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𝑃
𝑛

𝑃(𝑛) ~𝑛
1
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𝑡

𝐶𝑙𝑚(𝑡) = 𝐶𝑙𝑚
𝑆 + Δ𝐶𝑙𝑚(𝑡)

𝐶𝑙𝑚 𝐶 𝑙 𝑚 𝐶𝑙𝑚
𝑆

Δ𝐶𝑙𝑚(𝑡)

𝑆𝑙𝑚

𝑓1

~116 𝑑𝑎𝑦𝑠

𝐶𝑙𝑚(𝑡) = 𝐶𝑙𝑚
𝑆 +  ∑ Δ𝐶𝑙𝑚

𝑛 (𝑡)

𝑛

Δ𝐶𝑙𝑚
𝑛 = 𝐴𝐶𝑙𝑚

𝑛 cos(2𝜋𝑓𝑛𝑡) + 𝐵𝐶𝑙𝑚

𝑛 sin(2𝜋𝑓𝑛𝑡) 

𝑓𝑛 = 𝑛𝑓0 𝑛 = 1,2,3,4 𝐴, 𝐵

𝑓1 𝑓2 𝑓3

𝑓4

𝐴𝐶𝑙𝑚

𝑓
, 𝐴𝑆𝑙𝑚

𝑓
, 𝐵𝐶𝑙𝑚

𝑓
, 𝐵𝑆𝑙𝑚

𝑓
𝑓1 𝑓4
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𝝈

Parameter 

10% 50% 100% 

Earth Doppler 
Only 

Tie Points 
Earth Doppler 

Only 
Tie Points 

Earth Doppler 
Only 

Tie Points 

𝛼0 [arcsec] 2.3 0.36 2.9  0.39 3.1 0.39 

𝛿0[arcsec] 1.3 0.21 1.6 0.21  1.8 0.21 

𝑇𝑠𝑖𝑑  [day] 1.1 × 10−5 1.5 × 10−6 1.3 × 10−6 1.6 × 10−5 1.4 × 10−5 1.6 × 10−5 

𝜖 [arcsec] 1.0 0.16 1.3 0.17 1.4 0.17 

Ω 
[deg/century] 3.2 × 10−2 5.1 × 10−3 3.9 × 10−2 5.4 × 10−3 4.3 × 10−2 5.4 × 10−3 

𝑀𝑂𝐼𝐹 8.6 × 10−3 1.4 × 10−3 1.1 × 10−2 1.4 × 10−3 1.2 × 10−2 1.4 × 10−3 

𝑘2 9.6 × 10−4 3.9 × 10−4 1.4 × 10−3 7.8 × 10−4 1.8 × 10−3 1.3 × 10−3 

𝛿𝑘2
 [deg] 8.6 × 10−2 4.0 × 10−2 1.6 × 10−1 1.3 × 10−1 2.5 × 10−1 2.2 × 10−1 

 

𝑉𝐸 𝐸𝐸

• 𝛼(𝑡) 𝛿(𝑡)

• 𝜆(𝑡) 𝛽(𝑡) 𝐸𝐸

• 𝜆𝑉(𝑡) 𝛽𝑉(𝑡) 𝑉𝐸

• 𝑃𝑉

• 𝑃0𝑉
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𝛽𝑉(𝑡)

𝜆𝑉(𝑡)

𝑃𝑉

𝑃𝑉,𝑒𝑞 = 𝑐𝑜𝑠[𝛿(𝑡)]𝑐𝑜𝑠[𝛼(𝑡)]𝒖𝑒𝑞,𝑥 + 𝑐𝑜𝑠[𝛿(𝑡)]𝑠𝑖𝑛[𝛼(𝑡)]𝒖𝑒𝑞,𝑦 + 𝑠𝑖𝑛[𝛿(𝑡)]𝒖𝑒𝑞,𝑧

𝑃𝑉,𝐸𝐸
= 𝑐𝑜𝑠[𝛽(𝑡)]𝑐𝑜𝑠[𝜆(𝑡)]𝒖𝐸,𝑥 + 𝑐𝑜𝑠[𝛽(𝑡)]𝑠𝑖𝑛[𝜆(𝑡)]𝒖𝐸,𝑦 + 𝑠𝑖𝑛[𝛽(𝑡)]𝒖𝐸,𝑧

𝑃𝑉,𝑉𝐸
= 𝑐𝑜𝑠[𝛽𝑉(𝑡)]𝑐𝑜𝑠[𝜆𝑉(𝑡)]𝒖𝑉,𝑥 + 𝑐𝑜𝑠[𝛽𝑉(𝑡)]𝑠𝑖𝑛[𝜆𝑉(𝑡)]𝒖𝑉,𝑦 + 𝑠𝑖𝑛[𝛽𝑉(𝑡)]𝒖𝑉,𝑧

𝐸𝐸

𝑃0𝑉,𝐸𝐸
= 𝑠𝑖𝑛𝑖0𝑠𝑖𝑛𝛺0𝒖𝑬,𝒙 − 𝑠𝑖𝑛𝑖0𝑐𝑜𝑠𝛺0𝒖𝑬,𝒚 + 𝑐𝑜𝑠𝑖0𝒖𝑬,𝒛

𝑖0 = 3.39466189° 𝛺0 = 76.67992019°

𝑃𝑉 𝐸𝐸

𝑃𝑉,𝐸𝐸
= 𝑅−1𝑃𝑉,𝑒𝑞 𝑃𝑉,𝑒𝑞 = 𝑅𝑃𝑉,𝐸𝐸

𝑅 = (
1 0 0
0 cos 𝜖 − sin 𝜖
0 sin 𝜖 cos 𝜖

)

𝜖 = 23.43662𝑑𝑒𝑔

cos 𝛽 cos 𝜆 = cos ∝ cos 𝛿

cos 𝛽 sin 𝜆 = cos 𝜖 cos 𝛿 sin ∝ + sin 𝜖 sin 𝛿

sin 𝛽 = cos 𝜖  sin 𝛿 − sin 𝜖 cos 𝛿 sin ∝

𝑡 = 0 𝛼0 = 𝛼(0) 272.76°
𝛿0 = 𝛿(0) = 67.16°

𝐸𝐸

𝜆0 = 30.079869° 𝛽0 88.762332°

𝒖𝑉,𝑥 , 𝒖𝑉,𝑦, 𝒖𝑉,𝑧 𝑉𝐸

• 𝒖𝑉,𝑧 = 𝑃𝑉
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• 

𝒖𝑉,𝑥 = 𝑃0𝑉 × 𝑃𝑉

𝒖𝑉,𝑥 = 𝑢𝑉,𝑥1
𝒖𝐸,𝑥 + 𝑢𝑉,𝑥2

𝒖𝐸,𝑦 + 𝑢𝑉,𝑥3
𝒖𝐸,𝑧

𝑢𝑉,𝑥1
=

cos 𝛽0  cos 𝑖0 sin 𝜆0+sin 𝛽0 sin 𝑖0 cos 𝛺0

√1−[sin 𝛽0 cos 𝑖0− cos 𝛽0 sin 𝑖0 cos(𝜆0−𝛺0)]2

𝑢𝑉,𝑥2
=

sin 𝛽0 sin 𝑖0 sin 𝛺0−cos 𝛽0  cos 𝑖0 cos 𝜆0

√1−[sin 𝛽0 cos 𝑖0− cos 𝛽0 sin 𝑖0 cos(𝜆0−𝛺0)]2

𝑢𝑣𝑥3 = −
cos 𝛽0 sin 𝑖0 cos(𝜆0−𝛺0)

√1−[sin 𝛽0 cos 𝑖0− cos 𝛽0 sin 𝑖0 cos(𝜆0−𝛺0)]2

𝒖𝑉,𝑧 = 𝑢𝑉,𝑧1
𝒖𝐸,𝑥 + 𝑢𝑉,𝑧2

𝒖𝐸,𝑦 + 𝑢𝑉,𝑧3
𝒖𝐸,𝑧

𝑢𝑣,𝑧1 = sin 𝑖0 sin Ω0 ; 𝑢𝑉,𝑧2
= − sin 𝑖0 cos Ω0 ; 𝑢𝑉,𝑧3

= cos 𝑖0

𝒖𝑉,𝑦 = 𝒖𝑉,𝑧 × 𝒖𝑉,𝑥

𝑀

𝑀 = (

𝑢𝑉,𝑥1
𝑢𝑉,𝑦1

𝑢𝑉𝑧1

𝑢𝑉,𝑥2
𝑢𝑉,𝑦2

𝑢𝑉,𝑧2

𝑢𝑉,𝑥3
𝑢𝑉,𝑦3

𝑢𝑉,𝑧3

) ≈ (
0.531509 −0.84509 0.0576204
0.846837 0.531678 −0.0136422

−0.0.191066 0.0560461 0.998245
)

𝛼(𝑡) 𝛿(𝑡) 𝛽𝑉(𝑡), 𝜆𝑉

𝑃𝑉,𝑒𝑞(𝑡) = 𝑅𝑀𝑃𝑉,𝑉𝐸
(𝑡) 𝑃𝑉,𝑉𝐸

(𝑡) = 𝑀−1𝑅−1𝑃𝑉,𝑒𝑞(𝑡)

𝜆𝑉(𝑡) = 𝜆𝑉(0) + 𝛺𝑡 + 𝛿𝜆𝑉(𝑡)

𝛽𝑉(𝑡) = 𝛽𝑉(0) + 𝛿𝛽𝑉(𝑡)

𝛿𝛽𝑉 𝛿𝜆𝑉 𝛺

𝛽𝑉
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𝛽𝑉(0) = 87.3638°; 𝜆𝑉(0) = 90°

𝛼̇(𝑡)

𝛿̇(𝑡)
=

sin 𝛼(𝑡) tan 𝛿(𝑡) (cos 𝜖  sin 𝑖0 cos Ω0 + sin 𝜖  cos 𝑖0)

cos 𝛼 (𝑡)(cos 𝜖 sin 𝑖0 cos Ω0 + sin 𝜖  cos 𝑖0) + sin 𝑖0 sin Ω0 sin 𝛼(𝑡)
+

+
cos 𝜖 cos 𝑖0−sin 𝑖0(sin Ω0 cos∝(𝑡) tan 𝛿(𝑡)+sin 𝜖 cos Ω0)

cos 𝛼(𝑡)(cos 𝜖 sin 𝑖0 cos Ω0+sin 𝜖  cos 𝑖0)+sin 𝑖0 sin Ω0 sin 𝛼(𝑡)

𝑑𝛼

𝑑𝑡

𝑑𝛿

𝑑𝑡

𝛼̇(0) = 1.77694𝛿̇(0)

cos 𝛿 cos 𝛼 = 𝑢𝑉,𝑥1
cos 𝛽𝑉 cos 𝜆𝑉 + 𝑢𝑉,𝑦2

cos 𝛽𝑉  sin 𝜆𝑉 + 𝑢𝑉,𝑧1
sin 𝛽𝑉

cos 𝛿  sin 𝛼 = cos 𝜖 (𝑢𝑉,𝑥2
cos 𝛽𝑉 cos 𝜆𝑉 + 𝑢𝑉,𝑦2

cos 𝛽𝑉  sin 𝜆𝑉 + 𝑢𝑉,𝑧2
sin 𝛽𝑉) −

sin 𝜖 (𝑢𝑉,𝑥3
cos 𝛽𝑉 cos 𝜆𝑉 + 𝑢𝑉,𝑦3

cos 𝛽𝑉 sin 𝜆𝑉 + 𝑢𝑉,𝑧3
sin 𝛽𝑉)
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sin 𝛿 = cos 𝛽𝑉 cos 𝜆𝑉 (𝑢𝑉,𝑥2
sin 𝜖 + 𝑢𝑉,𝑥3

cos 𝜖) + cos 𝛽𝑉 sin 𝜆𝑉 (𝑢𝑉,𝑦2
sin 𝜖 + 𝑢𝑉𝑦3

cos 𝜖) +

sin 𝛽𝑉 (𝑢𝑉,𝑧2
sin 𝜖 + 𝑢𝑉,𝑧3

cos 𝜖)

𝛼(𝑡), 𝛿(𝑡)

𝛼(𝑡) ≈ −1.52263 + 2.11423𝛿𝛽𝑉(𝑡) − 0.0672264(𝛿𝜆𝑉(𝑡) + 𝛺𝑡)

𝛿(𝑡) ≈ 1.17216 − 0.568672𝛿𝛽𝑉(𝑡) − 0.0378326(𝛿𝜆𝑉(𝑡) + 𝛺𝑡)

𝛼̇, 𝛿̇ 𝛺

𝛼̇(0) ≈ −0.0672264𝛺 = −4.62097 × 10−13[𝑟𝑎𝑑 𝑠⁄ ]

𝛿̇(0) ≈ −0.0378326𝛺 = −2.60051 × 10−13[𝑟𝑎𝑑 𝑠⁄ ]

𝛼̇ (0) 𝛿̇⁄ (0)

𝑀𝑐𝑜𝑣 = 𝑘𝑐𝐻−1 (2𝜎𝑛
2𝐻 +

1

2
𝐴𝑤𝜎𝑛

4𝐼) 𝐻−1

𝑘𝑐 𝐼
𝐻 𝑐(𝑥, 𝑦)

(𝑥, 𝑦)

𝐻 = [

𝜕2𝑐

𝜕𝑥2

𝜕2𝑐

𝜕𝑥𝜕𝑦

𝜕2𝑐

𝜕𝑥𝜕𝑦

𝜕2𝑐

𝜕𝑦2

]

𝐴𝑤 𝜎𝑛

𝜎𝑛 =
1

2𝐴𝑤
∑ [𝐼1(𝑥⃗) − 𝐼1̅ − 𝐼2(𝑥⃗ − 𝑜⃗) + 𝐼2̅(𝑜⃗)]𝑥∈𝑊

2

𝐼1(𝑥⃗) 𝐼2(𝑥⃗) 𝑥⃗ 𝑜⃗

𝐼1̿ 𝐼2̿(𝑜⃗)

𝑠𝑖𝑛𝑐
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𝑐(𝑥, 𝑦) = 𝑠𝑖𝑛𝑐 [
𝜋𝑥

2𝜎𝑚𝑥

] 𝑠𝑖𝑛𝑐 [
𝜋𝑦

2𝜎𝑚𝑦

]

𝜎𝑚𝑥
𝜎𝑚𝑦

𝑥 𝑦

𝐻 =  [

−
1

12

𝜋2

𝜎𝑚𝑥
2 0

0 −
1

12

𝜋2

𝜎𝑚𝑦
2

]

𝜎𝑚𝑥
𝜎𝑚𝑦

𝜎𝑚𝑞
=

1

2
− 𝑘𝑚𝑞

𝜎10×10

𝜎̅10×10
1

√𝑁𝐿
(1+

1

𝑆𝑁𝑅
)

𝑞 = 𝑥, 𝑦 𝑘𝑚𝑞

𝜎̅10×10 𝜎𝜎10×10

𝑆𝑁𝑅 =
𝜎̅10×10

𝑁𝐸𝑆0

𝜎𝑛
2

𝜎𝑛
2 = [√2𝜎̅10×10 (

1

√𝑁𝐿

1

𝑆𝑁𝑅
+ 𝑘𝑠

𝜎̅𝑣

𝜎10×10
)]

 𝜎̅𝑣


