)
It is also known that the radius of the winding wheel of the drive motor is , we can obtain the potential load moment of the double spreaders as follows
                                                                                                                                      (8)
Remark 1. In the actual loading and unloading operations by the unknown disturbance of the multi-lift overhead crane system is prone to the container asynchronous operation, this situation is easy to cause the breakage of the container, the emergence of security risks, so to ensure that the multi-lift overhead crane system under the influence of the disturbance of synchronous coordinated operation has great significance. In the independent operation mode, , that is, only the force generated by the load itself is considered.
2.2 Lifting motor model
For a multi-lift overhead crane, each lift device has its own lifting motor, spreader, reel and other devices. Based on the motor theory, the symbolic description of each quantity of the lifting motor system of the overhead crane can be obtained as the nominal dynamics model of the lifting motor system of the multi-lift overhead crane in independent operation mode[1] as shown below
                                                                                                                    (9)
where  is the reference angular velocity of the lifting motor,is the reference angular acceleration of the lifting motor,  is the reference moment of inertia of the lifting motor,  is the reference viscous friction coefficient of the lifting motor,  is the reference control input torque of the lifting motor, .
In loading and unloading operations, the multi-lift overhead crane system is susceptible to unfavorable factors such as internal motor parameter perturbation, friction, potential load differences, and unknown external disturbances, which is as follows
                                                                                             (10)
Taking the above influences into account, the actual dynamics model of the lifting motor system is as follows
                                                                                                                 (11)
where  is moment of inertia of the lifting motor,  is the actual viscous friction coefficient of the lifting motor system,  represents friction present in the lifting motor system (includes the internal backlash friction of the motor and the friction between the wire rope and the motor wheel),  is the sum of the external unknown disturbances of the system,  is the potential load of the container, the matched disturbance  is the lumped disturbance,  is the actual angular position of the lifting motor rotation,  is the actual angular velocity of the lifting motor,  is the actual control input torque of the lifting motor. .
Simplifying (8) and (11) yields (12)
                                                                                                               (12)
where  is a function on  and denotes the lumped uncertainties. It can be seen thatpresents the dependence of time, rotational speed and angular position, showing time−varying, nonlinear characteristics..
Multi-lift overhead crane in the loading and unloading operation of each spreader load needs to maintain synchronous and coordinated operation, the synchronous loading and unloading container operation in the interlocking working mode will present strong coupling, recall (9) can be seen that it is related to  and the potential energy load moment is complicated to calculate. From the developed model (12), it can be seen that the uncertain perturbation is used as the aggregated perturbation term, including the model internal parameter uptake, potential load, friction and external perturbation.
In the above cases, this paper introduces a model-free method to avoid the difficulties of complex model building, and designs a model-free controller to suppress the uncertainty of the system. In this paper, a model-free control method is used to achieve synchronous control of multiple spreaders. The motor model and coupling model are established to illustrate the difficulty of the research direction and the significance of the research, and are used for controller performance verification.
In summary, in this work, the main objective is to design a model-free synchronous controller for a multi-lift overhead crane system where matching disturbances exist and accurate models are difficult to establish, so that the spreaders can track the position signals simultaneously in a limited time, achieve synchronous and coordinated control among spreaders, and effectively suppress the influence of unknown disturbances on the control performance of the system.

Assumption 1 Assume that  is bounded and satisfies the Lipschitz smoothness condition, so we have: is the unknown positive real number.

Assumption 2 The initial state of the system is the same for each iteration.

3 Main results
The basic idea of this section is to develop a dynamic learning rate based iterative learning law combined with an adaptive super-twisting model-free controller for the synchronous and coordinated control of multiple spreaders for a multi-lift overhead crane system containing matching disturbances. The block diagram of the control system is shown in Figure 3.
[image: ]
Fig. 3 Block diagram of the control system
3.1 Nonlinear time-varying sliding mode surface
Firstly, cross-coupling strategy is introduced to transfer the synchronization error of the system as a compensation term to the tracking controller to achieve the convergence of tracking error and synchronization error, and finally synchronized and coordinated control of multi-lift overhead crane is realized.
To adopt the cross-coupling strategy, the tracking error of the spreader is defined as follows
                                                                                                                                 (13)
where  is the desired angular position of the lifting motor..
The synchronization error is defined as follows
                                                                                                                               (14)
The difference of the synchronization error between the coupled motors is used as a compensation term to couple with the synchronization error of the controlled motors, and the coupling error is obtained as the following equation
                                                                                                  (15)
where .
Compared with the traditional sliding mode surface with fixed coefficients because the time-varying sliding mode surface can choose the starting position, the whole control process can be designed using sliding mode [31], so this paper chose to design the time-varying sliding mode surface using nonlinear functions as follows
                                                                                                         (16)
Nonlinear functionare as follow
                                                                                                                        (17)
                                                                                                                         (18)
where , the constant  is the final value of the nonlinear function  is a smaller positive value that regulates the rate of change of the exponential part. . The sliding surface (16) can shorten the convergence time of the system state when multi-lift overhead crane system reaches the desired position.

[bookmark: _Hlk122165541]Remark 2. The designed nonlinear function  varies with the tracking error  and the compound error  based on the synchronization error of the system, respectively, and when the error increases, the exponential part increases and  decreases overall, and when the error decreases, the exponential part decreases and  increases overall, so it is always possible to make the initial state move on the sliding mode surface quickly. Eventually  stabilizes to a constant value. The application of the nonlinear function changes the invariant characteristic of the traditional linear sliding surface coefficients and effectively improves the response speed of the system error.

Differentiation of (16) with respect to time yields 
                                                                                                (19)
Combining (12) with (19), is rewritten as
                                                                                                                               (20)
where . The controller form can be obtained by solving the following equation
                                                                                                                                       (21)
If  is completely known, then (20) is constant to zero and the dynamics of the closed−loop system will stay on the sliding surface, i.e., , and the synchronization and tracking errors would attenuate in the way as expected. However,  is unknown and difficult to determine in advance.
To obtain the ideal control law, the DILC-ASTA-TSMC scheme is proposed, whose structure is shown in Figure 3. In this scheme, each repetition of the repetition task is called an iteration, denoted by , the total controller is designed as follows, and for convenience omitted the table is a subscript of the number of spreaders i
                                                                                                                          (22)
Substitution of (22) into (20) yields
                                                                                                              (23)
where the controller consists of a super-twisting controller and an iterative learning controller , the specific design of each term in the DILC-ASTA-TSMC scheme is discussed in the following subsections.
[bookmark: _Hlk125621607]3.2 TSMC-ASTA controller design
There is a switch term at the first derivative of the first order sliding mode controller, thus causing chattering. Severe chattering can cause an increase in system losses and affect the control performance and stability of multi-lift overhead crane system [1]. Meanwhile, in the actual sliding mode control, it is difficult for us to get the upper bound of the matching disturbance, so the estimation of the upper bound of the disturbance becomes a great difficulty. For the disturbance with large upper bound, a relatively large gain needs to be selected to suppress the disturbance, but large gains are often accompanied by chattering problems, while too small a gain cannot meet the control requirements [25].
Therefore, in order to improve the synchronous control performance of multi-lift overhead cranes, for the problems described above, this paper introduces a linear correction term and designs an adaptive generalized super-twisting algorithm that can significantly reduce chattering, improve the convergence speed, and obtain better accuracy and significant noise reduction. The expression of proposed ASTA method is given by
                                                                                           (24)
                                                        (25)
where ,the control gains  and  are adjusted by adaptive updating law
                                                                                                                  (26)
                                                                                                                                  (27)
where , .This adaptive law can solve the unknown matching disturbance by adaptively estimating the parameters when the upper bound of the disturbance is unknown, thus allowing fast convergence of the system state variables without increasing the chattering.

[bookmark: _Hlk125140823]Remark 3. The designed adaptive rate uses the sliding mode information, as shown in (26), when the sliding mode variableis extremely large, , , the adaptive law tends to , at which time the control gain increases fast, thus making the sliding surface can converge to 0 quickly. When the sliding surface converges to 0,  gradually increases,  gradually decreases, the control gain increases slowly. When the sliding surface converges to 0, .

The idea of designing the adaptive generalized super-twisting algorithm is to dynamically set the control gain  until the system trajectory converges to the sliding surface. The gain is always adjusted to a value sufficient to offset the uncertainty while avoiding overestimation. Once the system trajectory leaves the sliding surface, the adaptive law starts to increase again to return the trajectory to the sliding surface in a finite amount of time. The application of adaptive gain circumvents the effect of artificially selecting too large or too small control gain of the super-twisting algorithm on the system performance, so that the super-twisting algorithm can always provide the right control gain to weaken the control system chattering and also suppress the uncertainty disturbance of the system well.
3.3 TSMC-ASTA -DILC controller design
According to (3) and (9), it can be seen that the specific model information is difficult to obtain in the actual operation of the multi-lift overhead crane system, while uncertainty disturbances exist. In this case, this paper mainly uses the iterative learning method in the process of iterative learning to estimate and compensate the dynamics generated by the system, thus improving the system convergence, while in order to further suppress the lumped disturbance , an iterative learning law containing the sliding mode information is proposed as follows
                                                                                                              (43)
where  is the ILC input at the jth iteration, is the learning rate.

Remark 4. The introduction of the sliding mode variable  in the iterative learning controller  improves the sliding mode dynamics. In this paper, the iterative learning controller  mainly compensates the system dynamics, and the adaptive super-twisting sliding mode controller  provides robustness for the system control. The selection of the control gain of the sliding mode controller often depends on the upper bound of the disturbance, while the upper bound of the lumped disturbance  is unknown, for which the adaptive rate added to change the gain size according to the sliding mode surface  to avoid too high and too low estimates, but there is a deviation  between the estimated value  and the true value ,so there is a situation that the lumped disturbance is not completely suppressed, adding the switching term  and the sliding mode information  in the iterative learning control law can further suppress the disturbance, enhance the overall robustness and improve the convergence speed.

Also in iterative learning, the typical constant learning rate (CLR) needs to trade off the convergence speed and robustness, which may sacrifice either transient performance or steady-state performance in the iterative learning process [18]. To cope with this problem, a dynamic learning rate (DLR) based on a nonlinear function is proposed to balance convergence speed and steady-state performance. The dynamic learning rate is shown as follows
                                                                                  (44)
where is the threshold value of the nonlinear function, ,.The final iterative learning controller can be written in the following form
                                                                                                           (45)
Remark 5. The good property of tanh continuous smoothing is exploited to design a dynamic learning rate that changes according to the information of the sliding surface. When the sliding surface is far from adjusts the value of the nonlinear function independent variable according to the difference of the sliding surface reaching the domain of , so that   varies in the range of [0, ], constantly tends to . When the sliding surface is in the neighborhood of , the learning rate is given a fixed value of .

Since the disturbance bounds are unknown, adding the adaptive super-twisting controller exists that cannot completely suppress the disturbance, at this time the iterative learning controller with the switching term is added to further suppress the disturbance and relieve the pressure on the sliding mode controller, thus improving the steady-state performance while obtaining a relatively small control force, the iterative learning controller generates an estimated signal in the iterative domain , so there is
=                                                                                                                                (46)
Then the sliding variable derivative is expressed as
                                                                                                                       (47)
where  = ,from the above analysis, it is known that  containing unknown dynamics and partial uncertainty disturbances will be compensated during the iterative process, and the remaining uncertainties  is compensated using the super-twisting control containing the adaptive law, thus driving the sliding variable to 0. And the uncertainty coefficient  does not affect the system convergence even if it cancels each other with the adaptive gain during the compensation process.
3.4 Stability analysis
Lemma 1 [26]：For , 0 <  < 1,suppose that there exists a Lyapunov function V (x),such that .Then V(x) is in fast finite-time convergent, and the convergence time is estimated by .

Lemma 2[36]：	For any ∈(0,1),.

Lemma 3 [32] [36]：For any  y∈ and positive definite matrix ,the following inequality holds:, where  and  are the minimal and maximal eigenvalues of .

Lemma 4[37]：Considering the gain adaptive law (26) and (27), the gains  and  are positive functions and have upper bounds, i.e., there are positive constants  and ,such that and .

Assumption 3 It is assumed that the uncertainty disturbance  and its first-order derivative of the controller  compensation is bounded. Furthermore, , where  is unknown.
The proposed ASTA laws (24) and (25) can guarantee the finite-time tracking performance and avoid the control gain overestimation problem. Now, the ASTA law (24) is substituted into the sliding mode dynamics (47).
                                                                                           (28)
                                                                           (29)
Theorem 1. For the multi-lift overhead crane dynamics model in equation (12), under the assumption of unknown disturbance, the control laws in equations (24) and (25) are constructed according to the nonlinear time-varying sliding surface designed in equation (16) and the adaptive laws in equations (26) and (27), and when the control and parameter setting conditions are satisfied, the sliding mode surface converges to 0 in finite time T under the action of the controller.
Proof：
Firstly, a new state is established as
                                                                                (30) 
Taking the derivative of the new state along the (30) gives that
                                                                     (31)
In view of Assumption 3, we can obtain that, so we have：, because  is bounded, so the following equation is obtained
            (32)
where . to prove the stability of system, the Lyapunov candidate function is chosen as
                                                                                                                   (33) 
where,,and ,so are positive.
The positive definite matrix P is defined as
                                                                                                                  (34)                                                
where, . By taking the derivative of (33), we have
                                                                                                           (35) 
Taking into account (32) and (34), the first term of above equation is presented as
)                                           (36) 
where,, the symmetric matrix, (36)can also be written as
                                                (37) 
where,,To ensure thatΩis positive definite, invoking Schur’s complement, the matrix shall satisfy the following conditions
                                                                                                            (38) 
Evoking Lemma 3 and using (37) as well as (38), we have
                                                                               (39)
where, . Consider the equation（33）,  can be written in the following form
                                       (40)
Substituting (26) and (27) into (40) yields the following equation
 
 
 

                                                                                                 (41)
when , , ,  can be written in the following form
                      (42)
where,  is negative, according to Lemmas 1 and 2, at this point the sliding mode variables can converge to zero within . Regard to the Lasalle invariance principle, the system is asymptotically stable. Consequently, the convergence of tracking error and synchronization error are guaranteed.

Theorem 2. For the multi-lift overhead crane dynamics model in equation (12), under the conditions of assumptions 1-2, the adaptive super-twisting control law in equation (24) and the iterative learning law in equation (45) containing dynamic learning rate are constructed based on the nonlinear time-varying sliding surface designed in equation (16), and the multi-lift reaches the desired position synchronously under the action of the controller, i.e.,.
Proof：
                                                                                    (48)
                                                                                                                        (49)
                                                                                                     (50)
                                                                                                                                (51)
                                                                                                                        (52)
[bookmark: _Hlk124799049]For the Lyapunov equation (48), it is proved for  , respectively. Since  is a linear function with respect to  it is sufficient to prove  separately. So according to (49) we have
                                                                                                  (53)
The derivation of   yields
                                                                (54)
Substituting (48) and (24)-(27) into (53), we get





 )                                                                             (55)
The difference between two iterations of the equation  is


                                                                       (56)
Substituting (46) into (56) yields
          (57)
[bookmark: _Hlk125058752]where ,], is positive, (57) can also be written as
           (58)
According to (26), (27) and (51),   can be written as
                                          (59)
And combining (16) with (52), we can get 
 
                                 (60)
The difference of the overall iteration domain is




)
[bookmark: _Hlk124799723]

                                                                                                                          (61)
[bookmark: _Hlk126398506] is defined as the following equation




 (62)
 From the analysis of Theorem 1, it follows that , recall Lemma 4 shows that  are positive functions, so .
According to Assumption 2, we know that , recall the equation (24) and (26), we easily get , so (62) can be written as

                                                                           (63)
From Theorem 1, when t tends to finite time T, converges to zero. At this time,=0, =0, and taking the limit on (63) yields.

     (64)
From equation (64), we know that  when and only when . According to Lasalle invariance principle, it is known that the sliding mode variables will converge to zero when t tends to finite time T. Thus, tracking error and synchronization error can converge to zero as.

Remark 6. In [0, T], the expected position of the multi-lift overhead crane synchronization problem tracking is fixed to a constant value, which makes the tracking error of the system in the initial state non-zero, and the complete tracking of the system in the iterative domain is affected, but it is known from the above analysis, when the finite time T is reached, the effect of the initial value is negligible and the system can achieve convergence.
4 Simulations and results
In this paper, the model-free synchronous control method for a multi-lift overhead crane system is verified in the MATLAB/Simulink environment. Here, taking the dual spreader overhead crane system as an example, the simulation investigates the synchronization performance of the dual spreaders overhead crane system under uncertain disturbance from the independent operation mode and interlocking operation mode of the dual spreader overhead crane system.
4.1 Verification of the proposed ATSA
[bookmark: _Hlk124192360][bookmark: _Hlk126571591]In order to verify the chattering suppression capability and control performance of the designed ATSA. The above controller was compared with the methods of the literature [33] and [34]. The tracking error convergence time and chattering amplitude for different ATSMC control schemes are given in Table 1.
The parameters of the system model are:  and  = 0.1N/ms/rad, and the desired angular position = 10 rad. The parameters of the sliding surface are:   = 15, = 0.01,= 2. The parameters of the ATSMC proposed in this paper are:  = 3,  = 2,  = 0.9, = 0.5, =0.005；the simulation results are shown in Figure 4 and (b).
From Figure 4(a) and (b), it can be seen that the tracking error converges to zero around 1.15(s) using the adaptive gain method of the literature [34], the tracking error converges to zero around 0.80(s) using the adaptive gain method of the literature [33], and the tracking error converges to zero around 0.40(s) using the adaptive gain method proposed in this paper. For the chattering phenomenon, it can be seen by analyzing Figure 5 and combining the results in Table 1 that the designed ATSMC method effectively reduces the chattering problem. The results show that the proposed controller can accelerate the convergence of the system state and suppress the chattering better.
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(a) Tracking error                                                             (b) Control force
Fig. 4 Tracking errors and Control force under comparative ATSA methods.
4.2 Verification of the proposed dynamic learning gain strategy
In this subsection, we will further validate the DLR strategy employed in the DILC-ASTA-TSMC scheme. We will compare the performance with the constant learning rate (CLR) and the dynamic learning rate proposed in the literature [18]. The parameters of DLR proposed in this paper are：=0.5,=5.The parameters of literature [18] are:=0.5,=0.0001. Then the values of CLR are chosen as q=1、q=0.5 respectively. To observe the convergence of synchronization error, the potential load = 1, = 2. The parameters related to the system model are the same as in Section 4.1. The number of iterative learning is set to 6.
In Figure 5(a) the convergence speed of the tracking error using dynamic learning rate is better than that of the constant learning rate. Also the convergence speed of the tracking error based on the DLR strategy used in this paper is slightly faster than that of the literature [18]. It can be seen from Figure 5(b) that the control force contains large chattering when a fixed learning rate is used. From Figure 5(c), it can be seen that in the presence of disturbances, when q=1, the initial synchronization error is small, but the convergence is slightly slower. When q=0.5, the synchronization error cannot converge to 0 and chattering exists. And when the dynamic learning rate strategy of literature [18] is used, the initial synchronization error is slightly bigger, the convergence speed is slow. And based on the DLR strategy used in this paper the synchronization error can converge to zero in about 0.5s. Therefore, the dynamic learning rate strategy proposed in this paper can improve the convergence speed of the tracking error and synchronization error of the multi-lift overhead crane system, which improves the steady-state performance and makes the controller robust.
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[bookmark: _Hlk127725262](a) Tracking error                                                             (b) Control force
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(c) Synchronization error
Fig. 5 Tracking errors and Control force and Synchronization errors under different learning gain strategies.
4.3 Verification of the proposed DILC-ASTA-TSMC scheme
To verify the performance of the designed model-free controller for DILC-ASTA-TSMC. The above controller was compared with the methods of [35] PID-FTSMC and [21] ILC-ASMC. the parameters of the DILC-ASTA-TSMC scheme were referred to 4.1 and 4.2, respectively.
From Figure 6(a) and Figure 6(b), the convergence speed of the tracking error of the PID-FTSMC scheme is slow, the convergence time is greater than 1s, and the control torque contains large chattering. the convergence speed of the tracking error of the ILC-ASMC scheme is slow, the convergence time is greater than 0.5s, and the control torque contains large chattering. The scheme proposed in this paper has fast convergence speed, convergence speed is less than 0.5s, and the control moment is smooth. The DILC-ASTA-TSMC scheme proposed in this paper does not require system model information, uses DILC to compensate the system dynamics, and uses a sliding mode scheme to improve the robustness. The above scheme ensures the effectiveness of this controller.
To better illustrate the error reduction process, the tracking error of the DILC-ASTA-TSMC scheme for different number of iterations is shown in Figure 7. It can be observed that after many iterations, the tracking error of the controlled system is convergence becomes faster.
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(a) Tracking error                                                             (b) Control force
Fig. 6 Tracking errors and Control force under comparative controllers.
In order to illustrate more fully the effectiveness of the proposed scheme, the tracking and synchronization errors of the double-lift overhead crane system with different loads in independent operation mode are considered. In each iteration, the potential load of the double-lift overhead crane system is set to = 4, = 2.
[bookmark: _Hlk127725698]According to Figure 8(a), the DILC-ASTA-TSMC scheme converges faster in terms of tracking error under different iterations. The synchronization error is shown in Figure 8(b). In the first iteration, the difference in load causes a large synchronization error of the controlled system. As the iterations proceed, the synchronization error decreases significantly
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Fig. 7 Tracking error of DILC-ASTA-TSMC scheme under different iterations.
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(a) Tracking error                                                             (b) Synchronization error
Fig. 8 Tracking error and Synchronization error of DILC-ASTA-TSMC scheme under additional external disturbances
4.4 Verification of the proposed controller robustness performance
In order to further verify the robustness of the designed controller, two cases of independent operation mode and interlocking operation mode are simulated.
Firstly, the robustness of the dual spreaders in independent operation mode is verified by adding external disturbances and system parameters perturbation as well as frictional moments to the system model. The potential load = 2, = 3, the control system parameters are the same as 4.1. When the running time reaches 3(s), the rotational inertia and the viscous friction coefficient  . The friction torque ,  is added to the matched disturbance , . Figure 9(a) and Figure 9(b) show the convergence of the control system errors with the given disturbance estimates.
[bookmark: _Hlk127725735]From Figure 9(a) and Figure 9(b), it can be seen that the tracking error convergence time of the control system is around 0.5(s) and the synchronization error convergence time is around 0.7(s) in the independent operation mode in the presence of external disturbances and system parameter uptake as well as friction torque. In Figure 9(a), the error jump at 3(s) is caused by the given system parameter perturbation, and the error jump quickly smooths out under the controller.
From the analysis of Figure 9(a) and Figure 9(b), it can be seen that the proposed control scheme can effectively realize the synchronous control under the independent working mode of the double spreaders in the case of system parameter perturbation and the existence of unknown disturbances and friction.
The robustness of the proposed control scheme is verified for the interlocking mode as shown in Figure 2. Matching disturbances,  are added. Frictional torque , . Parameter perturbation and controller parameters are set the same as in standalone mode. In the interlocking mode, it is assumed that the spreader load masses m1 = 3 kg, m2 = 5 kg, and the gravitational acceleration . In order to better adapt to the practical application of the dual spreaders overhead crane system, it is assumed that the hoisting motor operates at constant speed or variable speed in the spreader loading and unloading operation.
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(a) Synchronization error                                                             (b) Tracking error
Fig. 9 Synchronization error and Tracking error in the independent working mode
[bookmark: _Hlk124627879][bookmark: _Hlk124627806]Case 1: Assuming that the hoisting motor runs at constant speed, there is a difference in the running speed of the spreader due to unfavorable factors, where .At this time, the spreader has the phenomenon of unsynchronized swing angle, . The convergence of tracking error and synchronization error is shown in Figure 10(a) and Figure 10(b).
Case 2: On the basis of Case 1, considering the variable speed operation of the lift motor, the acceleration is given as and respectively. Tracking error and synchronization error are simulated in Figure 11(a) and Figure 11(b).
As shown in Figure 10(a) and Figure 10(b), the tracking error and synchronization error of the dual spreaders converge in the unsynchronized state of constant speed operation. The proposed control scheme can keep the dual vessels in a better synchronous control state under the influence of the given parameter disturbances and external disturbances, and the tracking error and synchronization error can still converge quickly.
Figure 11(a) and Figure 11(b) show the simulation results of the tracking error and synchronization error for the variable speed operation of the double spreaders. Under the influence of matching disturbance, the errors can still converge quickly and achieve synchronous operation of the double spreaders to the desired position at time t = 3s and in the presence of system parameter perturbations.
From the simulation results, it can be seen that the control scheme proposed in this paper can still effectively achieve the synchronous control of multiple spreaders at the desired angular positions in the interlocked working mode under the presence of system model parameter perturbation and disturbance. The tracking error and synchronization error can be converged quickly.
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(a) Synchronization error                                                             (b) Tracking error
Fig. 10 Synchronization error and Tracking error in case 1
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(a) Synchronization error                                                             (b) Tracking error
Fig. 11 Synchronization error and Tracking error in case 2
5 Conclusion
This paper investigates the problem of synchronous coordinated control of the multi-lift overhead crane system for which an accurate mathematical model is not available under uncertain disturbances. The lifting motor model and the proposed load coupling model in the chained mode are simplified into a hyperlocal dynamics model, and the DILC-ATSA-TSMC controller is proposed based on the nonlinear time-varying sliding mode surface. This achieves excellent model-free characteristics, which not only speeds up the convergence of the system state error, but also better suppresses the chattering phenomenon. The stability of the designed controller is analyzed using Lyapunov stability theory, and it is demonstrated that the designed controller can converge in finite time in the time domain. Simulation results verify the effectiveness of the scheme and show that the proposed control scheme has good robustness in both independent and interlocking operation modes. In the future, we will experimentally verify the feasibility and effectiveness of the designed control method.
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Table 1. Comparative items of the three ATSA methods.
	Method
	Tracking error convergence time(s)
	Chattering amplitude

	[34]
	1.15(s)
	medium

	[33]
	0.80(s)
	small

	Proposed method
	0.40(s)
	small
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