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Abstract

Probing the flow permeability of porous media with elastic waves is a formidable chal-
lenge, also because the wave-induced oscillatory motion renders the permeability frequency
dependent. Existing theoretical models for such a dynamic permeability assume that the
frequency dependence is primarily controlled by a single characteristic length scale of the
pore space. However, the fact that in most natural porous media there exists a distinct
range of pore sizes is ignored. To overcome this limitation, we develop a dynamic per-
meability model that explicitly incorporates the pore size distribution. We show that the
pore size distribution has a first-order effect on the dynamic permeability. Since the pore
size distribution is measurable from techniques such as nuclear magnetic resonance, the
results indicate the possibility to jointly use remote-sensing technologies for improved
geomaterial characterization and optimized permeability manipulation of manufactured

porous media.

Plain Language Summary

The flow rate of fluid through a porous material depends on the permeability. When
the porous material is excited with elastic waves, there is oscillatory fluid motion in the
pore network. Then the permeability becomes frequency-dependent, i.e. a dynamic per-
meability. We develop a model for the dynamic permeability in porous materials with
a range of pore sizes. We find that the pore sizes and their pore volume fraction have
significant influence on the dynamic permeability. This is the first time to make connec-
tion between the elastic wave, whose velocity and attenuation are controlled by the dy-
namic permeability, and the nuclear magnetic resonance technique from which the pore

size distribution can be inferred.
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1 Introduction

Analogous to the dc and ac electrical conductivity of metals, the dc and ac per-
meability are prime characteristics of a porous medium. The estimation of the flow (dc)
permeability in presence of a fluid pressure gradient is of uttermost importance in geo-
fluid detection (Chu et al., 1988; Blunt, 2017), water resource management and devel-
opment (Molz et al., 1989; Neuzil, 1986; Ghanbarian et al., 2016), biomechanics and mechanobi-
ology (Gailani et al., 2009; Benalla et al., 2012; Cardoso et al., 2013), nuclear waste dis-
posal and storage (Reynes et al., 2001; Liu, 2014), and chemical engineering (Xue et al.,
2018). When the fluid pressure gradient is time-harmonic, e.g. when induced by elas-
tic waves, oscillatory motion arises and then the ac (dynamic) permeability concept orig-
inally developed by Johnson et al. (1987) is essential with direct applications in bore-

hole acoustics (Lin et al., 2009; Zhang and Miiller, 2019).

The so-called JKD model of Johnson et al. (1987) for the ac permeability is known
to work well in porous media with relatively simple pore structures. Various theoreti-
cal and numerical analyses point out the limitations of the JKD model in presence of cor-
rugated pore channels as typically observed in porous rocks. Then, the bulk fluid flow
contribution dominates the flow in the viscous boundary layer (VBL), resulting in slower
convergence of the dynamic permeability to its high-frequency asymptotic limit (Achdou
& Avellaneda, 1992; Cortis et al., 2003). The importance of pore sizes and their distri-
bution on the hydrodynamics of oscillating flows has also been recognized (Achdou &
Avellaneda, 1992). Given that the pore sizes in rocks are highly variable and their spa-
tial distribution is complex, one expects that the ac permeability is strongly controlled
by the pore size distribution (PSD). However, its impact is typically neglected or over-
simplified, e.g. by roughly estimating parameters in the existing dynamic permeability
models (Miller & Sahay, 2011; Pazdniakou & Adler, 2013). This is striking since the pore

size distribution in rocks is measurable in the laboratory and in-situ in boreholes.

Perhaps the most popular laboratory technique for PSD determination is mercury
injection capillary pressure (MICP) experiment (Purcell et al., 1949). However, due to
environmental and economic concerns, modern approaches construct the capillary pres-
sure curve and the PSD from nuclear magnetic resonance measurements (NMR) (Eslami
et al., 2013; Xiao et al., 2016). It is also common to extract the PSD from image anal-

ysis of scanning electron microscopy (SEM) or micro computed tomography (u-CT) (Blunt,
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2017; Widiatmoko et al., 2010) with excellent visualisation of pore structure. However,
such image-based PSD is often restricted to very small areas or sub-volumes making it
unrepresentative for macroscopic formations. Thus, from this perspective, the PSDs from
NMR or MICP are better choices since they provide averaged values (i.e. core or even
larger scale) and yet sufficient detail to represent macroscopic spatial variations. Espe-
cially, the inversion of PSD from NMR spectra is of great practical significance given its
potential applicability in well-bore intervals. In this letter we construct a dynamic per-

meability model that incorporates the broadband PSD derived from NMR measurements.

2 Theory
2.1 Hydrodynamics of Oscillating Flow at Pore-scale

Let us consider a representative pore channel saturated by a viscous fluid with shear
viscosity pus and density ps. Under the action of an externally imposed, harmonic load-
ing e7“!, a fluid parcel performs an oscillatory movement along the channel axis. The
fluid velocity u can be decomposed into a potential flow field u,, and a viscous flow field

due to the drag of the pore wall (Lighthill & Lighthill, 2001; Biot, 1956b)
u=u,[l-7], (1)

where 0 is conceived as the viscous flow velocity normalized by |up|. Only the viscous

flow contributes to the Darcy flow observed at macro-scale and through which the dc per-
meability is defined. In contrast, the potential flow is independent of the shear viscos-

ity. With increasing frequency, the viscous skin depth é§ = \/m becomes very small
and the oscillatory flow is dominated by the flow in the bulk volume (Cortis et al., 2003).
Thus, with increasing frequency the dc permeability is expected to vanish and the frequency-
dependent transition is governed by the ac permeability. For idealized pore geometries,

the normalized velocity of bulk flow is a function of pore size r:

elkr Flat pore wall
o(k(w);r) =< cosh™(ikr) Slit pore (2)
Jo t(kr) Cylindrical pore

Here r is half of the aperture length for planar and slit-like pores or the radius for the
cylindrical pore. The viscous wave describing the process of vorticity diffusion has the
wave number k = (1 + 1)/d. For an assemblage of pores, i.e. a porous medium with

porosity ¢, the dc permeability is proportional to the square of the effective hydraulic
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length scale ry, i.e. kg oc rZ. This dc permeability becomes only meaningful for a low-
frequency regime § > ry,, but not for a high-frequency regime when potential flow pre-
vails as § < ry,. The crossover frequency is the Biot frequency (Biot, 1956a) scaled by
the tortuosity T: wp = ¢us/Tropr (Sheng & Zhou, 1988; Charlaix et al., 1988).

2.2 Interaction of Propagating and Diffusive Waves at Macro-scale

The volume averaging framework of poroelasticity systematically brings the role
of the diffusive viscous wave to the macroscopic level, i.e. at scale of a porous medium
containing one or multiple pore networks (Sahay et al., 2001). The diffusive viscous wave
in the VBL emerges at macro-scale as slow shear (S-) wave, which is the fourth kind of
wave in fluid- saturated porous media (Sahay, 2008). Such a macroscopic description has
the advantage that then the interaction with elastic waves can be quantified. The con-
version scattering from fast P- to slow S-waves in a weak-fluctuation approximation re-

sults in an effective P-wavenumber (Miiller & Sahay, 2011)
B ke (14 A (14K 8] 3)

This means that an incoming P-wave (k7°) is becoming attenuated due to conversion into
the slow S-wave (k4), or equivalently, due to the presence of VBL. A; represents a com-
bination of variances of the randomly fluctuating medium parameters and 72 contains
their characteristic length scales. Similarly, a propagating slow P-wave kS° is becoming

attenuated due to conversion scattering into the slow S-wave according to (Miiller & Sa-

hay, 2011)

Re o k5 [+ A1+ K3 2)] (4)
In equations. (3) and (4) the complex-valued slow S-wave number is ky = k_ + iky
with

2
wpr wH _ wB
ke =,/ \/1 dymy)? + 2B 5 ©B.
* 2dfuf\/ (1+ deme)® + 2w 5)

where df = 1/(T —mg¢), me = ¢pe/[Pps + (1 — ¢)ps] is the fluid mass fraction, ps is the
density of the solid. Thus, in the porous medium context the normalized velocity of bulk
flow (w; ) is obtained by replacing the wave number of ordinary diffusive wave k in equa-

tion (2) by the slow S-wave number k.
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2.3 Dynamic Permeability Based on Pore Size Distribution

Miiller and Sahay (2011) draw an analogy between the slow P-wave in the inertial
regime (k3°) and the potential flow field to develop a model for the dynamic permeabil-
ity based on the frequency-dependent ks — k4 conversion scattering process. Key to this

model is the interpretation of the dynamic length scale in equations. (3) and (4),

72 = /0 r B(r)e*" dr. (6)

It arises due to the presence of random heterogeneity, whose spatial correlation function
is B(r), and the slow S-wave number k4 as proxy for the vorticity diffusion process in
the VBL. We remark that the use of equation (6) for heterogeneous porous media is per-
mitted since equations (3) and (4) are macroscopic equations. Here, we conceptualize
the heterogeneous porous medium as a medium in which the sub-porosity is variable in
space. For such a multiple porosity medium we assign to each incremental porosity ¢;

a characteristic hydraulic length 7, which quantifies the dominant pore size associated
with the spatial domain of ¢;. This is symbolically denoted as ¢;(r). We assume that
this length is variable within a range r € [Fmin, "max]- Then, the dynamic length scale

becomes

72— /Tmax @i (r) O (ka(w);r) dr. (7)

min

We note that the finite range of integration replaces the requirement of a vanishing B(r —
00) in the original weak-fluctuation approximation. Since laboratory measurements of
the pore size and the corresponding distribution of the incremental porosity are discrete
quantities, we discretizise the integral. Assuming that there are n different character-
istic hydraulic lengths in [Fmin, "max] With an increment Ar = (rpax—"min)/n, we find
Tmax
2= Z 7 ¢i(r) 0(ka(w);r) Ar. (8)
P=Tmin

Without the oscillating perturbation, the ¢ defined in equation (8) is a length scale (k4 =
0) = V/r,Ar associated with the average pore size 7, = > r¢;. The incremental poros-
ity ¢; is the calibrated porosity associated with all pores of the i*" pore size (Coates et
al., 1999). Under excitation of external harmonic loading, the frequency-dependent square
of length scale 72 controls the amount of the fluid in the porous medium contributing
to Darcy flow. Therefore, the term A1/2 in equations (3) and (4) acts as the dynamic
permeability. In the low-frequency limit, the dynamic permeability is not arbitrary but

has to converge to the dc permeability. Thus, the dynamic permeability incorporating
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a discrete PSD (with measured r and ¢;) is

R(w) = ko ia:x r¢i(r)ﬁ(k4(w);r)/ ia:x r¢i(r)z~)(k2;r), (9)

T=Tmin T=Tmin

where k) = kyq(w — 0) = i\/d/koTds. Equation (9) is the main result of this letter.

It allows us to quantify the dynamic permeability in porous media with multiple poros-
ity peaks in the discrete PSD which is measurable by using experimental techniques such
as NMR. Thus, equation (9) provides a crosslink between the two entirely different ex-

perimental techniques of seismic sounding and NMR.

2.4 Dynamic Permeability for Different Wettability Conditions

Based on the different hydrodynamic behavior of fluids on hydrophobic and hydrophilic

solid surfaces, the impact of the wettability on the dynamic permeability is represented
by the slip boundary condition (SBC) (Li, Rezaee, & Miiller, 2020; Li, Rezaee, Miiller,
& Sarmadivaleh, 2020). The wettability indicator, the static contact angle 6. for the lig-
uid cluster immersed in its vapor on a solid surface, and the slip length b follow the scal-
ing relationship b < (1 + cosf.)~2 (Huang et al., 2008; Ortiz-Young et al., 2013). Thus,
the wettability of a porous medium can be modeled by a variable slip length (b > 0).
The effective shear viscosity corresponding to SBC is the apparent viscosity of the fluid

inside the VBL (Li, Rezaee, Miiller, & Sarmadivaleh, 2020),

slip Kt
pe =g (10)
It 5@
where d,(w) = |(1 + i)/k4| is a modified viscous skin depth. This approximation im-

plies that the VBL has finite thickness in the low frequency limit, 63 = [(1 4 i)/kJ|.
Thus, u?lip(w —0) = 1#}7;52 < pg, which in turn implies that the effective dc perme-

ability exceeds kg,

o b
KJBhp = Ko (1 + 60) > Ko - (11)
p

This means that a hydrophobic porous medium saturated by a non-wetting fluid corre-

sponds to the SBC where the effective dc permeability is higher than that in the case

of wetting fluid saturation, in agreement with Javadpour et al. (2015). There is also a

close resemblance to the model of Berg et al. (2008). By using the effective viscosity u?hp
slip

and the effective dc permeability x)" for SBC in equation (9) we obtain a generaliza-

tion of the dynamic permeability model to account for the wettability condition.



186 3 Implications in Pseudo and Real Sandstone

187 3.1 Dynamic Permeability for Bimodal PSD

188 In order to evaluate the impact of PSD on dynamic permeability, we construct two
189 different bimodal pore size distributions often observed for rocks (Xiao et al., 2016). The
19 PSD of example #1 includes a large portion of big pores and a only little portion of small
101 pores, a typical feature for conventional sandstones (black curve in Figure la and b). In
192 contrast, in example #2 the PSD means that pore volume of small sized pores comprise
193 a large portion of the pore volume than that of large size pores. This is a characteris-

104 tic of so-called tight rocks (red curve in Figure 1a and b). Real and imaginary parts of

105 the dynamic permeability (without and with SBC) are shown in Figure 1c and d. To in-
196 vestigate the effect of PSD solely, we use in both examples the parameters given in Ta-
197 ble 1. The slip length is arbitrarily chosen as b = 0.1 7, for the SBC, where the effec-

108 tive capillary radius r. = 5+/ko/¢ (Blunt, 2017; Berg et al., 2008).

109 The imaginary part of hydrophobic case is higher in low frequencies but lower in

200 high frequencies than that of hydrophilic case indicating that the hydrophobicity of SBC

201 promotes the relative motion of fluid, therefore increase the dissipation, in low frequen-

202 cies but diminishes the viscous friction at high frequencies (Figure 1d).

203 In contrast to the smooth crossover predicted by the JKD model, the PSD-dependent
204 dynamic permeability exhibits quite different patterns. This is because the variability

205 of the pore sizes is embedded in our model. The imaginary parts have two peaks, which

206 is especially prominent for the tight rock because of its large portion of the pore volume

207 comprised of small size pores. The Biot frequency coincides with the low frequency peak
208 indicating the general validity of the relation &(w)/ko = f(w/wpg) with the correspond-

200 ing characteristic pore size r. ~ \/ko/¢. The high-frequency peaks arise due to the pres-

210 ence of a smaller characteristic pore sizes.
on 3.2 Dynamic Permeability for Measured PSD
212 We infer the pore sizes and their distribution for a Bentheimer sandstone sample

213 by using the Magritek 2 MHz NMR Rock Core Analyzer. Following the experimental
214 protocol of Xiao et al. (2016), we obtain 53 data points of the true pore size distribu-
215 tion from the NMR 75 (transverse relaxation time) distribution data, which is subsequently

216 calibrated by the mercury injection pore radii distribution (Figure 2a and b). The SEM
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Figure 1. (a) Accumulative and (b) incremental porosity of two bimodal pore size distribu-
tions; (c) real and (d) imaginary part of the dynamic permeability and approximation in the
slip boundary (hydrophobic) condition. The horizontal dash lines indicate the zero values. The

vertical dotted line marks the Biot frequency fg = wg/27.

image is taken at the same time for grain shape/sorting analysis (inset of Figure 2a), which

also illustrates the complexity of pore spaces (light red shading in inset of Figure 2b).

Using the parameters in Table 1, the real parts and imaginary parts of normalized
dynamic permeability are shown in Figure 2c and d. The dynamic permeability based
on PSD has a lot of similarities with other dynamic permeability models (Achdou & Avel-
laneda, 1992; Johnson et al., 1987; Miiller & Sahay, 2011; Sheng & Zhou, 1988). For in-
stance, the scaling function &/k, = f(w/wg) is validated for the dynamic permeabil-
ity based on PSD (Figure 2). It is clearly segmented by the Biot frequency fp = wp/27
into two parts: the viscous dominated regime in low frequencies (f < fp) where & ~

ko and the inertia dominated regime at high frequencies (f > fg), where the dynamic
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Table 1. Parameters of Water-saturated Bentheimer Sandstone

Grain

Density, ps 2650 kg/m®

Matrix Frame

Porosity, ¢ 0.2192

dc Permeability *, kg 3x10712 m?
Tortuosity **, T 2.78

Fluid

Density, pt 1000 kg/m?
Viscosity, ur 1 cP

* Klinkenberg Permeability.

** Fstimated by T = (14 1/¢) (Berryman & Thigpen, 1985).
2

permeability decreases as frequency increases. The featured bow-tie shape imaginary part
of K is also predicted. The difference between the three pore shape models of PSD de-
pendent dynamic permeability is insignificant, especially in the low-frequency range, thus
validating the insensitivity of the dynamic permeability to the microstructure (Sheng &

Zhou, 1988).

3.3 Characteristic Frequencies

In Figures 1d and 2d the Biot frequency fp matches the main peak of the imag-
inary part of the dynamic permeability very well. In addition we observe that at high
frequencies there are further characteristic frequencies associated with characteristic pore
sizes. Because the dynamic permeability model involves the slow S-wave, a character-
istic frequency f. arises when the slow S wavelength A is on the order of the character-
istic pore size of a certain pore network. Substituting equation (5) for the slow S-wave

number into kg = 27/A, we find

2ur [4m?  ¢/(koTdy)
=+ . 12
fc Tpf )\4 + )\2 ( )

—10-
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Figure 2. The pore sizes and the distribution of (a) accumulative and (b) incremental poros-
ity for Bentheimer sandstone obtained from NMR T2 data (53 measurement points) calibrated
by the pore throat radii distribution of MICP; SEM image in the insets demonstrates the Ben-
theimer sandstone has well-sorted grain framework but complicated pore network structure (light
red shading in (b)). A comparison of the (c¢) real parts and (d) imaginary parts of the dynamic
permeability normalized by dc permeability for the Bentheimer sandstone by three different

pore shape models. The Biot frequency fg is marked in the red dash line. The characteristic

frequencies fc1, fe2, fes are associated with the characteristic pore sizes.

At the high frequencies, f > fg, we have 1/\* > 1/A2 and thus

47
fc = 1

= oot (13)

Interestingly, the characteristic pore sizes are not necessarily the pore sizes with local
porosity extremes in the pore size distribution but rather they represent the local ex-

tremes of contribution to the bulk viscous flow, and hence the Darcy flow.

According to equation (8), the dynamic permeability is controlled by the frequency-

dependent length scale L;(w;r) = r¢;0. The local peaks in the imaginary part are linked

—11-
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Figure 3. Imaginary part of the length scale L;(w;r) = r¢;0 as a function of frequency and
pore size where the solid black line (A & 4r) based on equation (12) corresponds to the pore-scale
dissipation peaks and the high-frequency linear asymptotic approximation based on equation (13)

is plotted as dashed lines.

by the characteristic pore sizes (i.e. Tc1, Tc2, Te3 for Bentheimer sandstone) and the cor-
responding characteristic frequencies (Figure 3) when the slow S-wavelength approaches
the characteristic pore sizes A = 4r.. These sub-characteristic frequencies (i.e. fe1, fe2,

fes for Bentheimer sandstone) result in the piece-wise curvature pattern in the dynamic

permeability (Figure 2¢,d).

4 Discussion and Conclusions

We find that the dynamic permeability is controlled by the pore sizes and their dis-
tribution, but is insensitive to the microstructure, i.e. pore shapes. While this result was
anticipated, our proposed model for &(w) makes a quantitative connection for the first
time. For multimodal PSDs with distinguishable peaks additional characteristic frequen-
cies arise, which clearly manifest in the imaginary part of the dynamic permeability as

additional peaks.

The wettability condition affects not only the dynamic permeability but also the
dc permeability. Interestingly, for a porous medium with parameters in Table 1, we find

that the effective dc permeability in slip boundary condition (equation (11)) is equiv-

—12—
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alent to the Berg model n(s)lip = Ko <1 + C’%) by using the constant C' ~ 3.3. This is
very close to the value (C' = 4) obtained by Berg et al. (2008) for the end-point rela-

tive permeability of non-wetting fluid saturation.

There are broader implications. The proposed model provides a link between PSD
as obtained by NMR measurements and the dynamic permeability, which, in turn, con-
trols attenuation and dispersion of seismic waves at high frequencies, say sonic waves and
ultrasound. For example, in boreholes, either Stoneley wave or NMR can be applied to
estimate the formation permeability. Therefore, in principle, the proposed model might
lead to cross-fertilization of experimental and in-field techniques. Moreover, since the dy-
namic permeability is an integral part of seismoelectric theory we expect that our model
gives further impetus in analysis of seismoelectric signals. We further envisage that the
PSD dependent dynamic permeability model may assist in the design of synthetic porous
filter, whose performance can be manipulated by tuning the dynamic permeability via

ultrasound.
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