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ABSTRACT
The current study focuses on the thermal distribution in the boundary layer of a wedge with a variable surface temperature. The governing equations of MHD flow for variable wall temperature conditions can be converted to ODE by using similarity solutions, and the Hartmann number (Ha) from 1 to 3 can be solved via the colocation method. This method's results are compared to those of the numerical method, and it is then evaluated and validated. As the angle or Ha increases, the width of the hydrodynamic boundary layer decreases, and the slope of the boundary layer increases, increasing the coefficient of friction on the surface. The results are obtained for variable wall temperature (n), Prandtl number (Pr) and Eckert number (Ec), where they are 0.5≤n≤1.5, 0.5≤Pr≤5, and 0.001≤Ec≤0.002, and at a certain angle. It is observed that when Ha, Pr, and n increase, the thermal boundary layer grows faster than before; thus, thickness decreases and the Nusselt number (Nu) rises; however, as the Ec adds, the Nu decreases on the wall.
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1.  INTRODUCTION
[bookmark: _Hlk122600290]The MHD flow is a physical-mathematical context which deals by the dynamics of magnetic fields in electrically conductive fluids. Its focus is on the relations of the hydrodynamic boundary layer with the electromagnetic field. Nowadays, the research of the MHD flow is not only of growing awareness the study of fluid mechanics, but also for investigations into a number of formulated like undergrowth of physics, containing. However, it is not restricted to mathematic or condensed biophysics, physics of matter, geophysics and astrophysics. Alfvén [1] is a first time studied about magnetohydrodynamic flow who investigate on the electrical particles in the presence of the magnetic field, then he understood the affection of the magnetic force is more effective than the gravity force on the unions. Thus, the magnetic field can be more important than gravitational force. Then, discussing to the works, across a wedge spectrum of research, MHD and fluid dynamics are required [2-4]. MHD is expanding uses in the areas of engineering, aerospace, environmental engineering, mechanical engineering, chemical engineering and biomechanics, etc. One such application in materials giving out could be operation flow of melted metals by the magnetic field in the forming industry.
[bookmark: _Toc235238593][bookmark: _Toc235240811][bookmark: _Toc235241174][bookmark: _Toc235248132]Derakhshan and Yazdani [5] conducted a numerical analysis of magnetohydrodynamic micropumps and showed the effects of magnetic field strength changes on its performance. They also showed that the average velocity will increase if magnetic flux increases, and if the channel length decreases, it will increase the average flow velocity. On the other hand, if channel depth increases, the average flow velocity will first increase and will then decrease. Saeidi and Aghanajafi [6] used Runge-Kutta 4th Order Method and showed that if the magnetic field constraint increases, the flow velocity will reduction in the boundary layers; however, the temperature will increase in the boundary layer, then the heat transfer rate through the wall to the surrounding fluid will decrease. It was also detected that the magnetic field with the intended course reduces the heat transfer rate by about 15% compared to the situation with no magnetic field. Mr. Falkner and Mr. Skan [7] examined the boundary layer flow on sloping surfaces, which are essential issues in fluid mechanics and heat transfer and are highly used to produce adhesive tape and polymer parts using the extrusion method [8]. Therefore, many studies have been performed on the boundary layer of MHD flow by using Falkner-Skan equation such as Oveys et al. [9] by numerical method, Nagano et al. [10] by experimental and Sarabadan et al. [11] by analytical method; that are showed the results of magnetic field on the flows. By numerically examining the Falkner-skan MHD flow for a non-Newtonian fluid, Oveys et al. [9] stated that if the amount of the magnetic field (Hartmann number) rises, the flow velocity will decrease, and consequently, the flow field can be controlled. If the magnetic field intensifies, the dynamic boundary layer and the fluid temperature will increase. If Deborah number increases, Skin-Friction Coefficient on the wall increases. Negano et al. [10] experimentally evaluated the hydrodynamic boundary layer in the medium to high pressure gradient. They showed that the thickness of the viscous substrate is significantly reduced in the reverse pressure gradient, especially in high adverse pressure gradient. Sarabadan et al. [11] used an integrated analysis method (i.e., collocation method) and examined the slow MHD flow of Falkner-skan on the wedge with a porous surface and then observed that if the flow continues on the surface, shear stress will decrease and if Reynolds number adds, the depth of the boundary layer will reduction. Also, by increasing magnetic field, the width of the boundary layer will decrease.
Affording to the above discussion, we have found that the MHD flow on a wedge considering variable temperature has not been studied. Thus, this work is intended to fill that gap. As a result, the approaches are used, and the distribution temperature is obtained by modify semi-analytical collocation method (CM) and the Numerical Method (NM). The influence of the magnetic field and intensity on the variable temperature distribution is then debated.
2.  MANUSCRIPT PREPARATION






[bookmark: _Hlk82707961]In the Fig. 1 shows that picture of problem in the Cartesian coordinate. The flow direction is corresponded to the X-axis, Also the flow is assumed a laminar, incompressible and steady. In a two-dimensional wedge has a (expansion half angle), surface varies temperature (as defined  equation) and under the influence of magnetic field. Where the wall temperature is, the free flow temperature, the constant coefficient  and  the power of the temperature variable and is higher than the free flow temperature. Outside the boundary layer, the flow velocity is considered to inviscid because the viscous is low [12].
	[image: ]

	Fig. 1. Graphic illustration of the Problem with magnetic fielf


The general governing equations for the defined problem are defined as [13-18]:
	
	(1)

	

	(2)

	

	(3)

	

	(4)





Eqs. (1-4) are continuity, momentum, energy and Ohm’s law respectively. The and  are the velocity vector, the magnetic field, the density, the electric current density, the pressure, the electric field, the time, the dynamic viscosity, the temperature, the specific heat, the conductive coefficient, the electrical conductivity and joule heating respectively.





The total magnetic field is equal to , When the fluid is not inductive, the then can be ignored. So, it can be  [19]. as can be seen in (4) in the absence of an external electric field  and regardless of the induced electric field, then:
	

	(5)


[bookmark: _Hlk125016281]The direction of magnetic field in the Y axes direction is demonstrated in Fig. 1. Therefore, the electric current density and the Lorentz force will be:
	(6)
	


	[bookmark: _Hlk82714965](7)
	





[bookmark: _Hlk124927868]In which u is the velocity in the x direction and v is the velocity in the y direction in Cartesian coordinates. Also, the uniform magnetic field  is created. Also, the desired parameter is approximated linearly in terms of y [18], Therefore, dimensionless coefficients, velocity and temperatures [16] are as follows:
	(8a)
	


	(8b)
	


	(8c)
	


	(8d)
	


	(8e)
	





[bookmark: _Hlk82718703]There and are dimensionless velocity and dimensionless thermal. Also defining some dimensionless numbers such as , Prandtl number (Pr), Hartmann number (Ha) and Eckert number (Ec) [15, 17]: 
	(9a)
	


	(9b)
	


	(9c)
	





Thereandare dynamic viscosity and coefficient of thermal diffusivity respectability. By using similarity solution, the partial differential governing equations are changed by Eqs. (6-9) then the result in to drive new ordinary differential equations (ODEs) as:
	  (10)
	


	(11)
	





There  is to equal . The boundary conditions are defined as follows:
	(12a)
	

	(12b)
	


[bookmark: _Toc446604086]2.1 SOLUTION OF THE PROBLEM
Two different approaches are used to solution of equations (11) and (12). In the first method, the numerical method is employed by Runge-Kutta 4th order to achieve dimensionless velocity distribution data. In the second method, the Collocation Method (C.M.) [20-22] is applied to obtain the dimensionless velocity and temperature distribution relation that are plotted using the obtain relation.
2.1.1 COLOCATION METHOD
The collocation method approximates a test purpose that meets the boundary conditions. The tailings are expected to be zero by put in the approximate test purpose into the governing equations. The residue, however, is not exactly equal to zero and inclined to zero due to the approximate solution. Even if the remaining value is close to zero, the approximate function is near to solution.


The base function is considered as a polynomial in terms of satisfying the boundary conditions (12a) and (12b), but given the infinite boundary condition, then using modify method as a variable ; where L can be a finite value, the condition can be finite, and the condition can be interpreted. As a result, the conversion function is defined, and eq. (10) will be:
	

	(13)


And the boundary condition as follow:
	

	(14a)

	

	(14b)


Then a polynomial trial function can have been written as follow:
	

	(15)



[bookmark: _Hlk124931786]The above equation has 11 coefficient constants  that have to be clarified, therefore if the boundary conditions (Eq. 14) are put in Eq. (15), then:
	

	(16a)

	

	(16b)

	

	(16c)


Thus, Eq. (15) can be rewritten as:
	

[bookmark: _Hlk124934574]
	(17)



[bookmark: _Hlk124935101][bookmark: _Hlk124936963]The above equation has 9 coefficient constants then for finding them are required to 9 equations. In the collocation method, above equation put it in to Eq. (15) when Ha=1, L=5 and  which gives:
	

	(18)




[bookmark: _Hlk124936309]The domain of parameter η is  then that could be divided into 8 (depend on number of coefficient constants, for 9-point need to 8 parts) finite intervals, as the remaining of above equation at each  has to become to zero, therefore:
	

	(19)


[bookmark: _Hlk124937301][bookmark: _Hlk124937393]For answering the above equations (16c and 19), the coefficient constants are obtained as:
	

	(20)


By inserting each value of coefficient constants Eq. (20) into Eq. (15) as follow: 
	

	(21)





Then the Eq. (21) substitution  and  instead of z and  respectively: 
	

	(22)


Derived from the above equation, the dimensionless velocity distribution will be:
	

	(23)




Apply in a similar way to Eqs. (3-28) to the dimensionless temperature distribution per Ec=0.001, Ha=1, Pr=0.7, n=1.5, will be: 
	

	(24)


2.1.2 NUMERICAL METHOD
For the validation, the numerical method Runge-Kutta 4th order is applied to solve the ODE too. Accordingly, the momentum equation could be written:
	

	(25)





Where A1, A2 and A3 are constant values equal to ,  and (), respectively. Now, for solving Eq. (10) with this method, it could be followed as:
	

	(26a)

	

	(26b)

	

	(26c)


[bookmark: _Hlk124939618][bookmark: _Hlk124940335]To resolve the Eqs. (26) are needed to initial values of f (L), G (L) and H (L). According Eq. (12a) initial values of f (L), G (L) are defined, but there isn’t initial value of H (L). So, a value for H (L) is assumed then the Eqs. (26) is solved by the shooting method until boundary conditions are satisfied. After defining initial value of H (L), Eqs. (26) are solved by the Runge-Kutta of the 4th order.
Table (1) is obtained from C.M. results and numerical method results for dimensionless velocity and dimensionless temperature. For comparing, percentage error is calculated by difference between results of two methods.
	
Table 1. The percentage of error with the difference between C.M. and numerical method that 

	
	

	
	

	

	% Error
	

	

	% Error
	

	

	


	0.000
	0.000
	0.000
	0.000
	0.0000
	0.0000
	0. 2

	0.121
	0.3299
	0.3303
	0.000
	0.4912
	0.4912
	0. 6

	0.485
	0.5976
	0.5947
	0.013
	0.7626
	0.7625
	1.0

	0.011
	0.8985
	0.8984
	0.010
	0.9611
	0.9612
	1.8

	0.011
	0.9878
	0.9879
	0.010
	0.9958
	0.9957
	2. 6

	0.010
	1.0000
	0.9999
	0.010
	0.9994
	0.9994
	3. 2

	0.000
	1.0000
	1.0000
	0.000
	1.0000
	1.0000
	4.0

	0.000
	1.0000
	1.0000
	0.000
	1.0000
	1.0000
	4. 6

	0.000
	1.0000
	1.0000
	0.000
	1.0000
	1.0000
	5.0



2.2 RESULTS AND DISCUSSION

Compering the results of dimensionless velocity are showed by the C.M. and reference [18] for different  in the Fig. (2) that the curves are completely overlapping.
	 [image: ]

	Fig. 2. Compering the curves of dimensionless velocity by the C.M. and Ref. [18] result.




In table (2), the values of and are tabulated by this work for comparison with references which shows the outcomes of the current study are satisfactory.   
	

 Table 2. The values of and  for comparison for comparison that Pr=0.73, Ha=0 and n=0

	m
	Watanabe [23]
	Deka et al. [24]
	Xiaoqin et al. [25]
	Present Work

	
	

	

	

	

	

	

	

	


	0.0000
	0.46960
	0.42015
	0.469601
	0.420160
	0.469590
	0.420146
	0.469600
	0.4201507

	0.0141
	0.50461
	0.42578
	0.504615
	0.425785
	0.504607
	0.425773
	0.504614
	0.4257763

	0.0435
	0.56898
	0.43548
	0.568978
	0.435492
	0.568970
	0.435473
	0.568977
	0.4354758

	0.0909
	0.65498
	0.44730
	0.654979
	0.447312
	0.654968
	0.447295
	0.654978
	0.4472983

	0.1429
	0.73200
	0.45693
	0.731999
	0.456951
	0.731987
	0.456931
	0.731998
	0.4569349

	0.2000
	0.80213
	0.46503
	0.802126
	0.465051
	0.802109
	0.465026
	0.802125
	0.4650309

	0.3333
	0.92765
	0.47814
	0.927654
	0.478158
	0.927636
	0.478131
	0.927653
	0.4781360













The angle of wedge  [18], the value of  is directly proportional to the angle of the angle, so for s equal to , , , and, the plane is flat and the half angle is,, and , respectively. 





In Fig. (3) the normal derivative shows which is directly correlated to the shear stress. In Fig. (3-a), When the current without applying a magnetic field, with increasing angle, the normal derivative of velocity on the surface () increases, as a result, according to relations and , the coefficient of surface friction also increases. Therefore, the current travels more distances on the surface until the stress is zero and the boundary layer is separated. Also, the normal derivative of velocity in the smaller  becomes zero with increasing angle, which indicates that the wide of the hydraulic boundary layer is thinner. This flow behavior is observed in Fig. (3), except that the difference in the normal velocity derivative within the boundary layer decreases. At a certain angle, with increasing magnetic field strength, the normal derivative on the surface increases, which indicates an increase in surface friction coefficient, and also at a lower, normal derivative of the velocity becomes zero, indicating that increasing magnetic field strength decreases the wide of the boundary layer. 
	[image: ]
	

	a: Ha=0
	b: Ha=1

	[image: ]
	[image: ]

	c: Ha=2
	d: Ha=3

	Fig. 3. Effect of magnetic field on the surface shear stress with different angles for Pr=0.7, Ec=0.001 and n=1.5



Fig. (4) ​​illustrations the impact the intensity of magnetic field on the dimensionless temperature distribution on the wedge with different angles except for Fig. (4-a), because the magnetic field is not applied, its behavior is not similar to other shapes. At a certain angle, as the magnetic field intensifies, the boundary layer wide decreases without dimension.

	[image: ]
	

	a: Ha=0
	b: Ha=1

	[image: ]
	

	C: Ha=2
	D: Ha=3

	Fig. 4. Effect of magnetic field on dimensionless temperature distribution on the wedge with different angle for Pr=0.7, Ec=0.001 and n=1.5


Fig. (5) displays the effect of (n) the variable wall temperature on the dimensionless temperature distribution with different magnetic field intensities on the wedge at a half angle of 30o, Eckert number 0.001 and Prandtl 0.7, which decreases with increasing the boundary layer wide. By increasing in the Ha number for a certain n is also observed, i.e., with increasing the magnetic field intensity, the boundary layer wide decreases.
	[image: ]
	[image: ]

	a: Ha=0
	b: Ha=1

	[image: ]
	[image: ]

	c: Ha=2
	d: Ha=3

	
[bookmark: _Toc82097255]Fig. 5. Effect of variable wall temperature power on dimensionless temperature distribution on wedges with different Ha for , Ec=0.001 and Pr=0.7


The dimensionless temperature distribution that with adding the Eckert number, the slope of the dimensionless temperature distribution increases and thus the thickness of the boundary layer increases. This phenomenon is not observed in Fig. (6-a) due to the lack of magnetic field, but in other shapes in a constant Eckert number with increasing the Ha number, the boundary layer wide decreases.
	[image: ]
	

	a: Ha=0
	b: Ha=1

	[image: ]
	[image: ]

	c: Ha=2
	d: Ha=3

	
Fig. 6. The Eckert number effect on dimensionless temperature distribution for ,Pr=0.7 and n=1.5



As an example, the Ha effects on dimensionless velocity shows in Fig. (7a) and dimensionless temperature in Fig. (7b) on current study at a half angle of, Prandtl number 0.7, Eckert number0.001 and n=1.5, which decreases with increasing magnetic field strength, dynamic and thermal boundary layer thickness.
	[image: ]
	[image: ]

	a
	b

	
[bookmark: _Toc82097258]Fig 7. Effect of magnetic field intensity on dimensionless velocity and dimensionless temperature on current for the ,Pr=0.7, Ec=0.001 and n=1.5



[bookmark: _Hlk125015741]The contour of the dimensionless temperature distribution gradient on the wedge are demonstration with different Ha and n for Ec=0.001, Pr=0.7 and half angle =30o in Fig (8a) and with different half angle and Ec for Ha=1, Pr=0.7 and n=1 in Fig (8b). The temperature gradient is directly related to the Nusselt number. Therefore, by increasing the wedge angle, the Nusselt number value on the wall  decreases, thus reducing the heat transfer within the boundary layer. At a certain angle, by increasing magnetic field strength, Ec and n, the Nusselt number also boosts on the wall consequently the heat transfer increases within the boundary layer.
	[image: ]
	[image: ]

	a: Ec=0.001, Pr=0.7 and half angle =30o
	b: Ha=1, Pr=0.7 and n=1

	Fig. 8. The contour of dimensionless temperature distribution gradient


[bookmark: _Hlk125015965]The contour of the dimensionless velocity distribution gradient on the wedge are showed with different Ha and half angle in Fig (9). The velocity gradient is directly associated to the friction coefficient. Therefore, on the wall by adding the wedge angle, the friction coefficient decreases, but by adding Ha, the friction coefficient enhancing, because the Lorentz force that is resistant against inertia, increasing.  
	[image: ]

	Fig. 9. The contour of dimensionless velocity distribution gradient


3. CONCLUSIONS
In this paper, 
1- As the angle increases, the velocity profile becomes thinner and the flow acceleration increases. This behavior of the current is also observed by applying a magnetic field, but the difference in the dimensionless velocity profile is reduced by changing the angle.
2- As the magnetic field intensity increases, the normal derivative of the dimensionless velocity on the surface enhancing, which indicates an adding in the surface friction coefficient.
3- As the Eckert number adds, thermal boundary layer wide growths, thus the Nusselt number reductions.
[bookmark: _Hlk125017893]4- By applying a magnetic field, as the angle of the wedge adds, the thermal boundary layer wide also increases, therefore the Nusselt number decreases. Without a magnetic field, by increasing the wedge angle, the thermal boundary layer thickness decreases, so the Nusselt number rises.
5- As the power of the variable wall temperature adds, the dimensionless temperature boundary layer wide decreases, therefore the Nusselt number increases.





NOMENCLATURE
	Electrical conductivity (Ω.m)-1
	

	Free velocity (m/s)
	


	Density of electric current (A/m2)
	J
	x-component of the velocity (m/s)
	


	Total magnetic field (T)
	B
	y-component of the velocity (m/s)
	


	External magnetic field (T)
	B0
	Half angle of the edge
	


	Induced magnetic field (T)
	b
	Pressure (Pa)
	P

	Electric field (N/C)
	E
	Density (kg/m3)
	


	Hartmann number
	Ha
	Time (s)
	t

	Eckert number
	Ec
	Temperature (c)
	T

	Prandtl number
	Pr
	Arbitrary variable
	


	Fluid dynamic viscosity
	

	Dimensionless velocity
	


	Temperature of the surface (c)
	

	Dimensionless temperature
	


	Free Temperature (c)
	

	Respect to angle of wedge
	


	
	
	Magnetic Reynolds number
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