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Abstract18

Seismic interrogation of the upper mantle from the base of the crust to the top of the mantle19

transition zone has revealed discontinuities that are variable in space, depth, lateral extent,20

amplitude, and lack a unified explanation for their origin. Improved constraints on the21

detectability and properties of mantle discontinuities can be obtained with P-to-S receiver22

function (Ps-RF) where energy scatters from P to S as seismic waves propagate across dis-23

continuities of interest. However, due to the interference of crustal multiples, uppermost24

mantle discontinuities are more commonly imaged with lower resolution S-to-P receiver25

function (Sp-RF). In this study, a new method called CRISP-RF (Clean Receiver-function26

Imaging using SParse Radon Filters) is proposed, which incorporates ideas from compres-27

sive sensing and model-based image reconstruction. The central idea involves applying a28

sparse Radon transform to effectively decompose the Ps-RF into its underlying wavefield29

contributions, i.e., direct conversions, multiples, and noise, based on the phase moveout and30

coherence. A masking filter is then designed and applied to create a multiple-free and de-31

noised Ps-RF. We demonstrate, using synthetic experiment, that our implementation of the32

Radon transform using a sparsity-promoting regularization outperforms the conventional33

least-squares methods and can effectively isolate direct Ps conversions. We further apply34

the CRISP-RF workflow on real data, including single station data on cratons, common-35

conversion-point (CCP) stack at continental margins, and seismic data from ocean islands.36

The application of CRISP-RF to global datasets will advance our understanding of the37

enigmatic origins of the upper mantle discontinuities like the ubiquitous Mid-Lithospheric38

Discontinuity (MLD) and the elusive X-discontinuity.39

1 Introduction40

Global seismic imaging has produced maps of upper mantle layering that have impor-41

tant implications for mantle thermo-chemical heterogeneity, rheology, and dynamics (Deuss,42

2009; Fischer et al., 2020; Karato et al., 2015; Karato & Park, 2018; Schmerr, 2015; Shearer,43

2000; Tharimena et al., 2017). A few examples include the detection of a ubiquitous middle-44

lithosphere discontinuity (MLD) (Abt et al., 2010; Hopper & Fischer, 2018; Krueger et al.,45

2021), the global lithosphere-asthenosphere system (Kind et al., 2020; Liu & Shearer, 2021;46

Mancinelli et al., 2017; Rychert et al., 2005), the Lehmann discontinuity (Deuss & Wood-47

house, 2004; Karato, 1992), and the X-discontinuity (Pugh et al., 2021, 2023; Schmerr, 2015;48

Srinu et al., 2021). Each of these layers can be explained by invoking some combination of49

partial-melting, phase-changes, chemical stratification, variable anisotropy, and elastically-50

accommodated grain-boundary sliding (Beghein et al., 2014; Karato et al., 2015; Olugboji51

et al., 2013; Rader et al., 2015; Rychert et al., 2020; Schmerr, 2015; Selway et al., 2015).52

Improved resolution of the depth, amplitude of velocity change, and sharpness (i.e., the53

depth interval of the velocity gradient) is important for discriminating between proposed54

models for the various types of upper mantle layering (Benz & Vidale, 1993; Fischer et al.,55

2020; Karato et al., 2015; Kawakatsu et al., 2009; Mancinelli et al., 2017; Petersen et al.,56

1993; Rychert et al., 2005).57

While the Moho and the mantle transition-zone discontinuities are generally global,58

relatively sharp, consistently marked by a velocity increase, and widely accepted to be59

caused by changes in rock composition and mineral phase transformations, other upper-60

mantle discontinuities are often sporadic, inconsistent in amplitude and polarity (Abt et61

al., 2010; Krueger et al., 2021; Revenaugh & Jordan, 1991), variably gradational (Eaton62

et al., 2009; Liu & Shearer, 2021; Sun, Kennett, et al., 2018), and lacking an agreed-63

upon explanation for their origins (Aulbach, 2018; Karato & Park, 2018; Krueger et al.,64

2021). As a result, these discontinuities are typically better detected by high-resolution65

reflectivity techniques that use reflected and converted waves with or without earthquake-66

source deconvolution (Kind et al., 2020; Kind & Yuan, 2018; Liu & Shearer, 2021; Tauzin67

et al., 2019).68
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Amongst the different types of imaging methods based on body-wave reflectivity, e.g.,69

top-side S-reflections (Buehler & Shearer, 2017; Liu & Shearer, 2021; Schutt et al., 2018),70

seismic daylight imaging (Sun, Kennett, et al., 2018; Sun & Kennett, 2017), and earthquake71

or noise correlation (Gómez-Garćıa et al., 2022; Kennett, 2015; Poli et al., 2012; Sun &72

Kennett, 2016), the receiver function technique has seen the widest application for upper73

mantle discontinuity imaging (Birkey et al., 2021; Fischer, 2015; Ford et al., 2010; Hop-74

per & Fischer, 2018; Kind & Yuan, 2018; Rychert et al., 2020). This is because receiver75

functions target receiver-side structure after the source and path have been deconvolved.76

These source-deconvolved seismograms aid in detecting discontinuities either using shear-77

to-compressional converted waves (Sp-RFs) or compressional-to-shear converted waves (Ps-78

RFs) (Rychert et al., 2005, 2007; Rychert & Shearer, 2009). The S-to-P receiver function79

(Sp-RF) approach is most commonly used for mantle-discontinuity imaging because it is80

not affected by interference from crustal reverberations (Kind & Yuan, 2018; Kumar et al.,81

2012). However, it is well known that its spatial and depth-resolution is not comparable82

to the P-to-S receiver function (Ps-RF) due to it being observed at limited epicentral dis-83

tances, having poorer signal-to-noise quality and containing longer period signals (Kind et84

al., 2020; Kind & Yuan, 2018; Lekić & Fischer, 2017; Shearer & Buehler, 2019). By contrast,85

the Ps-RF technique, which has been widely successful for crustal imaging (Bostock, 2004;86

Olugboji & Park, 2016; Zhu & Kanamori, 2000), is higher resolution, but has seen limited87

use in continental-scale lithospheric imaging primarily due to signal distortion caused by88

the overprinting of crustal reverberations, i.e., wave echoes trapped in the crustal column89

(Figure 1).90

Here, we describe a new methodology called the CRISP-RF, an acronym that stands91

for the signal processing workflow that promotes ‘Clean Receiver-function Imaging (from a92

noisy one) using a SParse Radon Filter’. This approach addresses some of the limitations of93

the more traditional Ps-RFs by developing a sparse Radon transform to model the observed94

data, and a masking filter to suppress the effects of crustal reverberations that overprint the95

Ps-RF traces. The Radon transform is widely applied in medical imaging, radar astronomy,96

and material science (Deans, 2007). In global geophysics, the Radon transform has been97

widely used for noise suppression when interpreting mantle discontinuities imaged with98

bottom-side reflections, e.g., SS, PP, or P’P’ (An et al., 2007; Gu & Sacchi, 2009; Schultz &99

Gu, 2013; Schultz & Jeffrey Gu, 2013). However, much of the initial development and current100

advances have been focused in the field of exploration geophysics (Hampson, 1986; Sacchi101

& Ulrych, 1995; Trad, 2003), with a few recent applications in Ps-RF imaging (Aharchaou102

& Levander, 2016; Chen et al., 2022; Dokht et al., 2016; Gu et al., 2015; Wilson & Guitton,103

2007; Q. Zhang et al., 2022). In our extension of the Radon transform to high-resolution104

upper mantle imaging, we borrow from recent advances in the fields of compressed sensing105

and low-dimensional model-based image reconstructions (Candès & Wakin, 2008; Geng et106

al., 2022; Trad et al., 2003; Wright & Ma, 2022) with the goal of attenuating crustal multiples107

that interfere with upper mantle discontinuities (Figure 1).108

2 CRISP-RF: Methodological Overview109

In traditional processing, the observed Ps-RF is obtained by source deconvolution (Abt
et al., 2010; Bostock, 2004):

d(t, p) = F−1[
Ur(ω, p) ∗ Ur(ω, p)

Uz(ω, p) ∗ Uz(ω, p) + ζ)
] (1)

where F−1 is the inverse Fourier transform, Ur(ω, p) and Uz(ω, p) are the Fourier trans-
formed radial and vertical seismograms for each recorded earthquake propagating with slow-
ness p, and ζ is a damping factor. The Ps-RF data is a 2-D matrix in which each row
represents one trace of Ps-RF (time series) with a distinct slowness, and each column a
discrete-time sample. Depending on the data distribution, for a given ray parameter at a
given time, the observed Ps-RF in (equation 1) can be modelled as arrivals with amplitudes
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Figure 1. Synthetic example illustrating the challenge of upper mantle imaging using Ps-RF:

the interference (and aliasing) of crustal multiples with (as) conversions from upper mantle disconti-

nuities. (a) A representative earth model showing crust and upper mantle discontinuities, including

the Moho, MLD, and X. (b) The synthetic single-event Ps-RF trace assuming a single-interface

model (Moho, MLD, or X), compared with the synthetic Ps- and Sp-RF from the full model shown

in (a). (c) Wave propagation of direct conversions, PzS, and multiples, PPzS and PSzS, associ-

ated with a layer at depth z. (d) An interference diagram showing which crustal models creates a

PPzS multiple that coincides with the direct conversion (PzS) from a mid-lithosphere discontinuity

(MLD). (e) Similar interference diagram but for the later arriving PSzS multiple that interferes

with the direct conversion (PzS) of the MLD and, being the same polarity, can alias as an MLD.

See also Figure S1 in Supporting Information.

–4–



manuscript submitted to Geophysical Journal International

Input

RF

Mantle

Conversion

Only?

Yes

No

Time Shift

CRISP RF

Radon
Transform

Adjoint
Radon

Transform

CRISP RF

UMD

Direct Conversions

All

Direct Conversions

Direct

Conversions

Only

(a)

(b)

Figure 2. The CRISP-RF signal processing workflow for targeting mantle discontinuities by

removing crustal multiples. (a) The workflow can be preceded by an optional pre-processing step

that applies a time shift operator, τs, to the input data. In this mode, all crustal conversions

and reverberations are removed and only late-arriving mantle conversions are targeted, e.g., X-

discontinuity. (b) CRISP-RF workflow: The first step is a Radon transform of the original Ps-RF

generating a model in the intercept-time curvature domain (see section 3). The second step applies

a masking filter on the Radon model to remove negative curvatures (K−). If isolating crustal

multiples is a goal, then they can be separated, instead of being removed, by using a masking filter

on positive curvatures (K+). The last step returns the filtered Ps-RF to the time-slowness domain

by using an adjoint Radon transform on the filtered Radon model.

corresponding to direct conversions (k=1) and their respective multiples (k >1) within j
layers (Galetti & Curtis, 2012; Tauzin et al., 2019):

d(t, p) =
∑

j

∑

k>1

ajkδ(t− τ jk) + n(t)

︸ ︷︷ ︸

multiples + noise (remove)

+ aj1δ(t− τ j1)
︸ ︷︷ ︸

direct conversions, k=1 (keep)

(2)

where ajk are the amplitudes of the converted and reflected waves, τ jk are their arrival times110

with respect to the direct P arrival, and δ is the Dirac-delta function (assuming an impulsive111

source). In the CRISP-RF workflow, the goal is to remove(separate) the unwanted wavefield112

contributions, i.e., multiples and incoherent noise, n(t), from the target arrival (direct Ps113

conversions, k=1, generated by upper mantle discontinuities: j > nc where nc is the number114

of crustal layers) in the original Ps-RF data (Figure 2 and Equation 1).115

Our approach involves three steps: (1) transforming the time-slowness domain Ps-RF116

(input data d) into a intercept-time-curvature domain Radon image (intermediate model117

m), using a sparsity-promoting Radon transform (curvature is the moveout of the arriving118

phase), R: d
R
−→ m; (2) applying a masking filter K in the Radon model that suppresses119

multiples and noise such that m̂ = mK; and finally (3) obtaining a filtered Ps-RF output, d̂,120

after transforming back into the time-slowness domain, using the adjoint Radon transform,121
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R
†: m̂

R
†

−−→ d̂. In cases where the target upper mantle discontinuities arrive much later122

than crustal multiples (e.g., > 250 km), the CRISP-RF workflow can be preceded by an123

optional step that implements a moving-window time-shifting algorithm that targets sub-124

Moho conversions (Helffrich, 2006; Shibutani et al., 2008; Park & Levin, 2016)(Figure 2a).125

Applying this step improves the detection of low-amplitude arrivals that convert in the126

mantle since the Ps-RF amplitude is not overwhelmed by the stronger coherent phases (the127

Moho and its multiples). In the following sections, we illustrate each processing step of128

the CRISP-RF workflow, explaining how they produce the desired effect of high-resolution129

imaging of mantle discontinuities with Ps-RFs following the removal of noise and crustal130

multiples.131

3 Denoising and Attenuating Undesired Multiples in Ps-RFs Using Radon132

Transform133

The Radon transform, like most other transforms, allows us to represent data, i.e., the
Ps-RF data d, by a sparse model-set, m (Beylkin, 1987; Ö. Yilmaz, 2015):

d(t, p) = R
†{m(τ̃ , q)} ≜

Nq∑

i=1

m(τ̃ = t− qip
2, qi) (3)

where d(t, p) is the Ps-RF data in time-slowness domain, m(τ, q) is the Radon model in134

intercept-time-curvature domain, andR
† is the adjoint Radon transform. Ideally, the Radon135

model should be sparse and only has non-zero amplitudes (ajk) at intercept-times (τ̃ jk),136

i.e., zero-slowness arrival times of coherent phases (direct conversions, PzS, and multiples,137

PPzS and PSzS), and curvatures (qjk), i.e., the extent of the moveout of the phases (e.g.,138

Figure 1a). The adjoint Radon transform, R†, reconstructs the Ps-RF (d) by summing the139

amplitudes of the Radon model at all curvature (qi) along each slowness (p).140

The Radon model reconstructs each wavefield contribution at the required slowness p141

with the correct time-shift qip
2, which is parabolic in slowness with the curvature q as the142

coefficient. To better understand this approximation and why it can separate direct con-143

versions from multiples, consider the Taylor expansion of the arrival time for each wavefield144

contribution given a single-layer model with thickness h, compressional velocity α, and shear145

velocity β (Ryberg & Weber, 2000; Shi et al., 2020):146

Direct conversions (PzS, k=1):

τ j1 = τ̃ j1 + qj1p2

τ̃ j1PzS ≈ h(1/α− 1/β) qj1 ≈ +
h(α− β)

2

(4a)

Multiples (PPzS and PSzS, k>1):

τ jk = τ̃ jk + qjkp2

τ̃ j2PPzS ≈ h(1/α+ 1/β) qj2 ≈ −
h(α+ β)

2

τ̃ j3PSzS ≈
2h

β
qj3 ≈ −hβ

(4b)

Since the direct Ps conversions have a positive curvature, while the multiples, typically
from reflections in the overlying crustal layer, have a negative curvature, the wavefield con-
tributions of a conversion from a mantle discontinuity can be separated from the interfering
crustal multiples. The adjoint Radon transform can be written in matrix form by applying
a Fourier transform to both sides of Equation 3 (Gu & Sacchi, 2009; Ö. Yilmaz, 2015):

D(ω, p) =

Nq∑

i=1

M(ω, qi)e
(−iωqip

2) (5)
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where D and M are obtained from the Fourier transform of d and m. The moveout is147

then modeled as a phase-shift term in the frequency domain, ωqip
2, and allows for timing148

corrections that are not integer multiples of the sampling interval of the data.149

We illustrate the properties of sparsity and curvature-based mode separation by gener-150

ating a synthetic radon model, ms, for a layered model with a two-layer crust (intra-crustal151

boundary, ICB, and Moho), a mantle discontinuity (MD) and a half-space (Figure 3a). The152

relative amplitudes (ajk) are derived from the reflection and transmission coefficients, while153

the intercept-time (τ̃ jk) and curvature (qjk) are estimated analytically from Equation 4154

(Figure 3b). The adjoint radon transform of ms produces a synthetic Ps-RF data, ds, com-155

parable to that generated by reflectivity synthetics (Figure 3c). The interference problem156

is clearly observed, as the Ps conversion from the mantle discontinuity (120 km) arrives at157

the same time (∼12 s) as the multiples from the shallow crustal discontinuity (24 km), and158

when processed without a radon filter, produces a stack that is difficult to interpret (Figure159

3c). This is corrected by applying a masking filter in the radon model that sets all ampli-160

tudes with negative curvatures to zero and only keeps amplitudes at positive curvatures,161

followed by the adjoint of the radon transform: d̂s = R
†(msK

−), where K− denotes the162

masking filter and d̂s denotes the output clean Ps-RF. After this treatment, only direct163

conversions can be observed in the Ps-RFs, and the consequent average stack clearly shows164

all discontinuities (ICB, Moho, and MD) (compare Figure 3d and 3c).165

4 The Sparsity-promoting Radon Transform: Algorithms & Synthetic166

Examples167

As elaborated above, in the Radon domain, mode-conversions are clearly separated168

from multiple reflections within the crust and can be removed by a masking filter, K, that169

eliminates the unwanted multiples (Figure 3). In practice, however, the challenge is not in170

designing the masking filter but in the first step of the CRISP-RF workflow, which involves171

obtaining the Radon model by computing a stable Radon transform of the Ps-RF (Figure 2).172

This is because, while the adjoint Radon transform (R†) is unique and easily computable, its173

forward transform (R) is non-unique, difficult to estimate, and requires finding the inverse174

of the following equation:175

F(d) = L F(m) (6a)







Dp1

Dp2

...
Dpn







=





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
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e(−iωq1p
2

1
) e(−iωq2p

2

1
) . . . e(−iωqmp2

1
)

e(−iωq1p
2

2
) e(−iωq2p

2

2
) . . . e(−iωqmp2

2
)

...
. . .

. . .
...

e(−iωq1p
2

n) e(−iωq2p
2
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
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Mq1

Mq2
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Mqm








(6b)

where F is the one-dimensional Fourier transform operator, L is the matrix operator176

that implements the adjoint transform from the Fourier-transformed Radon model (M) to177

the Fourier-transformed Ps-RF data (D), for each frequency (ω), curvature (q), and slowness178

(p). Because D is noisy and sparsely sampled, L is underdetermined, non-orthogonal, and179

does not have a true inverse (Menke, 2012; Sacchi & Ulrych, 1995). The most popular180

solution to this general inverse solution is the damped least-squares approach (An et al.,181

2007; Aster et al., 2018; Menke, 2012) and it defines the least-squares Radon transform:182

Rls(F(d)) = argmin
m

{||LF{m} − F{d}||22 + µ||F{m}||22} (7)

It obtains the Radon model of the Fourier-transformed Ps-RF data by imposing a183

least-squares, ℓ2, error (first term on the right-hand side of Equation 7) subject to the184

regularization term that minimizes the ℓ2-norm on the model size (second term on the185
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Figure 3. Filtering of crustal multiples in the synthetic radon model by masking arrivals with

negative curvature. (a) The Earth model used to calculate the synthetic radon model. (b) Syn-

thetic radon model showing sparse representation of Ps-RFs: direct conversions (blue shading) and

multiples (red shading). (c) Ps-RF traces and the average stack calculated from the adjoint of

radon transform of the radon model shown in (b), showing robust identification of the upper man-
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but with a filter masking all negative curvatures in the radon model, showing improved detection
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right-hand side of Equation 7). We demonstrate the behavior of the damped least-squares186

inverse solution to the Radon transform, Rls, using a noisy synthetic Ps-RF that mimics187

the behavior of realistic data:188

d∗ = R
†(ms) + n(t, η1, η2, nr) (8)

We use a realistic noise model, where η1 is the signal-to-noise ratio (SNR) of the back-189

ground noise applied to all traces, η2 is the SNR of the noisiest traces (η2 << η1) and η2 is190

applied to nr traces chosen at random from the set of all traces in the noise-free synthetic:191

η1, η2, nr = (1, 0.5, 10%) (Figure 4a and b). We compute the Radon transform of this noisy192

synthetic Ps-RF using the damped least-squares inversion, Rls (Figure 4c).193

We observe that this approach to computing the Radon transform introduces artifacts194

(streaking and low-amplitude errors) that lead to filtering errors when using this to com-195

pute the filtered Ps-RF. Improvement to the filtered Ps-RF requires suppressing artifacts196

that are caused by the damped least-squares process: (1) requiring a Radon model whose197

amplitudes are better resolved along the intercept time-curvature axes (reduced streaks seen198

in Figure 4c), especially for crustal phases and multiples; (2) suppressing background noise199

in the Radon model that maps into the Ps-RF data as spurious phases; and (3) improved200

regularization using information on noise gleaned from data. A variety of techniques have201

been proposed for achieving the goals of higher resolution and they reduce to enforcing spar-202

sity on the recovered Radon model by modifying the regression problem with an ℓ1-norm203

constraint or its equivalent (Ji, 2006; Luo et al., 2008; Sacchi & Ulrych, 1995; Thorson &204

Claerbout, 1985; Trad et al., 2003):205

Rsp(F(d)) = argmin
m

{||LF{m} − F{d}||22 + λ||F{m}||1} (9a)

This formulation is the popular frequency-domain sparse Radon transform which enforces
sparsity along the curvature axis, but may still retain spurious artifacts in the time axis
due to the frequency-time coupling of noise present in a few high-energy traces. The pro-
posed solution to this problem requires implementing a mixed frequency-time sparse Radon
transform that imposes sparsity along both the time-and-curvature axis:

Rsp(d) = argmin
m

{
1

2
∥F−1{LF{m}} − d∥22 + λψ(m)

}

(9b)

where the sparsity-promoting regularizers could either be the ℓ1-norm regularization206

ψ1 or the mixed ℓ1 − ℓ2 regularization ψ2, defined by ψ1(m) = ∥m∥1 and ψ2(m) = ∥m∥1 −207

β∥m∥2, where β ≥ 0 is an additional regularization parameter that needs to be tuned.208

The form of this restated problem describing the sparse Radon transform has been well209

studied in the field of optimization and compressed sensing and several methods have been210

proposed to solve such problems. Examples include, but are not limited to, alternating211

direction method of multipliers (ADMM) (Boyd, 2010), proximal gradient descent methods212

(Parikh, 2014), and iterative shrinkage algorithms (Beck & Teboulle, 2009). We explore213

three different iterative algorithms for computing the sparse Radon transform: (1) SRTIS:214

the iterative 2D model shrinkage-based sparse inverse Radon transform(Gong et al., 2016;215

Lu, 2013); (2) SRTFISTA: the fast iterative shrinkage-thresholding algorithm-based sparse216

inverse Radon transform(Beck & Teboulle, 2009; Gong et al., 2016); and (3) SRTL1−2: the217

mixed-norm sparse Radon transform(Geng et al., 2022; Tao & An, 1998).218

In the most general case (SRTIS and SRTFISTA), the algorithms follow a variation of219

the following steps in the accelerated proximal gradient methods (Wright & Ma, 2022):220

(0) Initialize a Radon-model, m0, and s1 = m1 ←m0;221

–9–
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(1) compute auxiliary point si+1 = mi + βi(mi −mi−1);222

(2) descend from this point using gradient: zi+1 = si+1 − γA
∗(Asi+1 − d), where A∗

223

is adjoint of operator A = F−1LF in Equation 9b: d = Am+ n;224

(3) apply a thresholding function to promote sparsity: mi+1 = Sγ(zi+1, γλ).225

Set i = i + 1, and repeat steps 1 to 3 for It times until convergence (see Text S1226

and Figures S2-S6 in Supporting Information for details of each specific algorithm and the227

solution of SRTL1−2 using the ADMM algorithm). We illustrate the performance of the228

sparse Radon transform, Rsp(d), by comparing it to the damped least-squares solution,229

Rls(d)(compare Figure 4f and 4c). The sparse Radon solution, obtained using the SRTIS230

algorithm and initialized using the damped least-squares solution, is a higher-resolution231

Radon model with most of the artifacts from the least-squares process removed. This232

sparse Radon model is then used to compute a filtered Ps-RF after applying a diagonal233

masking filter: d̂∗ (Figure 4d). The masking filter is obtained by predicting the τ̃ − q and234

associated bounds (dashed lines in Figure 4f) through the reference Earth model in Figure235

3a. A comparison of the input and output model to the CRISP-RF workflow (Figure 4e236

and 4b) shows that the sparse Radon transform has successfully denoised and attenuated237

the multiple reflections in the crust isolating the direct mantle conversions.238

5 Application to Real Data: Single Station and CCP Ps-RFs239

We now present four exemplary Ps-RFs to further illustrate the utility of the CRISP-240

RF methodology for upper mantle imaging using real data (Figure 5): (1) from a station241

located above the Superior Craton (CN.ULM), (2) from a station located on the Yilgarn242

Craton in Western Australia (AU.KMBL), (3) a common-conversion point example with243

grid-center located near the passive continental margin in Massachusetts, USA (IU.HRV),244

and (4) a final example obtained from the Samoa ocean island station (IU.AFI). In the first245

three examples, we illustrate the denoising and attenuation of crustal multiples interfering246

with the MLD, and in the last example, we show improved resolution and sharpness of the247

X- discontinuity. The stations are all selected based on previous detections of the target248

upper mantle discontinuities with other imaging approaches, e.g., Sp-RF or autocorrelation249

analysis (Abt et al., 2010; Birkey et al., 2021; Ford et al., 2010; Pugh et al., 2021; Sun,250

Kennett, et al., 2018).251

At each of these stations we choose earthquakes with the best signal-to-noise ratio (>252

2.0 on radial components) and moment magnitude > Mw 5.0 located at epicentral distances253

between 30◦ and 90◦ (p = 0.04 s/km to 0.08 s/km). We calculate radial Ps-RF traces, and254

uncertainties, using the moving-window migration multi-taper correlation (MWM-MTC)255

approach (Park & Levin, 2000, 2016). This involves time-shifting and tapering seismograms256

with κ Slepian windows, Wκ, before spectral estimation and source deconvolution:257

Ũz,r
κ (ω, p) =Wκ ∗ [U

z,r
κ (ω, p)e(iωτs)] (10a)

D̃(ω, p) = [

κ−1∑

κ=0
Ũr
κ(ω, p) ∗ Ũ

r
κ(ω, p)

κ−1∑

κ=0
Ũz
κ(ω, p) ∗ Ũ

z
κ(ω, p) + δ)

] (10b)

When targeting the MLD (100 - 200 km), we eliminate the direct P arrival by applying258

a small time shift: τs = 1.0 s, to the radial seismograms, and when imaging the deeper259

X-discontinuity (250 - 400 km), a longer time shift of τs = 15.0 s is applied (see Figure 2a).260

The final Ps-RF data, D, is a less-noisy, low-dimension filtered copy of D̃:261

–10–
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Figure 4. Synthetic example of multiple removal and noise attenuation using the CRISP-RF

signal processing workflow. (a) A noisy synthetic Ps-RF data obtained using a realistic noise model.

(b) Average stack of the unfiltered synthetic Ps-RF. (c) Radon model obtained from a damped least-

squares inverse in the first step of the CRISP-RF workflow. (d) The filtered Ps-RF using the sparse

radon model in (f) below with only direct Ps conversion phases visible. (e) Average stack of filtered

Ps-RF showing elimination of all unwanted signals. (f) The sparse radon model overlaid with a

K-diagonal filter (red lines). The sparse radon model is initialized with (c) and obtained after

30 iterations. A noise-free version of this synthetic test can be found in Figure S7 in Supporting

Information.
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D(ω, ps) =

np∑

l=0

1/σ2D̃(ω, pl)

np∑

l=0

(1/σ2)

(11a)

σ2(ω, p) =
1− C2

ZR

(κ− 1)C2
ZR

|D(ω, p)|2 (11b)

with stacking weights, 1/σ2, prescribed by the frequency-dependent variance estimates,262

σ2(ω, p), and obtained from the coherence, C2
ZR , between the vertical and radial seismo-263

grams. The slowness dimension is reduced by averaging of D̃ along the slowness axis after264

discretization into np equally-spaced slowness ps. The optimal discretization of the slowness265

bins is chosen by trial and error. Since earthquake data is band-limited, we apply a low-pass266

cosine filter with a cut-off frequency of 2.0 Hz to the first three examples targeting the MLD267

(CN.ULM, AU.KMBL, and CCP-IU.HRV), and set the cut-off frequency to 0.6 Hz for the268

last example targeting the X-discontinuity (IU.AFI).269

5.1 MLD beneath Superior Craton (CN.ULM)270

We select Ps-RF traces located at epicentral distances between 30◦ and 84◦ and stack271

them every 1◦ with 10◦ overlapping bins at station CN.ULM, which has previously been272

studied for MLD detection (Abt et al., 2010; Fischer et al., 2010; Karato et al., 2015; Selway273

et al., 2015). The direct conversion (∼4 s) and multiples (∼15 s and ∼18 s) from the Moho274

are clearly visible in the obtained Ps-RF and the average stack (Figure 6a-b). However, it is275

hard to judge the presence and depth of the MLD solely from this stacked Ps-RF since there276

are two major negative phases (15 - 20 s). We initialize the Radon model using the least-277

squares optimization (Figure 6c) and then apply the SRTIS algorithm with 30 iterations to278

obtain a sparse Radon model (Figure 6f). All three phases associated with the Moho can be279

clearly observed in the obtained sparse radon image, including the direct conversion (blue280

phase at ∼4 s at positive curvature) and two multiples (blue phase at ∼15 s and red phase281

at ∼18 s at negative curvature) (Figure 6f). In addition, a direct conversion phase is clearly282

visible at ∼15 s with a bigger curvature than the Moho (Figure 6f), indicating the presence283

of the MLD. Note that this phase arrives between the two Moho multiples, but can be well284

separated using the moveout (curvature) information and retrievable by the sparse Radon285

model. Compared to the sparse radon image, the least-squares Radon model of the same286

data is harder to interpret with a lot more artifacts and amplitudes that are smeared across287

the curvature axis (Figure 6c).288

We then apply the adjoint Radon transform on the sparse Radon model after applying289

the diagonal masking filter (red lines in Figure 6f). The resulting filtered Ps-RF (Figure290

6d) and the final migrated and phase-weighted stack (Figure 6e) show only two major291

direct conversion phases. A comparison of this final stack with the simple average stack of292

the unfiltered Ps-RF further reinforces the performance of the entire CRISP-RF workflow293

(compare Figure 6e and 6b). In the traditional average stack of the unfiltered Ps-RF, it is294

difficult to distinguish between multiples, direct conversions, and other incoherent arrivals.295

However, for the CRISP-RF migrated and phase-weighted stack, only the clear arrivals, i.e.,296

Moho and MLD, are visible (Figure 6e). Interpretation is therefore unambiguous.297

5.2 MLD beneath the Yilgarn Craton (AU.KMBL)298

A second example is from the long-running station located on the Yilgarn craton299

(AU.KMBL), where a mid-lithosphere discontinuity has previously been detected using the300

Sp-RF and autocorrelation approach (Birkey et al., 2021; Ford et al., 2010; Kennett, 2015;301

Sun, Fu, et al., 2018; Sun, Kennett, et al., 2018; Sun & Kennett, 2016). None of these302

previous observations apply the Ps-RF technique since published results observe a sharp303
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Figure 5. The location of four long-running seismic stations used in computing receiver function

stacks. (a) Single-station analysis of the Yilgarn (AU.KMBL) and Samoa ocean island station

(IU.AFI) (b) The Superior craton station (CN.ULM) and a virtual station located near the passive

continental margin in the eastern US. This virtual station (CCP-IU.HRV) is processed using the

common conversion point (CCP) analysis and located near long running station IU.HRV. (c) A

close-up of the grid-center of the virtual station (red dot), the location of IU.HRV (red-triangle),

and all the earthquake pierce-points at 50-km (blue dots). For a full azimuthal equidistant plot of

all the earthquakes at each station see Figure S8 in Supporting Information.
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Figure 6. Improved detection of the mid-lithosphere discontinuity (MLD) beneath station

CN.ULM using the CRISP-RF workflow. (a) The input Ps-RF data computed from the MTC

algorithm. (b) The traditional average stack of the Ps-RF shown in (a). (c)The initial Radon

model obtained from the least-squares optimization and used to initialize the SRTIS algorithm.

(d) The filtered Ps-RF data obtained from the sparse radon model in (f) after filtering. (e) The

final migrated and phase-weighted stack of the filtered Ps-RF in (d). (f) The sparse Radon model

obtained after 30 iterations of the SRTIS algorithm.
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Moho that generates very prominent crustal multiples which interfere with the MLD arrivals304

(H. Yuan, 2015). At this station, we select Ps-RF traces located at epicentral distances be-305

tween 40◦ and 80◦ and stack them every 0.5◦ with 8◦ overlapping bins. Our Ps-RF confirms306

the crustal studies and highlights the difficulty of detecting upper mantle discontinuities307

when crustal multiples are present (Figure 7a).308

The obtained Ps-RF and its average stack show clear Moho arrival and two prominent309

multiples at the predicted arrival times, ∼4 s, ∼15 s, and ∼19 s, calculated using the310

AuSREM crustal reference model (Kennett et al., 2023; Salmon et al., 2012), and therefore311

an attempt to visually identify the MLD phase in the stacked, unfiltered, and unmigrated312

Ps-RFs is very challenging (Figure 7a-b). There are a few arrivals between the Moho and313

its multiples, but it is hard to judge which ones have the correct move-out and coherence to314

be identified as the MLD. This is overcome by transforming the Ps-RF into a sparse Radon315

model (Figure 7f) using similar processing steps described earlier, i.e., 30 iterations of the316

SRTIS algorithm initialized from the damped least-squares solution (Figure 7c). The sparse317

Radon image clearly shows the Moho (blue circle) and its multiples (blue and red squares) at318

the appropriate intercept-time and curvature, and a coherent MLD phase (red circle) at ∼12319

s (∼80 km). The other phases between the Moho and the multiples (∼4 - 15 s) observed on320

the Ps-RF (Figure 7a), though prominent, are incoherent, and do not map into either half321

of the sparse Radon model (Figure 7f). After appropriate filtering with a diagonal masking322

filter that eliminates all arrivals except those that follow the predicted curvature (red lines323

in Figure 7f), the resulting Ps-RF from the adjoint Radon transform (Figure 7d) and the324

final migrated and phase-weighted stack (Figure 7e) show only two major direct conversion325

phases. A comparison of the filtered and unfiltered stack makes it clear which of the arrivals326

is a coherent MLD with the appropriate moveout and phase-coherence (compare Figure 7e327

and 7f).328

5.3 MLD beneath a Passive Continental Margin with CCP (CCP-IU.HRV)329

Although receiver functions are sometimes estimated beneath single stations, the advent330

of large arrays makes it more likely that they will be processed beneath a virtual station331

using a common conversion point (CCP) scheme (Dueker, 1997; Rondenay, 2009). In this332

example, we show that the CRISP-RF workflow can be applied to Ps-RFs obtained using333

such a scheme. We calculate Ps-RFs using a virtual station with coordinates located close334

to the station IU.HRV, which is sited on a passive continental margin (Figure 5c). Previous335

Sp- and Ps-RF imaging at this location suggests that the crust and upper mantle structure336

is not laterally heterogeneous at the scale of the CCP-grid-size chosen for our analysis (Abt337

et al., 2010; Rychert et al., 2007). We select Ps-RF traces located at epicentral distances338

between 30◦ and 80◦ and stack them every 1◦ with 10◦ overlapping bins. The Ps-RFs we339

obstain are similar to those observed by the earlier studies (Figure 8a). However, without340

CRISP-RF processing, the Ps-RFs and its average stack are hard to interpret, with many341

coherent phases being visible making it is difficult to determine, by visual inspection alone,342

which of the coherent phases is from an upper mantle discontinuity (Figure 8a-b). After343

applying the CRISP-RF processing steps, the resulting sparse Radon model (Figure 8d)344

shows clear direct arrivals of the Moho (∼3 s) and the MLD (∼7 s), as well as the two345

crustal multiples (∼12 s and ∼16 s). The multiples are visibly attenuated in the final346

migrated and phase-weighted stack of Ps-RF, along with most of the noisy and some of the347

coherent phases (Figure 8e). The coherent phases that are being eliminated are those with a348

move-out that does not follow the predicted curvature for direct conversions; only the direct349

conversions with the move-out correctly modeled by the analytical equations (Equation 4)350

are retained.351

5.4 X-Discontinuity beneath Samoa (IU.AFI)352

Our final example targets the detection of the X-discontinuity, which is a deeper upper353

mantle discontinuity marked by a sharp velocity increase and is generally located at the354
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Figure 7. Same as Figure 6 but for station AU.KMBL.
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Figure 8. Improved detection of the MLD near the passive continental margin station (IU.HRV)

using the CRISP-RF workflow applied to a CCP Ps-RF. (a) The input Ps-RF computed from the

MTC algorithm using all earthquakes passing through the CCP grid shown in Figure 5c. (b) The

traditional average stack of the Ps-RF shown in (a). (c) The initial Radon model obtained from the

least-squares optimization and used to initialize the SRTIS algorithm. (d) The sparse Radon model

obtained after 30 iterations of the SRTIS algorithm. The sparse Radon model shows the separation

of direct conversions (open circles) from crustal multiples (open squares). The diagonal masking

filter (red lines) is used to eliminate crustal multiples and retains the direct phases. (e) The final

migrated and phase-weighted stack of the Ps-RF obtained from the adjoint Radon transform of the

sparse Radon model shown in (d).
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Figure 9. Same as Figure 8 but for station IU.AFI. Note that the Ps-RFs are shifted 30 s to

target deeper upper mantle discontinuities.

depth range of 230 to 350 km (Pugh et al., 2021; Schmerr, 2015; Srinu et al., 2021). In this355

data example, we use teleseismic data from a permanent GSN station (IU.AFI) located at356

Samoa near the convergent boundary between the Pacific and Australian Plates. We apply a357

time-shift of 30 s to the radial seismogram and calculate the Ps-RF using the MTC algorithm358

at a cutoff frequency of 0.6 Hz (Frazer & Park, 2021; Park & Levin, 2016). This pre-359

processing step eliminates all crustal conversions, their multiples, and shallow upper mantle360

discontinuities that arrive earlier, and targets only deeper upper mantle discontinuities (see361

Figure 2). We select Ps-RF traces located at epicentral distances between 30◦ and 84◦ and362

stack them every 1◦ with 10◦ overlapping bins. The unfiltered Ps-RFs and the average stack363

show multiple positive phases from 18 s to 40 s (Figure 9a-b), making it hard to judge which364

are from mantle discontinuities. After applying the CRISP-RF methodology (Figure 9c-d),365

the final migrated and phase-weighted stack of the Ps-RF shows clear arrivals with positive366

curvature at ∼20 s and ∼32 s which we interpret as the Lehmann discontinuity and the367

X-discontinuity (Figure 9e).368

6 Discussion369

6.1 Comparing the Sparse Non-linear Radon Filters and Vespagrams370

The sparse non-linear Radon filter we have implemented here bears some resemblance371

to other stacking techniques widely used for the global detection of upper mantle discon-372

tinuities. For example, the Radon transform (sparse or otherwise; Equations 7 and 8) is a373

high-resolution generalization of the time-domain delay-sum algorithm, which is a central374

idea in array-based seismology and is used to improve the detection of low-amplitude phases375

buried in random stochastic noise (Chapman, 1981; Gu & Sacchi, 2009; Krüger et al., 1993;376

Rost, 2002). In the slowness slant-stack analysis, also called a vespagram, the time delay of377

the different phases is a linear function of slowness (or ray parameter) and the delay-sum is378

calculated for different ray parameters effectively transforming the data into a τ − p Radon379

model (similar to our τ̃−q). This approach has been widely used for imaging discontinuities380

within the mantle and across the core-mantle boundary, by improving the detection of pre-381
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cursors to global body-wave phases: P’P’, PP, SS, and S-P converted waves. The detection382

of the weak precursor phases over and above other global seismic phases arriving within the383

same time window is improved by stacking with the appropriate time-slowness move-out384

(Davies et al., 1971; Deuss, 2009; Kawakatsu & Niu, 1994; Rost, 2002; Rost & Thomas,385

2009; Schultz & Gu, 2013; Waszek et al., 2021). Based on the time-slowness move-out, the386

precursor phases are separable from that of other global phases (e.g., SS, PP, etc.) because387

the rays follow different paths and travel at different speeds (slownesses) through the mantle388

from source to receiver. Our implementation here can be viewed as a curvature slant-stack,389

where the Ps-RF is Radon-transformed using the time-curvature move-out, separating the390

direct Ps conversions from crustal multiples because the rays, with the same slowness, follow391

different paths only at the receiver-side (Figure 1 and Equation 4).392

Recent extensions of the slowness slant stack methodology for global body-wave imaging393

improve resolution by incorporating the notion of the time-and-space locality as well as394

phase-coherence before stacking (Ventosa et al., 2012; Ventosa & Romanowicz, 2015a, 2015b;395

Zheng et al., 2015). Similar ideas have been applied to Ps-RFs in many variations (Guan396

& Niu, 2017; Gurrola et al., 1994; Shi et al., 2020), all borrowing slightly from exploration397

seismology, where velocity spectral analysis is used to disentangle phases, given a known398

earth model (O. Yilmaz, 1987). What distinguishes our approach is that, unlike the slowness399

slant stack technique which is a time-domain approach, the frequency-domain or mixed400

time-frequency Radon transform method is invertible, band-limited, and leads to higher-401

resolution Radon models (An et al., 2007; Gu et al., 2009; Gu & Sacchi, 2009; Schultz &402

Gu, 2013; Schultz & Jeffrey Gu, 2013; Wilson & Guitton, 2007) that improve the detection403

and isolation of direct phases buried within multiple reflected phases at the receiver side.404

The slowness slant stack approach, unlike the Radon transform, implements the essential405

delay-sum step in the time domain. In contrast, the Radon transform implements the time-406

shift delay step in the frequency domain using operators that benefit from the phase-shift407

property of the Fourier transform (Equations 5 and 9).408

Implementing the delay-sum in the frequency domain provides two key advantages:409

(1) improved time resolution through frequency domain interpolation for time-shifts that410

are non-integer multiples of the sampling interval, and (2) taking advantage of frequency-411

dependence of the signal-to-noise and variance estimates useful in data preconditioning and412

regularization (Park & Levin, 2000, 2016). Our application of the Radon transform to413

receiver-side imaging with converted teleseismic waves is similar to ideas proposed by other414

authors (Aharchaou & Levander, 2016; Chen et al., 2022; Gu et al., 2015; Wilson & Guitton,415

2007; Q. Zhang et al., 2021, 2022). However, these implementations differ from ours in some416

key aspects: (1) they often implement a low-resolution least-squares Radon solution (Gu et417

al., 2015; Q. Zhang et al., 2022), (2) focus on removing random incoherent noise either in418

the raw seismogram or the post-processed receiver function traces (Aharchaou & Levander,419

2016; Q. Zhang et al., 2021, 2022), or (3) are applied solely as an aid to migration and420

data interpolation (Gu et al., 2015). In the study closest to ours and dedicated solely421

to multiple attenuation, the least-squares parabolic Radon transform is the recommended422

algorithm (Chen et al., 2022). In our treatment here, we have shown that a sparse high-423

resolution Radon transform, implemented using recent advances in optimization theory, is424

preferable, and is able to improve the detection of upper mantle discontinuities, especially in425

the presence of complex noise models (Figure 4). Additionally, the sparse Radon transform426

we have developed, sits within an end-to-end CRISP-RF signal processing workflow that427

exclusively targets mantle conversion and can achieve all our stated goals: sparse-recovery for428

slowness-interpolation, sub-crustal imaging, multiple removal, and denoising using selective429

masking filters that are informed using suitable reference earth models (Figure 2).430
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6.2 Benefits of CRISP-RF for Imaging Sharp UMDs: MLD, Lehmann, X,431

Melt432

We advocate the use of the sparse Radon transform when high-resolution Ps-RF imaging433

of a sharp upper mantle discontinuity is required. Our analysis suggests that by passing the434

Ps-RF through the CRISP-RF workflow, multiples, generated at shallow interfaces, which435

mask the target upper mantle discontinuities, can be attenuated without compromising on436

signal quality and spatial resolution of structural features. This addresses the main disad-437

vantage of Ps-RFs compared to Sp-RFs (Kind et al., 2012; Kind & Yuan, 2018; X. Yuan438

et al., 2006) and makes it possible to use both techniques in a joint-inversion scheme for439

investigating the sharpness of upper mantle discontinuities (Olugboji et al., 2013; Rychert440

et al., 2005, 2007). As a comparison, the CRISP-RF performs the task of removing mul-441

tiples in the crust using a sparse Radon transform while a recently developed technique,442

FADER (Fast Automated Detection and Elimination of Echoes and Reverberations), re-443

moves repeating echoes in the shallow reverberant layers (sediments, oceans, or glaciers)444

using a homomorphic transform (Z. Zhang & Olugboji, 2021, 2023). Both techniques model445

the behavior of reverberations using appropriate transforms that separate the unwanted446

wavefield contribution from the signal of interest: crustal multiples (single echoes) are sepa-447

rated in a Radon-transformed domain while the reverberations in resonant layers (repeating448

echoes) are separated in a homomorphic-transformed domain. In practice, the interference449

of shallow crustal multiples is most severe when applying Ps-RFs to upper mantle imaging450

in the depth-range of the mid-lithosphere discontinuity (∼60 - 170 km) as it is strongly451

overprinted by crustal multiples from a sharp Moho or intra-crustal boundary (Figures 1d-e452

and 3). When interpreting Ps-RFs for structural features at mid-lithosphere depths (Ford453

et al., 2016; Luo et al., 2021; Wirth & Long, 2014), confusion can be avoided by passing the454

single station or CCP Ps-RFs through a Radon transform like ours, or a slowness-weighted455

stack (Guan & Niu, 2017; Pugh et al., 2021, 2023) before interpretation.456

For the other upper mantle discontinuities, e.g., Lehmann and X-discontinuity, due to457

their later arrival times, it is less likely that the Ps-RF will suffer interference from crustal458

or shallow lithospheric multiples. In this case, the CRISP-RF workflow can be beneficial459

to improving robust detection of discontinuities by serving as a denoiser and aiding in460

sparse signal recovery (Figure 9). We point out that in most recent applications of time-461

domain slowness slant stack in Ps-RF imaging, the linear moveout is assumed instead of462

the parabolic equations used in our implementation (Guan & Niu, 2017; Pugh et al., 2021,463

2023; Srinu et al., 2021). To the best of our understanding, our implementation of the sparse464

Radon transform with the mixed time-frequency iterative solvers, using a suite of modern465

compressive sensing algorithms, is the most complete treatment of this problem for global466

upper mantle imaging with Ps-RFs.467

6.3 Current Limitations of CRISP-RF and Future Work468

The most challenging part of the CRISP-RF workflow is in the selection and tuning469

of the algorithms that implement the sparse Radon transform. Until now, we have been470

agnostic about which algorithm to use and have presented, in the Supporting Information,471

a detailed comparison of three different methods that can be utilized to compute the sparse472

Radon transform. Our comparison includes the investigation of the visual quality of the final473

Radon model, examination of the convergence behavior of each algorithm, a comparison474

of their wall-clock run time, and a discussion on the parameter tuning problem. Based475

on our comprehensive analysis, both on synthetic and real data, we have made several key476

observations that might be valuable in practice: (1) we observe that all three of the methods477

provide visually appealing sparse Radon models, with the difference that the output of each478

method is slightly different than the others while sharing some common structures; (2)479

we observe that all of the methods converge to a fixed point within a moderate number of480

iterations; however, employing an early stopping is needed to achieve fixed point convergence481

for the SRTIS algorithm due to its heuristic nature; (3) we observe that the run time of482
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SRTFISTA is significantly less than that of the SRTIS and SRTL1−2 algorithms, making483

SRTFISTA the preferable method under run-time constraints if there is any; (4) to make484

the algorithms work in practice, we need to tune their parameters carefully.485

If one assumes that the number of iterations for each algorithm is fixed, then for SRTIS,486

SRTFISTA, and SRTL1−2, we have to adjust 2, 1, and 3 parameters, respectively. We487

observe that having only one parameter to tune makes SRTFISTA desirable when trying488

several different parameter combinations is computationally prohibitive, e.g., in the case of489

large data arrays with limited computational resources. For instance, in our experiments490

on real data, we observe that performing a 20-point grid search for SRTFISTA is almost491

20 times faster than performing a 5-point grid search for SRTIS and SRTL1−2 algorithms.492

Based on our observations, we suggest that, in practice, any of these methods can be used493

if the computational budget is not an issue and if there are no run-time constraints. On the494

other hand, if there is a strict computational budget or a certain run-time requirement, we495

suggest the use of SRTFISTA.496

Through extensive experiments, we observe that incorporating the notion of sparsity497

into the reconstruction and filtering problem of Ps-RF imaging has led to significant im-498

provements over the traditional methods. We believe that principled utilization of machine499

learning methods can further advance the state-of-the-art. For example, machine learning500

methods such as reinforcement learning (Sutton & Barto, 2018) can be used to tune the pa-501

rameters of the iterative reconstruction algorithms automatically, which may accelerate the502

processing of large datasets since human expert involvement will be minimized. In the future,503

instead of being limited to using simple, analytic regularizers such as ℓ1-regularization, one504

may be able to use deep learning techniques such as deep algorithmic unrolling (Monga et505

al., 2021), to learn more complex regularizers from an ensemble of large datasets. Moreover,506

conceiving the sparse Radon transform as an optimization problem, we may be able to use507

some of the state-of-the-art deep neural networks designed to perform regression, thereby re-508

ducing the run-time of the reconstruction. In the age of increasing computational power and509

parallelization of modern GPUs we may also be able to learn robust uncertainty information510

from applying generative models to the denoising and attenuation problem (Bond-Taylor et511

al., 2022). In follow-on studies, we envision that these new ideas will enable high-resolution512

Ps-RF imaging of the upper mantle using large Ps-RF datasets obtained from large seismic513

arrays, e.g., in North America (Long et al., 2014; Shearer & Buehler, 2019) and in Africa514

(Olugboji & Xue, 2022).515

7 Conclusions516

We have developed a novel method, CRISP-RF, for generating clean Ps-RFs free of517

unwanted interferences, i.e., waves reverberating in the crust and incoherent noise. We show,518

using synthetic and real data examples, how the high-resolution sparse Radon transform519

facilitates the successful elimination of the unwanted signals. We review different methods520

for solving the Radon transform, and show that sparse recovery of the Radon model using521

the iterative shrinkage algorithm is preferred and outperforms the conventional least-squares522

approach. Higher resolution denoised Ps-RF imaging with the crustal multiples removed will523

result in a more accurate characterization of upper mantle structure. This improved imaging524

capability sets a new standard for seismic studies, with future applications in regional and525

large-scale array configurations. We anticipate future application the CRISP-RF philosophy526

to imaging using the full body-wave field, including top-side and bottom-side reflections (e.g.,527

SS and PP precursors, and SsdS reflections), which will extend the range of mantle imaging528

through to the mid- and lower-mantle.529
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