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Abstract19

The ability of rocks to hold a reliable record of the ancient geomagnetic field depends20

on the structure and stability of magnetic domain-states contained within the rock’s mag-21

netic particles. In paleomagnetic studies, the Day plot is an easily constructed graph of22

magnetic hysteresis parameters that is frequently used (and mis-used) to estimate the23

likely magnetic recording stability of samples. Often samples plot in the region of the24

Day plot attributed to so-called pseudo-single-domain (PSD) particles with little under-25

standing of the implications for domain-states or recording fidelity. Here we use micro-26

magnetic models to explore the hysteresis parameters of magnetite particles with ide-27

alized prolate and oblate truncated-octahedral geometries containing single domain (SD),28

single-vortex (SV) and occasionally multi-vortex (MV) states. We show that these do-29

main states exhibit a well-defined trend in the Day plot that extends from the SD re-30

gion well into the multi-domain (MD) region, all of which are likely to be stable rema-31

nence carriers. We suggest that although the interpretation of the Day plot and its vari-32

ants might be subject to ambiguities, if the magnetic mineralogy is known, it can still33

provide some useful insights about paleomagnetic specimens’ dominant domain state,34

average particle sizes and, consequently, their paleomagnetic stability.35

Plain Language Summary36

Ancient magnetic field recordings from rocks, provide information about the early habit-37

ability of Earth and formation of the Solar System. Key to understanding the reliability38

of these magnetic recordings is knowing the particle size of a rock’s constituent magnetic39

minerals. Very small particles (⪅100 nm) are magnetically uniform, but as the particle size40

increases the magnetic structures become non-uniform and increasingly complex. These41

different types of magnetic structures are termed domain states, and yield very different42

magnetic hysteresis responses, which can be summarized on a so-called “Day” diagram - a43

very commonly used diagnostic domain state (or particle size) plot. The position of parti-44

cles in the size 100-1000 nm on the Day plot is poorly quantified. This is a problem, as it45

has been shown in the last five years, that this particle size range carries the most stable46

magnetic recordings, lasting potentially longer than the age of the universe. These particles47

contain vortex-like magnetic structures. Using a numerical micromagnetic algorithm, this48

is the first comprehensive study to quantify the magnetic response of vortex structures on49

the Day plot. We show that domain states capable of retaining geomagnetic field recordings50

over many millions of years plot within a well-defined region on the Day plot, and suggest51

that its careful use provides insight into the ability of the sample to retain recordings of the52

ancient geomagnetic field.53
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1 Introduction54

Knowing the domain state of the magnetic minerals contained within experimental samples55

is central to paleo- and environmental magnetism because the domain state informs us about56

both the particle size and importantly the magnetic recording fidelity of its paleomagnetic57

signal. The “Day plot” (Day et al., 1977) is a popular domain-state diagnostic plot derived58

from magnetic hysteresis and backfield-curve measurements. Day et al. (1977) has ∼300059

citations at the time of writing. The Day plot shows the ratios of the remanent saturation60

magnetization normalized by saturation magnetization (Mrs/Ms), versus the ratio of the61

remanent coercivity over coercivity (Bcr/Bc). The smallest particles, which are magnetically62

uniform and termed single domain (SD), have high Mrs/Ms and low Bcr/Bc and plot63

towards the upper left of the diagram. The largest particles (multidomain, MD) plot towards64

the lower right, and intermediate-sized particles (traditionally referred to as pseudo-SD,65

PSD), plot in the middle (Figure 1). Most published data fall within the PSD region of the66

Day plot, which has led several authors to criticize the use of such a plot to diagnose domain67

state (Tauxe et al., 2002; Roberts et al., 2018, 2019). This criticism is based partially on our68

general lack of understanding of what type of magnetic particles and phenomena contribute69

to the PSD region. Because magnetic hysteresis and backfield-curve measurements are70

performed on macroscopic bulk samples, the achieved magnetic parameters are a response71

to an assemblage of particles. These assemblages might not be uniform in terms of domain72

states. For example, they can be mixtures of pure SD and MD particles that might plot73

within the PSD region (as do vortex states) (Dunlop, 2002b). Furthermore, mixtures of SD74

and superparamagnetic particles (referred to as SP, a behaviour attributed to particles with75

instantaneous relaxation times) also plot within the PSD region (Tauxe et al., 1996). Despite76

the ambiguity in its interpretation, the Day plot remains popular partly because unlike other77

more complex domain state diagnostic tests (e.g., Roberts et al., 2000), its related data is78

relatively quick and easy to measure, it attempts to identify remanence rather than induced79

domain states, and it is also possible to summarize hundreds of different specimens on a80

single diagram.81

The original domain state boundaries on the Day plot were based on a mixture of theory82

(Stoner & Wohlfarth, 1948) and experimental observations on synthetic (titano)magnetite83

samples. Notwithstanding some refinements (e.g., Dunlop, 2002a), the basic Day plot and84

its interpretation remain essentially the same. While it is possible to analytically calculate85

the behavior of SD particles controlled by various types of magnetic anisotropy, and also86

possible to experimentally determine Day plot parameters for very large, individual MD87

crystals, understanding the behavior in the paleomagnetically important high-remanence88

PSD range, i.e., 100 – 10,000 nm, has proven more challenging. There are two reasons89
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Figure 1. Hysteresis parameters from a collection of related specimens in a Day plot diagram,

where the vertical axis is the remanence ratio (Mr/Ms) and the horizontal one is the coercivity

ratio (Bcr/Bc). The inset graph shows a typical loop from which the ratios were derived, where

the red line is the measured loop and the blue line is the para/diamagnetic correction. The fields

SD (single domain), PSD (pseudo-single domain), MD (multidomain) and SP (superparamagnetic)

indicate the “usual” domain structure interpretation for the respective regions of the diagram.

Figure modified from Tauxe et al. (2010).

for this: 1) production of non-interacting experimental samples with narrow particle-size90

distributions, which are also “stress-free” is challenging (King & Williams, 2000; Krása et91

al., 2011), and 2) the magnetic behavior of PSD particles is complex and theoretical models92

require numerical models (Brown, 1963).93

Over the last 30 years, micromagnetics combined with nanometric magnetic imaging (Harrison94

et al., 2002; Almeida et al., 2014), has revolutionized our understanding of PSD particles.95

We now know that PSD particles are dominated by single-vortex (SV) and multi-vortex96

(MV) structures, which have been shown (Nagy et al., 2017; Nagy, Williams, Tauxe, Mux-97

worthy, & Ferreira, 2019) to have magnetic stabilites equal to or exceeding that of SD98

particles and thus challenging the long-held view that SD particles carry the most stable99

paleomagnetic remanence (Néel, 1949). For many magnetic minerals, the particle size range100

for vortex states is predicted to be at least an order of magnitude greater than that of SD101

particles (Nagy et al., 2017) and thus there is an urgent need to be able to identify not102

only SD particles but also PSD/vortex behavior in the Day plot. In this paper, we follow103

Roberts et al. (2017) and refer to PSD signals as vortex signals for the rest of the paper,104

although SV particles are only one type of PSD domain structure.105
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1.1 How are vortex domain states represented on the Day plot?106

There have been several previous attempts to characterize the vortex state contribution to107

the Day plot using micromagnetic numerical models. However, these are either older studies108

in which approximations were made and the models do not meet modern standards such109

as adequate model resolution or accounting for realistic particle morphologies (Williams110

& Dunlop, 1995; Tauxe et al., 2002; Muxworthy et al., 2003) or the Day plot was not111

the main focus and the results not comprehensive (Lascu et al., 2018; Valdez-Grijalva et112

al., 2018, 2020; Nikolaisen et al., 2020). Although not comprehensive, these studies have113

demonstrated that the Day plot is sensitive to both the particle size and morphology of114

vortex particles, and that particles just larger than the SD threshold size can plot very close115

to the MD region (Lascu et al., 2018; Valdez-Grijalva et al., 2018, 2020). Of particular note116

is the study of Nikolaisen et al. (2020), who examined a range of realistic particle sizes and117

shapes and reported predictions of SD and vortex states that are generally well grouped118

on the Day plot. These theoretical studies are supported by experiments on electron-beam119

lithography (EBL) samples of monodispersions of magnetite, which observe particles in120

the vortex domain state size range that plot at the PSD/MD boundary in the Day plot121

(Krása et al., 2011). EBL samples are arrays of nearly identical crystal, which is ideal for122

characterizing vortex behavior. However, the samples can suffer from stress induced by the123

coupling of the crystals with the thin-film substrate which, in turn, affects their Day plot124

characteristics.125

Therefore, there is a need to determine the vortex state contribution to the frequently used126

Day plot. In order to fulfill such a task, in this paper, we have applied MERRILL (Conbhúı127

et al., 2018) to systematically determine the Day plot response for magnetite crystals as128

a function of both size and elongation. For that, we have used distributions of randomly129

orientated particles that simulate monodispersions that are capable of displaying both SD130

and vortex-state behaviors.131

2 Methods132

Our numerical models of Day plot hysteresis parameters were obtained using the open-133

source software package MERRILL, version 1.4.6 (Conbhúı et al., 2018), which is a three-134

dimensional finite-element micromagnetic modeling application. While recognizing that135

the hysteresis parameters may be dependent on slight changes in particle morphology and136

surface irregularities, our aim is to examine the trends in hysteresis parameters as a function137

of particle size and idealised shape. We therefore consider truncated-octahedron shaped138

particles that were either elongated or compressed along the x-axis to create prolate or139

oblate particle morphologies. In some respects, this mirrors the standard single-domain140
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analysis in ellipsoidal particles, but here we take a typical crystalline morphology and allow141

the magnetization to occupy non-uniform magnetic domain states and non-coherent domain142

switching mechanisms. MERRILL requires particle geometries to be defined in terms of143

a finite element mesh, and these were generated using the proprietary meshing package144

Coreform Trelis (Coreform LLC, 2017). In micromagnetic modeling it is important to have145

the maximum mesh size no greater than the material’s exchange length lex (Rave et al.,146

1998), which for magnetite at 20 °C takes a value of 9 nm. lex is related to the width of147

transitions between domains, and if it is too large the inhomogeneously magnetized states148

will be poorly characterized. All our model geometries were meshed at a mean size of 8 nm.149

All models were of stoichiometric magnetite at 20 °C defined in terms of the four tem-150

perature dependent material constants of saturation magnetization MS, magnetocrystalline151

anisotropy constants K1 and K2, and the exchange constant Aex which take the values of152

4.825 · 105 A/m3 (Pauthenet & Bochirol, 1951), −1.304 · 104 J/m3 and −3.154 · 103 J/m3
153

(Fletcher & O’Reilly, 1974) and 1.344 ·10−11 J/m (Heider & Williams, 1988) respectively. It154

should be noted that the models presented here do not include thermal fluctuations, whose155

principle effect is to reduce the particles’ remanent magnetization for weakly stable domain156

states. Such particles are also commonly referred to as superparamagnetic (SP) particles.157

In all, a total of 556 models of prolate and oblate geometries were performed, covering a158

wide range of stable-single-domain (SSD, hereafter referred to as SD) and single-vortex (SV)159

domain states. The prolate geometries consist of 17 particle sizes from 40 to 200 nm in steps160

of 10 nm, and each size having elongations along ⟨100⟩ of axial ratios (AR, long axis/short161

axis) of 1.00 to 2.00 in 0.05 steps, 2.00 to 3.00 in 0.25 steps, and 3.00 to 5.00 in 1.00 steps.162

The oblate particles consist of 16 particle sizes from 45 to 195 nm in steps of 10 nm, and each163

size is compressed along ⟨100⟩ to AR’s of 0.909, 0.500, 0.250 and 0.167. All particle sizes164

are quoted as equivalent spherical volume diameters (ESVD). A further set of models were165

done for a three-dimensional cruciform shape consisting of three mutually perpendicular166

parallelepiped limbs intersecting each other at their center, where each parallelepiped has167

a relative dimension of 1x1x7, similar to that reported by Tauxe et al. (2002). Seventeen168

such models were made for ESVD particle sizes of 40 nm to 200 nm in 10 nm steps.169

The Day plot parameters of Mrs, Bc and Bcr were obtained from simulated First Order170

Reversal Curves, described in Nagy et al. (n.d.-a) peak fields of 200 mT and field steps of 4171

mT. Hysteresis was performed by first saturating the magnetization in the direction of the172

applied field, and thereafter the initial guess at each field step was the local energy minimum173

magnetic domain structure solution of the previous field step. For each particle, we use an174

average of 29 different field directions from a Fibonacci distribution (Hannay & Nye, 2004)175

over an octant of the sphere between azimuthal angles ϕ = 0, π/2 and polar angle θ = 0,176
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π/2 symmetric to the particle elongation along ⟨100⟩. Back-field curves, again at increments177

of 4 mT, were generated for the 29 different field directions and averaged before extracting178

the Mrs, Bc and Bcr for each particle size and morphology.179

3 Results180

Almost all domain states modeled here with ESVD particle sizes between 40 nm to 200 nm181

are either SD or SV, but within these primary types of states, the magnetization can align182

along the easy or hard magnetocrystalline directions, or the short or long particle shape183

axes.184

Example domain states are shown in Figure 2. We see that prolate particles (Figure 2185

a,b,c) have their magnetization and vortex cores aligned along the easy shape (long) axis,186

but as particle size grows, the vortex core shape and orientation can distort e.g., Figure 2c.187

Particles whose size is close to the critical single domain particle size, dc, will gradually188

change their domain state from SD to SV, becoming less uniform by exhibiting ’flowering’189

of the magnetization at the particle surface e.g., Figure 2e (Williams & Dunlop, 1990) where190

the domain state classification is not clear. Larger SD oblate particles form ‘S’ states within191

the oblate plane e.g., Figure 2h (Zhao et al., 2014). Occasionally 200 nm oblate particles192

formed MV states, e.g., Figure 2i. Each of these slight variations influences the particles’193

Mrs/Ms and Bcr/Bc values.194

Each modelled mono-dispersion consists of 29 particles whose domain states are frequently195

of the same type, but variations may occur due to the different directions of the applied196

field. This is more common for particle sizes close to dc, where some particles will nucleate197

SV states while others will remain in the SD state. For the largest particle sizes, almost all198

are in the SV state, but vortex core curvature can be present. In our models, some domain199

structures such as the ‘S’ state were found only in oblate particle morphologies. The MV200

domain state was only found in particles with AR=0.25, and only for 18 of the 29 particles201

in our mono-dispersion.202

The predicted Day plot parameters for ellipsoidal magnetite are shown in Figure 3. These203

predominantly SD and SV particles often plot outside the Mrs/Ms and Bcr/Bc limits for204

SD and PSD particles, but nevertheless fall within a well-defined diagonal band across the205

(log-log) Day plot. Cruciform models are only included in the enlarged section in Figure 4.206

3.1 Behavior of SD particles on the Day plot207

Regardless of particle morphology, only SD states should exist above Mrs/Ms = 0.5. In this208

study we take SD states to include different degrees of flowering and ‘S-type’ states; ‘S-type’209
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Figure 2. A selection of typical domain states that are nucleated as a function of particle size

(ESVD) and shape (AR). The orientation of particles within each row is the same and indicated by

the axes in the centre panel where x, y, z are along [100], [010] and [001] respectively. The magnetic

structures are shown as surface vectors colored according to alignment with the cubic magnetocrys-

talline anisotropy. Where vortex structures are nucleated within the particle, its helicity isosurface

is shown at ±95% of its maximum value. Each truncated-octahedral particle domain state is la-

belled as single-domain (SD), single-vortex (SV), S-state (S) or multi-vortex (MV). Domain states

in cruciform particles are SD-like within each limb.

states are treated as SD as they do not contain a vortex core (see Figure 2h), although210

in some cases these will report values of Mrs/Ms lower than 0.5. In general, Mrs/Ms211

values of random distributions of SD particles are controlled by their magnetic anisotropy,212
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Figure 3. Plot of Mrs/Ms versus Bcr/Bc for simulated magnetite with increasing particle size

and axial ratio. The oblate and prolate particles are represented by square and round symbols

respectively, and colored according to their axial ratio. The symbol sizes are proportional to the

particle sizes. The single domain, pseudo-single-domain, and multi-domain region proposed by

(Day et al., 1977) are indicated by the lightly shaded red, green and blue regions respectively.

either crystalline or particle shape, or a combination of the two (e.g., Dunlop & Özdemir,213

2010). For mono-dispersions of SD particles we expect our models to agree with analytic214

calculations for Mrs/Ms that are easily determined using:215

Mrs/Ms =

∫ θmax

θmin

∫ ϕmax

ϕmin

m̂ · ĥ (1)

where ϕ and θ are the spherical coordinate azimuth and polar angle respectively. Mrs/Ms216

will decrease with the number of dominant anisotropy axes as shown in (Table 1).217

Experimental observations of SD particles with Mrs/Ms < 0.5 will indicate the presence of218

significant magnetic particle interactions (Muxworthy et al., 2003), and/or a particle size219

distribution that exceeds the very narrow SD particle size range, or a particle size distri-220
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Table 1. Mrs/Ms ratios for SD particles for various magnetic anisotropy symmetries determined

using Eq. 1. The specified integration limits for the azimuthal angle (ϕ) and polar angle (θ) define

the symmetry of the anisotropy about the given easy direction for each anisotropy type.

anisotropy type Mrs/Ms easy direction θ limits ϕ limits

Uniaxial 0.500 [1,0,0] 0, π/2 0, 2π

3 fold in basal plane 0.649 1
2 [1,

√
3,0] 0, π/2 0, 2π/3

4 fold in basal plane 0.707 1√
2
[1,1,0] 0, π/2 0, π/2

6 fold in basal plane 0.750 1
2 [
√
3,1,0] 0, π/2 0, π/3

Easy basal plane 0.785 [cosϕ, sinϕ, 0] 0, π/2 0, 2π

Cubic K>0 0.832 [1,0,0] 0, θmid
† 0, 2π

Cubic K<0 0.866 1√
3
[1,1,1] 0, π/2 0, 2π

† θmid = tan−1( 1
cosϕ )

bution that includes significant SP particles (Tauxe et al., 1996). For our modelled mono-221

dispersions, the enlarged section of the Day plot (Figure 4) shows three distinct groupings222

of Mrs/Ms values that are distinctive to SD particles with a set anisotropy symmetry. The223

first is at Mrs = 0.87, which reflects the cubic magnetocrystalline anisotropy expressed in224

near equidimensional particles (AR ≈ 1, colored green in Figure 4). The second group is at225

Mrs/Ms ∼ 0.71 expected for highly oblate particles (AR ⪅ 0.5, colored blue) with a 4-fold226

projection of the cubic magnetocrystalline anisotropy into the oblate plane (see Table 1).227

The third group is for highly prolate particles (AR ⪆ 1.3, colored orange to red), where the228

uniaxial shape anisotropy dominates, yielding Mrs/Ms ∼ 0.5.229

Similarly, analytical calculations of Bcr/Bc for distributions of SD particles with coherent230

switching (Joffe & Heubregbr, 1974) predict that Bcr/Bc is also influenced by magnetic231

anisotropy, but to a lesser degree. For a distribution of particles with the same anisotropy232

symmetry we expect the following Bcr/Bc ratios: 1.08 (uniaxial), 1.15 (platelets) and233

1.04/1.09 (positive/negative cubic)(Joffe & Heubregbr, 1974). For a distribution of SD234

particles with mixed anisotropies, Gaunt (1960) obtained Bcr/Bc ⪅ 2. While our models235

broadly agree with these analytic predictions, in some cases, we can obtain Bcr/Bc ratios236

approaching 3.0 even for particles of the same anisotropy form, but where neither shape237

nor magnetocrystalline anisotropies dominate, producing a more complex overall magnetic238

anisotropy. This occurs in particles with AR values ≈ 1.3 (yellow points) and ≈ 0.25239

(medium blue points) for prolate and oblate particles respectively.240

In addition to prolate and oblate particles, the modeled cruciform structures represent the241

more complex ‘skeletal’ particle structures observed in many basalts (Tauxe et al., 2002). In242
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Figure 4. An enlarged section of Figure 3 showing the variation of the Day plot parameters

for modelled mono-dispersions of SD particles. The symbols are colored according to the particle’s

AR, with circles and squares used for prolate and oblate particles respectively for additional clarity.

The cruciform structures are shown as black diamonds. The symbol sizes are proportional to the

particle sizes. The Day plot SD, and PSD regions are colored as Figure 3.

these morphologies, all of the particles up to the maximum modeled size of 200 nm are SD,243

with the magnetization in each limb aligned to the limb axis. As the particle size increases,244

the magnetization at the end of each limb becomes increasingly flowered (e.g., Figure 2j-245

l), which causes Mrs/Ms to gradually decrease with increasing ESVD particle size from a246

maximum of 0.74 for the 40 nm particle to 0.52 at 200 nm. The cruciform structures have247

Bcr/Bc values that remain relatively constant between 1.04 and 1.1. Hidden in the Bcr/Bc248

ratio is the fact that the coercivity (Bc) of the cruciform particles can be much larger than249

that expected for SD particles, which was the reason why (Tauxe et al., 2002) argued for250

plotting Mrs/Ms against Bc and Bcr separately.251
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3.2 Behavior of SV particles on the Day plot252

The Day plot parameters for modeled SV prolate particles fall within the PSD boundaries of253

0.02 < Mrs/Ms <0.5 but slightly outside the 1.5 < Bcr/Bc < 4 limits, as defined by (Day et254

al., 1977). Immediately below the Mrs/Ms = 0.5 boundary, domain states in any particular255

particle size are generally a combination of SD and SV, with SV states increasingly dominant256

as Mrs falls further. As the particle size of prolate-shaped particles increases the Mrs/Ms257

decreases, reflecting smaller vortex cores that carry the remanence. Likewise, Bcr/Bc also258

falls, reflecting increasing internal demagnetizing fields as well as the non-coherent domain259

state switching of the vortex core, referred to as structure coherent rotation (Nagy, Williams,260

Tauxe, Muxworthy, & Ferreira, 2019). For particles of a particular size, increasing elongation261

or contraction drives a change towards the SD state. SV oblate particles of moderate AR262

values of ∼ 0.6 have Day-plot parameters that fall well into the MD region. Our study263

only considers particles with a maximum ESVD size of 200 nm, well below the expected264

transition to MV states at ∼ 3 µm (Nagy, Williams, Tauxe, & Muxworthy, 2019), and that265

the trend line for SV particles seen in Figure 3 might continue into the MD region for all266

particle morphologies.267

4 Discussion268

The Day Plot attempts to characterize the domain state/particle size of an assemblage of269

magnetic particles in a sample using the ratio of four experimentally measured parameters,270

i.e., Mrs/Ms and Bcr/Bc. While there have been many studies on the merits and shortfalls271

in using Day plots as indicators of domain state, until recently it has not been possible272

to account for the presence of pseudo-single-domain (PSD) states. Within the SV particle273

size range, the vortex structure will distort to accommodate irregular and asymmetric par-274

ticle morphologies, and so we regard asymmetric SV domain states to be included within275

this broad category. Numerical micromagnetic models provide an insight into magnetic be-276

havior in idealized stochiometric mineral structures by relaxing the constraint of uniform277

magnetization and coherent domain state switching that have limited much of our present278

understanding of magnetic recordings in paleomagnetic samples.279

4.1 The Day plot’s ability to discriminate particle size280

Of the two ratios, the variation of Mrs/Ms with particle size is the easiest to predict and281

understand. For a population of SD particles, in the absence of significant amounts of282

superparamagnetic particles, extensive ‘flowering’ or inter-particle magnetic interactions,283

Mrs/Ms does not fall below 0.5. In contrast, our models predict that no SV states are284

possible with Mrs/Ms > 0.5 (Figure 5a), however, this ratio by itself is not a direct indicator285
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of particle size due to non-uniqueness in Mrs/Ms. Since Bc and Bcr reflect both reversible286

and irreversible domain state changes as a function of the applied field, it is anticipated that287

non-coherent switching mechanisms that dominate in larger particle sizes will also affect the288

Bcr/Bc ratio. Dunlop and Özdemir (2010) notes that non-coherent switching will result in289

lower critical fields and thus result in lower Bcr yielding lower Bcr/Bc ratios. We might290

expect Bcr/Bc to decrease for SD particles as they near the critical particle size where SD291

switching can occur via a transitory vortex state (Enkin & Williams, 1994). While this292

effect is imperceptible in most mono-dispersions of a single anisotropy, Figure 6 shows that293

a decrease in Bcr is noticeable for particles with AR=1.0 and AR=1.25 as the particle size294

grows towards the critical particle size of ≈ 80 nm and ≈ 90 nm respectively (Muxworthy295

& Williams, 2006; Butler & Banerjee, 1975; Moreno et al., 2022).296

Figure 5. Plot of (a) Mrs/Ms and (b) Brc/Bc versus particles size (ESVD) for randomly aligned

mono-dispersions of truncated-octahedral magnetite of different axial ratios, as well as 3D cruciform

geometries. The data is colored according to the particle’s AR. Guide lines for particles of selected

equal ARs have been drawn for clarity.

4.2 The effect of particle shape297

The trend line for SV domain states on the log-log Day plot (Figure 3) is remarkably linear298

within the 40 nm - 200 nm particle size range modelled. The lack of scatter in the data is299

in part due to the single truncated-octaheral particle shape in this study which has been300

elongated or compressed to form prolate or oblate morphologies. All prolate and oblate301

particles below 195 nm nucleate domain states that are either in the SD or SV state. In302

Figure 7 we compare our data against the simulated Day plot parameters in particles with303

irregular particle morphologies from Nikolaisen et al. (2020). Since almost all of the irregular304
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Figure 6. Plot of Bcr (solid lines) and Bc (dotted lines) versus particles size for randomly

aligned mono-dispersions of truncated-octahedral magnetite of different selected axial ratios.

particles are triaxial, the matching can only be approximate. Nevertheless, there is a good305

agreement between the Day plot trend from the irregular data and that from our idealized306

prolate and oblate particles.307

It is worth noting that several irregular geometries (marked with hexagons in Figure 7)308

are stated to have MV domain states (see Figure 5 of (Nikolaisen et al., 2020)), and yet309

their Day plot parameters place them near the SD-SV boundary. As these contradict our310

results indicating that no multivortex state should yield Mrs/Ms values greater than 0.5, we311

further investigate these specific morphologies from (Nikolaisen et al., 2020) by re-running312

their local energy minimum. For each of these published irregular geometries, we have313

calculated 100 models starting from different random initial states. Our results show that314

these irregular particle structures support a variety of domain states (see supplementary315

information Figure S1) , with particles as small as 163 nm sometimes being able to host MV316

domain states. A greater variety of domain states in these cases, also reflect a variety of317

final energies for each of these 100 solutions. In many of these geometries, the MV states are318

often one of the higher energy states and occur less frequently. In such particles, simulated319

hysteresis and backfield measurements will inevitably average over several domain states320

nucleated as a result of the varying direction of the applied field. Consequently, these are321
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likely to be dominated by the lower energy domain, often SV, states and the saturated322

remanence states during hysteresis. Two particles highlighted in Figure 7, OPX39 and323

OPX22, both have MV structures as their lowest energy states, but even for these particles324

they yield Mrs/Ms values well above that expected in MD states and are likely to hold325

stable magnetic remanences (Shah et al., 2018). The overall good agreement between the326

idealised particle morphologies and the irregular particles suggests that, as in the case of327

SD particles, much of the general behavior of SV/PSD particles can be determined from328

examining simple particle geometries.329

4.3 Comparison to analytic models (mixing models)330

So far we have considered Day plot parameters for mono-dispersions of particles of idealised331

morphologies, but experimental observations (except for samples created by etching of thin332

films (Krása et al., 2009; King et al., 1996)) will inevitably be representative of a variety333

of particle sizes and domain states. Dunlop (2002a) explored the Day plot phase space334

in terms of mixtures of SD and MD particles, and concluded that such mixtures can plot335

in the PSD region for a wide range of SD/MD mixtures; the mixing models are shown in336

Figure 8a. Dunlop (2002a) demonstrates that while the presence of SP particles can signifi-337

cantly increase Bcr/Bc, Mrs/Ms never decreases below ≈ 0.09, even for samples containing338

> 80% SP fraction; such mixtures should be easily distinguished from samples dominated339

by MD particles. Mixtures of ideal SD and MD particles produce trend lines that fall within340

the expected PSD Day plot region, and demonstrate that samples containing such mixtures341

cannot be distinguished from samples dominated by PSD particles. The SD+MD mixture342

trend lines were formulated to explain Day plot behavior in the absence of any detailed343

understanding of the hysteresis in PSD particles. The calculations presented in this paper,344

together with the work of Nikolaisen et al. (2020), demonstrate that mono-dispersions of345

SV particles fall within the expected Day plot region for PSD particles without the need to346

consider mixtures of other domain states.347

Within the range of particle sizes of our numerical solutions, we can construct more realistic348

size distributions by linearly averaging the hysteresis and remanence backfield curves with349

suitable weightings. In Figure 8b we show Day plot parameters for 24 lognormal distribu-350

tions plotted together with the experimental observations on sized mono-dispersions. The351

Day plot parameters for the lognormal distributions can be generated from our Synth-FORC352

application at https://synth-forc.earthref.org (Nagy et al., n.d.-b) Each modelled distribu-353

tion is characterised by the geometric mean d̄ and ĀR of the particle size and axial ratio354

respectively. The lognormal distributions are similar to those produced in the laboratory,355

e.g., samples of Argyle and Dunlop (1990) and Ge et al. (2021). The 24 distributions consist356
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Figure 7. The Day Plot of irregular particle morphologies from (Nikolaisen et al., 2020). Colored

triangles and hexagons are superimposed on the data of prolate and oblate truncated-octahedral

particles from this study (made translucent for clarity). The data from (Nikolaisen et al., 2020)

have been coloured according to their parameter ob-pro-sph=log((a -b)/(b-c)), where a,b,c are the

particle long, intermediate and short axis lengths, and scaled to match the axial ratio range of

this study. The triangle symbols indicate SD or SV domains states, while the hexagons indicate

multi-vortex (MV) states. The symbol sizes are scaled with particles size in the same way for both

data sets.

of two groups of different widths (variance) of particle size and the axial ratio of σ2(axial357

ratio) = σ2(size) = 0.3 or 1.0, chosen to bound the experimentally observed distribution358

widths. We consider three different mean axial ratios, ĀR, of 0.5 (blue symbols), 1.0 (green359

symbols) and 2.0, (orange symbols) with distributions of equal ĀR joined by a black line.360

We then have four different mean particle sizes d̄, of 50, 100, 150 and 200 nm, where the361

size of the symbol used is proportional to d̄. The effect of averaging the hysteresis data362

and back-field curves is to move their Day plot parameters to the centroid of the bounding363

Day plot region containing the particles in the distribution. These averages suggest that364
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the narrow range of axial ratios (AR ≈ 0.5) for oblate particles responsible for the very high365

Bcr/Bc ratio seen in Figure 3 is quickly reduced and so not noticeable even in experimental366

mono-dispersions.367

Figure 8. (a) The Day Plot of our numerical models (translucent dots and squares) compared

to predictions from analytic models of domain state mixtures (grey lines), and (b) log-normal

distributions of particle sizes and shapes from our numerical solutions (black lines and coloured

diamonds). The lines for SD+MD, SD+SP and MD are from Dunlop (2002a), and the BDS (bulk

domain stability) trend line is from Paterson et al. (2017). The modelled particle distributions

shown in (b) are described in the text. The particle size and axial ratio legends apply to the model

data for the mono-dispersions in (a) as well as to the geometric means of the modelled log-normal

distributions in (b). The translucent colored stars, inverted triangles and diamonds are colored

according to data attribution shown in Figure 9.

4.4 Comparison with experimental samples368

In the original Day plot (Day et al., 1977) divisions of SD to PSD and PSD to MD were369

made relying on experimental observations in titanomagnetites together with theoretical370

limits of SD structures (Stoner & Wohlfarth, 1948; Butler & Banerjee, 1975). Since the371

Day plot was published, there have been attempts to validate the theoretical predictions372

by observations on well-characterized particle sized-dispersions of magnetites (Argyle &373

Dunlop, 1990; Bailey & Dunlop, 1983; Day et al., 1977; Muxworthy & McClelland, 2000;374

Krása et al., 2011; Heider et al., 1996; Dankers & Sugiura, 1981; Dunlop, 1986; Özdemir375

& Banerjee, 1982; Muxworthy, 1998; Muxworthy et al., 2006); many of these are shown in376
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Figure 9. Except for the elongated particles of Dunlop (1986), the experimental data are377

from near equidimensional particles, similar to the geometries used in our models. While378

there is generally good agreement, the experimental data do not display the high Bcr/Bc379

values predicted for oblate particles of our study nor the highly irregular triaxial particles380

geometries of (Nikolaisen et al., 2020). This is likely due to averaging effects seen in broader381

particle size distributions.382

For equidimensional particles, there is a noticeable difference in the gradient of the ratio383

of (Mrs/Ms)/(Bcr/Bc) in the PSD particles size region, with this being larger for the ex-384

perimental mono-dispersions than in the numerical models. However, the production of385

laboratory-manufactured samples that are true analogues of natural rocks is very difficult.386

In addition to the sized natural samples (labeled ‘N’ in the legend of Figure 9), there are387

three main types of laboratory samples: i) those that are sized by crushing larger particles;388

ii) those that are grown and remain un-crushed; (iii) and those that are produced by etching389

epitaxial films to produce specific particle sizes and inter-particle separations, noted by the390

letters ‘C’, ‘G’ and ‘E’ (Figure 9). Each method has its advantages and disadvantages, with391

only the etched samples guaranteed to be free from inter-particle magnetostatic interactions.392

These few samples appear to be in better agreement with the numerical models. Neverthe-393

less, they are also likely to be significantly stressed due to the mismatch between the unit394

cell size of magnetite and that of the ruby substrate upon which they were grown (Krása395

et al., 2011; King et al., 1996). Powdered samples suffer from the effects of magnetostatic396

interactions, which is to decrease Mrs/Ms (and to a lesser extent Bcr/Bc (Muxworthy et397

al., 2003)). The latter will consequently bias the experimental data towards steeper gradi-398

ents on the Day Plot. Within these limitations, there is still good agreement between the399

properties of laboratory-produced particles and our numerical simulations.400

4.5 Alternatives to the Day Plot401

The benefit of plotting Mrs normalized by Ms, and Bcr normalized by Bc is that for SD402

particles these ratios should be independent of mineralogy, except where that is expressed403

in their different magnetic anisotropies; the SD Day plot region should be distinct across404

different experimental samples. This is not necessarily true for distributions of MD particles,405

as clearly shown in the case of hematite described by Özdemir and Dunlop (2014). The low406

intrinsic magnetization of hematite results in weak internal demagnetizing fields, Hd, such407

that domain wall motion is determined almost entirely by the externally applied field. Thus,408

values of Bc ≈ Bcr and near saturation values of Mrs/Ms often over 0.9 (Özdemir & Dunlop,409

2014) are observed, far more than hematite’s SD Mrs/Ms limit of 0.75.410
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Figure 9. Plot of our modeled Day Plot parameters, (translucent) colored by their axial ratio,

against those of sized experimental samples in black outlined symbols, colored to identify the original

study from which the data has been obtained. The experimental samples are also categorized by

their laboratory particle processing as, grown (G), crushed (C), etched thin films (E) or natural

crystals (N). The thin film samples are further categorized by the hysteresis field applied in-plane or

out-of-plane of the film. The experimental data uses different symbol shapes, shown in the legend,

to identify the vortex to multidomain boundary, the lower limit of which is ∼ 1µm and the upper

limit ∼ 10µm.

Alternatives to the Day plot such as diagrams of Mrs/Ms against either Bc or against Bcr,411

first used by (Néel, 1955) and shown in Figure 10, have also been explored as a means412

of discrimination between magnetic domain states, e.g., (Tauxe et al., 2002). Generally,413

we expect coercivities to decrease with increasing particle size, as the domain switching414

mechanism changes from coherent rotation to non-coherent mechanisms, specifically vortex415

core rotation, and vortex core nucleation, translation and denucleation (Enkin & Williams,416

1994). All non-coherent changes of domain states are indications that significant internal417

demagnetizing fields exist within a particle, but the absolute values will vary with min-418
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eralogy. With a single dominant mineralogy, the coercivities can sometimes also indicate419

particle morphology. For example, equidimensional magnetite particles have magnetocrys-420

talline anisotropy-controlled coercivities no greater than ∼ 37 mT (Williams & Dunlop,421

1995) and values larger than this will indicate the presence of particles dominated by shape422

or configurational anisotropy. This is seen in Figure 10 in the case of prolate particles of423

similar Mrs/Ms whose Bc and Bcr increases with AR (Tauxe et al., 2002). However this424

is not true in general, and neither oblate nor the more complex cruciform-shaped particles425

(or the traxial particles reported by Nikolaisen et al. (2020)) exhibit such a clear variation426

with AR.427

Figure 10. Plots of (a) Mrs/Ms against Bc, often referred to a Néel plot of against, and

(b)Mrs/Ms and Bcr. The legend for the axial ratio and particle size apply to both plots.

Plotting Mrs/Ms against Bcr (Figure 10b) does not yield a monotonic decrease in the428

abscissa we see in the Day plot. However, both Mrs and Bcr measure the remanence domain429

states that are important to paleomagnetic studies, rather than the induced domain states of430

in-field measurements. Bcr observations thus avoid the contamination of superparamagnetic431

(SP) and weakly stable (MD) states that lower both the value of Mrs/Ms and Bcr/Bc432

(Dunlop, 2002a). This reduces the potential to place paleomagnetic samples containing SP433

mixtures with stable SD and SV particles into the MD region of the Day plot, which might434

falsely indicate the sample to be a poor paleomagnetic recorder. We might also expect435

Bcr to be an indicator of changing domain state because Bcr increases with the internal436

demagnetizing field, which acts to restore the domain state on removal of the external field.437

Increasing internal demagnetizing fields are also precursors to domain state changes, which438

form to minimize the internal field. We therefore expect to see a decrease in Bcr at the439
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critical SD particle size dc on the transition to SV states, and also at the critical vortex440

domain size dv on the transition to MD states.441

Near the SD-PSD boundary our models show there is a slight decrease in Bcr due to the442

nucleation of the vortex state, (Figure 5), but this is a subtle effect and is likely not resolvable443

in anything other than mono-dispersions. We might expect a larger change in Bcr near the444

transition to MD states at dc. At present we are not able to model such large particles but445

the experimental observations on sized particle distributions (Figure 11 does show a marked446

decrease in Bcr at ∼ 1 to 10 µ m, at the predicted size for dc in magnetite (Nagy, Williams,447

Tauxe, & Muxworthy, 2019).448

Figure 11. The variation of Bcr with particle size, from experimental observations on sized

particle distributions. The symbols are colored according to data attribution as shown in the

legend (as in Figure 9). The dashed grey line is drawn as a guide to the eye.

Thus, in the Day plot alternative of Mrs/Ms against Brc, the upper left of the plot should449

contain SD particles. Mrs/Ms will decrease monotonically with particle size, but Bcr should450

rise and fall at each major transition in domain state. This is easily apparent experimentally451

in sized particle samples but likely difficult to distinguish in natural samples. Critically,452
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absolute values of Bcr will depend on mineralogy, and so interpretation would depend on453

samples with a single dominant mineralogy, and availability of reference values for Bcr in454

SD, PSD and MD particles.455

For example, hematite’s easy basal plane anisotropy and weak magnetization results in MD456

particles with high values of Mrs/Ms and low values of Bcr/Bc, and so they lie well into SD457

Day plot region (for a single dominant mineral, MD hematite is best identified by Mrs ∼458

0.75) Özdemir and Dunlop (2014). In this case, the Néel plot would yield high coercivities459

that might be diagnostic of a mineral such as hematite. Alternatively, since we expect Bcr460

to increase the value of the internal demagnetizing field Hd, we might expect Bcr to peak461

before a domain state change and so plotting Mrs/Ms against Bcr would not only produce462

high values of Bcr that provides a guide to mineralogy, but its value should peak before463

a domain state change. Figure 11 suggests a peak in Bcr near 1 µm for magnetite, in464

broad agreement with the theoretically predicted value of ∼3 µm (Nagy, Williams, Tauxe,465

& Muxworthy, 2019), and the experimentally determined value of ∼0.8 µm (Dunlop &466

Özdemir, 2010) p153. However, the variation in Bcr with particle size is likely too weak to467

be used in any predictive test on paleomagnetic samples.468

5 Conclusions469

Characterization of the magnetic properties of a natural sample using a single data point470

can only ever be expected to provide a bulk estimate of its domain state, particle size471

or paleomagnetic stability. Each mono-dispersion that we model may contain a variety of472

domain states if more than one state is supported in particles of that size and shape. Usually,473

mono-dispersions will be dominated by one domain state type (SV or SD) except for particles474

near the critical SD particle size dc. In our idealised shape and stoichiometric particles of475

magnetite (ranging from 40 nm - 200 nm), we observe a Day plot trend very similar to476

those predicted in irregular particle shapes (Nikolaisen et al., 2020). This suggests that477

despite the simple geometries we impose, they can make broad predictions of the hysteresis478

characteristics of particles in natural samples. Our predictions of Day plot parameters agree479

well with experimental observations on laboratory-manufactured samples, particularly when480

averaged over log-normal distributions typical of laboratory-made samples.481

For SD particles, our results show that while we get the expected Mrs/Ms values above 0.5,482

we can have Bcr/Bc values as large as 3 for particles that have anisotropies dominated by483

neither shape nor magnetocrystalline (see Figure 4; these plot well outside the traditional484

Bcr/Bc SD limit of 1.5 (Day et al., 1977). Mono-dispersions of SV domain states have485

Mrs/Ms values below 0.5 and decrease with increasing particle size. For a narrow range486

of oblate morphologies that exhibit both shape and magnetocrystalline anisotropy (AR ≈487
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0.2), we obtain Mrs/Ms much smaller than the lower PSD limit of 0.02, and Bcr/Bc far488

larger than 4 (Day et al., 1977) or 5 (Dunlop, 2002a) and so are more indicative of MD489

domain states. In our models of log-normal distributions of SD and SV domain states,490

the contribution of the relatively narrow band of SV particles with large Bcr/Bc values491

is not noticeable. For natural samples, however, Nikolaisen et al. (2020) have reported a492

larger abundance of SV particles with large Bcr/Bc values. We cannot therefore exclude493

the possibility that SV domain states will plot within the MD region of Day plot.494

In bulk samples, there is a likelihood of a range of particle sizes and shapes, as well as a495

mixture of mineralogies. Often we are interested to know whether this mixture of mineral496

particles is capable of holding a reliable paleomagnetic signal. The theoretical confirmation497

that SV and MV are at least as magnetically stable as SD states (Nagy et al., 2017; Nagy,498

Williams, Tauxe, Muxworthy, & Ferreira, 2019; Shah et al., 2018) suggests that the most499

important discrimination should be between PSD and MD particles rather than SD and500

PSD. If that is accepted, then samples whose hysteresis parameters fall within the broad501

region of the SD and PSD Day plot region are likely to contain a significant proportion of502

paleomagnetically stable domain states.503

While this assessment generally agrees with experimental and theoretical observations for504

magnetite, other minerals with distinct magnetic properties (such as the type and constant505

values of anisotropy) might produce Mrs/Ms and Bcr/Bc ratios that would falsely plot the506

particles in the stable SD/PSD regions of the Day plot (such as MD hematite). To better507

support the Day plot interpretation, a more in-depth characterization of the mineral mor-508

phology is suggested, which can be achieved by, e.g., thermal analysis of samples to identify509

blocking temperatures, and thermal demagnetization of IRM to examine the behavior of510

remanence-bearing particles.511

The Day Plot (and Néel plots) remain a useful parameterization of hysteresis observations512

that can aid the identification of domain state stability. Mrs/Ms itself is a strong discrim-513

inator of whether a sample’s remanence is dominated by stable or unstable domain states.514

Using the parameter Bcr/Bc provides a degree of normalization across different mineralo-515

gies, but this is not guaranteed as the case of hematite exemplifies. Absolute values of516

Bc and Bcr can identify Day plot ‘outliers’ but no one diagnostic test should be used in517

isolation.518

6 Open Research519

All results reported here were generated using the open source micromagnetic modeling code520

of Conbhúı et al. (2018). A complete guide to installation and use of MERRILL is described521
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here: https://rockmag.org. The input scripts for generating the truncated-octahedral ge-522

ometries and finite element meshes are provided in the supplementary information and the523

source code for MERRILL can be downloaded from https://bitbucket.org/wynwilliams/merrill/524

and is provided with Creative Commons Attribution 4.0 International license.525
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Krása, D., Wilkinson, C. D. W., Gadegaard, N., Kong, X., Zhou, H., Roberts, A. P., . . .602

Williams, W. (2009). Nanofabrication of two-dimensional arrays of magnetite particles603

for fundamental rock magnetic studies. Journal of Geophysical Research, 114 (B2). doi:604

10.1029/2008jb006017605

Lascu, I., Einsle, J. F., Ball, M. R., & Harrison, R. J. (2018). The vortex state in geo-606

logic materials: A micromagnetic perspective. Journal of Geophysical Research: Solid607

Earth, 123 (9), 7285–7304. doi: 10.1029/2018jb015909608

Moreno, R., Carvalho-Santos, V., Altbir, D., & Chubykalo-Fesenko, O. (2022). Detailed609

examination of domain wall types, their widths and critical diameters in cylindrical610

magnetic nanowires. Journal of Magnetism and Magnetic Materials, 542 , 168495. doi:611

https://doi.org/10.1016/j.jmmm.2021.168495612

Muxworthy, A. R. (1998). Stability of magnetic remanence in multidomain magnetite613

(Unpublished doctoral dissertation).614

Muxworthy, A. R., King, J. G., & Odling, N. (2006). Magnetic hysteresis properties of inter-615

acting and noninteracting micron-sized magnetite produced by electron beam lithog-616

raphy. Geochemistry, Geophysics, Geosystems, 7 (7). doi: 10.1029/2006gc001309617

Muxworthy, A. R., & McClelland, E. (2000). The causes of low-temperature demagnetiza-618

tion of remanence in multidomain magnetite. Geophysical Journal International , 140 ,619

115-131.620

Muxworthy, A. R., & Williams, W. (2006). Critical single-domain/multidomain grain621

sizes in noninteracting and interacting elongated magnetite particles: Implications for622

magnetosomes. Journal of Geophysical Research: Solid Earth (1978–2012), 111 (B12),623

B12S12-n/a. doi: 10.1029/2006JB004588624

Muxworthy, A. R., Williams, W., & Virdee, D. (2003). Effect of magnetostatic interac-625

tions on the hysteresis parameters of single-domain and pseudo-single-domain grains.626

Journal of Geophysical Research, 108 (B11). doi: 10.1029/2003jb002588627

Nagy, L., Moreno, R., Williams, W., Patterson, G., Tauxe, L., & Muxworthy, A. R. (n.d.-a).628

Micromagnetic determination of the forc response of paleomagnetically significant629

–26–



manuscript submitted to Geochemistry, Geophysics, Geosystems

magnetite assemblages. Geochemistry, Geophysics, Geosystems.630

Nagy, L., Moreno, R., Williams, W., Patterson, G., Tauxe, L., & Muxworthy, A. R. (n.d.-b).631

Synth-forc [webpage]. Retrieved from https://synth-forc.earthref.org/632

Nagy, L., Williams, W., Muxworthy, A. R., Fabian, K., Almeida, T. P., Conbhui, P. O.,633

& Shcherbakov, V. P. (2017). Stability of equidimensional pseudo-single-domain634

magnetite over billion-year timescales. Proc Natl Acad Sci U S A, 114 (39), 10356-635

10360. doi: 10.1073/pnas.1708344114636

Nagy, L., Williams, W., Tauxe, L., & Muxworthy, A. R. (2019). From nano to micro:637

Evolution of magnetic domain structures in multidomain magnetite. Geochemistry638

Geophysics Geosystems, 20 (6), 2907 – 2918. doi: 10.1029/2019gc008319639

Nagy, L., Williams, W., Tauxe, L., Muxworthy, A. R., & Ferreira, I. (2019). Thermo-640

magnetic recording fidelity of nanometer-sized iron and implications for planetary641

magnetism. Proceedings Of The National Academy Of Sciences Of The United States642

Of America, 116 (6), 1984 – 1991. doi: 10.1073/pnas.1810797116643
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