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Key Points:

* We examine the impact of horizontal variations in ice density on large-scale ice-
sheet simulations.

« A commonly used approximation, which adjusts the glacial thickness to account
for density variations, has a number of shortcomings.

» An approach which explicitly includes horizontal density variations could lead to
a 10% correction in estimated sea level rise.
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Abstract

Gravity-driven flow of large ice masses such as the Antarctic Ice Sheet (AIS) depends

on both the geometry and the mass density of the ice sheet. The vertical density pro-
file can be approximated as pure ice overlain by a firn layer of varying thickness, and for
the AIS the firn thickness is not uncommonly 10 to 20% of the total thickness, leading
to not insignificant variation in density. Nevertheless, in most vertically-integrated ice-
flow models today the density is assumed to be constant, sometimes with an adjustment
in thickness to compensate. In this study, we explore the treatment of horizontal den-
sity variations (HDVs) within vertically-integrated ice-sheet models. We assess the rel-
ative merits and shortcomings of previously proposed approaches, and provide new for-
mulations for including HDVs. We use perturbation analysis to derive analytical solu-
tions that describe the impact of density variations on ice flow for both grounded ice and
floating ice shelves. Our analytical solutions reveal significant qualitative differences be-
tween each of the proposed density formulations. Furthermore, by modelling the tran-
sient evolution of a large sector of the West Antarctic Ice Sheet (WAIS), we quantify the
impact of HDVs on estimated sea level change. For WAIS we find that explicitly includ-
ing the horizontal density gradients in the momentum and mass conservation equations
leads to about a 10% correction in the estimated change in volume above flotation over
40 years. We conclude that including horizontal density variations in flow modelling of
the Antarctic Ice Sheet is important for accurate predictions of mass loss.

Plain Language Summary

Variation in the average ice-density across large ice sheets such as the Antarctic
Ice Sheet will have an impact on the dynamics of the ice-flow. The question we wish to
answer in this study is how significant this impact is and how best to model the density
variations within large-scale numerical simulations. Variations in the average ice-sheet
density come from layers of compactified snow which have a lower density than the un-
derlying ice. Within the Antarctic Ice Sheet this compactified snow layer is approximately
10 to 20% of the total thickness, which leads to not insignificant variation in the aver-
age density. Nevertheless, in most numerical models that simulate the flow of large ice
sheets, these variations are either ignored completely or approximated by an adjustment
in the total ice-thickness. In all large-scale numerical models, there is a trade-off between
computational complexity and an accurate depiction of the physical processes. We pro-
pose several formulations for including density variations, and study the theoretical be-
haviour of ice flows in each formulation. We find that numerical simulations of the West-
ern Antarctic Ice Sheet over 40 years suggest that explicitly including density variations
may lead to about a 10% correction in estimated sea level rise.

1 Introduction

Ice sheets typically comprise a core of meteoric ice, and an overlying layer of lower-

density firn of variable thickness. This gives rise to spatial variation in the vertically-averaged

density of the ice at each point on the surface. These density variations can be signif-
icant. For example, in Figure 1 we have plotted the vertically-averaged density over the
ice shelves fringing the Antarctic Ice Sheet, extracted from estimates of firn thickness.
We see a reduction in density of at least 5% over wide areas, and over many ice-shelves

such as George IV and towards the calving fronts of the Filchner-Ronne and Ross ice shelves

the reduction in average density can be as much as 15%. For unconfined ice shelves the
local spreading rate is proportional to the third power of the local density (when using
typical values to describe the rheology of ice), which would suggest that in some cases

density variations could lead to a 50% reduction in estimated spreading rates. For grounded
ice shelves the velocity is similarly impacted by the local density. Nevertheless, despite
potentially having significant impact on ice flow, horizontal variations in the ice density
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Figure 1. Vertically-averaged density of the ice-shelves in Antarctica, with the grounded
domain masked (BedMachine Antarctica; Morlighem (2020); Morlighem et al. (2020)).

are generally not accounted for in most vertically-integrated large-scale ice sheet mod-
els today.

Here we provide the first systematic assessment of the impact of horizontal den-
sity variations on the flow of large ice masses and present new formulations for their in-
clusion in large-scale ice-flow models. We base our analysis on the shallow ice stream ap-
prozimation, a commonly used vertically-integrated formulation in ice-flow modelling for
describing the ice flow of large ice masses where the ice thickness is small compared to
the horizontal span. (This formulation is also referred to as the shallow-shelf approxi-
mation or the shelfy approximation, and often abbreviated to SSA.) The SSA is deployed
in many numerical simulation models of large ice masses. See, for example: the Pollard
& DeConto Hybrid Ice Shelf Model (Pollard & DeConto, 2012), the MALI variable-resolution
ice sheet model (Hoffman et al., 2018), PISM (Bueler & Brown, 2009), BISICLES (Cornford
et al., 2013), f.ETISh (Pattyn, 2017), ISSM (Larour et al., 2012), and Ua (Gudmundsson,
2020b). The treatment of density variations is rarely mentioned in the literature on these
ice-sheet models. In the published model descriptions, the vertically-averaged density,

p, enters the SSA equations of mass and momentum conservation, but in all models, with
the exception of ﬂa, the spatial and temporal derivatives of p appear to be set to zero.

If any correction for HDVs is included, it appears to be done through modification of

ice thickness. In the ice-flow model Ua, a variable density field can be specified as an in-
put to the model, and a correction to the momentum and mass conservation equations

is included. We return later to a detailed description of the implementation in Ua.

In all that follows, we consider variations in the vertically-averaged density as an
input field to the ice-sheet model, similar to other input fields like the ice sheet bedrock
topography, rather than concerning ourselves with how these variations in density arise
or evolve. This density can be extracted from datasets of ice and firn thicknesses, avail-
able for both the Greenland and the Antarctic Ice Sheets, e.g. the BedMachine Antarc-
tica dataset (Morlighem, 2020; Morlighem et al., 2020). Typically, the total thickness
of the ice sheet is considered to comprise an ice layer of fixed density pice = 917 kg/m?,
and a variable firn layer for which the firn air-content, 0, is estimated. The firn air-content
can be considered to be the vertical distance by which the firn needs to be compacted
for it to have acquired the same density as ice. From the definition of ¢ it follows that
it can be expressed as § = h x (1 — p/pice), where h is the total thickness of the ice
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column. Under this definition, h;ce = h — § is the ice-equivalent thickness, for which
Pice X hice = p X h. See Appendix A for a more detailed description.

A common approach to handle density variations in ice-flow models is to adjust the
height of the glacier to this ice-equivalent thickness, while keeping the ice-density con-
stant p = pice. This preserves the total mass of the ice-column at each spatial coordi-
nate and thus maintains hydrostatic equilibrium of the ice-shelves. We refer to this ap-
proximation as the density-to-thickness (D2T) adjustment method. The apparent ad-
vantage of this approach is that, as a result, all spatial density gradients in the original
data sets disappear, and so no modification of the standard form to the SSA equations
is required. However, this commonly used approach may not capture the true impact
of density variations acting within the mass and momentum conservation equations. It
is important to realize that the D2T adjustment results in modification to all terms in-
volving ice thickness in the SSA equations, including several terms that do not involve
the density. Furthermore, once the ice thickness has been modified in this manner in the
initial model setup, the density variations are effectively advected with the ice over time.
In what follows, we analyse the ice flow under the D2T adjustment and propose a num-
ber of alternative formulations for incorporating HDVs into large-scale ice-flow models.
In particular, we examine the magnitude of the difference, or the error, when the vari-
ations in density are folded into the ice thickness distribution, as done in the D2T ad-
justment, compared to introducing the spatial gradients in density directly as additional
terms in the SSA equations, and solving the resulting augmented system of flow equa-
tions.

We start by presenting the field equations governing ice-flow in the presence of a
spatially varying density field within the SSA in section 2, with the derivation detailed
in Appendix A. In section 3, we discuss various approaches for including HDVs in vertically-
integrated ice-flow models, including the D2T adjustment approach outlined above. One
of the first questions to consider is the general importance of horizontal density varia-
tions, and whether they can reasonably be ignored. To this end, in section 4 we start by
looking at typical spatial scales governing large-scale ice flow to assess the relative size
of different terms in the momentum equations, particularly those terms containing the
spatial gradients in density.

The bulk of this paper is dedicated to comparing the behaviour of the different den-
sity approaches within a linearised version of the field equations. This analytical approach
focuses on the response to small perturbations in the density field, closely following the
approach of Gudmundsson (2008). In sections 5 and 6, we derive the transfer functions
for induced perturbations in the glacial thickness and surface velocity relative to two steady-
state reference solutions: that of a grounded ice sheet in section 5, and that of a float-
ing ice shelf in section 6. The transfer functions describe the response of the primary fields
to density perturbations at different spatial wavelengths. The application to a floating
ice shelf is complicated by the fact that the steady-state thickness and velocity fields are
spatially varying, and here we use the approximation proposed by Ng et al. (2018) for
perturbation analysis in the presence of a spatially varying background field. We derive
sixteen transfer functions in total: for the surface topography and horizontal velocity field
within each of the four density formulations, applied to each of the two reference states.

In section 7 we summarise these results and examine the behaviour in a few simple sim-
ulations.

Finally, in section 8, we look at a specific example of the impact of the different
density formulations on transient simulations of the Western Antarctic ice sheet within
the shallow ice-model Ua. This is applied to a limited set of the different density formu-
lations, restricted to those that can be applied to large-scale numerical simulations within
the current set of ice-flow models. We conclude in section 9 with a summary of the im-
portant findings of this study.
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2 The SSA Field Equations with Horizontal Density Variations

The equations of motion describing the flow of isothermal masses are governed by
the principles of conservation of mass and momentum. In this study, we restrict our anal-
ysis to ice flows that can be described by the shallow ice stream approximation (SSA),
where the ice thickness is small compared to the horizontal span. The SSA equations have
been derived numerous times in the literature with the first derivation being, to our knowl-
edge, by MacAyeal (1989). Baral et al. (2001) provides a useful overview of asymptotic
theories of large-scale glacier flow. In the presence of horizontal density variation, we show
how the SSA mass and momentum equations need to be modified in Appendix A. We
have broadly followed the derivation given in Gudmundsson (2020a), but made various
modifications and extensions to account for a variable density field, resulting in several
additional terms to the momentum equations. The results are summarised below. In this
derivation, we make the simplifying assumption that the density is constant with depth,
and equal to the vertically averaged density at each spatial point (z,y). Without this
assumption, analytical solutions to the vertically-integrated field equations are not pos-
sible, and would instead require numerical integration in the z-dimension.

The SSA momentum-conservation equations, in the presence of a horizontally vary-
ing density field are
2hn Dp

Oy <4hn8$u + 2hndyv + 7 D1 )

1
+0y(hn(0zv + Oyu)) —toy = pgh(Oyscosa —sina) + §h2g8xp cos v

2hn Dp
8y <4hn8yv + 2hndu + th>

1
+05(hn (00 + Oyu)) —tyy = pghdyscosa + §h2g(‘9yp cos o (1)

in a tilted coordinate system aligned to the bed topography, where « is the angle of the
coordinate system to the horizontal. Allowing the density field to vary has introduced
two new contributions to these equations. On the left hand side, we have a term pro-
portional to the material derivative of the density field, Dp/Dt. This additional term
represents momentum transfer between regions of low and high density. While on the
right hand side is an additional driving term which scales as the horizontal gradient of
the density. In this notation: 7 is the vertically-integrated effective viscosity; u, v are the
horizontal velocities in the x,y directions respectively; 3., ty are the horizontal com-
ponents of the basal traction vector; s is the location of the upper glacial surface; and
g is the acceleration due to gravity. We use the short-hand 0, and the material
derivative is defined as

:@
— Oz’
Dp _
Dt —

where v = (u, v, w) is the velocity vector of the ice-flow. All variables are defined through-
out the text and summarised in the Notation section.

Op+v-Vp,

The generalised form of the mass-conservation equation which allows for density
variation in the ice sheet is
Dp

E‘FPV"U:O (2)

and the vertically-integrated form of this equation is
POh + V 5y - oy + hOip = pa (3)

where the horizontal mass-flux g,, = fbs pUgy dz; and the total accumulation, a = a,+
ap, is the sum of the surface accumulation and basal melt rates.

In addition to these field equations, the modification to the mass-conservation equa-
tion also impacts a few other expressions used inside shallow ice-flow models. Firstly,
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the boundary conditions at the calving front become

1D 1
2nh (28$u + Oyv + pD?) Ng + nh (Oyv + Oyu)n, = 29 (ph2 — pwdz) Ny
L Dp 1 2 2
2nh | 20yv + Ou + oDt ny +nh (00 + Oyu)n, = 29 (ph* = pwd®) ny (4)

where n, and n, are the components of the unit normal pointing horizontally outwards
from the ice front; p,, is the density of the ocean; and the draft at the ice-front d = S—
b where S is the surface of the ocean. Secondly, when calculating the effective viscosity
in Glen’s flow law, one should use

2
1 Dp
.2 . .
= (et )
instead of é,, = —(ézz + €yy), Where &;; are the strain rates.

3 Approaches to include Horizontal Density Variations in the SSA

There are a number of approaches we could take to handle the additional terms
in the modified SSA equations when modelling ice-flow. The simplest would be to ig-
nore the density variation completely and set the material derivative and spatial gradi-
ents of the density field to zero. An alternative, which is commonly used, is to treat the
density as constant and adjust the input ice-thickness by the firn air-content, as discussed
in section 1. We refer to this as the Density-to-Thickness Adjustment [D2T] for-
mulation. In this approximation, we set p = pjcc and h = hjce in all the field equa-
tions listed in section 2. Derivative terms in p will implicitly be introduced by the § ad-
justment to the derivative terms in h.

A more realistic formulation is implemented in the shallow-ice model Ua (Gudmundsson,

2020b), which allows a spatially-variable density field as one of the inputs. We refer to
this as the Density Variations - Body Force only [DV-BF] formulation. Additional
terms arising from the horizontal gradient of the density are included in the momentum
and mass—conservation equations. It assumes a static density distribution, i.e. 9;p = 0.
However, it neglects the term in Dp/Dt on the left hand side of the momentum equa-
tion (and similarly does not modify the calving front boundary conditions nor the effec-
tive viscosity), which only leaves the correction to the body-force term on the right hand
side of the momentum equation. There is a scaling argument which may justify that this
is the more significant correction term for real ice-flows, which we discuss in section 4.
The correction to the mass-conservation equation is implicit in the horizontal density vari-
ation of the mass-flux.

It has been observed that ice density at a given depth generally does not change
significantly over time. According to Sorge’s law (Bader, 1954), the compactification of
snow into ice leads to a static density distribution, with the arrival of new low-density
firn approximately balanced by the compactification and advection of existing material.
This motivates the choice of a static density distribution.

We propose two further formulations for incorporating horizontal density variations
into ice-flow models. The first is a fuller implementation of the DV-BF formulation which
does not neglect the Dp/Dt terms. We refer to this as the Density Variations [DV]
formulation. It assumes a static density distribution, thus setting d;p = 0 and Dp/Dt =
v-Vp inside all the field equations in section 2. This leads to correction terms on both
the left and right hand side of the momentum equations. However, this formulation does
cause some conceptual difficulties as the left hand side of the momentum equation is no
longer frame-invariant, which is inevitable since in order to assume 0;p =~ 0 we must
be specifying a particular reference frame.
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This lack of frame-invariance motivates our second proposal, which is to allow the
temporal evolution of the vertically-integrated density field. We refer to this as the Den-
sity Variations Advected [DVA] formulation. We ignore the overhead snow accu-
mulation and compactification at depth, and assume that the initial density distribution

advects with the ice, such that the flow is density-preserving. In this limit we set Dp/Dt =

0 in all the field equations listed in section 2, and the density evolves according to dip =
—v - Vp. A full treatment that includes a detailed firn compactification model to es-
timate the evolution of the vertically-integrated density at each spatial coordinate, we
consider out of scope for this work.

We consider each of these four approaches for including horizontal density varia-
tions (DV, DV-BF, DVA and D2T) independently in the perturbation analysis that fol-
lows in sections 5 and 6, and compare the results of the different approaches in 7. In the
numerical simulations of the Antarctic Ice Sheet in section 8, we are obliged to restrict
our analysis to comparing the DV-BF and D2T adjustment methods, which are the only
two formulations that are enabled for large-scale simulations in current ice-flow models.

4 Significance of the Additional Density Variation Terms

One of the first questions to consider is the relative magnitude of the additional
terms in the SSA equations that arise in the presence of a varying density field, as de-
rived in section 2, regardless of the specific density formulation used.

We start with the modified momentum-conservation equation, and look at the typ-
ical scales for the different variables, indicated by [-]. Restricted to one-dimensional flow,
and assuming that time scales advectively, i.e. Dp/Dt scales as v-Vp, Equation (1) can
be expressed in terms of the typical scales as

Alin][u] ([Au] | 1[Ap] _ [llgl[h)? ([As] | 1[Ap]
s (R 2 )~ = 2 (-2 g )~
where [a] = [h]/[zx] < 1 in the shallow ice stream approximation. The scale [Ap] rep-

resents the variation in density over the horizontal length scale [z]. The additional terms
on both the right and left hand sides of the momentum equation scale as [Ap]/[p]. The
same is true of the additional terms in the D2T adjustment method, which scale as []/[h]
[Ap]/[p]. A reasonable estimate from Figure 1 is that the average density of an ice sheet
can range from 917kgm™3 to approximately 830 kgm~—3, such that [Ap]/[p] ~ 0.1. Stan-
dard scaling arguments would argue that [Au]/[u] ~ 1 and [As]/[h] ~ 1, which would
imply that the density terms on both sides of the momentum equation contribute equally,
with a magnitude of approximately 10%.

The true relative contribution of the additional density terms will depend on the
glacier topography. For example with grounded ice caps, which typically exhibit larger
variations in [As], the basal drag t;, tends to dominate on the left hand side of the mo-
mentum equation. Under this scenario, we might expect the density correction term on
the left hand side to be negligible, and only the correction to the body-force term to be
significant. For fast flowing ice streams and floating ice-shelves, the basal drag tends to
zero. However the surface slope, [As], also tends to zero, at which point the density cor-
rection in the body-force term may become quite significant. In both scenarios, this is
suggestive that the density correction term within the driving force on the right hand
side of the momentum equation is more significant than that on the left, and should be
prioritised in the implementation of any horizontal density formulation. This is consis-
tent with the DV-BF formulation which prioritises the body-force term, as opposed to
the more complete DV formulation which includes both terms.

The additional density terms in both the mass-conservation equation and the calv-
ing front boundary conditions, in Equations (3) and (4), can also be seen to contribute
approximately 10%. The contribution to the effective viscosity from Equation (5) is less
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obvious. It can be shown that it ultimately introduces a multiplicative factor to the ef-

fective viscosity, which scales as ( — "2—;1%). Typical values for the exponent in Glen’s
flow law, n = 3, would suggest that this correction is less significant, but not negligi-

ble, at 3%.

5 Perturbation Analysis: The Case of a Grounded Ice-Sheet

We wish to understand the impact on the ice flow of including the additional terms
arising from horizontal density variations. In this section we consider the first-order re-
sponse to small perturbations in the glacial density, restricted to the one-dimensional
case for simplicity. We follow closely the technique presented in Gudmundsson (2008),
and derive transfer functions for the transient frequency profile of induced perturbations
in the surface s(z,t) and horizontal velocity u(z,t). In this section we focus on the ref-
erence state of a grounded ice sheet, and derive the response to small perturbations about
this reference solution. We do this separately for each of the four density formulations
(DV, DV-BF, DVA, D2T) that were described in section 3.

5.1 Reference Solution

In the case of a grounded ice sheet, the basal stress can be described by Weertman’s
sliding law:

_ Cfl/mHvb”l/mfl,U

tor b

where vy is the basal velocity and c is the slipperiness along the bed. In the SSA, the
horizontal velocities are constant with depth and so in one-dimension tp, = (u/c)*/™.
In this perturbation analysis, we assume that the viscosity is linear such that 1 = const.
Taking the vertically-integrated SSA momentum equations presented in Equation (1),
and restricting to a one-dimensional flow-line for simplicity, we find

R <4hn5mu + 2h17Dp> — (E) Hm = pgh (0yscosa — sina) + 1gh2896p cosae  (6)

p Dt c 2
We consider an idealised scenario of flow down a uniformly inclined slab of constant thick-
ness, which extends infinitely in the z and y dimensions. To find the steady-state ref-
erence solution, we look for solutions which are independent of z. This can be solved triv-
ially to find
u = c(pghsina)™

which is our reference solution for the flow.

5.2 Perturbations within the DV formulation

Our first example is to apply a small density perturbation to the ice sheet, and as-
sume the ice dynamics can be described by a static density distribution as specified by
the Density Variations [DV] formulation.

Within this perturbation analysis, we apply a small perturbation to the ice den-
sity about a constant reference value:

p(z,t) = p+ Ap(x,t) (7)

while holding other parameters constant, such as the viscosity 7 and basal slipperiness
c. This induces small perturbations in the other variables:

h(z,t) h(z) + Ah(z,t)
s(z,t) = 5(z)+ As(z,t)
u(z,t) = a(x)+ Au(z,t)
w(z,z,t) = w(x,z)+ Aw(x, z,t) (8)
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In the case of a grounded ice sheet, the reference solution is independent of x and so u,
h and 5 are constants, while w is a function of z only. The lower surface remains unper-
turbed, such that h = 5 — b and As = Ah. In the DV formulation, the density distri-
bution is held static, so we assume the perturbation in time is a step function H(t) with
zero perturbation before ¢t = 0, and a fixed contribution which varies with x thereafter:

Ap(e,t) = H(t)Ap(a).

In the DV formulation, the momentum and mass conservation equations describ-
ing the ice flow, Equations (6) and (2) respectively, become

2 1/m 1
Oy (4h778$u + Znuamp) - (%) = pgh(0zscosa —sina) + §h2901p cos a
wOpp + p(Opu+ d,w) = 0

Applying the perturbations of Equations (7) and (8), the momentum equation to zeroth-
order is identically equal to the reference solution:

@ = c(pghsin a)m (9)

while to first-order in the perturbations, the equations of motion are

_ Imhi
4hno?, Au + %’H(t)@iwAp —yAu = T40;Ascota — %As
1 o
—Td’H(t)i + dehrH(t) i cot o
uH ()0, Ap + p(0.Au+ 0,Aw) = 0 (10)
where we have defined
T4 = pghsina
_ U 1/m 1 1-m 1
= (E) mi 4 me

and the final equality comes from the zeroth-order solution.

In addition to the equations of motion, we require the kinematic boundary condi-
tions to find analytical solutions to these perturbations. At the upper and lower surfaces
respectively,

Ops +udys —wl|s = ag
b+ udb—wly, = —ap (11)

where all variables apart from the vertical velocity w are independent of z in the SSA.
We set the accumulation rates a; = ap = 0 in the case of a grounded ice sheet, so that
the reference solution is time-invariant. We need to be careful when considering the per-
turbation response within the boundary conditions, to separate out the perturbation in
a function due to variation with the location of the boundary surface As, and the per-
turbation in the function due to other factors. Consider a function f = f(z, ¢), which
varies with depth, z, as well as other factors which we have aggregated together as ¢.
Using a Taylor expansion to first order,

f(z,9) f(Z,0) +0.f(2,0)Az + 0y f (2, ) Ad
f(2)+0.f(2)Az + Af(2)

where for the sake of brevity, variation due to the other factors ¢ has been aggregated
into Af. We apply this technique to the horizontal (u) and vertical (w) velocities at the
boundary. We find that to zeroth order,

Wz =wl;=0
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while to first order,

O As + uls0,As — Aw|s =
Awly = 0 (12)

where the term in 0,w|; has vanished due to the zeroth-order solution.

To solve this system of first-order equations, we apply Fourier and Laplace trans-
forms in the z and t dimensions respectively, defined as

“+oo
0 = [ ra)dta

— 00

“+o0
fr) = / f(tye (13)

+

We apply the transforms to the perturbations: Ap, As, Au and Aw. These perturba-
tions are functions of (x,t). In the F.T. and L.T. space they become functions of (k, ).
Under these transforms, we have the following identities:

T.(f' (=
T.(f"(
T.(f(t
T.(H(t

= —ikF.T.(f(z))
—k2F.T.(f(x))
= rLT.(f(t))— f(t=07)

7“_1

)
)
)
)
The Fourier and Laplace transforms of the first-order equations of motion and bound-
ary conditions in Equations (10) and (12) give rise to the following linearised system of
equations:

h _ A
EAu = iktgAscota + %As + (Td + ik% cota — 2nhuk2) _—p (14)
pr
0. Aw = ikAu+ikur 'Ap/p (15)
Awl|; = rAs—ikuAs (16)
Aw‘g = 0 (17)

where we have defined
£ = ~+4hkn

and we have chosen to set As(t = 07) = 0. In the SSA equations, only Aw is a func-
tion of z, and so we can integrate Equation (15) between the lower and upper surfaces
and apply the boundary conditions given by Equations (16) and (17), to give

(r —iku)As = ikhAu+ikhur *Ap/p

We eliminate Au by inserting Equation (14), and collect terms in Ap and As to arrive
at the transfer function

As(k,r)  h(p+ 5t;1 — ikuQ)
Ap(k) pr(r —p)

where, following the definitions in Gudmundsson (2008), we have defined

Tsp(k,r) =

p = it ="
t;h = k(u+71a")
tt £ k21 4h cot a

in addition to ~
¢ =2nhk?e 1.

—10—
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We convert T, (k,r) back into the time dimension through the inverse Laplace trans-
form:

s =g [ etsima

= — e f(r)dr
211 N —ioo

Note in this context 7 is an arbitrary real number so that the contour path of integra-

tion is in the region of convergence of f(r), not to be confused with the earlier param-

eter v in the field equations. The function T, (k,r) has two poles: one at r = 0 and

one at r = p. The quantities in the definition of ¢, are always positive, and so the pole

defined by r = p will reside in the left half of the complex plane. We integrate over the

left half of the complex plane, enclosing both poles, such that the contour integral is equal

to 2mi times the sum of the residuals. The function T, (k,r) — 0 as |r| — oo, and so

by Jordan’s Lemma we can ignore the arc segment of the contour integral that expands

to infinity. Thus,

As(k,t)  h(p+ gt ' —iku¢)

- f (e 1)
Ap(k) pp
Numerical integration is required to transform the response in the surface from the fre-
quency domain into the spatial domain, with the inverse Fourier transform:

Tsp(k,t) (18)

INC / T (b, ) Ap(k)e ke dk (19)

— 00

where Ap(k) is the Fourier transform of the small perturbation in the density field Ap(zx).

We can follow a similar procedure to find the response of the horizontal velocity
to perturbations in the density. In the Laplace domain,

st = (0 ) 1t ) s

r(r—p) ikp
and taking the inverse Laplace transform, the transfer function for the horizontal veloc-
ity in the time-domain is
_1,-1 . oy — 1,-1 Ly
T Au(k,t)  u(zt7" —ikug) N (p —iku) (p+ 3t ! — iku() oot

u kat = = — e7 —
(5 1) Ap(k) pp ikpp

(20)

5.3 Perturbations within the DV-BF formulation

We can follow exactly the same procedure to find the transfer functions when the
ice-flow is described by the Density Variations - Body Force only [DV-BF] formulation,
which just requires us to neglect the term in u0, p on the left hand side of the momen-
tum equation:

Tsp(k,t) = AASI()I(C’;) _h J;;t: ) (eP —1) (21)
u a (3t —iku 1,-1
Tup(k',t) = AA;?’)t) — (Qﬁtpr ) 4 (p k Z)k(;:p‘i‘ Qtr )ept (22)

5.4 Perturbations within the DVA formulation

In this next example, we assume the ice dynamics can be described by an initial
density distribution which then advects over time as specified by the Density Variations
Advected [DVA] formulation. We follow a similar procedure to that detailed in section
5.2.

In the DVA formulation, the momentum and mass conservation equations describ-
ing the ice flow, Equations (6) and (2) respectively, become

u\ 1/m . 1 5
0 (4hndyu) — (Z) = pgh(0yscosa —sina) + §h g0, p cos a
Oyu+o,w = 0

—11-
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together with the equation of motion for the density evolution,

D
Flt) =0+ ud,p =0 (23)

while the kinematic boundary conditions are the same as before in Equation (12).

We apply a perturbation to the density field which can evolve over time, as described
in Equations (7) and (8), with Ap(z,t < 0) = 0. Keeping terms to first-order in the
perturbations, and applying the Fourier and Laplace transforms defined in Equation (13),
we arrive at the following linearised system of equations:

h A
EAu = dkTgAscota + %AS + (Td + ik% cot a) fp
p
0. Aw = ikAu
rAp—Apo(k) = ikulp
Aw|; = rAs—ikulAs
Awly = 0

where the initial density distribution Apg(k) = Ap(k,t = 0), and as before we have
chosen to set As(t < 0) = 0. This system of equations can be solved to arrive at

h(p —iku+ $t)
(r—p)(r —iku)p

which describes the surface perturbation relative to the initial density distribution. The

poles of the transfer function are at »r = p and r = iku. The latter is associated with

the timescale for the advection of the density distribution. Applying the inverse Laplace
transform, the transfer function in frequency space is
As(k,t) h (p —iku + %t;l) pt _ikat

= - — (e —e ) (24)
Apo(k) p(p — iku)

As(k,r) =

Apo(k)

TSPo(k7 t)

We can follow a similar procedure to find the response of the horizontal velocity
to perturbations in the density:

Bulk,t) _poikit st (25)

VRO i

Note that in the DVA formulation, the spatial distribution of the density at any
point in time can be found by taking the inverse F.T. of the transfer function which re-
lates the density to the initial density distribution:

Ap(ka t) ikut

Tppo (K, t) = Apo(k) =e

5.5 Perturbations within the D2T formulation

Finally, we again repeat the perturbation analysis outlined in section 5.2, but this
time we assume the ice flow can be described by the Density-to- Thickness Adjustment
[D2T] formulation. The equations of motion and the boundary conditions are shifted to
mimic the thickness adjustment performed in the D2T formulation, such that all vari-
ables relate to the same physical quantities.

In the D2T formulation, the density is set as a constant pjce everywhere, and the
surface of the glacier is shifted by the firn air-content, such that the height is equal to
the ice-equivalent thickness: hjce = h—4¢. In this formulation, the momentum-conservation
described by Equation (6) becomes

Oz (4(h — §)n0su) — toe = piceg(h — 0) (Ox(s — §) cos a — sin )

—12—
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which can be expressed as

Oz <4phn8xu) — (E)l/m - 7 pghd,scos a — pghsin a + P gh?0,pcosa
ice c Pice ice

where the firn air-content has been replaced by the vertically-averaged density p = pjce(1—

d/h). Comparing this to Equation (6), which is the complete form of the SSA momen-

tum equation in the presence of a varying density field, we see that, while there is some

similarity in the additional terms, there are many differences which do not disappear to

order O (§) in the limit § < h. The density is constant in the D2T formulation, and

so the mass-conservation in Equation (2) becomes

Ozu+ 0w =0 (26)

The kinematic boundary conditions in Equation (11) are also modified in the D2T for-
mulation, since the location of the surface in the model is shifted. At the upper and lower
surfaces respectively,
Oi(s —0) +uly(s —9) —w|s—s = as
Ob+udb—wly, = —ap

Combining the two boundary conditions and replacing the firn air-content with the vertically-
averaged density, we find

o, (pf" h) +ud, (p” h) — (W]s—s —w]y) = a (27)

The firn air-content is applied as an initial static adjustment to the glacial surface
in the D2T formulation, and so the applied density perturbation in this analysis is also
static: Ap(z,t) = H(t)Ap(z). Applying the perturbations in Equations (7) and (8),
the momentum equation to zeroth-order solution is identically equal to the reference so-
lution in Equation (9), in other words the average density can equally well be expressed
as a shift in the glacial thickness. This is not the case at higher orders. Keeping terms
to first-order in the perturbations, and applying the Fourier and Laplace transforms de-
fined in Equation (13), the equations of momentum and mass conservation together with
the kinematic boundary conditions, become

. ik _
EAu = (Z ™ ot + El) (ﬁAs + rilhAp)
Pice Ph
0, Aw = ikAu
b h
Aw|,_5—Awly = (r—ika) P As—ikar? Ap
Pice Pice

where 74 = pghsin a as before, but we have defined

= 477L71k2 +v
1ce

There is a subtlety that is important to think about carefully when applying the Laplace
transform to the kinematic boundary condition. Within the D2T adjustment, density
perturbations are applied within the ice sheet geometry before the run starts. Therefore
Ap(z,t = 07) = Ap(zx). This could also be expressed as H(t = 07) = 1 in our nota-
tion, although it diverges from the strict definition of the Heaviside step function. Both
here and in the earlier analysis, we choose As(t = 07) = 0, i.e. we don’t apply an in-
stantaneous response in the unmodified glacial surface. Therefore when taking the L.T.
of the first term in Equation (27) to first order in the perturbations, we have

LT (at( LN H(t)Ap)) = r( p Ah+hr_1Ap> - [ P Ah+ ) ap
Pice Pice A\ Pice Pice Pice Pice
- 2 ran
Pice

—13—
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This system of equations can be solved to arrive at
As(k,r) hp

Ts,(k,r) = = — -
S VNN
where we have defined
p o= it ="
i;l = k (ﬁ + Tdfll)
tho= Lgflkzmi_z cot o
Pice
Taking the inverse Laplace, the transfer function in frequency space is
As(k,t)  —h .
Top(k,t) = == = — (1 —ePt 28
() = 50D 8)

We observe that the time scale of this transfer function is different to those derived pre-
viously in Equations (18, 21 & 24). This is because of the dependence in the definition

of § on A, which is one of the response variables in the perturbation analysis. The lo-
cation of the pole in the complex plane changes whenever the contribution to As changes,
and with it the expression for the time scale.

We can transform this transfer function into the response observed in the adjusted
surface Sice = s — 0, using the relationship Ap = —picc A(6/h):
ASice _ A(h — 5) L + (1 6) M — Leﬁt
Ap Ap Pice h) Ap  Pice
The perturbation in the adjusted surface is equal to the firn air-content perturbation ini-
tially, and as the response evolves As;ce — 0, such that the induced perturbation in the
glacial surface decays away. If we express the perturbation in terms of the firn air-content

which has units ‘distance’, and set § = 0, such that Ap = —(pice/h) X AS, then we
find
ASige Pt
=—¢
Ad

which is identical to the transfer function —Tss, derived in Equation (27) of Gudmundsson
(2008). This makes sense since the density perturbation expressed as Ad in the D2T ad-
justment is identical to a shift in sg = —d. While over time the perturbation in the ice-
equivalent surface dissipates, by definition this means that the unmodified surface de-
velops a depression equal to the firn air-content of the density perturbation, giving rise

to a constant transfer function at all frequencies in the steady-state.

We can follow a similar procedure to find the response of the horizontal velocity
to perturbations in the density:

Au(k,t)  p—iku g

Ap(k) kb
Note that again this expression reduces to the transfer function T, derived in Equa-
tion (29) of Gudmundsson (2008), if we set § = 0 and write the perturbation in terms
of the firn air-content: T,5 = f”‘ie xTyp; while at the same time restricting Equation
(29) of Gudmundsson (2008) to the flow-line case by setting the transverse wave num-
ber [ to zero.

Tup(k,t) = (29)

6 Perturbation Analysis: The Case of a Floating Ice-Shelf

In this section, we repeat the perturbation analysis detailed extensively in section
5 for each of the four density formulations in the case of a grounded ice sheet, but this
time applied to a floating ice shelf reference state. There are a number of key differences
to that of a uniform grounded ice sheet, which we highlight as we go through the deriva-
tions below.
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6.1 Reference Solution

The equilibrium profile of a floating ice shelf is a well-known solution in glaciology,
with one of the earliest derivations, to our knowledge, being that in Van der Veen (1983).
We repeat the derivation here for reference. The SSA momentum equation given by Equa-
tion (1), for a floating ice shelf restricted to a one-dimensional flow-line for simplicity,
in the presence of a varying density field, is

O <4hn8xu + 2h77Dp> = pgh0,s + 1h2gaggp
p Dt 2

For a floating ice shelf, there is no longer a linear relationship between the glacial height

and surface. Instead it obeys the flotation condition, where the upthrust of the ocean

on the bed is equal to the weight of the water displaced, and this balances the weight

of the overlying ice sheet, such that

s—S:h(l—p> (30)

Pu

The ocean surface is always unperturbed, 0,5 = 0, and so we can substitute the re-

lationship,
%s:%<hof—p>)
Puw

into the momentum equation, to arrive at

2hm Dp’\ - _ Loonz(1- 2
Oy <4h7781-u—|— p Dt) = 0O, <2pgh (1 o

Integrating both sides, we find that momentum-conservation for a floating ice shelf with
variable density, obeys
2n Dp

1

410, ——— = —ogh 31
T 599 (31)

where 9 = p(1—p/pw), and we have used the boundary conditions at the calving front

in Equation (4) to set the integration constant to zero.

The equilibrium profile of a floating ice shelf, with constant density, can be derived
as follows. We assume linear viscosity such that 1 = const, and constant surface mass-
balance, a = as + ap. It is important that a # 0, otherwise this is not a steady-state
solution, and instead the ice shelf spreads out infinitely thinly. The momentum-conservation

simplifies further to h
o9
Opu = —— 32
= (32)

and in a steady-state, with constant density, the vertically-integrated mass-conservation
in Equation (3) reduces to

Oz (uh) =a (33)
Integrating this equation, and setting x = 0 at the grounding line (or some arbitrary
point on the ice shelf) without loss of generality, we have

u(@)h(z) - gyt = az (34)
where ¢g1 = u|z—0h|z—0. Substituting the expressions for d,u and u(x), from Equations

(32) and (34) respectively, into Equation (33), we find

ogh? | az + g
-+ ——=0,h =
8n + h * “
which can be rearranged to
h=3dh dx

ah=2 — 0g/8n ~ (azx + qq)
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Integrating both sides we arrive at the steady-state solution:

CRACTN

u(z) = [1 <K + %(ax + qg1)2)] i

a

and

where K is an arbitrary integration constant, which can be determined by specifying the

thickness at x = 0:
a 09
K=dgy|m 5
g hgl 8n

where h|y—o = hg.

6.2 Perturbations within the DV formulation

We begin with applying a small perturbation to the ice shelf, and assume that the
ice dynamics can be described by a static density distribution as specified by the Den-
sity Variations [DV] formulation. This is a repeat of the analysis of section 5.2 but ap-
plied to a floating ice shelf. One of the key complications is that, unlike the reference
solutions for a uniform ice sheet of constant thickness, the reference solutions for h and
u vary with z. Additionally, the relationship between s and h is determined by the flota-
tion condition in Equation (30) and so Ah # As.

In the DV formulation, the momentum and mass conservation equations describ-
ing the ice flow, Equations (31) and (2) respectively, become

2 1
4And,u + —nuamp = —ogh
p 2
uOzp + p(Ozu+ O,w) = 0

and the kinematic boundary conditions are given by Equation (11). We apply a static
perturbation to the density field, as described by Equations (7) and (8), with Ap(z,t) =
H(t)Ap(x) and the reference density p is assumed to be spatially and temporarily con-
stant. The momentum equation to zeroth-order is identically equal to the reference so-
lution: _

where g = p(1—p/pyw). While to first-order in the perturbations, the equations of mo-
tion are

2 1 1 - 0
4An0y Au + %ﬂ?—l(t)@xAp §§9Ah + ith(t)Ap <2i — 1)

0z A

p

The kinematic boundary conditions at the upper and lower surfaces to zeroth-order are

0. Aw = —9,Au—uH(t)

(35)

0,5 — W|s = a

u0,b—wly = —ap
Notice the additional terms that arise due to the spatial variability of the reference so-
lutions, §(x) and b(z). Nonetheless they still impose 0,w|s = 0,w|; = 0, since u is in-

dependent of depth in the SSA. Therefore, to first-order in the perturbations, and com-
bining the two boundary conditions, we have

Awls — Awly = 0, Ah + 00, Ah + Aud,h (36)
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We wish to solve the system of equations given by Equations (35) and (36). The spa-
tially varying reference solutions, h(z) and %(x), mean that applying the Fourier trans-
form as before would lead to convolution between variables in frequency space, which
then no longer creates a linear system of equations. A direct solution of these differen-
tial equations is also not possible. Instead we turn to an approximation proposed in Ng
et al. (2018). This approximation applies the Fourier and Laplace transforms to derive
the transfer equations, under the assumption that the length scale for variation in the
reference solution is much larger than that in the perturbations. In other words, we de-
rive the transfer functions assuming that the reference solutions, %(z) and h(zx), are lo-
cally constant. Under this assumption, the Fourier and Laplace transforms of Equations
(35) and (36) are

—4iknAu — @ﬂrilAp = %@gAh + ghr~'Ap (i — ;)
0. Aw = ikAu+ ikur—! %
Awls — Awl; = rAh—ikuaAh + Aud,h
where we have chosen to set the instantaneous response Ah(t = 07) = 0 as before.

Notice that @ and h continue to be functions of x, while Au and Ah are functions of (k, 7).
Solving this system of equations, we arrive at the transfer function in the Laplace do-
main: .

Ah h (izka(b* — ¢ (20,0 — ﬁ))

Ap 7o (r — prL)

where the dependence on x comes from the spatial variation of the background fields &
and @, and we have defined

Thp(k,z,r) =

_ poh

B = 8
O.h
= 1- =
¢ ikh
Ozh
= 14 2=
¢ + ikh

We can convert back into the time-domain through the inverse Laplace transform. The
function has two poles at r = 0 and r = ppr,. For the reference solution d,u > 0, and
so the pole defined by r = ppr, will reside in the left half of the complex plane, the same
as in previous solutions. We arrive at

h (3iktig* — ¢ (20,1 — B3)) (ePrrt —1)
PPFL

Thp(k,z,t) = (37)

Numerical integration is required to transform this from the frequency domain into the
spatial domain. Following the procedure in Ng et al. (2018), the transformation into the
spatial domain is slightly different to that described in Equation (19). The thickness per-
turbation in the Fourier-domain is given by

(oo}

Ah(k,t) = / Ty (k, z,t) Ap(x)e* da
— 00

and taking the inverse Fourier transform, we arrive at the thickness perturbation, Ah(zx,t).

We can also follow a similar procedure to find the response of the horizontal ve-
locity to perturbations in the density:

—t(3ika+d,u— B)  dyu (zikug* — ¢ (20,0 - f)) Pt
PDFL ikpprL

Tup(k,x, t) = (38)
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The first term in this transfer function is the steady-state response, which for small wave-
lengths tends to —0.5@/p and for large wavelengths tends to zero. While the second term
is a transient component which decays over time. For small wavelengths it tends to zero,
but for large wavelengths (k — 0) it scales as 1/k and tends to infinity. This spurious
behaviour arises because the derivation of the transfer function relied on a separation

of scales between the perturbation and the background steady-state, which breaks down
at very large wavelengths. If 9,4 and d,h = 0, then the term would disappear. It is
important to filter out these very large wavelength contributions in any perturbations
that are applied. In the simulations that follow in section 7, we set the lowest frequency

component of the transfer function to zero, so that the numerical integration is well-behaved.

6.3 Perturbations within the DV-BF formulation

If we follow the same procedure, but ignore the term in Dp/Dt on the left hand
side of the momentum equation, as described by the Density Variations - Body Force
only [DV-BF] formulation, then the transfer functions are

h (iku — ¢ (20,u — )

Ty, (k,z,t) = prut _ 39
hp( 1) OPFL (e ) (39)
— 7 — 7 (k7 — 2 7 —
Tup(k,z,t) = u(?xu 5) — Outt (ikT - (_b( Oa ﬁ))e”“t (40)
PPFL ikpprL

6.4 Perturbations within the DVA formulation

In this next example, we assume the ice dynamics can be described by an initial
density distribution which then advects over time as specified by the Density Variations
Advected [DVA] formulation. We follow the procedure in section 5.4 closely but this time
applied to the reference state of a floating ice shelf.

In the DVA formulation, the equations of motion describing the ice flow, from Equa-
tions (31), (2) and (23) respectively, are

1

And,u = §,Qgh
deu+d,w = 0
Op+udzp = 0

We apply a perturbation to the density field which can evolve over time as described in
Equations (7) and (8) with Ap(z,¢ < 0) = 0. The kinematic boundary conditions are
the same as we had before in Equation (36). Keeping terms to first-order and applying
the Fourier and Laplace transforms, as described in section 6.2 for spatially variable ref-
erence states, we arrive at the following system of equations:

1 1 - 0
—4iknAu = =pgAh+ —ghAp (2? — 1)
2 2 17
0, Aw = ikAu
Awls — Awly = rAh—ikuAh + Aud,h

rAp—Apy = ikulp

where Apy = Ap(k,t = 0), and as before we have chosen to set Ah(t = 07) = 0.
This system of equations can be solved to arrive at an expression for the transfer func-
tion in the Laplace-domain:
Thpo (k) = o = = 10202 D)
po  p(r—prL)(r—iku)
Applying the inverse-Laplace this can be converted to the time-domain, and after some
simplification, we arrive at

- (2 1 o
Thpo (k,x,t)=h (ﬁ — @) (ePFLt _ elk,ut) (a1)
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We can also follow a similar procedure to find the response of the horizontal ve-
locity to perturbations in the initial density field:

— (20,u — B) oot

TuPo(k7mat) = ikp (42)

6.5 Perturbations within the D2T formulation

Finally, we repeat the perturbation analysis for a floating ice shelf, but assume the
ice-flow can be described by the Density-to-Thickness Adjustment [D2T] formulation.
This follows closely a combination of the procedures in section 5.5 and section 6.2.

In the D2T formulation, the momentum-conservation described by Equation (31)
becomes

1 Pice
An0yu = = piceg(h —6) [ 1 — —
ndsu = 5p g( )( pw)

which can be expressed in terms of the vertically-averaged density as

1 i
4ndu = = pgh (1 — pce)
2 p

w

The mass-conservation and kinematic boundary conditions are given by Equations (26)
and (27) respectively. We apply a static perturbation to the density field, as described
by Equations (7) and (8), with Ap(z,t) = H(t)Ap(x). Unlike in all the previous con-
figurations, the zeroth-order solution to the momentum equation is not identically equal
to the reference solution given by Equation (32). We have a slight shift in the equilib-
rium profile of the floating ice shelf:

0 }_L ice
o~ Pl <1P>
8n P

which vanishes if the background density is equal to that of pure ice. Keeping terms to
first-order and applying the Fourier and Laplace transforms as described in section 6.2
for spatially variable reference states, we arrive at the following system of equations:

1 7 ice
—4iknAu = 59 (ﬁAh + hr_lAp) (1 _£ >
p'lU
0, Aw = ikAu
— B — _
Awl;_5 — Awly = (r—ika) P Ah— ikar—? Ap + P OzhAu
Pice Pice Pice

where again with the D2T adjustment approach, the density perturbation gets applied
before the run starts, and so As(t = 07) = 0, but effectively H(t = 07) = 1, as dis-
cussed in section 5.5. Following the same steps as before, we arrive at the transfer func-
tion, B
Thp(kvxv/r) = M - ,}LLLN
Ap  pr(r—prL)
where we have defined

mL—imw@%ﬁ

Pw

Taking the inverse Laplace, we arrive at
_h o
Thp(lf, a:,t) = — (1 — ePFL ) (43)
p

This is identical to the transfer function derived in Equation (28) for the D2T adjust-
ment in the context of a grounded ice sheet, just with an adjusted pole prr,. Again, this
leads to a constant transfer function at all frequencies in the steady-state.
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We can also follow a similar procedure to find the response of the horizontal ve-
locity to perturbations in the density:

ice 1 5
Tl ) = =6 (1= 222} L goms (44

7 Comparing the Perturbation Analysis Results

The transfer functions derived in the previous two sections, which describe the re-
sponse of the ice sheet to small perturbations in the ice density, have given us a num-
ber of insights into the different density formulations proposed in section 3. In this sec-
tion we summarise the results and analyse their implications.

7.1 The Steady-State Solutions with Uniform Density

In sections 5.1 and 6.1, we derived the equilibrium solutions for the ice-flow with
constant density for two reference configurations: a grounded ice sheet, and a floating
ice shelf. We would expect this to be the same as the zeroth-order solution within the
perturbation analysis for each of the density formulations. For the grounded ice sheet,
this is indeed the case, with the zeroth-order D2T solution the same as for all the other
density approaches. In all cases,

U=c (ﬁgﬁ sin oz)m

The reference velocity scales as pxh, a quantity which is preserved in the D2T adjust-
ment, and so this agreement is perhaps not surprising. However, for the floating ice shelf,
the D2T zeroth-order momentum equation is

_ ﬁgf_l Pice
0,1 = —— 45
w 8n < Pw > (45)
whereas in the other density formulations we have
_ pgh p
Opi=—"—[1—— 46
" 8y < pw) )

where all variables refer to the same physical quantities. This means that in a situation
where the average density is not equal to that of pure ice, even ignoring density varia-
tions, the velocity field will be inaccurate when estimated from a simulation which uses
the D2T adjustment. To understand how this arises, consider the flotation condition obeyed
by an ice shelf, in which the weight of the water displaced equals the weight of the ice-
column above. In the D2T adjustment, the weight of the ice-column is preserved and so
the amount of water displaced is the same, which means that the location of the lower
surface b is unchanged. However, in the D2T adjustment, the thickness of the ice shelf

is reduced if the average density is less than that of pure ice. This means that the up-

per surface s is shifted downwards. In the case of a floating ice shelf in equilibrium, where
the thickness of the glacier decreases with distance from the grounding line, a constant
average density implies a decreasing firn air-content §(x) with distance from the ground-
ing line. Therefore, the D2T adjustment is largest close to the grounding line, and as such
the gradient of the upper surface 0,s is smaller in the D2T adjustment formulation. This
is one of the many factors influencing the velocity field (and ultimately the thickness pro-
file) and leads to a slightly different equilibrium state for the floating ice shelf in the D2T
formulation.

7.2 The Transfer Functions

In Tables 1 and 2, we summarise the transfer functions derived in sections 5 and
6 for the grounded ice sheet and floating ice shelf respectively. Here we focus on the steady-
state limit as ¢ — co. The transfer functions describe the amplitude and phase of the
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Table 1. Normalised steady-state transfer functions for induced perturbations in the glacial

thickness in response to an initial density perturbation: Th,(k,t) X (’T’s)

GROUNDED ICE-SHEET FLOATING ICE-SHELF

+ 3t —iku Likug* — ¢ (20,4 —
Density Variations [DV]: pt gty —ikuC 3ikag” — ¢ (20,1~ F)
p PrL
st ki — ¢ (20,u —
Density Variations (body Pt ot ik = ¢ (20,1 — B)
p PrL
force term only) [DV-BF]:
—iku+4 et —b (201 — B) .-
Density Variations Advected [DVA]: %elk“t Melk“t
p —tku prL — tki
Density Variations translated 1 1

to thickness adjustment [D2T]:

induced perturbations in the thickness and velocity fields as a function of the wavelength
of the applied density perturbation. The steady-state transfer functions for a grounded
ice sheet are plotted in Figure 2, and for a floating ice shelf in Figure 3. For the grounded
ice sheet, results are shown for two different slipperiness values, and for the floating ice
shelf for two different horizontal velocities. There are clear qualitative and quantitative
differences between the four different density formulations that we have studied.

One notable difference is that within the D2T adjustment formulation, the steady-
state transfer function describing the amplitude transfer between the density perturba-
tions and induced perturbations in the thickness, is equal to unity independently of wave-
length. The other density formulations are more nuanced in their frequency response and
dependent on the flow characteristics. For example, the induced surface perturbations
are dampened at small wavelengths for many of the density formulations. On the other
hand, in the case of a floating ice shelf, the amplitude of the induced thickness pertur-
bations, particularly at larger wavelengths and slower flows, is amplified to be larger than
that of the initial density perturbation. Comparing the behaviour of the DV and DV-

BF formulations, we see that the transfer functions are more similar at larger wavelengths,
and are a particularly close match for less-slippery grounded topography. This makes
sense, since as the slipperiness decreases the basal drag dominates on the left hand side

of the momentum equation, and the additional density correction term becomes less sig-
nificant, as discussed in section 4. Note that for very small wavelengths, A < h, the SSA
breaks down and we care less about the discrepancy between different methods.

In both the D2T adjustment and DVA formulations, the perturbation in the ice
velocity field decays over time to zero across all wavelengths. This is a consequence of
the advection of the density perturbation with the ice-flow. This advection is explicit
in the DVA formulation, but implicit in the D2T adjustment method. In the D2T method,
the density perturbation is translated to a perturbation in the adjusted ice-equivalent
surface which then dissipates over time. Consequently, the velocity perturbation tends
to zero in the steady-state. However, the steady-state D2T thickness transfer function
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Table 2. Normalised steady-state transfer functions for induced perturbations in the horizon-

tal velocity in response to an initial density perturbation: T, (k,t) x (%’3)

GROUNDED ICE-SHEET FLOATING ICE-SHELF

L1 —iku — (%iku + 0,u —
Density Variations [DV]: (Gt — ikuc) (yika + 0.1 - )
p PrL
14-1 — (D1 —
Density Variations (body 2T il )
p PrL
force term only) [DV-BF]:
Density Variations Advected [DVA]: 0 0
Density Variations translated 0 0

to thickness adjustment [D2T]:

does not approach zero, because we add the initial density perturbation back onto the
adjusted surface to find the unmodified surface at the end of the simulation.

7.3 Transient Response to a Perturbation

The transfer functions allow us to now calculate the transient flow response to a
prescribed initial perturbation in density. In Figures 4 and 5, we have plotted the evo-
lution of the surface and velocity in response to a 10% Gaussian perturbation in the den-
sity field, for the grounded ice sheet and floating ice shelf respectively. As discussed in
section 7.1, the zeroth-order solution for a floating ice shelf with the D2T adjustment
applied (Equation (45)) is slightly different to that in the other density formulations, but
to aid comparison in this simulation we have applied the D2T perturbation relative to
that in the other formulations (Equation (46)).

For the grounded ice sheet of Figure 4, the surface is initially unperturbed, and then
as the ice flows through this more dense region, a surface depression is formed at the lo-
cation of the density perturbation. Note that in the context of the D2T formulation, we
are referring to the unmodified surface, where the initial density perturbation is added
back on to the ice-equivalent surface in the model. This depression travels with the ice-
flow in the case of the DVA (density variations advected) formulation, but for the static
DV, DV-BF and D2T formulations it stays fixed. The depression is most pronounced
in the D2T adjustment method, whereas there is some dampening of the perturbation
in the other density formulations. As the ice flows through the density perturbation, a
kinematic wave is formed at the surface travelling at a phase speed of w/k, where the
angular frequency w is equal to the imaginary part of the exponent of the transfer func-
tion T, (k,t) in Equations (18, 21, 24 & 28). This phase speed is identical across all the
density formulations (the slight correction due to p vs pice in the D2T method is neg-
ligible), and equals B
wo IR mu
% = U+ 74§ _u+71+47u7k2/’y
The wavelength dependency of the phase speed causes the kinematic wave to disperse
as it propagates. In the limit of small and large wavelengths, the phase speed tends to
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Figure 2. Steady-state transfer functions for the grounded ice sheet, showing the impact of
horizontal density variations on surface topography (upper panel) and horizontal velocity (lower
panel). The scales are chosen such that the mean thickness, basal shear stress, and deformational
velocity are all set to unity, i.e. h = 1, g = 1/phsina and n = 0.5. Additionally we set a = 3°,
p = 792, m = 1, and consider two choices of mean slipperiness: ¢ = 1 (LHS) and ¢ = 10 (RHS).

The wavelength is in units of h.
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Figure 3. Steady-sate transfer functions for the floating ice shelf, showing the impact of
horizontal density variations on ice-shelf thickness (upper panel) and horizontal velocity (lower
panel). The transfer functions are spatially-dependent; here we consider the transfer functions

at a particular spatial coordinate for which h(z) = ho and @(z) = 9. The scales are chosen
such that the mean thickness, horizontal deviatoric stress and strain rate are all set to unity, i.e.
ho = 1,9 = 4/oho and n = 0.5. Additionally we set « = 3°, 5 = 792, a = 0.5 and consider
two choices for the horizontal velocity: 4o = 1 (LHS) and 4o = 10 (which impacts the solution

through 89371). The wavelength is in units of ho.
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u(z,t) [dashed lines] after an initial 10% Gaussian density perturbation applied in Ap, for the
grounded ice sheet. This compares the analytical responses across the four different approaches
for handling density evolution. See the body of the text for a description of the four methods. In
this simulation, we set o = 3°, p = 900kg/m®, m = 1, n = 5 x 10°kPa - yr and @ = 1000 m/yr.
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Figure 5. Example of the evolution of the spatial distribution after an initial 10% Gaussian
density perturbation applied in Ap, for the floating ice shelf: h(z,t) and u(z,t) on the left plots;
and b(z,t) and s(z,t) on the right plots. This compares the analytical responses across the four
different approaches for handling density evolution. See the body of the text for a description of
the four methods. In this simulation, we set p = 900 kg/m3, 7 = 5 x 10°kPa - yr and the surface

accumulation as = 1 m/yr.
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@ and (m+1)a respectively. In general a surface disturbance will propagate at the group
velocity, given by dw/dk. In the DVA formulation, there is an additional transient com-
ponent in the transfer function in Equation (24), with a phase speed which travels with
the advecting of the density perturbation: w/k = @. In the example in Figure 4, this
phase speed is 1000 m/yr, which is in excellent agreement with the apparent propaga-
tion of the surface depression in the figure.

For the floating ice shelf of Figure 5, the initial density perturbation immediately
causes a depression in the ice due to the flotation condition, which requires more water
be displaced to counteract the weight of the heavier ice. This depression dissipates in
the lower surface, but persists in the upper surface due to the flotation condition, and
stays fixed in the DV, DV-BF and D2T formulations. The perturbation generates a kine-
matic wave, which is most visible in the lower surface (since flotation dictates that As =
0.1AD). From the transfer functions in Equations (37, 39, 41 & 43), the phase speed of
the kinematic wave is _

w _ dzu

U k2
Again, the dependency of the phase speed on wavelength results in dispersion of the wave.
In the DVA formulation, the additional transient component describing the propagation
of the surface depression itself also has a phase speed equal to @ = 2000 m/yr, for the
parameters used in the experiment in Figure 5, consistent with the apparent propaga-
tion of the depression.

These simulations show some broad patterns of similarity between the different ap-
proaches for including HDVs in ice-flow models, but also some important qualitative dif-
ferences. In the D2T adjustment, the density perturbation is applied to the adjusted sur-
face from which it then dissipates, which means the velocity profile is a closer match to
that of the advecting (DVA) formulation. However, to arrive at the unmodified surface
(which is what we plotted here), the initial density perturbation must be added back onto
the adjusted surface, and so the surface response in the D2T formulation is a closer match
to that of the DV or DV-BF formulations. For all simulations, the DV and DV-BF for-
mulations produce similar results, although not identical. The relative significance of the
additional density correction term, present in the DV but not the DV-BF formulation,
depends on the topography as discussed in section 4. In this example, the high frequency
components in the Gaussian perturbation may increase the impact of this term, and ex-
aggerate the differences between the DV and DV-BF formulations.

For all these examples, we compared the analytical response calculated from the
transfer functions (plotted in Figures 4 and 5 above), to numerical simulations imple-
mented in the ice-flow model Ua. The details are provided in Appendix B. We found an
excellent agreement which gives us confidence in these results. The results for the float-
ing ice shelf are particularly pleasing since they rely on the approximation presented in
Ng et al. (2018) to derive the analytical transfer functions, which confirms the validity
of this approximation.

8 Numerical Simulations of Antarctica

In the preceding sections, we have extensively analysed the behaviour of the ice flow
within a theoretical framework for the four different density formulations proposed in
section 3: Density-to- Thickness adjustment (D2T), Density Variations (DV), Density
Variations - Body Force only (DV-BF), and Density Variations Advected (DVA). In this
section we investigate the impact of horizontal density variations (HDVSs) in a real-world
setting, and focus on the two approaches for including HDVs which are used in current
ice-flow models. The first is the DV-BF formulation, which is the default implementa-
tion in Ua. This incorporates a static density distribution, with horizontal density gra-
dients included in the body-force driving term of the SSA momentum equation. The sec-
ond formulation is the D2T adjustment method which is the default in many ice-flow mod-
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Figure 6. Surface elevation of the Pine Island glacier and Thwaites glacier region in Antarc-

tica. Our domain is outlined in red; the grounding line in bright green.

els, and requires no adjustment to the standard SSA equations. It is simple to imple-
ment, only requiring an adjustment to the initial ice-thickness distribution.

We use the shallow-ice model Ua (Gudmundsson, 2020b) for these simulations, and
focus on the Pine Island and Thwaites glaciers in the Western Antarctic, a region which
has suffered some of the most rapid mass-loss in the Antarctic (Rignot et al., 2019; Shep-
herd et al., 2018). The computational domain is outlined in Figure 6. In addition to the
DV-BF and D2T methods, we include a simulation where the density is assumed con-
stant throughout the ice sheet, but the height is set at the thickness of the ice sheet, with-
out any D2T adjustment. We refer to this method as No Variations [NV]. We choose
an average density p = 900 kg/m? everywhere, which minimises the grounding line mis-
match in the simulation domain.

We follow the approach taken in recent simulation studies of this region, such as
in Barnes et al. (2021) and De Rydt et al. (2021). The geometry of the Western Antarc-
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tic Ice Sheet was taken from the BedMachine Antarctica dataset (Morlighem, 2020; Morlighem

et al., 2020), which includes estimates of the firn air-content, 6. The firn correction is
applied by default to the thickness published in the BedMachine Antarctica dataset. The
varying density of the Western Antarctic Ice Sheet can be extracted from the firn air-
content and is plotted in Figure 7, together with measurements of surface velocity ex-
tracted from Gardner, Moholdt, et al. (2018). Model parameters relating to the rheol-
ogy of ice (rate factor A) and basal sliding conditions (slipperiness C') were selected us-
ing a model inversion. The inversion depends on two regularisation parameters. A pre-
vious study by Barnes et al. (2021) looked in detail at inversion methods used in three
different ice-flow models, including Ua. The authors performed an L-curve analysis to
find the optimal trade-off between minimising the misfit and regularisation terms in the
cost function. We utilise the regularisation parameters found in that study: v, =1, 7s =
10%. See Barnes et al. (2021) for a comprehensive description of these parameters. We
assume a common choice for the creep exponent in Glen’s flow law, n = 3 which de-
scribes the ice rheology, and similarly set the exponent m = 3 in Weertman’s sliding
law to describe the basal sliding.

It is important to note that the inversion products, A and C', are not unique to the
domain but instead depend on the model inputs. Within each of the simulations for the
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Figure 7. The observed velocities and density variation for the Western Antarctic around the

Pine Island and Thwaites glaciers.

three different density approaches (DV-BF, D2T and NV), we optimise for A and C sep-
arately. After a prognostic run, the model velocities are a close match to the observed
surface velocities in each of the approaches, suggesting that any difference in the model
dynamics due to different density formulations can, initially, be compensated for through
optimisation of other model parameters. The real test of the impact of including den-
sity variations in the model is the evolution of the ice flow over a significant period of
time.

When performing a time-dependent run, the model also requires inputs for the es-
timated surface mass-balance, and applied basal melting. Similar to other studies in this

region, the surface mass-balance is derived from the Regional Climate Model (Van Wessem

et al., 2014, RACMO v2.3). However, the basal melt is more difficult to infer. An esti-
mate can be made from principles of mass-conservation, together with observations of
grounding line retreat in the region. Within each simulation, we calculate the changes
in volume above flotation (VAF) over a 40 year period, and compare the results between
the different formulations for including HDVs. This is plotted in Figure 8, together with
the corresponding change in sea level. Over a 40yr horizon the variation between the dif-
ferent density formulations is approximately 2mm, a 10% correction to the overall es-
timate of sea level rise, with the DV-BF formulation leading to the largest estimates of
AVAF. We ran a number of simulations to confirm that the impact was relatively in-
sensitive to some of the modelling choices we made. For example, a reduction in the ap-
plied basal melting leads to significantly less total mass-loss, but similar absolute differ-
ence in AVAF between the different configurations. In Figure 9, we also plot the model
velocities and grounding line position at the end of the 40yr run for each of the density
formulations. While the grounding line positions are roughly identical between each of

the simulations, the velocity fields in the fast flowing regions of the Pine Island and Thwaites

ice-shelves show subtle differences.

In summary, we find that for the particular case of the West Antarctic Ice Sheet
and using a model setup typical of many recent ice-flow modelling studies, the inclusion
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Figure 8. The change in Volume Above Flotation (VAF) for the model domain in the West-
ern Antarctic, and corresponding sea level rise, for each of the density formulations we consider

here.

of horizontal density variations by adjusting the thickness (D2T) as commonly done, com-
pared to adjusting the body-force term in the momentum equation (DV-BF), leads to
about a 10% change in the sea level contribution of that area over 40 years.

9 Conclusions

Here we have provided a new theoretical framework for the inclusion of horizon-
tal density variations (HDVs) in large-scale ice sheet models, within the shallow ice stream
approximation (SSA), and given specific examples of the resulting impact on ice flow.
We analysed all previously published approaches to this problem that we could find in
the glaciological literature, and provided further new formulations which offer a more
complete description of the impact of HDVs on ice flow.

There are several different approaches to including HDVs, some of which require
modifications to the typical form of the SSA momentum and mass conservation equa-
tions. The arguably simplest approach, which requires no modifications to the SSA equa-
tions as usually listed in the literature, is to adjust the ice thickness instead of the den-
sity. We refer to this commonly-used approach as the density-to-thickness adjustment
[D2T] throughout this paper. We have shown how this approach leads to the resulting
adjustment in ice thickness being advected with the ice, which in effect is equivalent to
the initial density variations moving with the ice flow. While this might be a desirable
outcome in some circumstances, in other situations, for example where the density and
firn thickness distributions are primarily related to atmospheric processes, this might be
less realistic. The key practical advantage of the D2T approach is that it requires no mod-
ifications to the typical form of the SSA equations used in large-scale ice-sheet modelling,
and only some modifications to the input fields.

An alternative approach to including HDVs in large scale ice-sheet models is to ac-
count for them in the body-force term of the momentum-conservation equation, and to
express the mass-conservation equation in terms of the product of density and velocity
which then implicitly includes variation in the density field. This is referred to as the
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Figure 9. The model velocities (upper panel) and change in grounding line position (lower
panel) for the model domain in the Western Antarctic at the end of the simulation after

t = 40yrs, for each of the density formulations we consider here.
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Density Variations - Body Force only [DV-BF] approach in this paper. It requires some
modifications to the standard form of the SSA equations, such as including the gradi-
ent of density in the body-force term of the momentum equation, as shown in Equation
(1). In contrast to the D2T approach, the HDVs are static and do not advect with the
ice over time.

We have also suggested two other, arguably more complete, descriptions for includ-
ing HDVs in ice-flow models, and have shown how these lead to further additional terms
in the SSA equations. One is a full implementation of static density variations within
the SSA equations, referred to as the DV formulation in this paper. The other is an evolv-
ing model, where the initial density distribution advects with the ice, referred to as the
DVA formulation in this paper. To our knowledge, these new options have never been
described before and are not implemented in any ice-sheet models to date.

By solving the first-order perturbation analysis in all these various formulations
for the inclusion of HDVs, we have provide new insights into the impact of HDVs on large-
scale ice flow. We find that the different formulations result in both qualitative and quan-
titative differences, and they sometimes result in what at first seem somewhat surpris-
ing impacts on the ice flow. For example, over floating ice shelves in the D2T approach,
density variations lead to an adjustment in the position of the upper surface, while the
lower surface elevation is not impacted. The transfer characteristics for the different for-
mulations are qualitatively rather different, as we saw in Figures 2 and 3. The steady-
state D2T transfer function is independent of wavelength in all cases, which is only some-
thing we observe elsewhere in the explicitly advecting density formulation (DVA) applied
to a floating ice shelf. In all the other approaches, the transfer amplitudes depend on the
wavelength of the applied density perturbation.

Finally, we have conducted a numerical study of the West Antarctic Ice Sheet, and
provided specific examples of the impact of HDVs on ice flow within the D2T and the
DF-BF formulations. We find that HDVs can lead to significant differences in the esti-
mated ice loss over time, although these differences are likely to be small compared to
those resulting from uncertainties in the external forcings applied to the model. In our
particular simulation (see Figure 8) we find that the resulting difference in projections
of global sea level rise is of the order of a few mm over 40 years. While this is, at least
in this particular case, not a particularly large difference compared to the overall esti-
mated contribution from WAIS, this result shows that HDVs do impact ice flow and there-
fore should be taken into account where possible.

We have considered several different approaches to including HDVs in the SSA equa-
tions. Based on our perturbation analysis, we recommend always including the gradi-
ent of the density in the body-force term of the momentum equation, and in the mass-
conservation equation. Doing so should only require relatively simple modifications to
existing computational models, and is more realistic than the commonly-used D2T ap-
proach, in which all terms involving ice thickness in the SSA equations and boundary
conditions are modified by the HDVs, for which there appears to be limited justification.

Appendix A Vertical Integration of the Field Equations

In this appendix, we derive the modified SSA field equations that were presented
in section 2 which take into account horizontal variation in glacial density. These equa-
tions appear to have been derived for the first time by Morland (1987), although then
intended to describe the flow of ice shelves only. Subsequently they were derived for cou-
pled ice-shelf/ice-stream flow by Muszynski and Birchfield (1987), and then for grounded
ice where most of the motion is due to sliding by MacAyeal (1989). They have been de-
rived numerous times in various papers since then, e.g. (Baral et al., 2001; Schoof, 2006),
and well-summarised in the review article by Schoof and Hewitt (2013). Here we broadly
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followed the derivation given in Gudmundsson (2020a), but with various modifications
and extensions to account for a variable density field.

We start by defining the vertically-integrated density:

W= | oo

where h is the ice-sheet thickness, and s and b are the upper and lower ice surface el-
evations, respectively. This expression can be split into a meteoric ice layer of density
Pice, and a firn layer of thickness F' and variable density pgn:

1 s—F s
<p> = E / Pice dz + / pﬁrn(z) dz
b s—F

From this we can define the firn air-content:

5= /S Pice — pﬁrn(z) dz
s—F Pice

which represents the vertical distance by which the firn needs to be compacted for it to
have acquired the same density as that of ice, such that

(p) = pice (1 —6/h)

and
Pice X hice = <p> X h

where hjc.c = h—4§ is the ice-equivalent thickness. In all that follows, we make the sim-
plifying assumption that the density is constant with depth and equal to the vertically
averaged density, i.e. that at each spatial point the density p(z,y, z) is given by the ver-
tically averaged density (p)(x,y). Without this assumption, analytical solutions to the
vertically-integrated field equations are not possible, and would instead require numer-
ical integration and differentiation in the z-dimension, which is incompatible with shallow-
ice models. In all that follows we assume that the glacial density p(x,y,z) = p(z,y)

and we drop the angle brackets to indicate the vertical average.

A1l Momentum Equations

The shallow-ice stream approximation (SSA) applies to ice flows where the depth
of the ice sheet is much smaller than the horizontal dimensions. See MacAyeal (1989)
for a detailed discussion of the approximation. Within this approximation, the momentum-
conservation equations describing the ice flow in a tilted coordinate system that is par-
allel to the bed topography are

02022 + 8y7-acy +0:Tp, = —pgsin a (Al)
OpTay + Oyoyy + 0.7y, = 0 (A2)
0,0,, = pgcosa (A3)

where « is the angle of the coordinate system to the horizontal, and o;; and 7;; are the
Cauchy and deviatoric stress components respectively. The Cauchy and deviatoric stresses
are related through the pressure: 7;; = d;;p + 04;. The deviatoric stresses are related

to the strain rates through the effective viscosity:

Tij = 2776”

with the strain rate given by
(8i’ljj + 8j11i)

M| —

€ij =
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The viscosity is often described by a model such as Glen’s flow law:
éij = ATn_lTij (A4)

with rate factor A and exponent n. In some ice-flow models, the rate factor describing
the ice rheology is allowed to vary with depth since it is strongly dependent on temper-
ature, and treated as a vertically-integrated quantity. However in this derivation, we as-
sume the rate factor A is constant with depth, and consequently that the effective vis-
cosity 7 is constant with depth in the SSA. In the SSA, the horizontal velocities are in-
dependent of depth, and the vertical velocity varies linearly with depth. Thus by def-
inition 7,4, T4y and 7, are also independent of z.

To find the vertically integrated solution to these equations, we need to impose the
boundary conditions at the upper surface:

—032008 — TyyOyS + Tpo =
—0yyOys — Tpy0zS + Ty, =

Ozz —
together with the boundary conditions at the lower surface:

the = (Uzz - sz)a:vb - Tmyayb + T2

tyy = (025 — Oyy)Oyb — ToyOxb + 7y

where ¢y, and ¢4, are the horizontal components of the basal traction vector. We start
by integrating Equation (A3) from z to z = s(x, y):

0:2(8) —0..(2) = (s — 2) pg cos «
The boundary conditions at the surface impose o.(s) = 0 and so
0:2(2) = — (s — z) pg cos & (A5)

Integrating again, we arrive at
Oz /bS 0:2(2)dz = 0,,(b)0 h — %h28ng cos (A6)
The next step is to integrate Equation (Al) from z = b(z,y) to z = s(z,y):
/bs O0pOpadz + /bs OyTaydz + /bs 0,Tz-dz = —pghsin o
and use Leibniz’ rule to interchange the order of integration and differentiation:
Oy /bs Oupadz — 042(8)028 + 042(0) 0

+0y / Taydz — Ty (8)058 + T4y (0)Oub
b
+722(8) = Twz(b) = —pghsina

Substituting the boundary conditions at the upper and lower surface, we arrive at
S S
Oy / Oz2dz + 0.2 (0)0gb — tyy + 0y / Toydz = —pghsina (A7)
b b

The next step of the derivation is to express 0., in terms of o,, and other quantities which
are independent of z. Based on the definition of the deviatoric stresses, we can write

Oxe = Tax — Tzz + Ozz (AS)
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and eliminate 7,, (which varies with depth) by using the mass-conservation equation as
follows. The generalised form of the mass-conservation equation is given by Equation
(2). In the typical derivation for the vertical-integration of the momentum equations in
the SSA, the density is assumed constant and the constraint simplifies to V-v. How-
ever, if we use the mass conservation equation for compressible material (Equation (2)),
and substitute the expression for the deviatoric stresses in terms of the velocity gradi-
ents, then we arrive at

2n Dp

p Dt

The additional term, which scales as the material derivative of p, does not appear if we
assume a constant density ice sheet. It also disappears if we assume that the initial den-
sity distribution advects with the ice, such that Dp/Dt = 0. Substituting Equation (A9)
into Equation (A8), we arrive at

(A9)

—Trz = Tzz + Tyy +

2n Dp
p Dt
where all terms on the right hand side of the equation apart from o,, are independent
of depth in the SSA. Substituting Equation (A10) into Equation (A7), we find

2nh Dp
p Dt

Opx = Ozz+ 2Ty + Tyy + (AlO)

Oy / 0,,dz + 0y (QhTM + htyy + ) +0..(0)0zb — toy + Oy(h7yy) = —pghsina
b
(A11)
Inserting Equation (A6) into Equation (A11l), we arrive at the first vertically-integrated

momentum equation:

2nh D 1
Oy (ZhTM + hryy + an) + 0y (hTyy) — tow = pgh (Opscosa — sina) + §h298xpcosa
p
(A12)
The procedure can be repeated for Equation (A2), where we use the relationship,
2n D
Oyy = Ozz + 2Tyy + Tpw + %Ff
to derive the second vertically-integrated momentum equation:
2nh D 1
Oy <2h7yy + hTps + nD?) + 0y (hTay) — toy = pghdyscos o + ihzgayp CoS o
p
These results can be expressed in terms of the components of the velocity vector:
2hn Dp
830 <4hn8mu + 2h7’]6y’l) + pl)t)
1
+0y (hn(0yv + Oyu)) — toy = pgh (Dyscosa —sina) + ihzg(')wp cos
2hn Dp
Oy (4hn6yv + 2hn0,u + th>
1
+0, (hn(Oyv + Oyu)) — toy = pghdyscosa + §h296yp cos o

where u and v are the horizontal velocities in the z and y direction respectively.

A2 Mass-Conservation Equation

The generalised form of the mass-conservation equation which allows for density
variation in the ice sheet is
V. (pv)+0p=0 (A13)

To solve the vertical integration of this equation, we require the kinematic boundary con-
ditions:

08+ u0,8 + 00,8 —ws =  ag
Oib + udb +v0,b—wy, = —ayp (A14)
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where the horizontal velocities are independent of depth in the SSA; wg, w; are the ver-
tical velocity components at the upper and lower surfaces respectively; and as and ap
are the surface accumulation rate and basal melt rates respectively. Integrating Equa-
tion (A13) from z = b(x,y) to s(x,y):

| @) + 0, (p0) + 8- pw)) dz + hdup = 0
b
Changing the order of differentiation using Leibniz rule:
Vay - Quy — pu0zh — pvoyh + p(ws — wp) + hdyp =0

where p is assumed constant with depth, and we have introduced the horizontal mass
flux which is defined as s
Quy = / PUgy dz
b

Substituting Equations (A14), we arrive at the vertically integrated mass-conservation
equation:
POth + V 4y - @zy + hOip = pa

where the total accumulation a = as + ay.

A3 Boundary Conditions at the Calving Front

The variation in the density distribution also has an impact on the boundary con-
ditions that exist at the calving front, a key constraint applied in shallow-ice models. At
the calving front I'., we require balance of the vertically-integrated horizontal stresses.
In the x and y directions, this stress condition is

s S
/b (Ummnz + szny) dz = -— /b pwnmdz

s S
/ (Taynz + oyyny)dz = — / DPuwNydz (A15)
b b

where p,, is the hydrostatic ocean pressure, n, and n, are the components of the unit
normal pointing horizontally outward from the ice front, and S is the surface of the ocean.
The z-component of the vertically-integrated ocean pressure acting on the calving front,
can be solved to give

s
1
—/b PuNzdz = —§pwgd2nm (A16)

where d = S — b is the draft at the ice front. Meanwhile, combining Equations (A10)
and (A5), we have

2n D
Oy = —(s—z)pg+27’xm—|—Tyy+£Ff
where a = 0 in this coordinate system. Integrating from z = b to s:
s 2n Dp 1

Substituting Equations (A16) and (A17) into Equation (A15), we arrive at the bound-
ary conditions at the calving front:

h <27’m + Tyy + 2;7%:) Ng + hgyny = %g (ph2 _ pwd2) Ny

h <2Tyy + Tpw + anlD)i) Ny + htgyng = %g (ph2 — pwd2) Ny

which can alternatively be expressed in terms of the velocity components as
2nh (28xu + Oyv + ;g?) Ny +nh (0xv + Oyu)n, = %g (ph* = pud®) ny
2nh (28yv + O,u + ;gﬁ) ny + nh (0,0 + Oyu)n, = %g (ph* = puwd®) ny
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A4 Effective Viscosity

Variations in the density field can also have an impact on the derivation of the ef-
fective viscosity in shallow-ice models. A simple linear model for viscosity, such that n
is a constant, will be unaffected. However in general, the rheology of the ice can be de-
scribed by a model such as Glen’s flow law in Equation (A4), for which the effective vis-
cosity is

1
n= §A71/né(lfn)/n

where é = (/¢;;€;;/2 is the effective strain rate. In the SSA, the components €., and
€,. are second order and can be neglected. Thus,

i= /@, +8,+2)+e,
In the vertically-integrated approach, é,, is unknown and specified via the mass-conservation:

1D
éii:V-v:—f—p
p Dt

which leads to 9
EZZ: Exx“rﬁyy—F;E

Appendix B Numerical vs Analytical Perturbations

In Figure B1, we compare the analytical results presented in Figures 4 and 5, to
numerical simulations performed in the large-scale ice-flow model Ija, for each of the dif-
ferent approaches to include HDVs: Density Variations [DV], Density Variations - Body
Force only [DV-BF| and Density-to- Thickness adjustment [D2T]. To arrive at these re-
sults required a modification to Ua to include additional terms in the momentum equa-
tion in order to replicate the DV formulation. The DVA formulation, which requires the
density distribution to evolve over time in the model, is not implemented in Ija, and so
not included here.

The numerical and analytical results match very closely, which gives us confidence
that no mistakes were made in the analytical derivations, and that Ua is behaving cor-
rectly. The close match for the floating ice shelf is important, and confirms the valid-
ity of the approximation proposed in Ng et al. (2018), as well as the approach taken to
mask the k& = 0 component of the transfer function to avoid the transfer function (in
this approximation) blowing up to infinity.

Notation

0, partial derivative w.r.t. x
D

D¢ Mmaterial derivative

a surface slope )

B defined through g = %

~ defined through v = 7, /mec

6 firn air-content of the ice sheet

é;; strain rates

¢ defined through ¢ = 2nhk2¢—1!

7 vertically-integrated effective viscosity
A wavelength

¢ defined through ¢ = v + 4hk?n

p vertically-averaged ice-sheet density

Pice density of pure meteoric ice, 917 kgm—3
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Figure B1l. Example of the spatial distribution in h(z,t) and u(z,t) att =  2yrs after an

initial 10% Gaussian density perturbation applied in Ap. This compares the analytical response
to a full numerical simulation in Ua. The simulation parameters are the same as those specified

in Figures 4 and 5.
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pw density of the ocean, 1030 kg m—3

o defined through o = p(1 — p/pw)

o;; components of the Cauchy stress tensor
T;; deviatoric stresses

T4 basal shear stress

¢ defined through ¢ =1 — ?ig
¢* defined through ¢* =1+ 2=

w angular frequency

a total accumulation, as + ap

ap basal melt

as surface accumulation

A rate factor in Glen’s flow law

b lower glacial surface

¢, C' basal slipperiness

d draft at the ice-front: S —b

h total glacial thickness

hice ice-equivalent thickness, h — ¢

H(t) Heaviside step function

k wavenumber in the z-direction

m exponent in Weertman'’s sliding law

n; components of unit normal vector

p pole in the Laplace frame for the grounded ice perturbations, it ' — ;!
prL pole in the Laplace frame for the floating ice perturbations, iku — @0, u
gzy horizontal mass-flux

7 laplace transform variable

s upper glacial surface

S ocean surface

t time

ty = (tow,toy) basal drag

t, phase timescale

t, relaxation timescale

v, {v;}, (u, v, w) components of the velocity vector
vp basal velocity
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