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Abstract - A two-dimensional analytical model is proposed for slotless brushless machines with arc-shaped spoke permanent magnets assisted by hub magnets to calculate the magnetic field distribution due to magnets and armature reaction, the electromagnetic torque, and back electromotive force. To verify the model, the analytical results of the field distribution, electromagnetic torque and back electromotive force have been compared with those achieved from finite element method. Moreover, this model is used as an equivalent analytical model for a cubic spoke motor, and it is shown that the proposed equivalent sub domain model satisfactorily estimates the electromagnetic quantities.
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1. INTRODUCTION
Analytic models for electromagnetic devices, if attainable, facilitate the analysis, design and calculation of electromagnetic quantities. There is a comprehensive body of literature on two-dimensional (2-D) analytic modeling of surface mounted and surface inset permanent magnets (PMs) machines, since their specific geometries are well approximated as sub-domains in the polar coordinate [1,2]. Regardless of the PM structure, finite element method is recognized as an accurate method for PM machine analysis [3,25]. Internal PMs machines have a variety of geometries like buried PMs [6-10], spoke PMs [11-18], V-shaped PMs [19-21] and multi-layer PMs [22-25], many of which are hard to be accurately approximated as 2-D sub-domains in a single coordinate system. Accordingly, majority of literature on the analysis and design of internal PM machines are based on numeric field calculation methods like Finite Element Method (FEM) [6-25]. Among different internal PMs structures, spoke-type magnets can potentially be better approximated as a polar sub-domain. In [26] the Schwarz-Christoffel mapping is used to incorporate the effect of the rectangular spoke magnet for a 1-D air gap field calculation. Yet, the main flaw of 1-D approach is that it fails to precisely calculate the magnetic field for large air gap lengths. However, optimistically there are arc-shaped (pie slice-shaped) spoke arrangements that manufactures make them by one-piece magnet or a combination of pieces. Therefore, there are cogent reasons to have a 2-D analytical model for internal PM machines [27,28] approximately or free of any priory approximation. Some flaws exist in models developed in [27-28] that do not guarantee the boundary condition of spoke magnet with the adjacent rotor iron. Such models are suitable to calculate the field of spoke magnets completely retained in non-ferromagnetic rotor stacks.  Thus this paper is to provide an elaborate 2-D analytic model for field calculation of the slotless spoke-type internal PM assisted by hub-mounted magnets all embedded in iron medium. Back electromotive force (back-EMF) is calculated and the torque is achieved by calculation of armature reaction (AR) field distribution with three phase sinusoidal stator current.
2. ASSUMPTIONS
The following assumptions are made to develop the 2-D analytical model.
1)	Spoke magnet segments are well defined in polar coordinate with tangential magnetization.
2)	PM spoke field is assisted by hub-mounted magnets with radial magnetization around the shaft.
3)	The magnetic flux density vector only includes radial and tangential components, independent of z. 
4)	Stator and rotor back-irons have infinite permeability.
5)	End effect and saturation effect are ignored.
6)	The stator structure is slotless.
7)	All regions have zero conductivity; therefore, the eddy-current field is ignored.
8)	Magnetization patterns are radius-independent.
Applying the Maxwell’s equations on the magnetic potential vector yields the following equation 

Where,  and  are magnetic potential vector, armature current density vector, and magnetization vector, respectively. In this investigation the electromagnetic problem of the brushless spoke PM machine includes four sub-domains with the following Poisson’s / Laplace’s equations (see figure 1):




where  and  refer to the winding, air gap, spoke magnet and hub magnet domains, respectively. For 2-D problems in polar coordinates, vectors are assumed to be in the following composition:,  and .  
The magnetic flux density vector ( is derived by as


And, (2)-(5) can be rewritten as




3. BOUNDARY CONDITIONS
The cross sectional view of a slotless brushless machine with supposed spoke PMs and assisted by hub magnets is presented in figure 1. 
Considering figure 1, boundary conditions that should be satisfied for this machine are









where is the index of each spoke magnet,  is the span angle of spoke PM arc ( is the spoke PM arc per pole pitch ratio)   is the first edge angle of  spoke magnet with respect to the stator fixed reference and  is the number of pole pairs..
4. Magnetization vector
In the case of 2-D problems in polar coordinates, the magnetization vector of PMs is written by radial and tangential components as

where  and  are the unit vectors in polar coordinate. In order to facilitate the analytical solution of the partial differential equations, it is common to represent the radial and tangential components of magnetization patterns with Fourier series expansion as


where  and  are respectively the harmonics of the radial and tangential magnetizations in the Fourier series and  is rotor angular position with respect to the stator fixed reference as shown in figure 1.  is the initial angular position and  is the rotor angular velocity. For magnetization in the hub magnet, it is convenient to state the whole hub region by a single magnetization as


where for assumed radial magnetization pattern 


and  is the hub magnet arc per pole pitch ratio.
Herein, the magnetization of each spoke magnet is assumed to have only constant tangential component. In this condition, representation of the magnetization vector in terms of Fourier series makes the general solution difficult to satisfy the boundary condition of (13). Accordingly, the problem is solved easier by presenting the magnetization of  spoke magnet via constant values as



where is the remanence flux density of the spoke magnet
5. ARMATURE CURRENT DISTRIBUTION
The spatial distribution of current in a slotless machine with a q-phase balanced winding can be presented as [29]

where


 is the number of turns per pole per phase,  is winding pitch factor,  is distribution factor,  is temporal current and  is the spatial phase shift angle of phase .
6. GENERAL SOLUTION
The general solutions serving equations (8-11) are in the following form


For  spoke magnet where 


where




and  are the maximum harmonic number assumed for the corresponding accurate solution. 
7. INTEGRAL CONSTANT
In order to complete the general solutions, the integral constants need to be identified. Herein, PM and AR excitations are modeled simultaneously to establish a more abstract and convenient relationship.
Incorporating the general solutions stated respectively by (34),(36) and (37) to the boundary conditions (12), (13) and (14)  leads to the following expressions



where



By applying the continuity conditions at the boundary between the air-gap and winding regions, i.e., (15) and (16), the general solution of air gap can be written in terms of integral constants of winding region. It is achieved by doing some algebraic manipulations as well as substituting the equal terms.

where




Now there are nine sets of integral constants to be known includingand .
Taking the average of both sides of (17) over  as 

yields the  equations, equivalent to the combination of the first row of (62). 
By taking the correlation of (17) to  over] as

 yields the  equations, equivalent to the combination of the second row of (62).
Correlation of (18) to  over] as

gives the  equations, equivalent to the combination of the fifth row of (62).
Similarly, correlation of (18) to  in the same way as

results in the  equations, equivalent to the combination of the sixth row of (62).
Taking the average of both sides of (19) as

converts it to the  equations, equivalent to the combination of the third row of (62).
By Correlating (19) to  over] as

 the  equations, equivalent to the combination of the forth row of (62) is gained.
Correlation of (20) to  over] as

gives the  equations, equivalent to the combination of the eighth row of (62).
Correlating both sides of (20) to  over] as

results in the following  equations, equivalent to the combination of the seventh row of (62).
Taking the average of both sides of (20) as 

over   yields  equations, equivalent to the combination of the ninth row of (62).
By rearranging (53)-(61) as linear combinations of integral coefficients and separating the excitation-related terms, the following linear matrix equation is established

After calculation of the integral constants, the radial and tangential components of the magnetic flux density in all regions are obtained as
8. INSTANTANEOUS TORQUE CALCULATION
The instantaneous torque at each angular position can be obtained from the Maxwell stress tensor as

where  is the rotor axial length, and are respectively, the radial and tangential components of the flux density resulted by PMs in the air gap at . and are, respectively the radial and tangential components of the flux density due to AR at . is a dummy variable of integration. The extended integral of (63) is 

The first term, called cogging torque, is usually originated from PMs flux density movement relative to the slots; in slotless structures, this term is approximately zero. The last term, known as reluctance torque, is usually originated from the AR flux density movement relative to the rotor saliency. The two middle terms are due to the interaction between the PM and AR fields and is called the electromagnetic torque.


9. BACK – EMF CALCULATION
To calculate the back–EMF in each phase, it is required to have the magnetic flux linked by each coil. In the case of a q-phase slotless full pitch winding, the magnetic flux passing through the  coil of the  phase is

where, , is the number of coils of phase ,  is the average radius, at which point the winding is assumed to be lumped, and . Having series coils, the back-EMF in phase j is calculated by Faraday’s law as

In this way, from analytic solution of flux densities of the spoke machine, the analytical back-EMF induced in the winding of phase j is obtained as follows

10.  ARC-SHAPED SPOKE PM CASE STUDY 
A motor with internal spoke PMs assisted by hub-embedded magnets has been employed to compute the analytical magnetic flux density distribution. The analytical results have been compared with those obtained from the finite-element method. In all finite-element analyses, the stator and rotor back-irons are assumed to have infinite relative permeability through setting a very large value. In the analytical method, infinite permeable stator/rotor back-irons are assumed.
In order to evaluate the accuracy of the analytic model, the spoke-type PM motor specifications are considered near to an actual motor (see Appendix A, table 1).
Although the analytical expressions are valid for any armature current waveforms, without loss of generality only sinusoidal current waveforms are applied and the resultant magnetic flux density distributions have been calculated in absence of all PMs. Similarly the PM-originated magnetic flux density distribution has been calculated in absence of armature reaction. Figure 2 indicates the radial and the tangential components of magnetic flux density in the middle of the air gap at electrical degree only due to the spoke magnets with hub magnet and without it. The assisting role of hub magnet in field amplification is evident. Similarly, figure 3(a) shows the radial and tangential components of magnetic flux density in the middle of the air gap at only due to the armature current. Figure 3(b) shows the same fields at  electrical degrees.
 It is revealed from the figures that the analytical and numerical results are in good agreement. 
Figure 4 depicts the resultant instantaneous torque due to the PMs and AR excitations. The amplifying effect of the hub magnet in instantaneous torque is shown in figure 4. Also, analytic calculation of instantaneous torque is in good agreement with those of FEM analysis.
 The first phase back-EMF due to spoke magnets with and without hub magnets is shown in figure 5 and compared to those of FEM results. There is a little mismatch between the FEM and analytic results at knee points of back-EMF. This is due to different radii at which analytical and FEM approaches calculate the back-EMF. In analytic model we assumed the winding coils are lumped at the middle of the winding region () while FEM integrates the back-EMF distributed between  and .
11. CUBIC SPOKE PM CASE STUDY 
To approximate the rectangular cross section of the cubic spoke magnet shown in figure 6 with an arc-shaped area, the average thickness of the arc is considered to be equal to the thickness of the cubic spoke PM. It is also assumed that arc-shaped PM has the same grave depth. For the cubic hub magnets, equal cross sectional areal under the same PM thickness is assumed as the basic of approximation.  Appendix A, table 2 presents the parameters of the under study cubic spoke PM machine. Figures 7 to 10 show the simulation results of the approximate 2-D analytical model of the cubic PM spoke machine with its accurate FEM results. It is revealed that the approximate 2-D analytic model can satisfactorily estimate the magnetic quantities with a reasonable accuracy. 
There is some mismatch in estimation of the tangential flux densities (figure 8), because the effect of the spoke PM gap difference at outer rotor radii is more prevalent on tangential flux path than radial path. This difference is also evident in calculation of electromagnetic torque in figure 9. Figure 10 shows a good accuracy in estimation of back-EMF. 
12. CONCLUSION
The 2-D analytical solutions of the permanent magnet and armature reaction magnetic problems of slotless brushless machines with spoke-type PMs have been obtained, simultaneously. The distribution of the PMs field, armature reaction field, the electromagnetic torque and back-EMF have been separately calculated in a 2-D analytic approach. The assisting effect of the magnet hub in amplification of the PM field, resultant torque and back-EMF is also investigated. The analytical results have been validated by comparing them with the FEM results. And the model is shown to have good accuracy in estimation of magnetic characteristics of the brushless PM machines with both arc-shape and cubic spoke PMs.
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14. Appendix A
Table 1 Arc Shaped Spoke PM Machine Parameters
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Table 2  Cubic Spoke PM Machine Parameters
	Variables
	Unit
	Values
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