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1 Derivation of g/l (Eqn. 12)

From the kinetic equation in the (¢,r,w = v — V)) coordinates (V is the fluid
velocity),

df 9 9 q 9 . _
%—(WoVV)'%f+V'(Wf)+%'(Af)+EWXB'%f*C(f)7 (1)
where
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it TR AL (2)
1 av
A= E[F*—i—q(VxB)] T (3)

For the pll fluid equation, we need to obtain the closure
ql = /dgvmwﬁWf = qHéJrq[ (4)

where q” = fd?’vmwﬁ’f has been obtained in J.-Y. Ji and Joseph (2018) and we will
[

obtain the q'| closure. We adopt the closure (transport) ordering d/dt ~ 0 and the lin-
ear response theory.

We take the moments [ deUmwﬁw of the kinetic equation:

d d
/d?’vmwﬁwd—‘]; = %q” : ignored by the closure ordering, (5)
3 2 9 . . s
d’vmwiw(w - VV) %f : ignored by the linearization, (6)
/d?’vmwﬁwv (wf)=V-(%%: /d%mwwwwf). (7)

We should decompose wwww into orthogonal polynomials (see J.-Y. Ji and Held (2008))
for the consistent truncation in the expansion of a distribution function.
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3{p*} + 1 {1} + higher order moments to be truncated,



where the operator {...} is the symmetrization of the tensor (J.-Y. Ji & Held, 2008). For
bb : ccce (notation b = 2),

1
bb:{pzl}:6(bb:p2|+2bb~p2+2b~p2b+p2), (10)
1
bb: {II} = (I + 2bb). (11)
Therefore,
3
/dvmwﬁwwf = mU%/dvbb: (3{p2|} + 4{ll}) ! (12)
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plo= P+, (13)
1
pt = p-— 37> (14)
2
m =30 —p"), (15)
p=1x (p“ + 2pl) (16)
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Hereafter we will drop b terms, which will be nullified by the bx operation:

3 1 1
V-mr= ibauﬂﬂ — §V7T|| — —§V7T||, (19)

T T T T
v/dvmwﬁwwf ~ V. <p||+2bb.7r+2b-7rb+ 7r+Tp2bb> (20)
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- —plvr+ =1vpl - —Vn.
m m 2m

For the 8% - (Af) term,

1 A
A= —[F.+q(VxB)|- = = —(Vp+V-m). (21)
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All together, V - (wf) + 22 - (Af)

1 1 T |
all = —plvT+ =7Vl - —vr - Zovpt (23)
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3 2 _ 3 2
= —m/d3v(waf)- (2w||b+wﬁl)
= —m/dngﬁw x Bf
= —q/ xB.
xa /d3WrLu)2wi (wx Bf)=—-0Qq xb. (25)
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The final equation becomes

(terms dropped by closure ordering) + all + (terms o< b) — Qqll x 2 = 0 (collisionless)
1

q, = 52 x all. (26)
ql = /dvmwﬁwf = q”?ﬁ’ + qﬂ_. (27)

1 T A
qj = —obx <p|VT + 1Vl — SV =Vt ). (28)

2 Derivation of the dispersion relation

The geometry of the model is shown in 1. From the equilibrium momentum equa-
tions, the equilibrium electric field is

Tio

FEy = —————ue0: Bo. 29
0= T Tiou 0z Do (29)
The inverse of the gradient scale is given by
euerBO
=% 30
‘ T+ To (30)
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Figure 1. Geometry of the local theory for the LHDW dispersion calculation. The model is
in the ion rest frame with z toward the equilibrium magnetic field (Bo) and y along the den-
sity gradient direction. The equilibrium electric field Eyq is also along y for the force balance.
The equilibrium electron flow velocity ueo and wave vector k reside on the z-z plane. The angle

between k and By is given by 6.

For the dispersion relation, the following Maxwell’s equation without the displace-
ment current term is used:

k x (k X El) = —iw,lj,o.]l. (31)

The perturbed ion current density (Ji;) is given by (H. Ji, Kulsrud, Fox, & Yamada,
2005)
inge> Z"(BEy -Kk) -

h=— Z(OB, + ————k —i
Jll mik’uti (C) ! + 2 ! (

€
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) 7" Bk (32)

The first order electron momentum equation is given by
imeno (w — k . ueo) Ue1 = ik'Pel +6n0(E1 +1191 X B0+ueo X B1)+6(E0+ue0 XBo)nel. (33)
The perturbed electron density ne; is given by the electron continuity equation, which
is

(w—k-uep)ne1 = (k- Ue1 — i€Ue1y)Neo- (34)
Assuming that the perpendicular temperature perturbation is negligible, p is just
Per = e T (35)

For the parallel electron pressure, the following equation from the Vlasov equation
is used:

apl
ot

Ot
+ V- (upl) + V-al 255l =0, (36)



where

pﬂ =M -/(Uz - ucz)2fch; (37)
q(! =Me /(V - U—e)(vz - uez)QfedV7 (38)
Nele Z/erdv. (39)

Linearizing Eqn. 36 yields

—iwp!l + euelypﬂo +ik- ueo)pﬂl +ik- uel)noTJO +ik- q!l + 2ik|‘uelzn0Te!‘0 =0. (40)

As shown in the previous section, the 3 4+ 1 fluid model gives us

Te .
al=—"—x (p!VTe + TeVpl — 5Vl - Te'Vpé) +ql.2, (41)

ewce

where 7l = 2(p<L| —p)/3, T. = (2T + TeH)/S. The closure for qglz in the collisionless
limit is given by J.-Y. Ji and Joseph (2018)

| _ iRy u
Qe1, = 2n0vtcTe ’ (42)
Rz '
where Tell1 = (p(!1 - Tellonl)/no is the perturbed parallel temperature. Since k, = 0,

only q‘ellx is required to close Eqn. 40. By linearizing Eqn. 41 and using Eqn. 30, q!u

becomes i Lol
g = 2T —4T0) e
el 9  Th+To

where rll = 20475 — T) /9(T5 + Too).

Il
0UeOz = ’I“‘Ll Tel NnoUeoz s (43)

Then, ik - q(Lll becomes
ik - q!l =3 [ku_rﬂue(h —i(2/V/m)|ky |vte} no(p!1 — Te”onl) — ik uepeno k. (44)

Then, from Eqn. 40, p!l becomes

2k\|n0TeHoue1z

I I
Pe1 = Ne1 Ty + : . (45)
¢ W — k- ue — Pk Lo + 12/ |y vk
The z component of Eqn. 33 is
imeno(w — K - Uep)Ue1z = ikupﬂl + eng(E1 + U0z Biy), (46)
From the Faraday’s Law (wB1 =k x Ey), By, = (k) E1, — k1 E1.)/w. With Eqn. 45,
Eqn. 46, and e = (w — Kk - Ue) /Wee, U1 is expressed as
cosf [ kvl ? €
ittoztterz = Aos i — | {uh« sinf — i (E) uely] : (47)

where

|
s = vy — kv, cos 0 ijL : 1 | (48)
Wee 200 qp — 1l (ktieoz /wee) sin 0 + i(2/y/7) (k)| [vte /wee )

o Elz 4 k”ueom Elm cosf — Elz sin 6
BO w BO .

(49)



The & component of Eqn. 33 is
imeng (W — K - Uep) Uety = ik 1 Py + eneo(Biz + Botery — teo»Biy).
With Eqns. 35, 34, and 47, ue1, can be expressed as

sin 6 cos 0 (kvtﬁ

2000t

2
) Aez - Aewy

VYeyUely = 10 Uely —
Wee

where Yey, Qez, and Ae, are
sinf /ey [ kvi\’ cos? [ kvl ?
Yoy = 1+ (7) te) |14 B ) |
2&6 k Wee 204eaez Wee
sin? 0 [ kvt 2 cos20 [ kvl ’
Qe = Qe — <te) 1+ —te 5
QOLQ Wee 205eaez Wee

A = @ kue()Z Ela: cosf — Elz sin 0
e BO w BO ’

The y component of Eqn. 33 is

1MeMNen (w -k- ueO) Uy = eneO(Ely7Boue13:7UerBlz+ueOzB1:c)+6(E07Ue0:cBO)ne1-

With Eqns. 34, 29, and 47, ue1, can be expressed as

VYexUelz = *Z‘acyucly

icos® T ( ke

Ao, + A
Qelley TeLO + Ty ) o e

Wee

where Yez, Qey, and Aey are
sinf T% kg cos?0 [ kvl ?
Yoz = 1 + — e0 < el x) 1 + Mte ,
Qe TeO + EO Wee 2aeaez Wee

2
1 /e T kteos cos? 6 kzvl‘e
aey:ae_i(f) L 1+ ’
ae \k TeO + Tio Wee 2000, Wee

i By k (Ue0z SIN O + Ueo cOs 0) E1y
v Bo w BO ’

With Eqns. 51 and 56, ue1y is given by

Uery = i (iC}, Acx + CyAey +iCy, Acz)

-1
[ervye?
e __ ex ey
Cyz - (’Yey - ) )
Vex

«
e e ex
Cypy=Chs ,
Yex

sin 0 cos 0 (kv¢)2+ ey €08 0 < TS ku%)]

where

cy,=0C;
z x
Y Y 2aeaez Wee VexAellez TeJ(_) + T’iO Wee

Similarly, ue1, is given by

Uelxy = ZCEIAel + C;yAey + iC;erzv

(51)

(58)

(59)



where

-1
o Jo e
ny = <’Yew - eey) ) (65)
Vey
e e Qe
Yey
=, cosf ( lTjﬁ kueom> N ey Sin O cos 6 <kthé ) 2 | (67
Qelley TeO +Tio Wee 2’Yeyas@ez Wee

Then, us1, can be written as

Uerz = 1C5 Aex + Oy Aey +iC%, Aez, (68)
where 2
e, = —Oiz + 22029 (’?) (Co.smo+ i), (69)
oo _ o8 0 (kvtle ) ’ (Ce sind + C° E) (70)
2 = Dooes \ we vx veg )
ce = cos 0 (kvlL) 2 (Ce sinf 4+ C¢ E) (71)
o 20e006: \ Wee i Wk

The final goal is to obtain the perturbed current density of electrons, which is given
by J{ = —enepUer — €Ueoner. Thus, an expression for ne; is required. From Eqns. 34,
60, 64, and 68, ne; is given by

kneo

ner = g a (105 er + O Aey +iCFAuc], (72)
where
C = Cg,sinf + Cge/k + CS, cos b, (73)
Cle = C2, sinf + CC ek + C2, cos b, (74)
Cle = C%,sinf + Coe/k + C2, cosf. (75)

Now we are ready for computing the dispersion relation. Eqn. 31 is

kiErp — kL k| Er. —iwpoJiz = 0, (76)
k*Eqy — iwpoJiy = 0, (77)
k3 E1, — ki kB, — iwpodr. = 0. (78)

By multiplying d?, the above equation can be written as

B
K?cos?0E,, — K?sinfcosF;, — iQﬁle =0, (79)
0
K?E,, — iQﬂJ =0 (80)
ly eng ly )
B
K?sin?0F;, — K?sinfcosE,, — iQ—Ole =0, (81)
()

where K = kd;.

Eqgns. 79-81 can be written as

Dyx Dy, Dy.||Ey|=0. (82)
Dzm Dzy Dzz Elz



From Eqn. 32, each component of iQByJi1/eng is

/OB, Z" sin 6
B0 e = CZ By + C% (Elz sinf — Z%Ely + By, cos 9) , (83)
0
iQB,
WOOJ“Z’ = (ZEy,, (84)
1By B ¢Z" cos i €
p— Ji1. =CZFE,, + — (Elm sin @ — zEEly + E;, cos 9) . (85)

From Eqns. 64 and 72, iQJ5, /eng is given by

0B
0 g8, = OBy [(CS, + te02CECL) Avy — i (C + a0z CECL) Aoy + (C2, + 10, C5CL) Aez]

(86)

ENg

where C} = K/(2 — K - ue) and uep = ueo/Va. Here Vo = By/\/toming = diwei is
the Alfvén speed. Similarly, from Eqns. 68 and 72, iQJ{, /eng is given by

QB
Zen 0 Jy, = QBgy [(C’;’z + Ue0, CRO) Ay — i (Czey + ueozczC?’f) Aoy + (C%, + ue0CLCY) Aez] ,
0
(87)
Since there is no y component in ueo, #2.J7, /eng is simply
1QB, e . e
Woojfy = QB (iCy, Aca + Cyy Ay +iCy A - (88)

In terms of dimensionless parameters, QB Acz, 2BoAey, and QByA., can be written as

QBQABJC = (Q — KUeOz COS 0) Elx + (KUeOZ sin Q)Elz, (89)
QByAey = [Ktep, €088 — K (Uey SIn 6 + ueg, cos 0)] Eny, (90)
OByAc: = (Ktepz c080)Ery + (Q — Kueo, sinf) Ey . (91)

Then, each component of the tensor D is

"

Z
Dyy =K%cos®0 — (Z — ¢ sin? @ (92)
— [(CS, + te02CRCE) (2 — Kuep, cos0) + (CS, + 10z CrC) Ko cos 0],
Z//
D, =i (%) CQ sinf + (Cs, 4 ue02CRCy ) [ — K (teoe sin 0 + o cos )] (93)

1"

A
D,.=—K?sinfcosf — ¢ sin 6 cos 0 (94)
— [(C%, + te02CrOE) Ko, sin 6 + (CF, + ez CrCL) (2 — Kueg, sin )],
Dyy=—1 [C’;ﬂE (Q — Kuepz cos ) + Cy . K ueoz cos 9] , (95)
Dyy =K? = (Z — C5, [Q — K (Ucoz sin 0 + ueo cos 0)] (96)
Dy, =—i [OEIKUeOZ sinf + Oy, (2 — Kugpy sin 9)] , (97)
(98)

1
sin 0 cos 6

Z
D., =— K?sinfcosf — ¢
— [(C%, + 1e02CRC) (2 — Kuep, cos ) + (C5, + tep.CjCL) Kueos cos b,

z

. (€ CZ// . e e e :
D, =i (E) 5 cos 0+i (Czy + 1e0:CRCy ) [Q — K (teoa Sin 6 + ueo- cos 0)] (99)
1"
D.. =K?sin?0 — (Z — Cg cos? 0 (100)

— [(C%, + 1e0:CRCE) Ktiep, sin 6 + (C2, + 0, CRC) (Q — Ktiepy sin6)] .

Required input plasma parameters for the dispersion relation include By, ng, Te!lo,
T, Tio, and ue. For ueg, the coordinate transform from the LM N to local xyz coor-
dinate system is needed. The z direction is along By and the y direction is along B x



Ueo. The choice of the gradient (y) direction is based on the model geometry where there
is no y component of uey, and based on the MHD equilibrium, Vp = BxJ, which also
indicates no y component of ugg.
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