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Abstract13

The hydroacoustic monitoring of suspended sediment concentration (SSC) in rivers14

is based on the inversion of backscatter and attenuation models. To evaluate such mod-15

els, acoustic backscatter and attenuation were measured from a homogeneous suspen-16

sion of fine river sediments (clay) in a laboratory tank at various concentrations in the17

range 1-18 g/l. Agreement between the modelled and measured acoustic backscatter and18

attenuation values was found to be relatively poor. The results are highly sensitive to19

particle size and shape which come with large measurement uncertainties and they can20

be significantly improved by adjusting plausible particle parameters. Various inversion21

methods combining single or multiple frequencies, analysis of backscatter and/or atten-22

uation, spherical or oblate shape hypothesis for particles and fixed or estimated lognor-23

mal grain size distribution are tested. The most promising inversion methods using both24

backscatter and attenuation information led to accurate SSC estimates.25

1 Introduction26

Following the success of the Acoustic Doppler Current Profiler (ADCP) technol-27

ogy for monitoring river discharge, there has been a growing interest in the last decade28

in extracting information on Suspended Sediment Concentration (SSC) from acoustic29

backscatter in rivers. One major advantage of using sonar systems such as ADCPs or30

Acoustic Backscatter Systems (ABSs) for monitoring SSC in rivers is the capacity of these31

instruments to provide measurements at a much higher spatial and temporal resolution32

than traditional water sampling techniques. Despite the efforts recently made to find a33

relation between SSC and acoustic backscatter in rivers (e.g. Gray & Gartner, 2009; Ven-34

ditti et al., 2016), most studies remain empirical and site-specific. Such calibrations shift35

when sediment properties change which requires intensive water sampling to limit the36

uncertainty in SSC. The development of more general, physically-based methods appli-37

cable in rivers is needed.38

The sonar response of suspended sediments is determined by sound backscatter-39

ing and sound attenuation. Both processes are strongly determined by the characteris-40

tics of the suspended scatterers. Bimodal Particle Size Distributions (PSD) are commonly41

observed in rivers (e.g. Agrawal & Hanes, 2015; Armijos et al., 2017). The first mode42

is usually composed of silt and clay sediment particles that are often fairly homogeneously43

distributed throughout the river cross-section. We do not expect these particles to gather44

in large flocs (Burban et al., 1989; Droppo, 2001) as rivers often show low organic mat-45

ter, no salinity, and relatively high turbulence during high sediment load events such as46

floods. The impact of flocculation on acoustic backscattering has been studied in other47

contexts (MacDonald et al., 2013; Rouhnia et al., 2014; Thorne et al., 2014; Vincent &48

MacDonald, 2015). The second mode is made of fine to coarse sand particles and it usu-49

ally presents strong lateral and vertical gradients, with concentration increasing towards50

the bed. Sonar technology could potentially provide information on both of these modes51

(?, ?). Even when the interest is only in monitoring sand SSC, the impact of both fine52

and coarse suspended sediments on the recorded backscatter signal must be assessed (Vergne53

et al., 2020).54

Thanks to substantial efforts in acoustical oceanography (Sheng & Hay, 1988; Hay,55

1991; Hay & Sheng, 1992; Thorne et al., 1993; Thorne & Buckingham, 2004; Thorne &56

Meral, 2008; Moate & Thorne, 2012), the acoustic response of a suspension of sand par-57

ticles is now relatively well understood and modelled. Inversion techniques have been58

developed based on these models, the most powerful ones using multiple sound frequen-59

cies and computing both SSC and particle size along the backscatter profile (see Thorne60

& Hurther, 2014, for a review). Compared to marine science, the understanding of river61

suspension backscattering is much less advanced (see Szupiany et al., 2019, for the lat-62

est significant advances). Deploying ADCPs horizontally in rivers often provides access63
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to a homogeneous suspension of fine sediment along the acoustic beams, which allowed64

to monitor fine SSC through either empirical approaches (Wright et al., 2010; Moore et65

al., 2012; Landers et al., 2016; Topping & Wright, 2016) or multi-frequency inversion (Moore66

et al., 2013). Nevertheless, such approach relies on extrapolating literature results on the67

acoustic response of sand suspension that might not be suitable for river fine sediments68

(Vergne et al., 2020).69

Trying to retrieve suspension characteristics from acoustic measurements using a70

limited number of sound frequencies is typically an ill-posed inverse problem, even when71

using simplified acoustic models. Therefore, one usually needs to fix some parameters72

of the suspension prior to the inversion. The remaining free parameters are then inverted.73

The applicability of an inversion method in a riverine environment is a trade-off between74

the required prior information – that can be missing and/or difficult to estimate – and75

the precision of the inversion outputs. Even when using a calibrated instrument in a fairly76

well-known suspension with water samples, physically-based inversion may fail (Vergne77

et al., 2021). The reasons why existing backscatter and attenuation models may produce78

large errors between observed and modelled SSC are still debated. A serious candidate79

is the possible inadequacy of commonly used equations to reflect the actual acoustic re-80

sponse of river fine suspended sediments. Indeed, no laboratory experiments in controlled81

conditions are available in the literature for fine particles representative of river condi-82

tions, as opposed to sand particles (see for example Moate & Thorne, 2012). This source83

of error needs to be isolated from other sources and investigated thoroughly.84

The objective of this study is to test the efficiency of existing backscatter and at-85

tenuation models for a homogeneous suspension of natural river clay sediment particles86

in laboratory-controlled conditions. The efficiency of inversion methods designed to re-87

trieve SSC from acoustic signal is also studied in the simplest case of a homogeneous sus-88

pension along the acoustic beams. Primary un-flocculated particles were considered. The89

acoustic backscatter and attenuation at multiple frequencies were measured using a cal-90

ibrated ABS. The concentration in the laboratory tank was gradually increased in the91

range ∼ 1-18 g/l. This range of concentrations was chosen as representative of high to92

very high SSC observed in rivers. The material and methods for these experiments is pre-93

sented in section 2. In section 3, the data are compared to existing backscatter and at-94

tenuation models in order to review the efficiency of these models. Then, in section 4,95

four inversion methods, including an original one, are tested, and their outputs are dis-96

cussed. A discussion on the applicability of existing acoustic models to river suspensions97

and advices for field applications are provided in section 5. Conclusions are drawn in sec-98

tion 6.99

2 Material and Methods100

We consider here a homogeneous suspension of non-cohesive solid particles in a tank.101

An acoustic system is plunged into water in such way that it both emits a sound and records102

the sound that is backscattered from the media. Several pulses are emitted and recorded103

for different suspended sediment concentrations. In this part we first present the the-104

ory related to such set-up and then present the set-up more in detail.105

2.1 Backscatter and Attenuation Models106

In the monostatic configuration, when acoustic transmitter and receiver are actu-107

ally the same piston transducer, scatterers of random position lead to an echo signal that108

is described by the sonar equation:109

V 2
rms =

16π

3

k2t sv
ψ2r2

e−4(αw+αs)r (1)110

–3–



manuscript submitted to Water Resources Research

where Vrms (Volts) is the root mean square of the amplitude of the voltage recorded by111

the instrument, V 2
rms is the quadratic average of Vrms over a large number of sonar pings,112

r (m) is the range from the transducer, ψ is a near field correction (Downing et al., 1995),113

kt (V.m3/2) is a calibration constant specific to the instrument (Betteridge et al., 2008),114

sv (m2.m−3) is the volume backscattering coefficient (Medwin & Clay, 1998) and αw and115

αs (m−1) are the sound attenuation due to water and suspended particles, respectively.116

In the following, we will ignore ψ as all the measurements will be made in the far field117

of the transducers (ψ = 1).118

Both attenuation and backscattering depend on the suspended sediment concen-119

tration and the particles properties. The volume backscattering coefficient for a suspen-120

sion of spherical particles of radius a, density ρs and mass concentration M can be ex-121

pressed as:122

sv =
3

16π
K2M (2)123

where K = f∞/
√
aρs describes the backscattering properties of the particles and f∞124

is the backscattering form factor. This form factor depends on the frequency of the emit-125

ted pulse and the particle properties. For natural quartz sand particles, this form fac-126

tor depends solely on ka where k is the wave number of the emitted sound (see Thorne127

& Hanes, 2002, among others). Note that in the deep Rayleigh regime where ka� 1,128

f∞ is proportional to (ka)2.129

Sediment attenuation αs is due to both viscous and scattering effects and can be130

expressed for a suspension of spherical particles of radius a, density ρs and mass con-131

centration M as:132

αs = αsv + αss =
3M

4aρs
(χsv + χss) (3)133

where χsv and χss are the normalized viscous and scattering total cross-sections, respec-134

tively.135

Conventional models are used in this work, considering a particle size distribution136

rather than a single size, spherical and oblate particle shapes for viscous attenuation, and137

a generic model for backscatter or a mica particles-specific one that also should better138

represent plate-like particles. Models and equations are provided in Appendix A.139

Results of sv, αsv and αss, computed using spherical models for four synthetic PSDs140

are presented in Fig. 1. The resulting signal V 2
rms at r = 1 m highly depends on the PSD141

and the frequency, as a result of backscatter and attenuation variations. Backscatter sv142

increases drastically with sediment size for all frequencies (compare blue and pink bars,143

Fig. 1b). Thus, even slight differences in sediment distribution widths can lead to sig-144

nificant differences in backscatter and recorded signal (see orange and green PSDs, Fig. 1b145

and d). Attenuation combines viscosity and scattering effects so that the size dependency146

is more complex (see Fig. 1c). This Fig. 1 is meant for clarifying the analysis of our re-147

sults all along this article.148

2.2 Inversion Methods149

2.2.1 Overview150

A number of inversion methods inverting the SSC from measured backscatter (sv)151

have been developed in the last three decades for coastal applications (Hay & Sheng, 1992;152

Thosteson & Hanes, 1998; Thorne et al., 2011; Hurther et al., 2011; Wilson & Hay, 2015,153

among others). These methods were mainly designed for inverting sand suspension SSC154
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Figure 1. Examples of acoustic model results for spherical particles, with a SSC of 4 g/l,

for 3 frequencies. (a) Synthetic PSDs used for the computation. (b) Backscatter (sv) for the

corresponding PSD, the colour of the bar corresponds to the PSD represented with the same

colour. (c) Sediment attenuation (αs): contributions of scatter (αss) and viscous (αsv) effects.

(d) Resulting synthetic signal V 2
rms at r = 1 m.

profiles. When the suspension can be assumed homogeneous, as is the case of our ex-155

periments, the inversion process simplifies substantially, as the sonar equation (eq. 1)156

becomes explicit.157

Two pieces of information, αs and sv, can be extracted for each acoustic frequency.158

For example, a single-frequency ADCP can be used in rivers to measure the fine sedi-159

ment and sand acoustic responses separately (Topping et al., 2007; Wright et al., 2010;160

Hanes, 2012; Topping & Wright, 2016). When only fine sediments are present, both the161

SSC and particle size can be retrieved from single-frequency αs and sv measurements.162

When both backscatter (sv) and attenuation (αs) are measured at various frequen-163

cies, one can use all this information to retrieve SSC and some other sediment charac-164

teristics. To limit the number of parameters to be estimated and keep the inversion meth-165

ods as robust as possible, the shape of the particle size distribution can be fixed. Gen-166

erally, we assume a log-normal volume PSD:167

nv(a) =
1

aσ
√

2π
e−((loge(a)−µ)

2/2σ2) (4)168

where nv(a) is the volume particle radius distribution, µ = loge(a0) where a0 is the me-169

dian radius of the volume PSD, and σ is PSD width. In this case, the sediment size char-170

acteristics to be estimated are a0 and σ. These PSD parameters are gathered in a vari-171

able noted θ, along with other particle parameters such as the spheroid aspect ratio (h)172

for oblate particles, when needed. This aspect ratio h is defined as the ratio between the173

semi-minor and semi-major axis of an oblate particle.174
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The choice of a log-normal volume particle size distribution can be discussed as the175

PSD encountered in some flows can be significantly different from log-normal, but like176

most of the existing inversion methods, we did this standard assumption in most of our177

inversion methods.178

However, in some cases, we assumed a bimodal distribution for sediments. The PSD179

is then described as follows :180

nv(a) = w1
1

aσ1
√

2π
e−((loge(a)−µ1)

2/2σ2
1) (5)181

+ (1− w1)
1

aσ2
√

2π
e−((loge(a)−µ2)

2/2σ2
2)182

µ1 = loge(a1) µ2 = loge(a2) 0 ≤ w1 ≤ 1

where a1 and a2 are the mean radii of the two modes, with respective PSD widths σ1183

and σ2 and w1 is the relative weight of the first mode.184

In this study, four inversion methods are tested to retrieve the SSC from the acous-185

tic signal, in the simplest case where the suspension is homogeneous along the acoustic186

beams. The 4 methods tested are representative of a broader range of existing inversion187

methods based on backscatter (Method 1), attenuation (Method 2), or both (Method 3).188

Method 4 is an original development including more advanced options / representations189

of the particles. The various implementations tested are summarized in Tab. 1.190

Method 1 is taken from Thorne and Hurther (2014). It is representative of the many191

inversion methods developed in acoustical oceanography for measuring sand suspensions.192

The inversion algorithm uses backscatter information (sv) at various frequencies. In im-193

plementations M1.1 and M1.2 (see Tab. 1), in addition to M (the SSC), θ = (a0) and194

θ = (a0, σ) are estimated, respectively. In implementation M1.3, the alternative mica-195

specific model is tested and θ = (a0) is estimated.196

Method 2 was proposed by Moore et al. (2013). It was designed for measuring river197

fine sediment suspensions with uncalibrated ADCPs. The inversion algorithm uses at-198

tenuation information (αs) at various frequencies. In implementations M2.1 and M2.2,199

θ = (a0) and θ = (a0, σ) are estimated, respectively, using a viscous attenuation model200

for spheres and the generic model of Moate and Thorne (2012) for scattering. In imple-201

mentations M2.3, M2.4 and M2.5, θ = (a0), θ = (a0, σ) and θ = (a0, h) are estimated,202

respectively, using a viscous attenuation model for oblate spheroids and the mica-specific203

model of Moate and Thorne (2012) for scattering.204

Method 3 uses the ratio of attenuation to backscatter at only one frequency ; θ =205

(a0) is estimated. Such method was also applied by Guerrero and Di Federico (2018) and206

Aleixo et al. (2020).207

Method 4 uses both backscatter and attenuation information at various frequen-208

cies. Viscous attenuation models for spheres (M4.1 and M4.2) and oblate spheroids (M4.3209

and M4.4) are tested, and accordingly, generic model (M4.1 and M4.2) or mica-specific210

model (M4.3 and M4.4) for scattering. In implementations M4.1, M4.3 and M4.4, θ =211

(a0, σ), θ = (a0, σ) and θ = (a0, σ, hmin) are estimated, respectively. In implementa-212

tion M4.2, we assumed a bimodal particle size distribution and θ = (a1, a2, σ1, σ2, w1)213

is estimated.214

The next sections describe the four inversion methods in more detail as well as their215

various implementations.216
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2.2.2 Method 1: Multi-Frequency Backscatter Inversion217

We used the algorithm of Thorne and Hurther (2014), that minimizes the objec-218

tive function Φ:219

Φ(θ) =
δM (θ)

M0(θ)
(6)

M0(θ) =
1

N

N∑
j=1

M0,j(θ)

δ2M (θ) =
1

N

N∑
j=1

M2
0,j(θ)− [M0(θ)]2

where N is the number of frequencies explored, M0,j(θ) is the model-computed SSC that220

matches sv measurement for the jth frequency, using the particle parameters set θ in the221

backscatter model. Here, θ(a0, σ) are the parameters of the log-normal PSD.222

In implementation M1.1 (see Tab. 1), σ is fixed prior to the inversion: only a0 is223

inverted along with SSC, similarly to what Thorne and Hurther (2014) did. In imple-224

mentation M2.2, we also tried to invert σ along with a0 and SSC. In implementation M2.3,225

sv is computed using the mica-specific model proposed by Moate and Thorne (2012) in-226

stead of the generic model. This model was tested as it applies to particles having a flat-227

ter shape, that may be more representative of the particles used in this study. In any228

configuration, the parameters set θmin where Φ is found to be minimal is used to re-229

trieve both PSD and concentration (SSC = M0(θmin)).230

2.2.3 Method 2: Multi-Frequency Attenuation Inversion231

Moore et al. (2013) attenuation-based method minimizes the objective function Γ:232

Γ(θ) =

N∑
i=1

N∑
j>i

|M0,i(θ)−M0,j(θ)| (7)

where M0,i(θ) and M0,j(θ) are the model-computed SSCs that match the αs,i and αs,j233

measurements for the ith and jth frequencies, respectively – using particle parameter set234

θ in the attenuation model. The parameter set θmin where Γ is found to be minimal235

is used to retrieve the sediment characteristics and concentration (SSC = 1
N

∑N
i=1M0,i(θmin)).236

In this study, we also tried to use the alternative objective function Φ (eq. 6) instead of237

Γ. The Φ and Γ objective functions describe 2-norm (Euclidean distance) and 1-norm238

solutions, respectively. Whereas the 1-norm is less sensitive to outliers, the 2-norm sta-239

tistically offers the most likely solution (least-square solution) if the data errors are nor-240

mally distributed.241

Following the work of Moore et al. (2013), we tested both the spherical particle model242

of Urick (1948) (see Appendix A, eq. A12) and the oblate spheroid model of Richards243

et al. (2003) (see Appendix A) for modelling sediment viscous attenuation. Note that244

the oblate spheroid model requires an extra parameter h known as the particle aspect245

ratio. When using the spherical model (implementations M2.1 and M2.2 in Tab. 1), we246

used the generic model of Moate and Thorne (2012) for the scattering attenuation in αs247

computation (eq. A10). When using the oblate spheroid model (implementations M2.3,248

M2.4, and M2.5), the mica-specific model was preferred (eq. A11).249

In Moore et al. (2013), only a0 was inverted along with SSC. In the present study,250

we also tried to invert more parameters (σ or h) as detailed in Tab. 1.251
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2.2.4 Method 3: Single-Frequency Backscatter and Attenuation Inver-252

sion253

In this method (implementation M3 in Tab. 1), both information on αs and sv are254

used to retrieve SSC and particle size at one frequency. The PSD width (σ) is fixed prior255

to the inversion. The theoretical ratio of attenuation to backscatter is computed for var-256

ious a0:257

αs
sv

=
4π
∫∞
0
a2
[
χsv(a) + χss(a)

]
n(a)da∫∞

0
a2f2∞(a)n(a)da

(8)

Note that this ratio does not depend on SSC. In eq. (8), χsv is computed from Urick258

(1948) spherical model (eq. A12) and f∞ and χss are computed from Moate and Thorne259

(2012) generic model (eq. A4 and A10, respectively). The value of a0 that leads to the260

empirically measured αs/sv ratio is then used to retrieve SSC from attenuation (cf. eq. A9):261

M = αs
4ρs

∫∞
0
a3n(a)da

3
∫∞
0
a2
[
χsv(a) + χss(a)

]
n(a)da

(9)

2.2.5 Method 4: Multi-Frequency Backscatter and Attenuation Inver-262

sion263

In this method, a data set of modelled αs and sv values is generated at each fre-264

quency for various SSCs and various sets of particle parameters. In practice, the par-265

ticle parameter set θ includes PSD parameters, plus the aspect ratio hmin (see below)266

when using the oblate spheroid model of Richards et al. (2003) for computing viscous267

attenuation. Inverse SSC and particle parameters (θ) are sought by minimizing the fol-268

lowing objective function:269

E(θ) =

N∑
j=1

(
A2
j

∣∣∣∣∣ α̂s,j − αs,jαs,j

∣∣∣∣∣
2

+Aj

∣∣∣∣∣ ŝv,j − sv,jsv,j

∣∣∣∣∣
2)

(10)

where α̂s,j , αs,j , ŝv,j and sv,j are the jth frequency modelled and measured sediment at-270

tenuation, and the modelled and measured backscatter, respectively. The weighting terms271

Aj are defined as :272

Aj =

{
(fj/f0)3 if αs,j > 0.1 m−1

0 if αs,j ≤ 0.1 m−1
(11)

where fj is the jth frequency in MHz and f0 = 1.0 MHz. Weighting terms Aj were in-273

troduced to account for the fact that higher frequencies provide more reliable informa-274

tion than lower ones, because αs and sv are greater. In the critical case of a very low275

attenuation (αs < 0.1 m−1, as observed at low frequency and low concentration), the276

acoustic information is considered too imprecise to be taken into account, then is removed277

from the inversion process. More importance is also given to sound attenuation (αs) than278

to backscatter (sv) by weighting αs information with A2
j , because αs is more sensitive279

to SSC and because an error in αs measurement will induce an error in sv estimate. The280

choice of the weights was arbitrary: they were chosen because of their capacity to im-281

prove inversion outputs. Obviously, further research on model and measurement uncer-282

tainties would help improve these coefficients.283

This method was tested in four different implementations (cf. Tab. 1). In case M4.1,284

a log-normal PSD was used to model the particle size, the viscous attenuation was com-285

puted from Urick (1948) spherical model (eq. A12) and the scattering processes with the286

generic model of Moate and Thorne (2012) (see eq. A4 and eq. A10). In case M4.2, the287
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log-normal PSD was replaced by a bimodal PSD. In cases M4.3 and M4.4, viscous at-288

tenuation was computed using Richards et al. (2003) oblate spheroid model and scat-289

tering processes were computed using the mica-specific model of Moate and Thorne (2012)290

(see eq. A5 and eq. A11). As smaller particles tend to be flatter, we set the particle as-291

pect ratio h to a constant value hmin lower than one, that corresponds to flat oblate spheroids,292

when the particle radius was small (a ≤ 1 µm); and we set h = 1 (spheres) for a ≥293

30 µm. Between these two bounds, we made h increase linearly with a. In case M4.3,294

the value of hmin for the finer particles (a ≤ 1 µm) was fixed prior to the inversion. In295

case M4.4, the value of hmin was also inverted.296

2.3 Experimental Facility297

2.3.1 Description of the Experimental Facility298

To create a homogeneous suspension with fine river sediments, we used a 1 m3 tank299

(Fig. 2) filled with fresh water two days before the start of the experiment, in order to300

let the water degas. Four submerged pumps and two propeller agitators were fixed on301

rods into the tank to generate turbulence and keep the sediments in suspension. When302

needed, the orientation of the submerged pumps could be varied remotely to re-suspend303

some sediments trapped at the bottom and gently raise the concentration without air304

injection. Water samples were taken within the tank using a 5 mm pipe connected to305

a peristaltic pump. Extensive sampling in the tank showed that the PSD and the con-306

centration were fairly homogeneous in space, with a standard deviation of 1.5 % of the307

mean in SSC between the 12 sampling point locations tested. PSD remained fairly con-308

stant in time while SSC was decreasing very slowly (∼ 0.2 g/l/hr). Good suspension ho-309

mogeneity was therefore achieved during each acoustic measurement (∼ 4 min). Water310

temperature was continuously recorded and remained constant around 35 ± 1◦C dur-311

ing all the experiment. This high temperature was due to submerged pumps heating. We312

estimated that the uncertainty of water temperature measurement is 0.1 degree, which313

leads to approximately 0.5 % uncertainty on the water attenuation.314

Transducers

Acoustic beams

Sampling
pipe

Pump

Acoustic 
absorber

Agitator

Figure 2. Experimental tank (1m×1m×1m) used in this study. A second tile of acoustic

absorber was fixed on the wall facing the transducers (not shown here).

A multi-frequency ABS Aquascat 1000R was deployed horizontally in the tank us-315

ing 4 transducers at the same time but spanning 6 frequencies (0.3, 0.5, 1.0, 2.5, 4.0 and316

5.0 MHz) using the transducers alternatively. Unfortunately, strong ambient noise as well317
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as strong backward reflections prevented us from using the 0.3 MHz data. In retrospect,318

this strong ambient noise might come from too small acoustic bin size (5 mm). A tile319

of ultrasonic absorber (Aptflex F28, Precision Acoustics) was put behind and in front320

of the transducers in order to reduce unwanted backward reflections at 0.5 MHz and de-321

crease the time of sound dissipation between two sonar pings. Ping frequency was set322

to 8 Hz. In the following, one acoustic measurement refers to the average profile com-323

puted in quadratic mean over 2000 or more successive pings. The instrument had been324

previously calibrated by the manufacturer on a suspension of glass beads following Betteridge325

et al. (2008) procedure.326

Submerged pumps were producing a relatively small and constant amount of air327

micro-bubbles. The backscatter signal of bubbles was recorded in clear water prior to328

the injection of sediments, after letting the pumps run for 1 day. We measured a sen-329

sitivity to air micro-bubbles that increases with frequency up to 1.0 MHz and decreases330

thereafter. Overall, air micro-bubble acoustic backscatter was found to be relatively weak,331

with a Signal to Noise Ratio (SNR) below 10 most of the time. The SNR was computed332

as the ratio of the backscatter signal to the ambient noise signal recorded without pulse333

emission. Sound attenuation due to air micro-bubbles was found to be negligible com-334

pared to sediment attenuation.335

Wet sediments were injected gradually from the free surface in order to increase336

the concentration progressively. Freshwater was also added at the end of the experiment337

to dilute the concentration. Acoustic measurements related to one concentration were338

handled one night after each injection/dilution to let the temperature and micro-bubble339

concentration stabilize. At the very end of the experiment, we did additional acoustic340

measurements as the pumps were turned off, to study lower concentrations and smaller341

suspended particles. These data were excluded from specific analysis requiring constant342

PSD data.343

2.3.2 Sediment Particles Characterisation344

We used natural river sediments collected from a deposition area upstream of the345

lock of Belley in the Rhône River, France (Lat., Long. = 45.77, 5.76). The sediments346

were mainly clay, with a small fraction of silt (median diameter D50 ≈ 14.6 µm, with347

10 % of the particles in mass being larger than D90 ≈ 40 µm). For the frequencies used348

in this study, these sediments lead a product ka ranging between 2.10−3 and 2. Sediments349

were sieved at 500 µm prior to the experiment to remove coarse organic matter. A Cilas350

1190 laser grain-sizer was used to measure the PSD because of the capacity of laser diffrac-351

tion technology to measure small particles (down to ∼ 1 µm). Ultrasounds were applied352

to the samples before the measurements in order to break potential flocs and have ac-353

cess to the primary particle size. Acoustic models need the number density n(ai) of the354

PSD instead of the volume density nv(ai) provided by a laser grain-sizer. To convert the355

volume PSD to number PSD, we assumed a statistically spherical shape of the particles356

and used the relation:357

n(ai) =
1

∆ai

nv(ai)/a
3
i∑

i nv(ai)/a
3
i

(12)358

where ai (m) is the radius of the ith size class of the laser grain-sizer and ∆ai = ai+1−359

ai.360

As expected for natural fine sediments, the particles were far from being spheri-361

cal however. A large diversity in shape was observed when looking at particles collected362

from the tank suspension with a scanning electron microscope (SEM, Fig. 3). Small clay363

particles look like fine and flat platelets (Fig. 3a) while bigger particles (> 30 µm) are364

more similar to angular and irregular polyhedrons (Fig. 3b). The definition and the mea-365
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surement of one single parameter for describing the size of highly irregular particles is366

challenging. Even if this problem was circumvented with the assumption of statistically367

spherical, randomly oriented particles, large uncertainties could come out in the micron368

and sub-micron ranges when measuring PSD by laser diffraction (Eshel et al., 2004). Com-369

paring Cilas 1190 measurements with a Malvern Mastersizer 2000 on some samples, we370

found an almost equal D50 but somewhat different PSD shape (not shown here). This371

illustrates the difficulties for precisely measuring the PSD in the case of small particles.372

Assuming a spheroidal shape instead of a spherical shape for the particles could373

help to better take the specific shape of fine particles into account. Indeed, as shown by374

Schaafsma and Hay (1997), in a spherical approximation, the particle equivalent radius375

can relate to different quantities depending on the physical process that is considered.376

When converting mass or volume concentration to number of particles, particle radius377

relates the radius of a sphere having the same volume as the particle. When consider-378

ing scattering processes as backscattering and scattering attenuation, particle radius re-379

lates to the radius of a sphere having the same geometrical cross-section. Finally, when380

looking at viscous attenuation, particle radius relates to the radius of a sphere having381

the same outer surface. These different definitions illustrate the complexity of determin-382

ing a single ”particle equivalent radius” for highly non-spherical particles like fine sed-383

iments.384

(a) (b)

Figure 3. Scanning electron microscope images of suspended sediment particles collected from

the tank: (a) small clay platelets, (b) bigger angular silt particles.

Suspended sediment mass concentrations were estimated by filtering the water sam-385

ples using 0.45 µm glass fibre filters. The uncertainty of this method for the concentra-386

tions observed in the tank is estimated to be ±5 %. This value was estimated consid-387

ering the works of Dramais (2020); Orwin and Smart (2004); Gordon et al. (2000).388

For each acoustic measurement, four water samples of 100 ml on average were taken389

in the tank within the acoustic beams: two samples at ∼ 30 cm from the transducers390

and two samples at ∼ 60 cm. For each location, one sample was used to estimate the391

SSC, and the other was used to estimate the PSD. We did not observe any significant392

difference in SSC nor PSD between the two sampling locations so we took the average393

as the final measured value.394

Sediment density in general, and clay density in particular, may deviate from the395

typical value of 2650 kg.m−3 used in many studies. For instance, in a study of numer-396

ous soil samples, Schjønning et al. (2017) found a mean clay density of 2886 kg.m−3. Un-397

fortunately, we were not able to measure ρs in the present study. Nevertheless, sediment398

density plays a role at various stages in acoustic modelling: to compute the number of399

particles per unit volume from SSC and PSD, to model viscous attenuation (related to400
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the inertia of the particles) and to model scattering processes. Note that the empirical401

formulas for scattering used in this work (Moate & Thorne, 2012) already include den-402

sity variability so that sensitivity to this parameter could not be tested. In the follow-403

ing, we assume the sediment density to be equal to 2650 kg.m−3.404

2.3.3 Attenuation and Backscatter Measurements405

For each acoustic measurement averaged over many sonar pings as explained in sec-406

tion 2.3.1, the sediment attenuation coefficient (αs) was estimated using the Fluid Cor-407

rected Backscatter (FCB):408

FCB =
1

2
loge

(
V 2
rmsr

2e4rαw
)

(13)409

=
1

2
loge

(16πk2t
3

sv(r)
)
− 2rαs(r)410

For a homogeneous suspension, k2t sv is constant along the acoustic path and αs is411

given by the FCB slope:412

αs = −1

2

dFCB

dr
(14)413

Fig. 4a shows an example of FCB profiles measured during the experiment, with414

the intercepts set to 0 for r = 0 in order to make it easier to compare the slopes at dif-415

ferent frequencies. The FCB varies fairly linearly with range r, which confirms the sus-416

pension homogeneity.417

The volume backscattering coefficient (sv) was estimated with eq. (1) using the em-418

pirical value of αs obtained from eq. (14). Fig. 4b shows an example of sv profiles mea-419

sured during the experiment. As expected for a homogeneous suspension, sv is fairly con-420

stant with range. In the following, sv will be averaged along the acoustic profile.421

0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70
Range (m)

3.0

2.5

2.0

1.5

1.0

0.5

FC
B

0.5 MHz

1.0 MHz

2.5 MHz

4.0 MHz

5.0 MHz

(a)

0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70
Range (m)

10 4

10 3

10 2

s v
 (

m
2 /

m
3 )

1.0 MHz

2.5 MHz

4.0 MHz

5.0 MHz
(b)

Figure 4. Example of profiles (crosses) with linear fit recorded in the tank for M ≈ 9.5 g/l:

(a) fluid corrected backscatter (FCB); (b) volume backscattering coefficient (sv). The intercepts

of the FCB profiles were set to 0 for r = 0 to make the slopes comparison easier.

We were not able to measure sv for frequencies lower than 1.0 MHz due to the very422

weak target strength of fine sediments at low frequency (cf. Fig. 1b) that results in a recorded423
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signal close to the noise level. We observed noise influence for SNR lower than 10, a thresh-424

old consistent with other studies using sonar (e.g. Gostiaux & van Haren, 2010). Note425

that noise issues related to fine sediment low backscatter signal are also encountered in426

field deployment (e.g. Haught et al., 2017).427

Because air micro-bubbles had negligible influence on attenuation, we estimated428

αs provided that the recorded backscatter signal was sufficiently strong compared to the429

ambient noise signal. Therefore, αs was estimated for all the acoustic profiles or part of430

the acoustic profiles where SNRamb = V 2
rms / V

2
amb > 10, where V 2

amb is the ambi-431

ent noise recorded in the tank without sonar ping emission. Conversely, air micro-bubbles432

signal could potentially affect sv measurements. To overcome this problem, sv was es-433

timated only for range cells where SNRbub = V 2
rms / V

2
bub > 10, where V 2

bub is the434

bubble backscatter signal recorded in the tank filled with clear water prior to sediment435

injection.436

2.3.4 Attenuation and Backscatter vs. SSC437

Fig. 5a shows the relations between SSC and αs in the tank at various frequencies.438

As predicted by the theory when multiple scattering can be neglected and as observed439

in numerous other studies (e.g. Urick, 1948; Hay, 1991; Sung et al., 2008; Hunter et al.,440

2012; Moore et al., 2012; Rice et al., 2014, among others), there is a good linear relation441

between sound attenuation and sediment concentration (cf. Tab. 2). Linear relations be-442

tween sv and SSC are not as good however (Fig. 5b, Tab. 2). This is probably due to443

the very small target strength of fine sediments. Note that as the pumps were turned444

off at the very end of the experiment – which corresponds to SSC < 3 g/l (grey points)445

in Fig. 5 – mean particle size decreased and it modified the slope of the relations of αs446

and sv to SSC. Therefore, dashed regression lines in Fig. 5 as well as the values presented447

in Tab. 2 have been computed excluding these variable PSD data (see Fig. 7). Note also448

that the slopes of the relation of sv to SSC for the different frequencies should be lin-449

early related in the Rayleigh regime. This is not what we observed, most probably be-450

cause of the uncertainty in sv determination for such fine sediment and because we did451

not considered a single grain size but poorly sorted sediment with a wide PSD.452

The attenuation versus SSC slopes presented in Tab. 2 are consistent with values453

obtained in other similar river sediment studies (e.g. Moore et al., 2012, Tab. 4). Note454

that sediment attenuation not only presents a better linear relation with SSC (higher455

R2), but is also ∼ 100 times more sensitive to fine SSC than sv is. For these reasons, sound456

attenuation is a better proxy than backscatter for calibrating an ABS or an ADCP in457

relation to fine SSC. This type of calibration is more effective when using high frequen-458

cies, as the sensitivity to SSC increases while the uncertainty in the determination of FCB459

slope decreases. Such calibration is however very sensitive to any change in the parti-460

cle characteristics, and particularly in the PSD as confirmed by the grey points in Fig. 5a461

that deviates from the linear relation.462

3 Acoustic Model Performances463

3.1 Evaluation of Acoustic Model Outputs464

Acoustic model outputs were compared to the measurements (cf. Fig. 6, black sym-465

bols). The theoretical αs and sv from the equations presented in Appendix were com-466

puted from the SSC and PSD data measured from water samples. Sediment viscous at-467

tenuation was computed from Urick (1948) spherical model, and scattering attenuation468

and backscatter with the generic model of Moate and Thorne (2012) in a first step (op-469

tion S, in Fig. 6a and 6b). Scattering attenuation accounts for ∼15 % of total sediment470

attenuation (αs) at 5.0 MHz, and less than 2 % at 2.5 MHz or below. Acoustic modelling471

was performed using the SSC and PSD associated to each acoustic measurement, so that472
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Figure 5. Measured SSC vs. (a) measured sediment attenuation (αs) and (b) range-averaged

measured volume backscattering coefficient (sv). Dashed lines are regression lines forced to the

origin computed for constant PSD data. Grey points indicate that the pumps were turned off in

the tank and correspond to different PSD.

Table 2. Linear relations (R2 and slope with 95 % confidence interval) of attenuation (αs) vs

SSC and backscatter (sv) vs SSC, computed for SSC > 3 g/l in the experimental tank.

Attenuation Backscatter

Frequency R2 slope (l.g−1.m−1) R2 slope (l.g−1.m−1)

0.5 MHz 0.63 0.035 ± 0.001 - -

1.0 MHz 0.95 0.058 ± 0.002 0.60 0.02± 0.003× 10−3

2.5 MHz 0.99 0.123 ± 0.003 0.81 0.49± 0.032× 10−3

4.0 MHz 0.99 0.183 ± 0.003 0.91 1.66± 0.11× 10−3

5.0 MHz 0.99 0.229 ± 0.005 0.87 3.40± 0.26× 10−3

variations of PSD at low concentrations (SSC < 3 g/L, pumps off) are taken into ac-473

count.474

Overall, the attenuation modelled using Urick (1948) spherical model is ∼ 35 %475

lower than the measurements (Fig. 6a). This value is consistent with the field study of476

Haught et al. (2017). Conversely, the modelled backscatter (using the generic model of477

Moate & Thorne, 2012) is dramatically overestimated by a factor 4 (Fig. 6b). Besides478

the acoustic models themselves, numerous factors can play a role in these discrepancies.479

Some of these factors are explored in the next sections.480

3.2 Sensitivity to Particle Shape and Size481

Applying previous work of Richards et al. (2003) (see Appendix), we were able to482

compute the viscous attenuation for oblate spheroids instead of spheres. The aspect ra-483

tio of the spheroids was first set to 1/40 for all particles, that corresponds to flat oblate484

spheroids, as this value was used in other similar studies (Richards et al., 2003; Moore485

et al., 2013). The scattering attenuation was computed using the mica-specific model486

of Moate and Thorne (2012). Mica particles in their work were plate-like and we assume487

that using this model allows to better take into account the spheroid shape of the par-488
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Table 3. Summary of the equations used to model acoustic response for the measured PSD

or the optimized PSD. For each model option, the table summarizes the resulting slopes and

goodness of fit R2.

model Attenuation slope of regression
option viscous αsv scattering αss measured PSD optimal PSD

S Spherical, generic, 0.65, 1.00,
(blue) eq. A12 eq. A10 R2 = 0.98 R2 = 0.96

OC Oblate spheroid, mica-specific, 1.08, 0.91,
(orange) eq. A13-A17 eq. A11 R2 = 0.98 R2 = 0.97

h = 1/40, constant

OV Oblate spheroid, mica-specific, 0.69, 1.00,
(green) eq. A13-A17 eq. A11 R2 = 0.99 R2 = 0.99

1/40 ≤ h ≤ 1, varies

model Backscatter slope of regression
option sv measured PSD optimal PSD

S generic, 3.62, 1.00,
(blue) eq. A4 R2 = 0.95 R2 = 0.93

OC mica-specific, 1.43, 1.03,
(orange) eq. A5 R2 = 0.95 R2 = 0.92

OV mica-specific, 1.43, 1.00,
(green) eq. A5 R2 = 0.95 R2 = 0.92

ticles. The combination of these choices is the option OC in Fig. 6 and Tab 3. For both489

computations we also assumed that the output length of the volume probability density490

function measured with the laser diffraction is the semi-major axis, which is supported491

by previous work of Erdoğan et al. (2007). Results for modelled attenuation are greatly492

improved when using the oblate spheroid model instead of the spherical model (compare493

Fig. 6a and 6c). Similarly, even if it is less striking, using mica-specific model for backscat-494

tering also improves sv results (compare Fig. 6b and 6d).495

These results are encouraging and we went further assuming that fine and coarse496

particles have different shapes. Similarily to what has been presented for inversion Method497

4, we tested to set the particle aspect ratio h for viscous attenuation to a constant value498

hmin = 1/40 when the particle radius was small (a ≤ 1 µm); and we set h = 1 (spheres)499

for a ≥ 30 µm. Between these two bounds, we made h increase linearly with a. Results500

are presented in Fig. 6e (option OV). Surprisingly, the agreement between model and501

measure is not as good as with constant h, the slope of the regression curve between model502

and measure for αs decreased from 1.08 to 0.69 (see Tab. 3). However, a better linear503

fit can be obtained (R2 is closer to 1).504

To test the sensitivity of the acoustic models to PSD, we searched for a PSD that505

would improve the agreement between acoustic modelling and measurements. For a mea-506

sured SSC, we computed αs and sv for a set of automatically generated PSDs. PSDs were507

obtained applying the following simple procedure: 1. the mean measured PSD was fit-508

ted with a 2-mode Gaussian mixture model (cf. Masson et al., 2018, for a description509

of the method); 2. we build new 2-mode Gaussian mixture PSDs with mode centres rang-510

ing ±50 % from the two initial (fitted from measurement) values and weights from 0 to511

1. The PSD width (σ) of the two modes were not changed. A set of ∼ 4000 PSDs was512

generated following this method. For the three options (S, OC and OV), we extracted513
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Figure 6. Acoustic model outputs vs. measurements for all available sonar frequencies: in

black, direct modelling using PSD data measured by laser diffraction; in blue, orange and green,

direct modelling using the optimal PSD obtained from the sensitivity test – optimal PSDs are

shown in Fig. 7 with colors matching the present figure. (a) and (b) Sediment attenuation (αs)

and volume backscattering (sv) using option S; (c) and (d) option OC; (e) and (f) option OV.

Model equations, used parameters, linear regression slopes and goodness of fit R2 for the three

options S, OC and OV are summarized in Tab. 3.
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the ”optimal” PSD leading to the best regression slopes, that is closest to 1, between the514

acoustic model outputs (αs and sv) and the measurements. Fig. 7 shows the three op-515

timal PSDs obtained from this sensitivity test. Model combinations, regression slopes516

and R2 are summarized in Tab. 3.517

In all cases, using the optimal PSD obtained from the sensitivity test instead of the518

PSDs measured by laser diffraction greatly improved model performances as shown in519

Fig. 6 (compare black and coloured symbols). Best optimization results are provided for520

option OV, assuming an oblate spheroid shape for fine particles with varying aspect ra-521

tio h to compute viscous attenuation, and using the mica-specific model for scattering522

(Fig. 6e and 6f). Compared to the mean PSD measured by laser diffraction (D50 = 14.6µm),523

the optimal PSDs obtained from the sensitivity test are finer (D50 = 7.3µm for option524

S; D50 = 4.9µm for option OC; and D50 = 7.3µm, for option OV, cf. Fig. 7). Sur-525

prisingly, using option OC did not reduce the gap between measured and optimized PSDs526

(compare orange dashed line and solid black line in Fig. 7) although this model config-527

uration gave the best results with measured PSDs (black symbols in Fig. 6c and 6d). Nev-528

ertheless, optimized PSDs can be within the margin of uncertainty for each of the three529

cases and the discrepancies between model outputs and measurements may be due to530

particles actually finer than what laser diffraction measured, as also observed by Erdoğan531

et al. (2007).532
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Figure 7. Volume particle size distribution: average of all the laser diffraction measurements

(solid black line with error bars including all measurements), excluding the last samples with

the pumps off (PSD shown as light grey dotted lines); 2-mode Gaussian mixture model fit to

the mean PSD (dotted black line); PSD leading to the best agreement between model outputs

(αs and sv) and the measurements, using spherical model (option S, dashed blue line) or oblate

spheroid model for viscous attenuation, with constant h (option OC, dashed orange line) or vary-

ing h (option OV, dashed green line). Model equations and used parameters for these options are

summarized in Tab. 3.

3.3 Sensitivity to Flocculation533

Flocculation in the tank was not directly monitored but was certainly negligible,534

and otherwise, this could not explain the model errors, at least on backscatter (sv). In-535

deed, first, the high turbulence generated by the pumps and the agitators made the pres-536

ence of large flocs unlikely. Second, for the same mass concentration and same primary537

particle type, a suspension of flocculated particles leads to larger sv than a suspension538

of non-flocculated particles (MacDonald et al., 2013; Rouhnia et al., 2014). As ultrasounds539

were applied to break potential flocs prior to PSD measurement by laser diffraction, the540

model outputs in Fig. 6 (black symbols) should relate to the primary particles acoustic541
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response. Hence, the modelled sv (cf. Fig. 6b, 6d, 6f) should be even more overesti-542

mated if ever flocs were actually formed in the experimental tank.543

4 Evaluation of Inversion Methods544

In this section, we show and discuss some outputs of each of the four inversion meth-545

ods presented in section 2.2 (cf. Tab. 1). The analysis of inversion efficiency is mainly546

focused on SSC, as this parameter is the most used in river applications, and as SSC is547

probably the suspension parameter that can be measured with most confidence from wa-548

ter sampling. ”True” values of other parameters like particle size are more uncertain,549

making the comparison with inversion outputs more difficult.550

In the following, we sometimes fix the value of the PSD width (σ) to 0.88. This value551

was obtained by fitting a log-normal distribution to the mean volume PSD measured by552

laser diffraction. Note that for a log-normal PSD, volume and number distributions share553

the same σ. In some cases, we also set the particle aspect ratio for fine particles (h or554

hmin) to 1/40 prior to the inversion. We used this value as it was given by Richards et555

al. (2003) and used by Moore et al. (2013) for similar sediment particles.556

4.1 Multi-Frequency Backscatter Inversion (Method 1)557

Backscatter is very sensitive to large particles and a change in the PSD width (σ)558

is expected to be a sensitive factor for a backscatter inversion method such as M1. We559

tried both options of fixing it prior to the inversion process (case M1.1 of Tab. 1) and560

letting it free (case M1.2). In both cases, this inversion method led to largely underes-561

timated SSC outputs (cf. Fig. 8a). When letting σ free, inversion outputs were not only562

biased but also highly scattered. We also tried to adapt Method 1 using mica-specific563

model instead of the generic model (case M1.3) without any improvement.564
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Figure 8. Backscatter multi-frequency inversion outputs (Method 1): (a) inverse SSC vs mea-

sured SSC, in the cases of PSD width (σ) fixed prior to the inversion (case M1.1 of Tab. 1), σ left

free in the inversion (case M1.2), using the mica-specific model instead of the generic model (case

M1.3). Solid line is perfect agreement line; (b) mean volume PSD measured by laser diffraction

(crosses) and contribution to sv per size class at 0.5 and 5.0 MHz (dashed lines); (c) example of

Φ inversion objective function (eq. 6) values in the parameter space (a0, σ), the white dashed line

shows the local minimum valley, the cross indicates the location of the absolute minimum of Φ

that is used to retrieve the inverse parameters (SSC, a0, and σ in this case).

Backscatter-based inversion methods were originally developed and tested on ma-565

rine sand suspensions. Most often, sand suspensions are well-sorted, that is, they have566

a narrow PSD with small σ. For this reason, only one parameter has been usually used567
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to describe the particle size, either by considering a single size, or by using a normal or568

log-normal PSD of fixed σ. For instance, Thorne and Hurther (2014) set σ ≈ 0.38 in569

their study focused on sand suspensions.570

Fine sediments often show a much broader PSD making σ become a critical pa-571

rameter. This is illustrated in Fig. 1b showing sv values for three PSDs with different572

widths in blue, orange and green. A difference in PSD width (σ) leads to a significant573

difference in backscatter (log-scale). At common ADCP or ABS frequencies, the backscat-574

ter response of fine sediments is likely to be located in the deep Rayleigh regime, that575

is, ka� 1 where k is the wave number and a the particle radius. In this regime, sv is576

proportional to ∼ a3 (compare blue and pink bars in Fig. 1b). Therefore, the right tail577

of the PSD corresponding to large particles actually contributes much more to the backscat-578

ter than the left tail (small particles) does. This is illustrated in Fig. 8b that shows a579

simulation of the fraction of the total sv due to each particle-size class at 0.5 and 5.0 MHz,580

compared to the volume PSD measured by laser diffraction. At 5.0 MHz, 80 % of the581

backscatter is produced by particles > 30 µm in diameter, although these particles ac-582

counts for only ∼ 20 % of the total SSC. Then, inversion methods based on backscat-583

ter and applied in the deep Rayleigh regime tend to inverse only the right tail of a broad584

PSD. The inverse PSD is in a way extrapolated from its right tail, making the inversion585

output very sensitive to any small error in sv measurement or in the backscatter model586

itself.587

This effect is also illustrated in Fig. 8c, showing an example of Φ objective func-588

tion (eq. 6) values in the parameter space (a0, σ). One can see that the minimum val-589

ues of Φ draw a valley (dashed white line) rather than a single well. Therefore, multi-590

ple satisfactory solutions might exist. These solutions fit sv measurements but lead to591

different inverse SSC, a0 and σ. The inverse a0 is less sensitive to σ for narrow PSDs.592

When σ increases, inverse a0 becomes more sensitive to σ (see Fig. 8c). Then, a small593

error in fixing σ prior to the inversion may lead to larger errors on inverse a0 and SSC.594

We conclude that efficient particles in terms of backscatter should be present when595

applying multi-frequency inversion methods only based on backscatter such as Method 1.596

This type of method might not be suitable for suspensions having a broad PSD in the597

deep Rayleigh regime, which is usually the case for river fine sediments at common ADCP598

or ABS frequencies.599

4.2 Multi-Frequency Attenuation Inversion (Method 2)600

Method 2 SSC inversion outputs were globally underestimated and largely scat-601

tered when using the spherical model (Urick, 1948) for viscous attenuation (case M2.1602

and M2.2 of Tab. 1). Moore et al. (2013) made similar observations when inverting the603

acoustic signal using this model.604

The best inversion results were obtained in case M2.3 using Richards et al. (2003)605

oblate spheroid model for viscous attenuation (αsv) and the mica-specific model of Moate606

and Thorne (2012) for scattering attenuation (αss). Both objective functions Γ (eq. 7)607

and Φ (eq. 6) were tested, results are shown in Fig. 9a and 9b, respectively. Differences608

between Γ and Φ are discussed below. In case M2.3, PSD width (σ) was set to 0.88 and609

aspect ratio (h) was set to 1/40. Inverted parameters were only SSC and a0. Mean in-610

verse D50 (= 2a0) using Γ and Φ objective functions were 20 and 13 µm, respectively.611

To test the sensitivity of the inversion to σ and h parameters, additional computations612

were processed for other plausible values of σ and h (0.7 and 1.1, 1/80 and 1/20, respec-613

tively, illustrated in Fig. 9a and 9b by grey crosses and grey triangles, respectively). We614

do not observe large variations of inverse SSC when changing σ or h values, except at615

low concentration using Φ objective function (cf. Fig 9b). In addition to SSC and a0,616

we also tried to invert σ (case M2.4) or h (case M2.5) but inverted SSC outputs were617

globally more scattered and less accurate in both cases.618
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As many inversion methods, Method 2 basically looks for the parameter set for which619

inverse SSC is the same at all frequencies. This is illustrated graphically for two differ-620

ent concentrations in Fig. 9c and 9d (case M2.3 was used for computations). Theoret-621

ically, all the curves should meet at one single point, that will provide a0 and SSC in-622

version outputs. In practice, the matching point could sometimes be difficult to find. One623

can observe in Fig. 9c that the curves are close to each other in two regions: for a me-624

dian radius (a0) corresponding to fine particles (1 to 10 µm) where viscous attenuation625

dominates, but also in a region corresponding to sand particles (100 to 1000 µm) where626

scattering attenuation dominates. When applying Method 2 to fine sediments, an up-627

per a0 limit needs be set to constrain the inversion to the fine sediment region. This limit628

was set to 30 µm in this study (vertical gray line in Fig. 9c and 9d).629

The objective functions Γ and Φ are designed to look for the matching point where630

inverse SSC is similar at all frequencies. Importantly, Φ objective function detects the631

smallest relative standard deviation between the curves while Γ detects their minimal632

absolute distance. Objective function Γ is also less sensitive to outliers. For these rea-633

sons, Γ will more likely detect a solution in a region where SSC is minimal, that is, close634

to the peak of viscous attenuation in the region 1-10 µm. This is a bias that led to good635

inverse SSC outputs in the present study (see Fig. 9a) but it will not be necessary the636

case when applying the method to other type of sediments. Then, the authors recom-637

mend the use of Φ objective function to avoid this bias, even if the results are more scat-638

tered.639

More generally, Fig. 9d illustrates the limits of multi-frequency inversion techniques640

based on attenuation only. Compared to backscatter (sv), αs increases relatively slowly641

with frequency (cf. Fig. 1d). Precise measurement of αs is crucial to obtain accurate in-642

verse SSC. When using common ADCP or ABS instruments, only a few frequencies are643

available, that are relatively low and close to each other. A clear matching point between644

the curves may be difficult to obtain as illustrated in Fig. 9d. The difficulty increases645

when αs is low, that is, when SSC is low and/or when using low frequencies. Low αs may646

result in higher relative error in αs measurement leading to unclear matching point and647

then inaccurate inverse SSC. This is probably the reason why Φ inversion outputs were648

sometimes very far from the measured values at low concentration (see Fig. 9b).649

We conclude that Method 2 can produce fairly accurate outputs when using Richards650

et al. (2003) oblate spheroid model. One major advantage of this method is that instru-651

ment calibration is not required. Two parameters (σ and h) should be determined prior652

to the inversion but their variation in space and time may not strongly affect the inverse653

SSC. More important is to obtain a precise measurement of αs and a clear matching point.654

This will more likely happen for high concentrations (> 2 g/l) and when using high fre-655

quencies (> 1.0 MHz) when frequencies are enough separated.656

4.3 Single-Frequency Backscatter and Attenuation Inversion (Method 3)657

The Method 3 consists in estimating SSC and median radius (a0) assuming a log-658

normal PSD of fixed width (σ), using the ratio of attenuation to backscatter at one sin-659

gle frequency. Fig. 10a shows Method 3 inversion results with σ set to 0.88 (case M3 of660

Tab. 1). Good agreement was found with SSC measurements, but inversion outputs were661

more scattered at 1.0 MHz. This is probably due to higher uncertainties in the acous-662

tic measurements, as sv in particular becomes very small at lower frequencies. The mean663

D50 of the inverse volume PSD varied from 6.9 µm at 5.0 MHz to 10.4 µm at 1.0 MHz.664

These values are substantially smaller than the value of 14.6 µm obtained by laser diffrac-665

tion. However, this is consistent with section 3.2 results: when using the spherical model666

of Urick (1948) for computing viscous attenuation, particle size twice smaller than the667

PSD measured by laser diffraction leads to better agreement between acoustic modelling668

and measurements. A one third smaller D50 was obtained from inversion at the very end669
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Figure 9. Multi-frequency attenuation inversion outputs (Method 2), case M2.3 (cf. Tab. 1).

(a) and (b) Inverse SSC vs measured SSC using the Γ objective function (a); using the Φ objec-

tive function (b). Black circles show inverse SSC for σ = 0.88 and h = 1/40. Downward and

upward grey triangles show inverse SSC for h = 1/80 and h = 1/20, respectively. Crosses (+)

and (×) show inverse SSC for σ = 0.7 and σ = 1.1, respectively. The solid line shows perfect

agreement. (b) and (c) Examples of SSC modelled from measured acoustic attenuation at var-

ious frequencies in case M2.3 (cf. Tab. 1) vs the median radius (a0) of the volume log-normal

PSD (assumed lognormal) for two different concentrations: (b) SSC = 9.5 g/l; (c) SSC = 1.9 g/l.

Horizontal lines show the measured SSC, vertical grey lines show the upper limit set to a0 in the

inversion process, crosses and triangles show inversion outputs using Φ and Γ objective functions,

respectively.

of the experiment, when the pumps were turned off, which is consistent with the expected670

drop in particle size.671

This method is obviously sensitive to σ parameter. We performed the inversion for672

σ = 0.7 and σ = 1.0. At 5.0 MHz for instance, if σ varies over 0.7-1.0, inverse SSC673

vary by ±16% (cf. Fig. 10b). Interestingly, this relative error is fairly constant with SSC,674

since the absolute error becomes smaller as SSC decreases.675

The cause of the relative success of this method is illustrated in Fig. 11 showing676

αs/sv ratio as a function of the median radius (a0) of the log-normal PSD, for σ = 0.7677

and σ = 1.0 at 1.0, 4.0, and 5.0 MHz. One can see that αs/sv ratio is very sensitive678

to a0 for fine sediments. This is due to sv increasing with size while viscous attenuation679

decreases, leading to a fast drop of αs/sv when the particle size increases in the fine sed-680

iment mode. When scattering attenuation starts to become dominant, αs reaches a lo-681
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Figure 10. Single-frequency backscatter and attenuation inversion outputs (Method 3): (a)

for the various sonar frequencies, with PSD width (σ) set to 0.88; (b) at 5.0 MHz, inverse SSC

for σ = 0.88 (circles), σ = 0.7 (downward triangles) and σ = 1.0 (upward triangles). Solid lines

show perfect agreement.

cal minimum and starts to increase with size. It makes αs/sv increasing slowly up to a682

constant value in the geometric regime (αs/sv ≈ 6).683

We deduce from Fig. 11 that this inversion method should be applied only when684

viscous attenuation dominates. It approximately corresponds to αs/sv > 10. For ex-685

ample, this threshold corresponds to a volume PSD D50 of ∼ 50 µm for σ = 0.7 at686

1.0 MHz, and a volume PSD D50 of ∼ 10 µm for σ = 1.0 at 5.0 MHz. Therefore, this687

inversion method can be suitable, but for silt and clay sediment particles only.688
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Figure 11. Theoretical ratio αs/sv as a function of the median radius a0 of the log-normal

volume PSD for σ = 0.7 and σ = 1.0 at 1.0, 4.0 and 5.0 MHz

An interesting feature showed in Fig. 11 is that the slope of αs/sv does not change689

with frequency, i.e. the sensitivity of this method does not depend on frequency. The-690

oretically, one will prefer using a lower frequency in order to increase the maximum par-691

ticle size to which the inversion is possible. In practice however, using a lower frequency692

will make αs and sv measurements more uncertain, leading to less precise inversion out-693
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puts. The choice of an appropriate frequency might be a trade-off between these two as-694

pects of the problem.695

4.4 Multi-Frequency Backscatter and Attenuation Inversion (Method 4)696

The Method 4 consists in estimating particle parameters (depending on implemen-697

tation, cf. Tab. 1) using attenuation and backscatter at several frequencies.698
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Figure 12. Multi-frequency backscatter and attenuation inversion (Method 4): (a) case M4.1

(cf. Tab. 1), (Urick, 1948) spherical model, log-normal PSD; (b) case M4.2, spherical model,

bimodal PSD; (c) case M4.3, (Richards et al., 2003) oblate spheroid model, log-normal PSD,

minimum particle aspect ratio (hmin) set to 1/40 (black circles). Downward and upward grey

triangles show inverse SSC range for h of 1/80 and 1/20 respectively; (d) case M4.4, inverting

hmin in addition to PSD parameters and SSC, the obtained values for hmin are represented on a

histogram in the bottom right corner. Solid lines show perfect agreement.

Fig. 12a shows Method 4 inverse SSC outputs for case M4.1 (cf. Tab. 1). One can699

see that inverse SSC is generally underestimated by ∼ 40%. Then, considering that at-700

tenuation is mainly driven by finer particles and backscatter by coarser ones, which should701

be the case for typical river flows, we tried to give more freedom to the particle size by702

using a bimodal PSD (case M4.2). However, besides a much longer computational time,703

the outputs shown in Fig. 12b were very similar to case M4.1.704

Fig. 12c shows case M4.3 inversion outputs. Computing viscous attenuation with705

Richards et al. (2003) oblate spheroid model and using the mica-specific model for scat-706

tering attenuation and backscattering significantly improves the results, with a mean rel-707
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ative error of 13%. This could be expected from section 3.2 since this model configura-708

tion led to the best direct model optimization (see Fig. 6e and 6f).709

Finally, Fig. 12d shows inversion outputs obtained when inverting hmin parame-710

ter at the same time as a0, σ and SSC (case M4.4). Inverse SSC values were a little bit711

underestimated and more scattered at high concentration than when fixing hmin prior712

to the inversion, but the mean relative error remained fairly acceptable around 13%. How-713

ever, inverse hmin values were scattered and close to the bounds of the inversion range714

which casts doubt on the feasibility of hmin inversion.715

In both cases M4.3 and M4.4 (Fig. 12c and 12d), inverse σ values were often very716

close to the upper bound of the inversion range, that was set to 1.2. When reducing or717

increasing the σ upper bound from 0.7 to 1.3, inverse σ values remained close to that718

bound but inverse SSC did not vary substantially. Beyond 1.3, inverse SSC outputs tended719

to be overestimated and more scattered. These relatively high σ values led to a relatively720

small inverse volume PSD mean D50 of 6.4 and 7.4 µm for cases M4.3 and M4.4, respec-721

tively. No clear drop in inverse a0 for measurements taken when the pumps were turned722

off was observed, contrary to what was expected. The reason why a broader PSD with723

smaller a0 better satisfies the inversion optimization process is still unclear.724

We conclude that Method 4 can lead to accurate SSC inversion outputs when us-725

ing the oblate spheroid model. Inverse SSC is still accurate without specifying the value726

of neither σ nor hmin prior to the inversion. However, inverse parameters σ and hmin were727

sometimes unrealistic.728

5 Discussion729

5.1 Acoustic Modelling Issues730

An interesting result of this study is that, even if existing models failed in mod-731

elling acoustic parameters αs and sv (see Fig. 6) when using the PSDs measured by laser732

diffraction, it was still possible to find an alternative PSD that made these acoustic mod-733

els work much better. As shown in section 3, the ”optimal” PSDs found using various734

model configurations were not drastically different from the laser diffracted PSDs – but735

always had smaller D50. A similar result was found in section 4 when testing various in-736

version methods: the methods based on both backscatter and attenuation (Method 3 and737

4) that led to good agreement between measured and inverse SSCs also led to inverse738

D50 smaller than 14.6 µm, the mean D50 measured by laser diffraction. For example,739

optimal D50 was 7.3 µm in section 3, case ab (spherical model) whereas inversion method740

M3, that uses the same model configuration, led to mean inverse D50 (over all frequen-741

cies) of 8.3 µm. Similarly, optimal D50 was also 7.3 µm in case ef in section 3 (oblate742

spheroids model with variable aspect ratio h), not far from mean inverse D50=6.4 µm743

of method M4.3 that uses the same model configuration.744

To the authors, it means that existing acoustic models are suitable for fine natu-745

ral sediments, but the ”acoustic particle radius” parameter (a) used in these models does746

not correspond to the ”laser diffracted particle radius” measured by laser diffraction. Acous-747

tic models and laser diffraction measurement rely on strong hypotheses on particle shape.748

These hypotheses do not have the same implications depending on the physical process749

that is considered: acoustic scattering, acoustic energy losses due to viscous drag or light750

diffraction. The ”particle radius” parameter may not be the same depending on the pro-751

cess that is considered, except in the ideal case of spherical particles.752

Semi-empirical acoustic models were successfully developed in marine science for753

natural sand particles through laboratory experiments. These models allowed to relate754

a ”particle radius” measured by sieving to the acoustic backscatter and attenuation pro-755

duced by the particles. Similar semi-empirical models could be developed for natural fine756
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particles, relating a ”particle radius” measured by laser diffraction to backscatter and757

attenuation. To the authors, such models could definitely improve signal inversion tech-758

niques. Ideally, they would take into account the effect of particle density (ρs) follow-759

ing the work of Moate and Thorne (2012) as well as the effect of particle flattening (as-760

pect ratio h of the present study).761

We could wonder whether organic suspended particles might also explain the un-762

certainties of existing models in rivers (Aleixo et al., 2020) and consider organic content763

quantification. Nevertheless, it was considered as negligible in this experiment as con-764

centration in sediment particles was high and the ratios of density and compressibility765

way lower for organic particles.766

5.2 Inversion Strategies767

In this study, inversion methods M3 and M4 that use both backscatter (sv) and768

attenuation (αs) led to better results than the methods based only on backscatter (M1)769

or only on attenuation (M2). To the authors, this is due to the fact that, for the case770

of natural fine sediment suspensions that usually have a wide PSD, αs is mainly due to771

the finest particles (left side of the PSD) while sv is driven by the biggest particles (right772

side of the PSD, see Fig. 8b). Then, αs and sv provide different information and bet-773

ter constrain the inversion when used together. Also, using more and higher frequencies774

improves the inversion efficiency and allows to inverse more parameters (SSC, a0, σ and775

hmin were inverted in case M4.4).776

We applied rather arbitrary coefficients in Method 4 to account for the fact that777

αs provides more reliable information than sv, and that higher frequencies provide more778

reliable information than lower ones. Such coefficients could obviously be improved, for779

instance by relating them to measured αs or sv absolute values or standard deviation.780

Finally, only one type of sediment was used in this study. Acoustic models and inver-781

sion methods presented in this study need to be tested on different sediment suspensions782

and in the field.783

5.3 Field Applications784

In this part, we will summarize how the results obtained in this study can be use785

to analyze field measurements. For now, any SSC acoustic inversion method requires prior786

information on the suspended particles. All the methods presented in this study apply787

to homogeneous suspensions. When the suspension is homogeneous along the acoustic788

beams, an empirical linear relation can be found between SSC and αs or sv (see Fig. 5).789

However, these relations are very sensitive to any change in particle characteristics, and790

particularly to any small evolution of the PSD (see Fig. 1). The inversion methods pre-791

sented in this study are expected to be less sensitive to the PSD as at least one PSD pa-792

rameter (median radius a0) is always inverted. All methods but method M2 require a793

calibrated instrument, which is necessary to obtain sv measurements.794

If the suspension is purely sand, method M1 may be applicable as it has been de-795

veloped for marine sand suspensions. This method requires at least two frequencies and796

a calibrated instrument. If the suspension is purely composed of fines, the authors rec-797

ommend method M4.3 when several frequencies are available as it was using this method798

that the results were the most accurate and robust. If only one frequency is available,799

method M3 may be a good choice. Indeed it gaves better results than method M1. If800

several frequencies are available but the instrument is not calibrated, try method M2.3.801

If the suspension is bimodal, that is, composed of a mix of fines and sand, two options802

could be tested (not implemented in this study): 1. use method M1 to invert sand SSC803

and method M2 to invert fine SSC, then sum the concentrations; 2. use method M4.3804

with a bimodal PSD instead of log-normal; inverting at least SSC, a1 and a2. Finally,805
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in the perspective of developing inversion methods suitable for heterogeneous bimodal806

suspensions commonly found in rivers, it seems to the authors that methods M3 and M4807

are still interesting. Usually, fine PSD does not vary very much throughout the river cross808

section. If one finds a zone where the suspension is homogeneous at least on the first 5809

to 10 sonar cells after the transducers, for instance deploying the instrument horizon-810

tally near the river bank, method M3 or M4 could then provide an estimate of fine par-811

ticle characteristics (a0, and potentially σ and h). These parameters could then be very812

helpful to constrain the inversion throughout the entire river cross-section. This is in-813

teresting all the more since only low frequencies usually have a sufficient detection range814

to cover the entire river cross-section, which results in less available information and a815

limited number of parameters that could potentially be inverted.816

6 Conclusion817

The efficiency of existing acoustic backscatter and attenuation models and inver-818

sion methods for fine sediments was evaluated experimentally. We measured the acous-819

tic response of a suspension of fine river particles with diameters ranging from 1 to 100µm820

(D50 = 14.6 µm) at various concentrations in a tank from 1 to 18 g/l. The theoretical821

acoustic response was computed using suspended sediment concentration (SSC) and par-822

ticle size distribution (PSD) data from water samples. The agreement between modelled823

and measured responses was found to be relatively poor, particularly regarding backscat-824

ter. However, a simple sensitivity test showed that a PSD finer than the PSD measured825

by laser diffraction could lead to a much better agreement between models and measure-826

ments. This makes it hard to conclude which of the acoustic models or the particle char-827

acteristic measurements were wrong. Taking into account the oblate shape of the par-828

ticles strongly improve the results for attenuation simply considering that the laser diffrac-829

tion measurement gives the semi-major axis of the spheroids.830

River SSC acoustic monitoring would greatly benefit from the development of semi-831

empirical attenuation and backscatter models for fine sediments, as it has been done in832

marine science for sand particles. Such a model might need to include new input param-833

eters describing the shape of the particles. We showed that developing such kind of mod-834

els requires well-characterized sediment particles, particularly regarding their size and835

shape.836

While modelling the acoustic response of fine particles is challenging, perfect acous-837

tic models are not always required for efficient signal inversion. In that perspective, four838

inversion methods were evaluated in this study, in the simplest case of a homogeneous839

suspension along the acoustic beams. Backscatter-based inversion method (Method 1)840

led to unrealistic SSC outputs. Attenuation-based method (Method 2) better succeeded841

in retrieving SSC, when σ (PSD width) and h (particle aspect ratio) values were given842

prior to the inversion. Indeed, in the deep Rayleigh regime (ka� 1), sediment atten-843

uation (αs) provides more information on suspended particles than backscatter. Com-844

bining both attenuation and backscatter information is a promising way of improving845

inversion techniques. Attenuation to backscatter ratio (Method 3) allowed to accurately846

invert SSC using only one frequency, when a proper value of σ was provided prior to the847

inversion. Using multiple frequencies (Method 4) eventually allowed to accurately retrieve848

SSC without prior assumption on σ or h. However, this led to unexpectedly high inverse849

σ values, the source of this problem being still unclear. Obviously, the efficiency of these850

techniques now needs to be assessed through field experiments.851

This work aims to be a step towards river fine sediment monitoring techniques that852

would rely less on in situ calibration. It claims for the development of multi-frequency853

and calibrated Acoustic Backscatter Systems (ABSs) suitable for river deployment. Us-854

ing more and higher frequencies would certainly improve αs and sv measurement pre-855

cision, leading to better inversion outputs. Taking measurement uncertainties into ac-856
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count in the inversion process – for instance using Bayesian inference – also seems to be857

a promising field of research.858

Appendix A Backscatter and Attenuation Models859

A1 Backscatter Models860

The volume backscattering coefficient depends on the type and number of scatter-861

ers:862

sv =
∑
i

Niσbs,i (A1)863

where Ni (m−3) is the number of scatterers of type i per unit volume and σbs,i (m2) is864

their specific backscattering cross-section. For a suspension of solid spherical particles865

of same radius a (m), material density ρs (kg.m−3) and mass concentration M (kg.m−3),866

equation (A1) becomes:867

σbs(a) =
a2f2∞(a)

4
N =

3M

4πa3ρs
sv =

3

16π
K2M (A2)868

where f∞ is the backscattering form factor and K = f∞(a)/
√
aρs describes the backscat-869

tering properties of the particles. When considering a PSD rather than a single size, K870

is computed over the number PSD:871

K =

[∫∞
0
a2f2∞(a)n(a)da

ρs
∫∞
0
a3n(a)da

]1/2
(A3)872

where n(a) is the particle radius probability density function in number of particles (see873

section 2.3.2 for conversion procedure between volume and number PSD). For a suspen-874

sion of natural particles, one generally uses an empirical model to compute the form fac-875

tor. In this study, we applied the generic semi-empirical model proposed by Moate and876

Thorne (2012):877

f∞(a)
√
ρs

=
(ka)2(1− 0.25e−[(ka−1.5)/0.35]

2

)(1 + 0.6e−[(ka−2.9)/1.15]
2

)

42 + 28(ka)2
(A4)878

where k (rad.m−1) is the wave number. This formula has been fitted to marine sand par-879

ticle suspension data.880

Moate and Thorne (2012) also fitted a formula more specifically for mica particles881

which are plate-like. This mica-specific backscatter model was also be applied for com-882

parison and writes:883

fmica∞ (a) =
(ka)2(1− 0.2e−[(ka−1.7)/0.15]

2

)(1 + 0.2e−[(ka−3.5)/0.9]
2

)

1.4 + 0.3(ka)2
(A5)884

Note that even when using a semi-empirical backscatter model (both for the generic885

or the mica-specific ones), a spherical hypothesis is used to convert sediment mass or vol-886

ume distribution to number of particles.887
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A2 Attenuation Models888

We used the formula of François and Garrison (1982) to compute αw from water889

temperature. Attenuation due to particles can be written as:890

αs =
∑
i

Ni
σe,i
2

(A6)891

where σe,i (m2) is their total extinction cross-section (Medwin & Clay, 1998). For sus-892

pended sediments, the two main sources of energy losses are viscous drag and scatter-893

ing:894

σe = σsv + σss (A7)895

where σsv (m2) and σss (m2) are the total viscous absorption cross-section and the to-896

tal scattering cross-section, respectively. For spherical particles of radius a, density ρs897

and mass concentration M , the attenuation due to suspended particles is:898

αs =
3M

4aρs
(χsv + χss) (A8)899

where χsv = σsv/(2πa
2) and χss = σss/(2πa

2) are the normalized viscous and scat-900

tering total cross-sections, respectively. When considering a PSD rather than a single901

size, equation (A8) is computed over the entire distribution:902

αs =
3M

∫∞
0
a2(χsv + χss)n(a)da

4ρs
∫∞
0
a3n(a)da

(A9)903

Note that when the suspension is not homogeneous but varies with range r along904

the acoustic profile, αs needs to be integrated over the propagation path.905

To estimate the scattering attenuation, we applied the generic semi-empirical model906

of Moate and Thorne (2012):907

χss
ρs

=
0.09(ka)4

1380 + 560x2 + 150(ka)4
(A10)908

or the mica-specific model:909

χmicass =
0.30(ka)4

1.46 + 0.95x2 + 0.19(ka)4
(A11)910

These equations were derived from experimental data in a similar way as equations911

(A4) and (A5) form factor.912

One generally estimates viscous attenuation using Urick (1948) formula:913

χsv =
2

3
ka(g − 1)2

[
s

s2 + (g + δ)2

]
914

g =
ρs
ρ0

s =
9

4βa

(
1 +

1

βa

)
δ =

1

2

(
1 +

9

2βa

)
β =

√
ω

2ν0
(A12)915
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where ρ0 = 1000 kg.m−3, ω (rad.s−1) is the pulsation and ν0 is the water kinematic vis-916

cosity, set to 0.73 ×10−6 m2.s−1 in this study. Note that this formula was derived from917

the theory (Urick, 1948; Hay & Mercer, 1989) for the case of spherical particles, but it918

has been widely applied to natural particles. As far as the authors know, an empirically-919

based viscous attenuation model for natural particles does not exist yet. However, al-920

ternative shape models were derived from the theory, e.g. for oblate spheroids.921

The viscous attenuation coefficient αsv for the case of the oblate spheroid model922

developed by Richards et al. (2003) is expressed in a similar way as eq. (A9) by:923

αsv =
3M

∫∞
0
a′2χsv(a

′)n(a′)da′

4ρs
∫∞
0
a′3n(a′)da′

(A13)

where a′ is the semi-major axis of the spheroid. The total normalized viscous cross-section924

χsv is re-written from Urick (1948) (eq. A12), replacing a by a′, and s and δ by:925

s =
9

4βha′
K2
sf

(
1 +

1

Ksfβa′

)
(A14)

δ = Li +
9

4βha′
K2
sf

where Li is an inertia factor, Ksf is a shape factor and h = b′/a′ is the ratio between926

the semi-minor and semi-major axis of the spheroid, known as the spheroid aspect ra-927

tio. Li and Ksf depend on the orientation of the spheroid in relation to the oscillatory928

motion axis. For oblate spheroids oscillating parallel to their axis of symmetry, Li and929

Ksf are expressed as:930

Li,‖ =
α0

2− α0
α0 =

2

ε2

[
1−

√
1− ε2

(
sin−1 ε

ε

)]
(A15)

ε =
√

1− h2 (spheroid eccentricity)

Ksf,‖ =
8

3

{
2h

1− h2
+

2(1− 2h2)

(1− h2)3/2
tan−1

[
(1− h2)1/2

h

]}−1

931

For oblate spheroids oscillating perpendicularly to their axis of symmetry, Li and932

Ksf are expressed as:933

Li,⊥ =
γ0

2− γ0
γ0 =

√
1− ε2
ε3

sin−1 ε−
[

1− ε2

ε2

]
(A16)

Ksf,⊥ =
8

3

{
− h

1− h2
− 2h2 − 3

(1− h2)3/2
sin−1(1− h2)1/2

}−1

934

Richards et al. (2003) made the assumption of a random orientation of the parti-935

cles and considered that two-third of the particles have their semi-major axis perpen-936

dicular to the direction of sound propagation, and one-third have their semi-major axis937

parallel to this direction. Thus:938

χsv(a
′) =

2

3
χsv,⊥(a′) +

1

3
χsv,‖(a

′) (A17)

–30–



manuscript submitted to Water Resources Research

where χsv,⊥ and χsv,‖ are the total normalized viscous cross-sections computed in the939

case of perpendicular and parallel orientation of the oblate spheroid in relation to the940

direction of sound propagation, respectively.941
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