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Abstract

We present our new multiscale pairwise-force smoothed particle hydrodynamics (PF-SPH)
model for the characterization of flow in fractured porous media. The fully coupled mul-
tiscale PF-SPH model is able to simulate flow dynamics in a porous and permeable ma-
trix and in adjacent fractures. Porous medium flow is governed by the volume-effective
Richards equation, while the flow in fractures is governed by the Navier—Stokes equa-
tion. Flow from a fracture to the porous matrix is modeled by an efficient particle re-
moval algorithm and a virtual water redistribution formulation to enforce mass and mo-
mentum conservation. The model is validated by (1) comparison to a finite element model
(FEM) COMSOL for Richards-based flow dynamics in a partially saturated medium and
(2) laboratory experiments to cover more complex cases of free-surface flow dynamics

and imbibition into the porous matrix. For the laboratory experiments, Seeberger sand-
stone is used because of its well-known homogeneous pore space properties. The satu-
rated hydraulic conductivity of the permeable matrix is estimated from a pore size and
grain size distribution analysis. The developed PF-SPH model shows good correlation
with the COMSOL model and all types of laboratory experiments.

We employ the proposed model to study preferential flow dynamics for different
infiltration rates. Here, flow in fracture is associated with the term “preferential flow,”
providing rapid water transmission, while flow within the adjacent porous matrix enables
only slow and diffuse water transmission. Depending on the infiltration rate and water
inlet location, two cases can be distinguished: (1) immediate preferential/fracture flow
or (2) delayed preferential flow. In the latter case, water accumulates at the surface first
(ponding), then the fracture rapidly transmits water to the bottom system outlet. For
the immediate fracture flow response, ponding only occurs once the fracture is fully sat-
urated with water. In all cases, preferential flow is much more rapid than diffuse flow
even under saturated porous medium conditions.

Furthermore, infiltration dynamics in rough fractures adjacent to an impermeable
or permeable matrix for different infiltration rates are studied as well. The simulation
results show a significant lag in arrival times for small infiltration rates when a perme-
able porous matrix is employed, rather than an impermeable one. For higher infiltration
rates, water rapidly flows through the fracture to the system outlet without any signif-
icant delay in arrival times even in the presence of the permeable matrix. The analysis
of the amount of water stored in permeable fracture walls and in a fracture void space
shows that for small infiltration rates, most of the injected water is retarded within the
porous matrix. Flow velocity is higher for large infiltration rates, such that most of the
water flows rapidly to the bottom of the fracture with very little influence of matrix im-
bibition processes.

1 Introduction

Most consolidated porous rocks are and/or have been subject to tectonically in-
duced stress fields, which lead to discontinuities within the porous matrix (Nelson, 2001).
Naturally fractured porous media consist of pore networks and interconnected or isolated
fractures. Here, we adopt the notion that large pores and crevices are associated with
the term fractures and have dimensions of 1 x 107*m to 1 x 10~2m (Fischer et al., 1998;
Tsang & Tsang, 1987), while pore throats of the matrix have dimensions of 1 x 10~"m
to 1 x 107°m (Thoma et al., 1992). In this study fractures are large pores or crevices,
with an aperture of more than 1.0 mm and dimensions of width and length that can ex-
ceed 10.0 mm. Furthermore, fractures have a much stronger anisotropic character com-
pared to pores, i.e. their aperture is several orders of magnitude smaller then the other
two dimensions (width and length). Apart from this classification and based on their ge-
netic origin, fractures are associated with stress field changes, while pores (primary poros-
ity) are commonly the result of sedimentation and consolidation processes of granular
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media. In principle, fractures are considered fast flow and transport pathways (Zimmerman
& Bodvarsson, 1996), however, under partial saturation conditions they can also impede
flow (Wang & Narasimhan, 1985). Despite their importance for rapid transmission of
water it should be noted that the bulk porosity of fractured-porous rocks is still dom-
inated by the porous matrix (Singhal & Gupta, 2010). The strong contrasts in spatial
scales between the fracture aperture, its in-plane dimensions and the pore throats of the
matrix make the characterization of infiltration dynamics in fractured porous media dif-
ficult with most numerical approaches.

Flow in partially saturated porous media is commonly described by the volume-
averaged Richards (1931) equation. While it was originally developed for soil systems,
the Richards equation is often applied to model flow in fractured systems (Heilweil et
al., 2015; Therrien & Sudicky, 1996) when the fracture density is sufficiently high (or frac-
ture apertures are rather small) and an representative elementary volume (REV) can be
defined. Given the complexity of gravity-driven flow, many discrete flow and transport
processes, including fingering, preferential flow pathway formation, meandering, and er-
ratic flow mode dynamics (droplets and rivulets), cannot be described properly by the
Richards equation.

The complexity of flow in fractured porous media is amongst others caused by the
strong scale contrasts of the heterogeneity, i.e., the fracture thickness is associated with
a much smaller scale than the fracture length. Furthermore, the scale contrast between
porethroats of the matrix and the fracture scales make the characterization of infiltra-
tion dynamics in fractured porous media difficult or impossible with a discrete approach
resolving the porous systems as well as the fracture. On the other hand, volume-effective
solutions often neglect the effects of preferential flow paths and are commonly applied
for large-scale characterization. Approaches based on dual-domain concepts (Nimmo, 2010;
Germann et al., 2007) assume that the porous medium consists of two interacting regions,
one of them associated with the fracture system, another one with the rock matrix, and
hence can resolve the dualistic nature of such systems, though without any information
about geometry or topology of the macropore system. (Semi-analytical solutions for pref-
erential flows are commonly taking into consideration a single specific flow mode (droplets,
rivulets, films) or transitions between them (Ghezzehei, 2004). However, For fractured
systems the porous matrix plays an important role in the formation of fracture flows and
can therefore not be neglected. Tokunaga and Wan (1997) demonstrated that adsorbed
films are an important mechanism for unsaturated flow in fractures, and a fast flow pro-
cess in contrast to diffuse flow in the porous matrix.

Preferential flow within the unsaturated (vadose) zone is known to strongly influ-
ence groundwater recharge, infiltration, and contaminant transport. The conditions un-
der which preferential flow occurs and what the main controlling parameters are is still
subject to debate for soil systems (Nimmo, 2010). Even less studies have focused on its
occurrence in consolidated fractured systems. (Buscheck et al., 1991; Nitao, 1991) for
example provide a criterion for critical fluxes that lead to preferential flow. They state
that for infiltration rates smaller than the critical flux, diffuse/porous-medium flow dom-
inates system the flow dynamics. For fluxes larger than the critical flux, fracture flow
dominates.

For infiltration in soils various authors (Nimmo, 2010, 2012; Germann et al., 2007)
demonstrated that preferential low can occur under partially saturated conditions, in
the absence of surface ponding or a fully saturated porous matrix, i.e. under non-equilibrium
conditions.

Partially saturated flow in fractures is not well understood due to the uncertainty
in generalizing flow processes, and scale effects, characterization of process parameters
across scales, and the assessment of their relevance in the prediction of large-scale prob-
lems, such as the regional hydraulics of fault zones.



17 Therefore, we developed a multiscale smoothed particle hydrodynamics (SPH) model

118 to study conditions that lead to preferential flow in partially saturated porous-fractured

119 systems. The pairwise-force smoothed particle hydrodynamics (PF-SPH) is implemented

120 within the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) (Plimpton,
121 1995; Kordilla et al., 2017). The model is based on a PF-SPH discretization of the Navier—

122 Stokes (NS) equation and can efficiently model flow through fractures or fracture net-

123 works and adequately recover all relevant flow dynamics, including the effects of free sur-

124 face flows and surface tension (A. Tartakovsky & Meakin, 2005; Kordilla J., 2013; Ko-

125 rdilla et al., 2017; Shigorina et al., 2017, 2019). However, in porous-fractured systems,

126 the porous and/or permeable matrix represents an important storage compartment and
127 influences flow dynamics within the highly permeable fractures. This is the first model

128 that tightly couples the Navier-Stokes flow in a fracture with the continuum (Richards)
120 model of flow in the adjacent matrix. Most of the existing subsurface codes treat both

130 fractures and matrix as continuums or a dual-continuum. These models cannot describe
131 the complex physics of flow in fractures, e.g., complex infiltration dynamics in the un-

132 saturated zone at Yucca Mountain (Doughty, 1999; C. & S., 1998). Such approaches are
133 based on the assumption that the system is well mixed within the elementary represen-
134 tative volume. Our approach does not rely on this assumption for flow in fracture — there-
135 fore, it can be used to: (1) test the limits of applicability of the models using continuum
136 description of fractured porous medium; (2) study the effect of boundary conditions on
137 flow regimes in fractures; and (3) potentially improve continuum models.

138 The PF-SPH-LAMMPS code has been extensively validated (Kordilla J., 2013; Ko-
139 rdilla et al., 2017; Shigorina et al., 2017) for simulating gravity-driven free-surface and

140 fracture flows under dynamic wetting conditions. The newly developed code for simu-

1 lating flow in porous media, on and across the fracture—matrix interface is validated against
142 a finite-element COMSOL model and small-scale laboratory experiments.

143 In order to study preferential flow dynamics, we investigate for which infiltration

144 rates fracture flow dominates and for which rates diffuse flow dominates. The latter sce-
145 nario occurs when a fracture acts as a flow barrier and hence causes ponding. Finally,

146 we study the influence of fracture wall permeability and storage properties of the porous
147 matrix on the arrival times for different infiltration rates. We consider two types of rough
148 fractures: (1) a fracture with a permeable adjacent matrix and (2) a fracture with an

149 impermeable adjacent matrix. Each fracture has two surfaces with a width of 50.0 mm,

150 a length of 100.0 mm, and a thickness of 10.0 mm that are separated by a 2.0 mm aper-

151 ture. The fracture roughness is characterized by the Hurst exponent ¢ (Bouchaud et al.,
152 1990; Shigorina et al., 2019) and an initial maximum value A for random displacement

153 from a planar surface.

154 2 Governing Equations and the PF-SPH Method

155 In the following, we introduce the governing partial differential equations (PDEs)
156 for the studied system and provide an overview of the employed SPH model, including
157 SPH discretization of the PDEs and boundary conditions, as well as the coupling pro-
158 cedure between the NS and Richards domains. The more detailed information about fun-

150 damentals of SPH method is provided in Appendix A.

160 Assuming that the air phase is connected and has constant pressure (which we set

161 here to zero) the partially saturated flow in porous media is commonly modeled using

162 the Richards equation and suitable pressure-saturation relationships. In our model we

163 use the mixed form of the Richards equation (Celia et al., 1990; Cockett, 2013)

164 aea(tw) = (Cm + pgS@Ss)% =V- Kskr(w)vw + agiw)v (1)
165 where © is the water content, ¥(z,t) = [ dP/rho is the pressure head (the integral is

166 taken from an arbitrarily chosen reference pressure P,.to the pressure P at the point z),
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K is the saturated hydraulic conductivity, S is the specific storage coefficient, p is the
water density, and g is the gravitational acceleration. The parameters C,, (specific mois-
ture capacity), S. (effective saturation), and &, (relative hydraulic conductivity) are de-
rived from the van Genuchten relationships (van Genuchten, 1980):

— s ifY <0
[rer]” 1Y

Se = ) (23.)

1 if 4 >0
m- 2
0.5 1 .

g ses[i-(1-sew)"] itv <o (2b)
1 if 1) >0
j%ﬂ@—@g&#@—&%ylﬁ¢<o

Cm = : (2)
0 if 1) >0

Here, o and n are the van Genuchten parameters, m = 1 — 1/n, and O, and ©,. are
the saturated and residual liquid volume fractions, respectively.

The free-surface fracture flow is governed by the continuity equation,

do _

= _ . 3
L= —p(V V), (3)
and the momentum conservation equation,
dv 1 JT—
— =—-VP+ -V 4
= SVP+oVivte, (4)

where p is the fluid density, v is the fluid velocity, P is the fluid pressure in the fracture,
1 the viscosity, and g is the gravitational acceleration. At the water—air interface, the
Young-Laplace boundary condition

Pn=r7, -n+Son, (5)
and the continuity condition
(v—v)-n=0, (6)
are enforced. Here, 7, = [u(Vv + VvT)] is the viscous stress tensor, S is the inter-

face curvature, o is the surface tension, and v is the boundary velocity, and n is the nor-
mal vector pointing away from the non-wetting phase.

The contact angle is prescribed at the water—air—solid contact line and the no-slip
boundary condition at the boundary between the water and solid phases.

To complete the formulation, we note that the pressure in the partially saturated
matrix also satisfies the Young-Laplace boundary condition, where S is the curvature
of the water-air interface in the pores of the matrix.

To numerically solve these equations with the SPH method, we discretize the porous
matrix with a set of solid particles and the fluid in the fracture with a set of fluid par-
ticles. The positions of solid particles are fixed, and their velocities are set to zero. The
positions and velocities of fluid particles are found from the momentum conservation equa-
tion discretized with the weakly compressible pairwise SPH scheme (Morris et al., 1997;

A. Tartakovsky & Meakin, 2005; Kordilla J., 2013; Kordilla et al., 2017):

dv; ﬁé j(P}+ H)EQ.dWKmﬁh)+

= — mail —=
dt = p? p? ’I“ij d?"ij -
al vij  dW(ri;,h) 1 & @
2 my—2— - P rg+— Y Fyy,
,uj; J PiP;Tij d’l"ij m; ; ]
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and ‘
=V, (8)

dt
where the summation is performed over all particles, including fluid and solid particles.
In Egs. (1)-(8), rj; =r;—r; and r;; = |r; —r;|, m; = m; = my is the (constant) mass
of particle ¢ and j, p; and P; are the density and pressure, respectively, of the fluid car-
ried by particle j, and h is the support range (or, so-called, smoothing length) of the ker-
nel W. Fluid and solid particles are assumed to have the same mass, and p; is computed
for both fluid and solid particles as (Morris et al., 1997; A. Tartakovsky & Meakin, 2005)

N
pPi = Z ij(I‘ij, h) . (9)
j=1
The pressure of both fluid and solid particles is computed from the equation of state (Batchelor,
1967):
Pi\7
Pi:Po{(—) —1}, (10)
Po
where )
€ po
Py=—"= 11
S (11)

v = 7, po is the equilibrium particle density, and the speed of sound c is chosen such
that the relative density fluctuation |dp|/p is small (less than 3%) to approximate the
behaviour of an incompressible fluid.

In Egs. (15), (7), and (9), we use W in the form of a so-called “Wendland” kernel
(Wendland, 1995):
(123 ifo <] <h
W = af 5 (12)
0 if [r| > h

where o, = 168/16mh3.

The force F;; in Eq. (7) is used to impose the Young-Laplace boundary condition.
Following A. Tartakovsky and Meakin (2005); A. M. Tartakovsky and Panchenko (2016);
Kordilla J. (2013); Kordilla et al. (2017), we employ a combination of kernel functions
to generate a continuous function with short-range repulsive and long-range attractive
components:

(/IW(T”,I’”)Z; +BW(T’”7}L2)%) lf rij S h

0 if ri; > h,

where W is the cubic spline function

1—3(5)2+3(52)3 f0<E<05
W(rij,h) =3 L(2-%2)3 if 0.5 <52 <1 (14)
0 if 54 <1.

Here, A, B, hy, and hy determine the shape of F;;. We set A=8, B=-1, h =0.5,
and hy = 1. For a given F;; shape, s;; determines the magnitude of surface tension and
the static contact angle.

The parameter s;; is equal to syy for the interaction between two fluid particles
and s.y for the interaction between fluid and solid particles. The ratio of sy and sy
controls the static and dynamic contact angles. For a liquid to wet the surface, s¢; should
be set greater than s,¢, and vice versa.
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The SPH discretization of Egs. (1)—(2) is:

do;

N
= = (Con, +Pigsei5i)% = ZQMM——'O] Kk, (d¢ij+dzij).M

dt = mi—l—m]— prJ d'f’ij

. (15)

Here, each particle (solid and fluid) is assigned an initial water content © and initial pres-
sure head 1. The water content of a solid particle is defined as the volume of water in
the particle divided by the volume of the particle. The water content of fluid particles

is defined as the volume of fluid carried by the particle divided by its initial volume.

The fluid particles are initially fully saturated and are assigned ©y = 1.0 and ¢y =
0.0m. Depending on the type of problem, the solid particles are assigned ©;, = 0.0 or
0, equal to a residual water content. Once fluid particles come into contact with solid
particles, the exchange of fluid is governed by the Richards equation, i.e., a pressure-head-
dependent transfer is established. The changes in water content and pressure head for
solid and fluid particles are found using Eq. (15). The maximum O}, of solid particles
is equal to the saturated water content of the porous matrix based on the user-defined
porosity.

If the water content O of fluid particles falls below a critical threshold ©; < 0.99,
we redistribute the total water content of all particles below the threshold such that most
particles are fully saturated again with ©; = 1.0. Fluid particles that are still below
the critical threshold after the redistribution are marked and removed at the end of the
time step (Fig. 1). The residual water content (commonly less than the water content
of one single particle) is stored and taken into account during the next time step. This
procedure is is applied to all particles within a single MPI domain.

fluid particles
O =1.0

) @

0o0®00@ 00
000000 ecctecee
0000000 000000
000do00 ececcecee

Q000000 000000

boundary particles

©p =0.0 +

saturation losses

Or <0.99 ‘ . water fully saturated. . removed
‘. .... redtistribution %‘.:.
oee® ———>@ X
9000000 Q000000
o Q000 Q000000

O0\QPOOOO Q000000

saturated particles

next step

Figure 1. Particle removal algorithm.

To properly conserve the water balance in the system, we rely on the mass conser-

vation equation:
00
E:v(g qin_E qout>:07 (16)
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where ¢ is the specific flux. For every time step, we calculate the sum of ©; and O for
all fluid and boundary particles based on Eq. (17). To control the water balance in the
system, the total © must stay constant:

) ZZGf—i-Z@b = const. (17)

We employ a modified Velocity Verlet time stepping scheme (Ganzenmdiiller et al.,
2011):

vi(t+ $AL) = v; + ta;(t) (18a)
vi(t + At) = v, ( ) + Ata; (18b)
ri(t + At) = 1;(t) + Atv(t + $At) (18c)
vi(t+ At) = vi(t + SAt) + 1az(t + At), (184)

2

where the new particle acceleration a;(t + At) can be obtained using an extrapolated
velocity v;.

Time step constraints are given by (A. Tartakovsky & Meakin, 2005):

At < 0.25h/3¢ (19a)
At < 0.25min(h/3 | a; |)/? (19b)
At < min(p;h? /), (19¢)

where | a; | is the magnitude of acceleration a;.

3 Model Validation
3.1 Constant pressure head boundary

Here we provide a validation procedure for the SPH discretization of the Richards
equation applied to solid particles representing the porous matrix. We model the pres-
sure head distribution inside a vertical porous column with a constant pressure head bound-
ary. The dimensions of the column are 0.5x0.5x2 m. This model setup includes 38 720
solid particles, with an initial pressure head 1y = —2.0 m, isotropic conductivity K, =
1x107*ms™ ! Sy = 7.5 x 107°Pa~!, ©, = 0.25, ©,, = 0.0, and the van Genuchten
parameters n = 2, m = 0.5, and o = 1 (Fig. 2a). A constant pressure head boundary
with ¥, = —0.5m is prescribed at the bottom of the domain. The particles are placed
on a uniform cubic lattice with a lattice size of Az = 2.5 x 1072 m. The mass and den-
sity of each particle is mo = 1 x 1073 kg and pg = 1000kg m~3, respectively. The smooth-
ing length is set to h = 8.55 x 1072 m. This yields an average number of 40 interact-
ing particles, which was shown to be sufficient to achieve an accurate solution (A. M. Tar-
takovsky & Meakin, 2005; Kordilla J., 2013; Kordilla et al., 2017). The simulation is run
on 16 processors. Figure 2 shows the SPH simulation results for the pressure head in-
side the vertical column at 0, 1, 6, and 16 hours.

Validation is accomplished by comparison with a FEM COMSOL model. Figure 3
shows the pressure head distributions along the vertical column at 1, 6, and 16 hours for
our SPH and for the COMSOL model. To quantify the difference in the SPH and COM-
SOL pressure head solutions, for t = 1, 6, and 16 hours, we calculate the standard de-

viation
2
s = \/Z’L 1 ) , (20)

and standard error
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Figure 2. Pressure head distributions for a vertical column with constant pressure head
boundary at different times: (a) to = Oh, (b) ¢t1 = 1h, (c) t2 = 6h, and (d) ¢t3 = 16 h.

where 97 and ¢ are the SPH and COMSOL pressure head solutions at distances z =
0.0, 0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, and 2.0 m, and the number of measurements is
N = 9. Table 1 provides standard deviations and standard errors for t = 1, 6, and 16
hours. The average standard deviation is §; = 3.9 x 1072 m, and the average standard
error is SE; = 1.0 x 1072 m, which is less than the particle spacing Az and indicates
excellent numerical accuracy of the SPH model.

2 : : :
\\ — — COMSOL

——SPH

15} .
£ 16h
£ 1t .
=y
3 N

Bhx
05} > .
\\\ \\
h e~
0 1 1 1
25 -2 1.5 -1 -0.5

Pressure .head (m)

Figure 3. Comparison of pressure heads at different times for SPH and COMSOL models.

We compare our model to three laboratory experiments, (a) droplet imbibition into
a porous permeable surface, (b) a flat fluid front resting on a porous permeable surface
without a triple gas-solid-liquid line, and (c¢) a dynamic rivulet type fluid flowing on a
porous surface. These three validation examples demonstrate important processes that
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Table 1. Standard Deviations and standard errors of pressure heads at t = 1, 6, and 16 hours.

Standard deviation (m) Standard Error (m)
St—1n 3.9 x 1072 SEi—1, 1.3x1072
St—6h 3.0 x 1072 SE,_¢n 1.0x1072
Si—16h 2.1x 1072 SEi—ien 0.7 x 102

§ 3.0 x 1072 SE, 1.0 x 1072

occur when simulating open surface, porous medium flow, and flow across the interface.
The example (a) highlights the importance of proper treatment of the static triple con-
tact line during imbibition and its effect on wetted area and static (dynamic) contact
angles. Example (b) shows the ability of the model to simulate infiltration dynamics into
a porous matrix for larger volumes of fluid and without the presence of a triple contact
line at the solid-fluid interface. Finally, example (c) shows the ability of the model to
recover the complex effects of matrix imbibition during rapid open surface flow (droplets,
rivulets) and the respective outflow dynamics affected by the magnitude of retardation
within the porous matrix.

3.2 Drop imbibition
3.2.1 Experimental and simulation setup

First, we study the droplet imbibition into a porous sandstone. In the laboratory
experiment, a water droplet with radius 1.8 mm is placed above a slice of sandstone (type
“Seeberger”) at a distance of 5.8 mm between the surface and droplet center (Fig. 4a,
top). The droplet size is controlled with an adjustable volume pipette. After the droplet
is released from the pipette, it comes into contact with the sandstone surface and is slowly
imbibed by the porous sandstone slice. During the experiment, changes in droplet size
and shape are recorded with a camera with a frame rate 24 frames per second (about
1 frame every 0.04 seconds), and the imbibition time is measured.

Water
content

'0.2

0.0

(a) (b) (@ (d)

Figure 4. Experimental (top) and simulation (bottom) results of droplet imbibition and sim-
ulated infiltration front (insets) at different times: (a) before start, (b) t1 = 0.4s, (c) t2 = 1.84s,
and (d) t3 = 2.68s.
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The laboratory experiment is modelled by a rectangular block of solid particles that
represents the sandstone slice and a sphere of fluid particles at a height of 5.8 mm above
the solid surface (Fig. 4a, bottom). The dimensions of the solid block are 12x12x2 mm,
and the water droplet has a radius of 1.8 mm.

Solid particles are placed on a uniform cubic lattice with a lattice size of Az = 2.0 x 10~4m.
Each particle (solid and fluid) has a density of pg = 1000 kg/m? and a mass mg = po(Az)® =
8 x 107%kg. The viscosity is set to u = 1.296 x 1072 Pas, the speed of sound to ¢ =
2.5m/s, the gravitational acceleration to g = 9.81m/s?, and the smoothing length to
h = V/40(Azx) = 6.84 x 10~ m, where 40 is the particle number density, i.e., the num-
ber of interacting particles within the kernel range h. The system is resolved with 39 600
solid and 3042 fluid particles. Input parameters are: porosity €,, permeability K, stor-
age coefficient Sy, saturated ©, and residual ©, water content of the sandstone, and the
van Genuchten parameters a, m, and n. These parameters can be estimated from the
grain size and pore size distribution analysis of the Seeberger sandstone sample demon-
strated in the following section. The simulation is run on 4 processors.

3.2.2 Parameter estimation

Effective porosity €, = 0.186 of the sandstone is determined by pore size analy-
sis based on mercury porosimetry (Fig. 5, Sustrate (2017)).

Porosity (%)

12,00 218,60

10,00 1
8,00

6,00

Porosity (vol.-%)

4,00 A

2,00

0,00
0.001 0.01 0.1 1 10

Effective pore radii (um)

Figure 5. Porosimetry of Seeberger sandstone (Sustrate, 2017).

The (isotropic) conductivity K is estimated by Kozeny—Carmen empirical rela-
tionship (Kozeny, 1927; Carman, 1937):

€3 2
K, = (%) A (%) (22)

Based on the results of a sieve analysis (Sustrate, 2017), the representative grain size was
found to be d,,, ~ 0.125 mm. Together with g = 9.81ms~2 and p = 1000kgm~2 the
saturated hydraulic conductivity is determined with Eq. (22) as K, = 6.39 x 10~ ms~1.

The storage coefficient S is found from Eq. (23):
Ss =epxy + (1= €)Xp, (23)

where x = 4.6 x 10719 Pa~! is the compressibility of water, and x, = 3.8 x 107 Pa~!
is the estimated compressibility of the porous matrix based on the porosity €, = 0.186
(Hall et al., 1953). Using Eq. (23), we obtain the storage coefficient S, = 3.09 x 1076 Pa~1.
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The van Genuchten parameter « is found following Guarracino (2007):

_ ( 20cos6 ) -1 (24)
pgr’rnax
where o = 0.0735 Nm ™! is the surface tension of water at 10°C, # = 90° is the static
contact angle of the fluid on a solid surface, 7,4, = 15 pm is the maximum pore ra-

dius (Fig. 5, Sustrate (2017)), g = 9.81ms~2, and p = 1000 kg m~3. Employing Eq. (24),
we obtain a &~ 1.0m™!. The parameters m and n = [l —m]~! are found based on the
fractal dimension D (Mandelbrot, 1983; Ghanbarian-Alavijeh et al., 2010):
3—D
= —. 25

m="7 (25)
The parameter D can be found from the mass-based relationship (Tyler & Wheatcraft,
1992; Boadu, 2000):

M(d < dp) _ ( dpm, )3*D’ (26)

My
where d,,q, is the upper size limit of the particle sizes from the sieve analysis, Mr is the
total mass of a sample, and M(d < d,;,) is the mass of soil with grains smaller than d,,.
From the sieve analysis, we obtain My = 159.0g, M (d < d,,) = 17.3g, dy, = 0.125 mm,
and d;q, = 1.0mm. The parameter D = 1.93 is estimated from Eq. (26) by log trans-
forming both sides of the equation, Eq. (25) yields m ~ 0.5, and n = [l —m]~! ~ 2.0.

dmax

3.2.3 Results

During imbibition, the contact line between droplet and surface can evolve in two
different ways (Marmur, 1988; Lee et al., 2016; Siregar, 2012): (1) the contact line moves
while the static contact angle remains constant, or (2) the contact line is pinned to the
surface while the contact angle decreases. According to our laboratory observations, droplet
imbibition into the Seeberger sandstone takes place with the pinned contact line (Fig. 4a—
d, top). The contact angle in this case varies from 6 = 90° to its minimum value, while
the contact line diameter stays equal to 3.9 mm until the droplet is completely absorbed
after 2.8s (Fig. 4, top).

Figure 4 (bottom) shows the simulation results of the droplet imbibition at differ-
ent times. Here, the fluid particles are initially fully saturated and have ©; = 1.0 and
¢ = 0.0m, and the solid particles are initially set to ©, = 0.01 and ¢y, = —3.8m
(fitted value for the given van Genuchten parameter set). The subscripts f and b stand
for the fluid and boundary particles, respectively.

To keep the contact line pinned to the surface after the droplet equilibrated on the
surface, we linearly increase the interaction force ssy from sg¢ = 0.0 at teq = 0.4s to
Ssf = 1X 107° at ¢/ = 1.065s, and after ¢’ the force ssf stays equal its maximum value
of 1 x 1075, The dynamic contact angle 6 in this case decreases from § = 90° at t.,
to its minimum value 6 = 18° at t’, and stays equal to this value until the end of the
simulation (Fig. 6). The contact diameter stays equal to 3.9mm from t., to t' = 1.06s,
when the droplet reaches its minimum dynamic contact angle.

The absorption time for the simulated droplet is 2.59 s, which is close to the ex-
perimental absorption time of 2.68s.

3.3 Water infiltration into sandstone

Next, we consider the infiltration of 4.0 mL of water into a rectangular Seeberger
sandstone sample. The dimensions of the sandstone block are 47.5x8.0x47.5 mm. The
back, front, left, and right sides of the sample are sealed, and water is supplied to the
top of the sample. During the experiment, we observe the infiltration front (Fig. 7, top)
and measure the water level above the sandstone surface (Fig. 8).
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Figure 6. Changes in droplet contact angle over time.

(@) (b) (©) (d) (e)

Figure 7. Comparison of experimental (top) and simulation (bottom) results of 4.0 mL of

water infiltrating into a sandstone at different times: (a) t1 = 3s; (b) t2 = 165; (c) t3 = 30s; (d)

ts = 50s; and (e) ts5 = 100s.

In the simulation, we created a block of 280 840 solid particles, which are placed
on a uniform cubic lattice with a lattice size of Az = 4.0 x 10~*m. A block of 62500
(equivalent to 4.0 mL of water) fluid particles is placed above the solid (Fig. 7, bottom).
To reproduce no-flow conditions at the back, front, left, and right side, we prescribe pe-
riodic boundaries to the direction of length and width of the sample. Mass and density
of each solid and fluid particle are mo = 6.4 x 1078 kg and py = 1000 kg/m?, respec-
tively, and the smoothing length is set to h = 1.37 x 1073 m. The viscosity is set to p =
1.296 x 1073 Pas, the speed of sound to ¢ = 2.0m/s, and the gravitational accelera-
tion to g = 9.81m/s?.
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The parameters €,, Ky, Ss, ¥, ¥y, Os, and ©,, and the van Genuchten «, m, and
n are taken from the previous subsection. The simulation is run on 8 processors. Fig-
ure 8 compares the experimental and simulation results of the decreasing water level and
wetting depth during the infiltration into the Seeberger sandstone sample. Simulation

o Experiment o Experiment
—— SPH simulation | —— SPH simulation o

~

(2]

_ B
E E
£ =
%/ 5¢ e g
s =
54 \o S
& [
= £

3r =

2+ o

o
1 L L L L L L L L
0 200 400 600 800 1000 0 20 40 60 80 100

Time (s) Time (s)

(a) (b)

Figure 8. Experimental and simulation measurements of (a) water level above the sandstone,

and (b) wetting depth during infiltration.

results are in good agreement with the laboratory experiment (Figs. 7 and 8). Small de-
viations between simulated and experimental results in changes of water level (Fig.8, a)
can be explained by small heterogeneities in the sandstone sample and the empirical es-
timation of parameters based on poresize distributions in Section 3.2.2. In Fig.8(b) the
simulated wetting front over time is a little bit larger than the experimental one. This
deviation can be explained by boundary conditions. For the simulation, we apply peri-
odic boundaries to the direction of length and width of the sample, which allows a uni-
form water infiltration in each direction of the sample. Due to the sealed back, front, left,
and right sides of the sample in the experiment, the infiltration velocity is most likely
slightly faster in the center of the sample due to the influence of the boundary.

3.4 Free-surface flow on a fracture wall adjacent to a porous sandstone
matrix

In this section, we compare the experimental and simulation results of free-surface
flows on a fracture wall and in the adjacent permeable sandstone matrix and the respec-
tive discharge rates at the outlet of the fracture.

The experimental setup consists of a Seeberger sandstone sample with dimensions
47.5x8.5x 47.5 mm, placed between two acrylic glass plates. A water inlet with a con-
tinuous water flux of Q = 3.5mLmin~! is located 5.0 mm above the upper right cor-
ner of the sandstone. A silicon rubber sheet between the acrylic glass plate and the sam-
ple prevents water flowing between the front and back side of the sample. The upper and
right side surfaces are left open to allow free-surface films to evolve. During the exper-
iment, the saturation of the porous matrix is observed (Fig. 9, top), and the water out-
flow mass is measured (Fig. 10).

In the SPH simulation, we create a block of 297 381 solid particles, which are placed
on a uniform cubic lattice with a lattice size of Az = 4.0 x 107*m. A certain amount
of fluid particles (equivalent to the flux @ = 3.5 mLmin~!) is added at each time step
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Figure 9. Comparison of experimental (top) and simulation (bottom) results of free-surface
flows on a porous sandstone at different time intervals: (a) t1 = 5s; (b) t2 = 22s; (¢) t3 = 44s;
(d) ta = 665; (e) t5 = 110s.
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Figure 10. Experimental measurements and simulation results of (a) water outflow mass and
(b) wetted area.

to the upper right corner of the solid block within a small injection volume. The sim-
ulation is run on 8 processors. The input simulation parameters are taken from the pre-
vious subsection. Figure 9 (bottom) shows the porous matrix saturation during the sim-
ulation. The experimental and simulation outflow mass measurements are shown in Fig. 10.
The dotted line represents the outflow mass during the experiment, and the solid straight
line represents the SPH simulation data. During the first 42 s of the experiment and 44 s
of the simulation water infiltrates into the sandstone and accumulates mostly at the top
of the sample, i.e., no outflow is observed. Once saturation of the sandstone reaches a
critical threshold and enough water has accumulated at the top of the sandstone, rapid
gravity-driven flow is initiated at the vertical surface and outflow increases nearly lin-
early. At this point, the system is dominated by preferential flow at the free surface, and
imbibition into the porous matrix decreases slowly. The simulation results are in good
agreement with the laboratory experiment, both in terms of discharge rate, as well as

the onset of the initial breakthrough.
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4 Preferential flow dynamics at a fracture—matrix interface

In fractured porous media in principle two flow types can be distinguished: (1) dif-
fuse/porous medium flow, where water slowly and homogeneously saturates the porous
medium, and (2) preferential flows, along macropores/fractures where water follows the
path of least resistance and may bypass parts of the pore structure (?, 7). For fractured
system with sufficient matrix porosity both flow types can occur simultaneously. The
following section is devoted to the numerical investigation of flow type occurrence, i.e.,
whether preferential or diffuse flow dominates the system. Here, we consider two types
of vertical fractures, one with a permeable and one with an impermeable matrix. The
simulation setup consists of two blocks of solid particles separated by a 2.0 mm fracture.
Each block of solid particles has a width and length of 20.0 mm, and a thickness of 2.0 mm.

The fluid is injected at a 12.0 mm distance that is measured from the fracture top
with constant rates (Fig. 11). We consider 12 different injection rates, ranging from 2 x 10~8
to 2 x 107%m3s1,

(a) (b) (© (d)

Figure 11. Infiltration dynamics in fractures with impermeable (top) and permeable (bot-
tom) walls: (a) @ = 2x 107 %m®s™, ¢t = 4.560s; (b) Q = 8 x 107 ¥ m3s™, ¢t = 0.912s; (c)
Q=6x10"m®s™", t=0.251s;and (d) Q =1 x 10~ m®s™", t = 0.228s.

Mass and initial density of each solid and fluid particle are mg = 8 x 10~ kg and
po = 1000kg/m3, respectively, and the smoothing length is set to h = 6.84 x 10~4m.
In the NS equations, the viscosity is = 1.296 x 1072 Pas, the speed of sound is ¢ =
2.5m/s, and the gravitational acceleration is g = 9.81 m/s%. In the Richards equation,
the parameters ¢,, K, Ss, O, O, ¥y, and 14, and the van Genuchten a, m, and n are
the same as described in Section 3. All simulations are run on 10 processors.

Based on the flux supplied to the fracture, the infiltration process in fractures with
impermeable (Fig. 11, top) and permeable (Fig. 11, bottom) walls can be characterized
according to one of the following scenarios (Fig. 12):

(1) For small fluxes @ < 6 x 1078 m3s™! (Fig. 11 a), accumulation of water at
the top (ponding effect) and fracture flow occur simultaneously.

(2) For fluxes @ in the range between 6 x 1078 and 1 x 107" m?®s~! (Fig. 11 b),
water accumulates at the top of the solid; once a sufficient quantity of water has accu-
mulated at the top, preferential/fracture flow occurs. A similar scenario was observed
during the laboratory experiment for model validation (Section 3.4).

(3) For fluxes @ in the range between 1 x 1077 and 8 x 107" m?®s~! (Fig. 11 ¢),
preferential flow and ponding occur simultaneously.
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403 (4) For large Q@ < 8 x 107" m3s~! (Fig. 11 d), preferential flow dominates sys-
204 tem dynamics. Once, the fracture aperture is fully saturated, ponding occurs.
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Figure 12. Four scenarios of infiltration dynamics in fractures with impermeable and perme-

able walls: (1) for @ < 6 x 1078m®s™!, preferential flow and ponding occur simultaneously; (2)

3 1

for Q in the range between 6 x 107% and 1 x 107" m®s™', ponding dominates; (3) for Q in the

range between 1 x 1077 and 8 x 1077 m®s ™!, preferential flow and ponding occur simultaneously;

and (4) for Q@ < 8 x 107" m®*s™!, preferential flow dominates.

495 5 Partially saturated flow in a rough walled fracture embedded in a

496 porous medium

a07 In the following section, we study the influence of fracture wall permeability on ar-
208 rival time and on volume of water stored in the porous matrix for different infiltration

499 rates. For the simulations, we create two rough parallel fracture surfaces separated by

500 a 2.0mm aperture. Each fracture surface has a width of 50.0 mm, a length of 100.0 mm,

501 and a thickness of 10.0 mm. The roughness of the solid surface is characterized by the

502 Hurst exponent ¢ (Bouchaud et al., 1990; Shigorina et al., 2019) and an initial maximum
503 value A for the random displacement from a planar surface. It was shown that ¢ often

504 assumes values of 0.80 & 0.05 for consolidated rocks (Bouchaud, 1997; Ponson et al., 2006);
505 however, wider ranges within 0 < ¢ < 0.9 have been measured as well (Sahimi, 2011;

506 Boffa et al., 1998). Here, we chose ¢ = 0.75 and A = 40.0mm. The rough fracture

507 surfaces are resolved with 6784 800 solid particles with a particle spacing of Az = 2.0 x 10~* m.
508 Simulations are run on 32 processors. The amount of fluid particles depends on the flux

500 @ and the simulation duration. The parameters mg, po, b, 1, ¢, 8, €y, Ks, S, Og, O,

510 1y, and 1y, and the van Genuchten parameters o, m, and n are the same as described

511 in Section 4.

512 We consider two types of rough fractures: (1) one with an impermeable matrix (Fig. 13,
513 top) and (2) one with a permeable matrix in which Ky = 6.39 x 10~°ms™! (Fig. 13,

514 bottom). Under the term fracture wall, we consider a thick porous (permeable or imper-
515 meable) matrix adjacent to the fracture void space. The fluid is injected along the top

516 of the fracture with constant volumetric flux Q. Figure 13 shows the flow mode distri-

517 butions inside fractures with impermeable and permeable walls for three infiltration rates:

518 Q=3x10"%m3s7! (Fig. 13a), Q =9 x 107 %m3s~! (Fig. 13b), and Q =2 x 10> m3s~!
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(Fig. 13c) at arrival times for the fracture with impermeable walls. We measure arrival
time as the time period between the start of the fluid injection and the time when the
fluid in the fracture void space reaches the bottom of the fracture.

Figure 13. Flow mode distributions inside a rough fracture with impermeable (top) and
permeable (bottom) walls for different fluxes at arrival times for permeable fracture: (a)
Q=3x10"m?s7!, ¢t =1.026s; (b) Q = 9x 10 m3s™", ¢t = 0.570s; (¢) Q = 2x 10’ m3s™*,
t = 0.388s.

For the lower infiltration rate (Q = 3 x 1075m?®s~1), the dominating flow modes
are droplets and a combination between temporary rivulets (slugs and elongated droplets)
and snapping droplets (Fig. 9a). For the higher flow rate @ = 9 x 10~°m?s~!, we ob-
serve a transition into a rivulet-dominated regime with the occasional (lateral) merging
of rivulets. For even higher flow rates (Q =2 x 1075 m3s~!), flow transitions into snap-
ping films that partially break up into rivulets.

Figure 13 (bottom) shows the saturation of the porous matrix. In contrast to sim-
ulations that employ an impermeable matrix (Fig. 13, top), a lower volume of fluid oc-
cupies the fracture void space and hence alters the flow-rate-dependent formation of flow
modes. Figure 14 compares the fluid arrival times for fractures with permeable and im-
permeable walls. The ratios t* between arrival times for permeable and impermeable ma-
trix systems are listed in Table 2.

tim
tx , (27)
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where ¢;,, and t, are the arrival times for an impermeable and permeable matrix, respec-
tively. As expected, the simulation results indicate a delay in arrival time when a per-
meable matrix is present (Fig. 14). For an infiltration rate Q@ = 3 x 107 °m3s7!, we
measured a value of t* = 2.11, i.e., for a permeable fracture matrix breakthrough that

is about two times slower than the breakthrough for an impermeable one. For the high-
est infiltration rate of Q@ = 2 x 107> m?3s™!, water is rapidly channeled through the frac-
ture void space to the bottom of the fracture without any significant delay compared to

a fracture with permeable walls.
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Figure 14. Dependence of fluid arrival time on infiltration rate for an impermeable and per-

meable matrix.

The volume of water stored in the fracture was calculated by the outflow ratio #:

Qout

Q )
where @, is the volume of water leaving the system at the bottom of the fracture di-
vided by time, and 7 assumes values between 0 and 1. When n = 1, no fracture out-
flow occurs and all of the injected water is kept in the porous matrix within the fracture
void space or on the fracture surface, while a value of n close to zero represents a steady
state condition where the outflow rate is equal to the infiltration rate. Figure 15 com-
pares changes in n with time for an impermeable and permeable matrix. The difference
in 17 between impermeable and permeable matrix systems corresponds to the relative amount
of water stored in the porous matrix. Table 2 provides the difference in outflow ratio An
for an impermeable and permeable matrix at t = 3 s for different infiltration rates. The
largest value of An;—3 = 0.71 occurs at the lowest flux of @ = 3 x 107 m3s~!, indi-
cating that more than 70% of water is stored within the porous matrix. For larger in-
filtration rates Q@ = 9 x 107 % and Q@ = 2 x 107> m?s~!, the outflow ratio decreases
with An,—3 = 0.25 and 0.18, respectively. Due to the limited uptake capacity of the
matrix, a smaller amount of water infiltrates into the porous matrix.

n=1-— (28)

6 Discussion

In this paper, we present a novel multiscale SPH model investigating preferential
flow dynamics in fractures adjacent to a porous matrix. As expected flow in fractures
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Table 2. Statistical properties for different fluxes in rough fractures, respectively.

Q (m3/s) 3x107% 9x107% 2x107°
t* 2.11 1.38 1.24
Ani—3 0.71 0.25 0.18
1 1 N
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Figure 15. The outflow ratio over time for different infiltration rates: (a) @ =

3x107°m3s™ () Q=9%x10"°m?*s™;and (¢c) Q =2 x 10°m>s™ 1.

is much faster than in the porous matrix, yet flow within fractures is strongly affected
by the interaction with the porous matrix and the diffuse flow component in the adja-
cent porous matrix.

Specifically, we study infiltration dynamics in a 2.0 mm fracture for fluxes ranging
from 2 x 1078 to 2 x 107 %m3s~!. For a given water inlet location, infiltration is char-
acterized by one of the following four scenarios (see Figs. 11 and 12). In the first sce-
nario (low infiltration rates of @ < 6 x 1078 m?s~1), we observe droplet flow in the ver-
tical fracture with some water accumulating at the top horizontal surface. In the sec-
ond scenario (Q between 6 x 107® and 1 x 107" m3s™!), the ponding effect dominates.

In this case, water accumulates first at the top, until saturation is high enough to ac-

tivate fracture flow. In the third case (Q is in the range between 1 x 107 and 8 x 10~ m3s71),

ponding and fracture flow occur simultaneously. As soon as fluid reaches the fracture
top, it separates into two streams. One enters the fracture, while the other one connects
to the horizontal top surface and feeds a growing droplet/puddle. In the last scenario
(Q <8 x10~"m3s7!), all water enters the vertical fracture. If the infiltration rate is
high enough to fill all fracture space with water, water eventually starts accumulating
at the horizontal surface. In all of these cases, preferential flow transmits water rapidly
to the bottom of the fracture, while matrix flow occurs much slower than fracture flow
even under saturated porous medium conditions.

Next, we investigated infiltration dynamics in rough fractures with permeable and
impermeable walls. We simulate a continuous water flux supplied to the top of a frac-
ture with 50.0 mm width, 100.0 mm length, a 2.0 mm aperture, and 10.0 mm wall thick-
ness. The roughness of the fracture walls is characterized by the Hurst coefficient { =
0.75 and A = 40.0mm. We consider three infiltration rates of Q = 3 x 1076, Q =
9x107°% and Q = 2 x 107°m?®s~!. The simulation results show a delay in arrival times
for a fracture with permeable walls as compared to a fracture with impermeable walls,
especially for Q@ = 3 x 1075m?3s~! because low free-surface velocities and/or high im-
bibition capacity causes water to efficiently saturate the porous matrix. For Q@ =2 x 10~°m
water flows rapidly to the bottom of the fracture without any significant delay in arrival
time. Under the chosen conditions and depending on the flow rate, the permeable frac-
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ture walls represent an efficient storage component capable of storing more than 70% of
the infiltrated water.

7 Conclusion

We developed a fully parallelized multiscale SPH model to study infiltration dy-
namics in porous-fractured rock formations. In our model, flow in the porous matrix is
governed by the Richards (1931) equation, which is coupled to the free-surface flow in
the adjacent fracture; the flow itself is governed by the Navier—Stokes equation. Inflow
dynamics from the fracture into the porous matrix are realized by an efficient particle
removal algorithm and a virtual water redistribution formulation in order to enforce mass
and momentum conservation. The model is validated by comparison with a numerical
COMSOL model and with laboratory experiments.

The SPH model for free-surface flow in fractures was proposed and validated in our
previous work. To demonstrate the implementation of the Richards equation in the SPH
model, we calculated the time-dependent pressure head distribution inside a vertical solid
column with a constant pressure head boundary and found a good agreement with the
corresponding finite element solution obtained with the COMSOL package.

The validation of infiltration dynamics, i.e., imbibition from a free-surface flow do-
main into the porous matrix, is carried out via comparison to three types of small-scale
laboratory experiments: (1) droplet imbibition on a horizontal sandstone plate, (2) wa-
ter column infiltration into a sandstone sample, and (3) discharge of free-surface flow on
a porous medium. For the droplet imbibition experiment, we observe changes in droplet
size and shape, and measure the imbibition time. In the second experiment, time-dependent
drawdown of a water column with a total initial volume of 4.0 mL above a sandstone slice
is measured, and the saturation front in the porous matrix is observed visually. In the
third experiment, we consider a continuous water flux of 3.5 mL min~—' supplied to the
top right corner of a rectangular sandstone sample. Water accumulates at the top sur-
face and is allowed to discharge across the open right vertical surface. In order to quan-
tify the outflow and interaction of the fluid with the porous matrix, we measure the out-
flow mass leaving the system and visually determine the saturation of the porous ma-
trix. All laboratory experiments are carried out with Seeberger sandstone samples. The
permeability and van Genuchten parameters of the sandstone are estimated from pore
size and grain size distribution analyses. Our model is in very good agreement with all
considered types of laboratory experiments.

Next, we investigate under which condition preferential flow occurs. Our simula-
tion results show, that a preferential flow occurs simultaneously with diffuse flow and
transmits water much faster, providing rapid aquifer recharge even under unsaturated
and partially saturated conditions. Depending on infiltration rate and water inlet loca-
tion, preferential flow, ponding, or both can be dominant in the system. For ponding-
dominated systems, we observe a short delay in fracture flow. In this case, the fracture
transmits water if enough water accumulates at the top of the solid surface. For preferential-
flow-dominated systems, fracture flow occurs immediately, and ponding occurs only if
the fracture aperture is fully saturated.

Finally, we study infiltration dynamics of rough fractures with impermeable and
permeable walls. The 2.0 mm aperture fracture has a 50.0 mm width, 100.0 mm length,
and 10.0 mm wall thickness. The roughness of the fracture walls is characterized by the
Hurst coefficient. Using our fully coupled numerical model, we demonstrate the influ-
ence of the fracture wall permeability on the fluid arrival time for different infiltration
rates, as well as on the volume of water stored in the porous matrix adjacent to the frac-
ture. We observe that the fracture wall’s permeability has a significant influence on the
arrival time and outflow ratio for low infiltration rates.
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Appendix A Fundamentals of Smoothed Particle Hydrodynamics method

SPH is a mesh-free Lagrangian method where fluids are discretized with a set of
N points, commonly referred to as particles. Each particle is defined by its position r;,
mass m;, density p;, and velocity v;, i = 1, ..., N. The solid particles do not have a phys-
ical meaning, these are computational particles that are used to prescribe boundary con-
ditions for the SPH Navier-Stokes equation.

SPH is based on the approximation of a continuous function and its derivative:

N
F) =32 AW = xgl. ) (A1)
v
Vf(r)= Z?jf(rj)vw(lr_rjlﬂh)a (A2)

J

where the kernel W(|r —r;|, k) (Fig. Al) satisfies the normalization condition,

/W(\r—rj|7h)dr: 1, (A3)

and has compact support h (h is also called as a smoothing length, or kernel length). In
the limit of A — 0, W approaches the Dirac delta function 6(|r — r;|):

T W (r = x5, 1) = 8(/r = x;)) (A4)

Figure Al. Kernel W with a circular support domain of length h and value W (r;;, h) be-

tween particles ¢ and j at a distance 7;;.

A number of functional forms of W have been used in the literature. In this study,
we use W in the form of a so-called “Wendland” kernel (Wendland, 1995):

(1—Zayd(45e 1) if0<ry <h
W(rij, h) = o ’ )

where oy, = 21/(2wh3).

The main equations, which we discretize with the PF-SPH method are the conti-
nuity equation,
T _pv ) (A6)
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the momentum conservation equation,

dv 1 T
— =--VP+-V A7
= SVP+ ViV te, (A7)

and the Richards equation,

90 (v) o OK (1))
oV K.k, )
ot g =V Kk Ve =
The parameters are the pressure P, viscosity u, gravity g, water content ©, pressure head

1, specific storage coefficient Sy, C,, specific moisture capacity, effective saturation S,
relative hydraulic conductivity k,, and saturated hydraulic conductivity K.

= (Cy, + pgSeSs)

(A8)

In this framework, we consider two types of particles: (1) solid/boundary particles,
which represent a solid surface, fracture walls and/or porous media, and (2) fluid/water
particles. The solid particles are immobile, and placed on a uniform cubic lattice with
a lattice size Az. The spacing Az may vary depending on the simulation setup and on
the required resolution. The fluid particles are initially placed on a uniform cubic lat-
tice with the same Ax as solid particles, or they can be randomly added to the simu-
lation domain within a defined region during the simulation. Changes in positions of fluid
particles are found via an SPH discretization of Eqs.(A6)-(A7):

dr;
‘= ) A9
a Y (A9)
N
i P, P\r;; - d o h
dJZZ—Zm‘<%+%)i_j_-derm QMZm] .Vz-j”' VVCET’U7 )
t =1 PJ pl rzj rz] i=1 pzpj'r” 7"”
N
+g+—ZF”, (A10)
Jj=1

where the density p; is obtained from kernel summation as

Zm] (rij, h). (A11)

This expression conserves mass exactly and, therefore, can be used instead of the mass
conservation (continuity) Eq.(A6).

The particle-particle interaction force F;; in Eq. (A10) is used to generate surface
tension and the fluid wetting behavior. Here, we use F;; in the form (Kordilla J., 2013;
Kordilla et al., 2017):

T hA T . g
Fij = Sij AijW<T’ij, *) rfj — W(’/‘ij, h)rﬂj| y (A12)
L 2 Tij 7"7;]'

where W is a cubic spline function:

W(rij,h) =14 1(@2-%)3 if05<E<1 (A13)

Here, s;;, A, B, hy, and hs are the parameters in the function F;;(r), which com-
bination determines the surface tension. Following (Kordilla et al., 2017), we set A =
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8, B = —1, hy = 0.5, and hy = 1 and use s;; as a calibration parameter to match the
surface tension.

Our SPH model does not require the discretization of an air-phase, which strongly
reduces computational costs, specifically when a large continuous air-phase is present.
However, this also prevents the implementation of continuum surface force methods for
the calculation of surface tension. Interaction forces are a suitable and efficient alterna-
tive and work for multi-phase as well as pseudo-multiphase (i.e. fluid 4+ non-discretized
airphase) problems. The exact analytical relationship between pairwise interaction forces
and surface tension has been demonstrate by (A. M. Tartakovsky & Panchenko, 2016).

In our model, we have two types of interaction forces: between two fluid particles
(with a coefficient sys), and between one solid and one fluid particle (with a coefficient
ssf). The coefficient sy is chosen in such a way, that water-air pressure difference sat-
isfies the water surface tension. The coefficient s,¢ controls the static contact angle of
the fluid on the solid surface. As larger the s,r, as more fluid attracted to the solid and
as smaller the static contact angle is.

The interaction force as a function of r is shown in Fig. A2. The balance between
attraction and repulsion keeps particles at a certain distance between each other.

8+ . -
\ 3
. \ —
............ ’é’w
=
L
T repulsion
0 =
attraCtlon .............
U USRS .
1
: ri/h

Figure A2. Interaction force between particle ¢ and j depending on a distance r;; between

them and kernel length h.

The smoothing length h is chosen for each simulation in such a way that h = ¥40(Ax),

where Az is the particle spacing, and 40 is the particle number density, i.e., the num-
ber of interacting particles within the kernel range h, which was shown to yield sufficient
numerical accuracy (A. M. Tartakovsky & Meakin, 2005; Kordilla J., 2013; Kordilla et
al., 2017). The mass of each particle mg is set to mg = po(Az)3. Both solid and fluid
particles have the same mass and volume, and hence the same smoothing length h.
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Acronyms

EOS Equation of State
FEM Finite element model

LAMMPS Large-Scale Atomic/Molecular Massively Parallel Simulator

MPI Message Passing Interface
NS Navier-Stokes equation

PF-SPH Pairwise-Force Smoothed Particle Hydrodynamics

PDE Partial differential equation
REV Representative Elementary Volume

Notation

Str
Ssf

particle acceleration
interaction forces coefficient
interaction forces coefficient
speed of sound

specific moisture capacity
fractal dimension
representative grain size
upper grain size limit

force

interaction force acting between particle ¢ and j

gravitational acceleration
kernel length

particle index

particle index

relative hydraulic conductivity
saturated hydraulic conductivity
van Genuchten parameter
particle mass

percentage of mass less than d,,
outflow mass

total mass

van Genuchten parameter
normal vector

number of measurements
pressure

specific flux

volumetric flux

inflow volumetric flux

outflow volumetric flux

position vector

distance between particle ¢ and j
maximum pore radius
water-air-solid contact line
standard deviation

effective saturation

fluid-fluid interaction coefficient
solid-fluid interaction coefficient
specific storage coefficient
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SFE; standard error

t time
t* ratio between arrival times
tim arrival time for impermeable fracture
tp arrival time for permeable fracture
v particle velocity vector
w kernel function
w interaction forces kernel function
a van Genuchten parameter
o Wendland function coefficient
5 EOS coefficient
A Hurst exponent random variance
At time step
Az particle spacing
€p porosity
I viscosity
n outflow ratio
Ang—3 difference in outflow ratios at ¢t = 3s
P pressure head
Uy pressure head of boundary particles
Yy pressure head of fluid particles
(I draining pressure head
(. wetting pressure head
1) density
o surface tension
Tw viscous stress tensor
] water content
Oy water content of boundary particles
Oy water content of fluid particles
O, residual water content
O, saturated water content
0 contact angle
Xf fluid compressibility
Xp porous matrix compressibility
¢ Hurst exponent
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