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Key Points:  22 

 23 

• A stacked spectral ratio approach can separate depth dependence of source and path 24 

effects 25 

• Analyses of spectral decomposition inversions suggest that previous reports of increase in 26 

stress drop with depth may be overstated 27 

• Source parameter analyses should explicitly include depth-dependent attenuation models 28 

or empirical corrections.   29 
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1 Abstract:  30 

We combine earthquake spectra from multiple studies to investigate whether the increase in 31 

stress drop with depth often observed in the crust is real, or an artifact of decreasing attenuation 32 

(increasing Q) with depth. In many studies, empirical path and attenuation corrections are 33 

assumed to be independent of the earthquake source depth. We test this assumption by 34 

investigating whether a realistic increase in Q with depth (as is widely observed) could remove 35 

some of the observed apparent increase in stress drop with depth.  36 

We combine event spectra, previously obtained using spectral decomposition methods, for 37 

over 50,000 earthquakes (M0 to M5) from 12 studies in California, Nevada, Kansas and 38 

Oklahoma. We find that the relative high-frequency content of the spectra systematically 39 

increases with increasing earthquake depth, at all magnitudes.  By analyzing spectral ratios 40 

between large and small events as a function of source depth, we explore the relative importance 41 

of source and attenuation contributions to this observed depth dependence.  42 

Without any correction for depth-dependent attenuation, we find a systematic increase in 43 

stress drop, rupture velocity, or both, with depth, as previously observed. When we add an 44 

empirical, depth-dependent attenuation correction, the depth dependence of stress drop 45 

systematically decreases, often becoming negligible. The largest corrections are observed in 46 

regions with the largest seismic velocity increase with depth. We conclude that source parameter 47 

analyses, whether in the frequency or time domains, should not assume path terms are 48 

independent of source depth, and should more explicitly consider the effects of depth-dependent 49 

attenuation.  50 

 51 

  52 
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2 Plain Language Summary:   53 

The stress release (or stress drop) during an earthquake provides information about the 54 

energy budget, and the slip and area of rupture, which are needed to investigate earthquake 55 

triggering and rupture dynamics. Stress drop is also an important element of seismic hazard 56 

forecasting since high stress drop earthquakes radiate more high frequency energy, resulting in 57 

stronger ground shaking. As depth increases in the earth, the stress on faults increases because of 58 

the increased weight of the rocks above. Therefore, many models predict that deeper earthquakes 59 

should have higher stress drops. Deeper earthquakes radiate more high frequency energy than 60 

shallow ones, and some studies have interpreted this as an increase in stress drop with depth. 61 

However, attenuation of seismic energy as the waves travel through the earth is also depth-62 

dependent, and this is rarely explicitly included in analyses. We perform a combined analysis of 63 

frequency spectra from over 50,000 previously studied earthquakes. We compare ratios of large 64 

to small magnitude earthquakes, from different depth ranges, to separate the effects of depth-65 

dependent source radiation from depth-dependent attenuation. We find that depth-dependent 66 

attenuation can have a first-order effect and account for much of the previously reported apparent 67 

increase in stress drop with depth. 68 

 69 

  70 
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3 Introduction  71 

 72 

The stress release, or stress drop, during earthquake rupture has long been thought to be 73 

directly related to the magnitude of the ambient stress (e.g., Byerlee & Brace, 1968; Sibson 74 

1974; Scuderi et al., 2016). For example, in a rate-and-state frictional model of earthquake 75 

rupture, stress drop is a function of the normal stress, and also any changes in frictional effects 76 

with slip velocity (e.g., Dieterich, 1979; Marone, 1998). The normal stress dependence is of 77 

particular interest because it implies that earthquake stress drop should increase linearly with 78 

depth throughout the seismogenic crust, and so is quantifiable (e.g., Sibson, 1974; Zoback & 79 

Harjes, 1997). Determining whether earthquake stress drop really increases with depth in the 80 

crust is hard because of the large uncertainties in stress drop measurements; some studies have 81 

reported an increase (e.g., Hardebeck & Aron, 2009; Boyd et al., 2017; Huang et al., 2017; 82 

Trugman, 2020) and others have not (e.g., Shearer et al., 2006; Allmann & Shearer 2007). The 83 

depth dependence of the source radiation also has implications for seismic hazard; Parker et al. 84 

(2020) found that the intensity-based stress drops and peak ground accelerations of the deeper 85 

aftershocks of the 2019 Ridgecrest earthquake are underpredicted by existing ground motion 86 

equations. 87 

Seismic moment is proportional to slip multiplied by the area of rupture, and so combining 88 

measured seismic moment with an estimate of the rupture dimension (and hence area) allows 89 

calculation of the slip, and thus the strain and stress release. To resolve spatial and depth 90 

variation of source parameters within the crust, we must use the more numerous smaller 91 

earthquakes (<M4 or M5). For these earthquakes, source dimension is estimated from the source 92 

duration (e.g., Mori et al., 2003), or by modeling the spectral shape (e.g., Brune, 1970) and so 93 

assumptions of both geometry (typically circular) and rupture velocity (typically constant or 94 

linearly increasing with depth) are required for stress drop calculations (e.g., Kaneko & Shearer, 95 

2015). 96 

As seismic velocities increase with depth in the earth, it seems reasonable that the rupture 97 

velocity would do the same, perhaps as a relatively constant fraction of the shear wave velocity. 98 

Marty et al. (2019) found both the release in stress and the rupture velocity to increase with 99 

confining stress in laboratory models.  Studies of stress drop as a function of depth usually 100 

investigate whether reasonable increases in rupture velocity with depth are sufficient to explain 101 
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any apparent trend; for example, Shearer et al. (2006) and Allmann and Shearer (2007) found 102 

that the expected rupture velocity increase was sufficient to compensate for any apparent 103 

increase in stress drop, whereas Huang et al. (2017), Boyd et al. (2017) and Hardebeck and Aron 104 

(2009) found the increase in stress drop they observed to be too large to be an artifact of 105 

increasing rupture velocity.  106 

Unfortunately, both the rupture dimension and stress drop of small earthquakes are very hard 107 

to measure, largely because of the difficulty of removing the effects of propagation through the 108 

earth from the recorded seismograms (see Abercrombie, 2021 for a review). The attenuation 109 

structure of the earth is not sufficiently well known at the relatively high frequencies needed to 110 

resolve small earthquake source parameters, and so empirical Green’s function (EGF) 111 

approaches have become popular for isolating the source radiation (e.g., Mori & Frankel, 1990; 112 

Abercrombie et al., 2017; Ross et al., 2017). Source parameters obtained in this way are thought 113 

to be the most reliable, but they can still be subject to large uncertainties and trade-offs due to the 114 

limited frequency range of the signal, as well as the simplifying model assumptions (e.g., 115 

Abercrombie 2015; Yoshimitsu et al., 2019; Shearer et al, 2019; Abercrombie, 2021). These 116 

problems affect both time and frequency domain analyses, and the availability of an appropriate 117 

EGF event also severely limits the number of earthquakes that can be analyzed in this manner.  118 

Prieto et al. (2004) and Shearer et al. (2006) introduced the spectral decomposition approach 119 

as a relatively data-driven, model-independent method of obtaining consistent source parameter 120 

measurements for large numbers of small earthquakes. This approach has since been used in 121 

many other studies, with various adaptations and variations, to look for spatial and temporal 122 

variation in earthquake source parameters (e.g., Hardebeck & Aron, 2009; Chen & Shearer, 123 

2011; Trugman & Shearer, 2017; Trugman, 2020). The underlying separation of source, path and 124 

site effects is similar to that in other generalized inversion schemes (e.g., Oth et al., 2011; Bindi 125 

et al., 2020a), but they differ in how they remove site effects that are common to all stations. 126 

Shearer et al. (2019) demonstrated how trade-offs between parameters remain a serious problem 127 

in large scale inversion studies, because of the limited frequency bandwidth available. They also 128 

concluded that relative parameters were better resolved than absolute values, a finding supported 129 

by the comparative analysis of Pennington et al. (2021). 130 

The spectral decomposition and generalized inversion approaches are powerful as they use 131 

recordings from large numbers of earthquakes and stations to increase stability, but in doing so 132 
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significant simplifications are required to constrain the number of unknown parameters. The 133 

parametrization of attenuation and estimation of site effects used in these approaches implicitly 134 

assume that the attenuation experienced depends only on the travel time from source to receiver, 135 

and is independent of the source depth of each earthquake. Complementary inversions, that make 136 

simplifying assumptions about the source to focus on the attenuation structure (e.g., Hauksson & 137 

Shearer, 2006; Eberhart-Phillips, 2016), often find that Q increases, and attenuation strongly 138 

decreases, with depth, as observed in deep boreholes (e.g., Abercrombie, 1997). These results are 139 

consistent with earlier work by Hough and Anderson (1988) that showed significant depth 140 

variation of Q in the crust. If Q increases significantly with depth, then the attenuation 141 

experienced by waves from a deeper earthquake could be significantly less than that experienced 142 

by waves from a shallower earthquake over the same length of travel time (apart from localized 143 

site effects). Ignoring this could potentially lead to a depth-dependence in attenuation being 144 

interpreted as a depth dependence in stress drop.  145 

A few studies have investigated explicitly including depth-dependent attenuation in the 146 

inversions (e.g., Edwards 2008, 2009), finding that it can compensate for the depth increase in 147 

stress drop which results from assuming attenuation is independent of source depth. Most studies 148 

have preferred a simpler parametrization where attenuation depends only on travel time, to 149 

minimize the number of free parameters in the inversion (e.g., Shearer et al., 2006; Bindi et al., 150 

2020a). Goertz-Allmann and Edwards (2014) compared the two approaches, and found that they 151 

needed to include frequency-dependent Q to obtain agreement, under the assumption of 152 

attenuation independent of earthquake source depth. Including depth-dependent attenuation in 153 

the inversion was able to compensate for the depth increase in stress drop observed without it.  154 

However, they did not investigate the effects of explicitly including depth-dependent Q in the 155 

spectral decomposition approach.  156 

Here we compile event spectra from previous studies and analyze them systematically to 157 

investigate whether we can distinguish between depth-dependent source and path effects. Our 158 

goal is to determine whether previously reported increases in stress drop with depth could be an 159 

artifact of failing to correct fully for depth-dependent Q. We do not attempt to calculate absolute 160 

stress drop estimates in all the different regions. We begin by describing the event spectra that 161 

form the basis of our analysis, and the velocity models that we use. We then relate our 162 

investigation of the depth dependence of spectral shape, and how we use spectral ratios between 163 
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different sets of earthquakes in specific magnitude and depth ranges to distinguish between 164 

source and path effects. We find that a significant amount of previously reported increase in 165 

stress drop with depth is an artifact of assuming no change in attenuation with depth.  166 

4 Event Spectra from Previous Spectral Decomposition Analysis  167 

4.1 Theoretical Background to Calculation of Event Spectra 168 

We analyze the event spectra calculated following the general spectral decomposition 169 

method introduced by Prieto et al. (2004) and Shearer et al. (2006) in the 12 studies listed in 170 

Table 1. The event spectra obtained by this method are essentially the relative source spectra, 171 

averaged over all stations, after correcting for path and site terms. At each available station, the 172 

amplitude spectrum of a time window of approximately 1s (depends on the study) containing the 173 

direct P wave from an earthquake is calculated and compared to a similar spectrum of a 174 

preceding noise window. If the signal is larger than the noise by some threshold in the required 175 

frequency range, then the spectrum is included in the decomposition analysis. Details of the 176 

precise parameter values and thresholds are given in the original studies.   177 

The aim of spectral decomposition is to isolate the contributions of the source, path and site 178 

effects in the recorded spectra, taking advantage of the fact that stacking (or averaging) large 179 

numbers of spectra will compensate for uncertainties from irregularities in individual 180 

observations. Each spectrum (𝑋!"(𝑓)) from source i, recorded at station j can be considered a 181 

product of the source, path and site effects: 182 

𝑋!"(𝑓) = 𝑒!(𝑓) × 𝑠"(𝑓) × 𝑡#(!,")(𝑓) × 𝑟!"   (1) 183 

where the site effect at a station (𝑠"(𝑓)) is common to all events, 𝑡#(!,")(𝑓)	is the travel-time 184 

dependent path effect over path k, the event term (𝑒!(𝑓)) includes the source and any site or local 185 

path effects common to all stations, and 𝑟!" is the residual. The travel time term (𝑡#(!,")(𝑓)) is 186 

typically discretized into 1 s increments of travel time. Equation 1 is typically solved using a 187 

robust least-squares approach that varies by study, iteratively solving for 𝑠"(𝑓), 𝑡#(!,")(𝑓),and 188 

𝑒!(𝑓), minimizing 𝑟!".  189 

To solve equation (1), the general spectral decomposition method assumes no source 190 

directivity, or focal mechanism corrections, and that the available stations provide a reliable 191 
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average of the focal sphere (e.g., Kaneko & Shearer, 2015). At this stage in the analysis, there is 192 

no assumed spectral shape or model for any of the terms, such as a Brune source model (Brune, 193 

1970), or exponential attenuation (e.g., Anderson and Hough, 1984). In all implementations of 194 

the spectral decomposition approach considered here, it is also assumed that 𝑡#(!,") depends only 195 

on the source-receiver travel time, and is otherwise independent of the location or depth of the 196 

earthquakes; no lateral or azimuthal variations in attenuation within the study volume are 197 

considered. The calculation of independent attenuation functions for different travel-time lengths 198 

allows for differences in attenuation for longer ray paths that on average are deeper, and hence 199 

the attenuation per unit travel time is typically less for the longer travel-times (see Trugman, 200 

2020, Supplementary Figure S6, for example). This is consistent with the pattern of attenuation 201 

observed in structures in which Q increases with depth (e.g., see Figure 9a of Eberhart-Phillips, 202 

2016). For recordings within only a few times the source depth, paths of the same travel time can 203 

be very different for deeper and shallower earthquakes. The travel-time term also contains the 204 

effects of geometrical spreading which can be distance dependent.  205 

To extract the earthquake source spectra from the event spectra (𝑒!(𝑓)), a further 206 

correction is needed to separate out any site and local path effects that are common to all 207 

stations. In studies following the approach of Shearer et al. (2006), this is accomplished using a 208 

global EGF or empirical correction spectrum (ECS), typically based on the assumption that the 209 

source spectrum matches the Brune source model. Other approaches (e.g., Bindi et al., 2020a; 210 

Oth et al. 2011) select reference sites at which they assume there is no frequency dependent site 211 

response.   212 

To avoid the inherent ambiguity and uncertainty in available approaches for site response 213 

correction, we design an analysis procedure that uses only relative parameters. In this way, site 214 

effects common to all events effectively cancel out and do not influence our results. Here, we 215 

analyze ratios of the event spectra of pairs of earthquakes that are the direct result of spectral 216 

decomposition following equation 1, without applying any assumed or empirical corrections. We 217 

cannot obtain absolute parameter estimates, but we can isolate the causes of relative variation. 218 

Each event spectrum represents an average for the earthquake over available stations at 219 

varying distances, after removal of the site and travel-time dependent terms. It is impossible to 220 

invert or model these event terms for any quantities that depend on travel time because there is 221 

no single travel time applicable to an event spectrum. Inverting for depth dependent attenuation 222 
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would involve going back to the original recorded spectra and performing a new type of 223 

inversion allowing for more variation in the travel-time terms, and consequently increased free 224 

parameters, trade-offs and uncertainties. One aim of the work presented here is to determine 225 

whether such an inversion may be required in future studies, and to find the balance between 226 

potential bias from over-simplification and the lack of constraints for greater numbers of free 227 

inversion parameters.  228 

4.2 Data 229 

We reanalyze the event spectra obtained from 18 separate spectral decomposition inversions 230 

in 12 analyses of P-wave spectra listed in Table 1.  These include regions of northern California, 231 

southern California, Nevada, Oklahoma and Kansas, and include both natural tectonic and 232 

induced seismicity (Figure 1). Table 1 also shows the varying numbers of events, their 233 

magnitude and depth ranges, and signal frequency ranges available for each individual study. 234 

Most analyses used surface recordings from regional seismic networks (typically 100 samples/s 235 

data) and temporary deployments, but the analyses by Hardebeck and Aron (2009) and Zhang et 236 

al. (2019) on the Hayward Fault and the San Andreas Fault at Parkfield, respectively, used 237 

higher frequency shallow borehole network recordings. All analyses followed the same general 238 

decomposition process based on equation 1, except for the analysis of Landers aftershocks by 239 

Shearer et al. (2019). Their analysis of a very dense (6 km) cluster of Landers aftershocks meant 240 

that there was so little variation in travel time to each station, the 𝑡#(!,")(𝑓) term could be 241 

ignored, and the path attenuation was absorbed by the station terms, 𝑠"(𝑓).  242 

Following Shearer et al. (2006) and Chen and Shearer (2011), we only include event 243 

spectra calculated from at least 5 stations that meet the signal to noise threshold.  As we do not 244 

include lateral variation in our analysis, we also subset the events from a number of studies that 245 

included distinct populations of earthquakes (Table 1); the precise area polygons are provided in 246 

the Supporting Information. Following the depth dependent analysis by Hardebeck and Aron 247 

(2009), we only investigate the earthquakes in their study that occurred along the Hayward Fault. 248 

We also select two sub-regions from the Bay Area analysis of Trugman and Shearer (2018), 249 

based on the SF-CVM regional 3D velocity model (Aagaard et al., 2020) to minimize the effects 250 

of lateral variations in velocity structure: one including the San Andreas and Hayward Faults, 251 

and the second in the Livermore Basin. The study of the Salton Sea region by Chen and Shearer 252 
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(2011) included both shallow earthquakes related to geothermal energy production, and parts of 253 

the southern San Andreas Fault with a very different hypocentral depth distribution. We select 254 

events in these two separate regions, and also limit our analysis to earthquakes since 1989 due to 255 

changes at the time in the recording network. Chen and Shearer (2011) applied different 256 

empirical corrections to the event spectra for the pre and post 1989 earthquakes in their analysis, 257 

but as most earthquakes occurred in the later time period, and we did not want to complicate our 258 

analysis with extra corrections, we simply discarded the earlier earthquakes. For all other 259 

regions, we used all the earthquakes in the original studies that met the signal to noise criterium. 260 

The numbers of earthquakes included from each study, in each sub-region are given in Table 1, 261 

and range from 364 to 15671, with a median of just over 2000.  262 

For analysis of source parameters, we require consistent estimates of the earthquake 263 

magnitude; we can also use the catalog magnitudes (𝑀'), but they contain significant 264 

uncertainties (e.g., Pennington et al., 2021). As not all the original calculated values are 265 

available, we follow the original studies, to recalculate them. We calculate the relative 266 

amplitudes of the low frequency spectra (using the same frequency ranges as the original studies, 267 

given in Table 1). For consistency, we assume that at 𝑀'=3, 𝑀(=𝑀' for all regions (following 268 

Shearer et al., 2006), and so convert these relative moments into absolute estimates of seismic 269 

moment, and moment magnitude.  270 

5 Observations of Depth Dependence to the Shape of Event Spectra 271 

As a first step we investigate whether the frequency content of the event spectra varies 272 

consistently with hypocentral depth. All of the earthquakes considered here have been relocated 273 

using waveform cross-correlation based methods, either in the original spectral decomposition 274 

studies, or earlier, and we use these same published values (see references in Table 1). We then 275 

calculate the geometric mean amplitude of each event spectrum in both a low frequency range 276 

and a high frequency range, and calculate the ratio between these amplitudes as a measure of the 277 

spectral shapes. As the spectral shape also varies with earthquake magnitude, we plot the results 278 

in narrow magnitude bins for each region. Figure 2 shows that at all magnitudes, the relative high 279 

frequency energy increases with depth for earthquakes in the Ridgecrest sequence (event spectra 280 

from Trugman, 2020). This observation is entirely consistent with the increase in stress drop with 281 

depth reported by Trugman (2020), although it is also consistent with an increase in rupture 282 
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velocity with depth, a decrease in attenuation with depth, or some combination of all three. 283 

Another example is shown in the Supporting Information (Figure S1). Figure 3 shows results for 284 

a single magnitude bin for all studies and sub-regions, and reveals that a similar increase in 285 

relative high frequency energy is observed in the other studies. Again, this result is consistent 286 

with the previously reported increase in stress drop with depth. These examples use binning by 287 

moment-magnitude (the number of events in each bin are shown in the Supporting Information, 288 

Figures S2 and S3), but the results are essentially the same for local magnitude.   289 

These systematic observations of depth dependent spectral shape could be caused by either 290 

variation in source radiation (e.g., stress drop, rupture velocity), or in attenuation, or both. Before 291 

we attempt to distinguish between these competing effects, we investigate whether there is any 292 

relationship between changes in spectral shape and local seismic velocity structure. We plot 293 

representative 1D velocity models for each region in Figures 2 and 3. These models are derived 294 

from a variety of sources, detailed in Table 1, and are selected to approximate the structure in the 295 

volume sampled by all the different ray paths from earthquakes to stations in each region. In 296 

some regions, we are able to use specific velocity models derived from local relocations and 297 

velocity inversions (e.g., Thurber et al., 2006; Toth et al., 2012; Chen, 2016; Ruhl et al., 2016; 298 

Rubinstein et al., 2018; Lomax, 2020). For other regions in Southern California we estimate the 299 

mean 1D velocity structure by sampling each epicentral region within the Southern California 300 

Earthquake Center (SCEC) Community Velocity Model version H15.1 (SCEC CVM-H15.1; 301 

Shaw et al., 2015) using the SCEC Unified Community Velocity Model (UCVM) software 302 

(Small et al., 2017). For the Livermore and Bay Area regions in Northern California, we 303 

similarly sample the USGS San Francisco Bay Region 3D (SF-CVM) seismic velocity model 304 

(Aagaard et al., 2020. Also, in some regions we include two models for comparison, either from 305 

similar studies (e.g. in the Salton Sea region) or for both sides of a major fault, as in the case of 306 

the Hayward fault (following Hardebeck & Aron, 2009).  307 

A visual comparison of the variation in high frequency content of the event spectra with 308 

depth, and the representative velocity structures (Figure 3) suggests that the change in spectral 309 

shape is greater where there is greater change in velocity structure; for example, compare the 310 

Hayward Fault, Livermore and Parkfield to locations in Southern California. Kansas and 311 

Oklahoma exhibit a very rapid increase in velocity at shallow depths, but these correspond to 312 
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sedimentary layers that are not sampled by many earthquakes, and so it is hard to see if there is 313 

any connection.  314 

6 Investigation of Depth Dependent Path Effects Using Spectral Ratios  315 

6.1 Hypothesis 316 

The spectral decomposition analysis used to obtain the event spectra implicitly assumes that 317 

the along path attenuation is dependent only on the travel time, and so does not depend directly 318 

on the depth of the earthquake. If Q does increase with depth, then rays with the same travel 319 

time, but from sources at different depth, could experience significantly different attenuation, as 320 

illustrated in the cartoon in Figure 4.  If this depth dependence is ignored, as in spectral 321 

decomposition or analogous, generalized-inversion based approaches, then any variation in 322 

attenuation with depth will become part of the event terms, potentially appearing as a variation in 323 

stress drop with depth. In this cartoon, and in our synthetic models, we assume that the 324 

horizontal distance to the stations is greater than the focal depth, as is true for most stations used 325 

in such source parameter analyses. 326 

We devise an empirical Green’s function (EGF) approach to test whether variation in 327 

attenuation with depth could explain the increase in stress drop with depth reported by a number 328 

of spectral decomposition studies. Our approach is illustrated by the cartoons in Figure 4; for 329 

each study, we consider a group of earthquakes that are shallow and another that are deep. Then 330 

we calculate spectral ratios between large and small earthquakes, assuming that the smaller 331 

events in each group serve as empirical Green’s functions for the larger ones. We consider the 332 

case shown in Figure 4(a) where smaller earthquakes of any depth can be considered EGFs for 333 

the larger events of any depth. We compare this geometry to results where we use only smaller 334 

events of the same depth range as the larger ones Figure 4(b); i.e., we use only deep small events 335 

as EGFs for deep large events, and only shallow small events as EGFs for shallow large events. 336 

We refer to this geometry as using depth-specific EGFs to correct for the depth-dependent 337 

attenuation.  338 

To demonstrate the possible outcomes, we calculate three simple, synthetic examples in 339 

Figure 5. In Figures 4 and 5 we introduce a consistent color scheme that we use throughout the 340 

paper to improve clarity. We consider the effects of either (a) attenuation decreasing (Q 341 
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increasing) with depth, but stress drop remaining constant; (b) attenuation decreasing with depth 342 

and stress drop increasing with depth (by a factor of 3 between the two populations); and (c) 343 

attenuation constant with depth (as assumed in previous spectral decomposition studies) and 344 

stress drop increasing with depth (again by a factor of 3). We calculate synthetic recorded spectra 345 

using Equation 2 which combines the simple, circular, Brune source model (Brune, 1970) with 346 

exponential attenuation (e.g., Anderson and Hough, 1984).   347 

𝑋(𝑓) = )!

*+, ""#
-
$ 𝑒./01

∗  (2) 348 

The synthetic spectrum (𝑋) is calculated from the seismic moment (𝑀2) and corner 349 

frequency (𝑓3), over frequency (𝑓). The attenuation (𝑡∗) = 𝑡 /Q where 𝑡 is the travel time, and Q 350 

is frequency independent for the purposes of clarity. We assume moment magnitude (𝑀() of 3 351 

and 2, for the large and small earthquakes, respectively, and t = 10 s for all events in this simple 352 

example. We assume that the stations are sufficiently distant that ray paths leaving the events 353 

travel nearly horizontally, such that the shallow-event rays spend more time in the low-Q layers 354 

near the surface than the deeper events (see Figure 4).  For the purposes of this synthetic 355 

exercise, we simplify and approximate the attenuation difference using fixed t* values for the 356 

deep and shallow events. The assumed parameters are given in Table 2. Varying the assumed 357 

geometry and parameters of the model will obviously affect the shapes of the calculated spectra. 358 

The aim of our synthetic example is simply to demonstrate the pattern of the effects, and show 359 

that they can be significant.   360 

In all cases in the top row of Figure 5, we observe that the deeper events have relatively more 361 

energy at high frequencies than do the shallow, consistent with the observations in Figures 2 and 362 

3.  363 

The middle row of Figure 5 demonstrates what we would expect to observe using our EGF-364 

based approach for the different scenarios. Without any correction for depth dependent 365 

attenuation, there is a clear difference between the spectral ratios obtained for large deep and 366 

large shallow earthquakes in all cases (difference between the dark and light red curves, see 367 

legend). If attenuation varies with depth, then correcting for this by using depth-specific EGFs 368 

(dark and light blue curves) significantly decreases the difference between the deep and the 369 

shallow ratios; the blue curves are closer to one another than the red curves in Figure 5d and 5e. 370 

In the case of constant attenuation with depth (Figure 5f) but increasing stress drop, the 371 
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difference between the two blue curves is little different from that between the two red ones; the 372 

small difference results from the varying corner frequency of the smaller EGF events because of 373 

the depth-dependent stress drop.  374 

The bottom row of Figure 5 essentially shows the ratios of the deep to shallow earthquake 375 

spectra with (blue) and without (red) a correction for depth-dependent attenuation. These 376 

correspond to the ratio of the two blue ratios and the two red ratios shown in the middle row. The 377 

triangles of the same color indicate the mean value of the ratios in the frequency range 2-20 Hz, 378 

typical of the studies used in our analysis. When stress drop is constant, but Q increases with 379 

depth (Figure 5g) the blue ratio is close to one, systematically lower than the red ratio. When 380 

both stress drop and Q increase with depth (Figure 5h) then the blue ratio is larger than one, but 381 

systematically lower than the red ratio. When stress drop increases with depth, but Q is constant 382 

(Figure 5i) then there is no difference between the two ratios, except near and above the EGF 383 

corner frequency. 384 

For clarity in this simple example, we implicitly assume that both the shear wave velocity 385 

and the rupture velocity are constant, independent of depth. If the rupture velocity increases with 386 

depth, perhaps as a constant function of shear wave (or even P wave) velocity, then this would 387 

cause a deeper earthquake to have a higher corner frequency than a shallower one, even if they 388 

both had the same stress drop. Hence, a constant stress drop with depth could look more like the 389 

middle, or even the righthand columns of Figure 5, depending on the rate of increase in rupture 390 

velocity with depth.   391 

We use the EGF-based approach described above to investigate the event spectra from the 392 

different spectral decomposition studies. For each region, we stack the event spectra in different 393 

magnitude and depth bins (by calculating the mean of the log spectral amplitudes), calculate 394 

ratios between large and small events and compare the results to the middle and bottom rows of 395 

Figure 5. For simplicity, we first focus on the systematic variation in the ratios and corner 396 

frequencies. In the Discussion, we explicitly look at the effects of including varying rupture 397 

velocity. We use the consistent color scheme introduced in Figures 4 and 5 throughout the paper 398 

to improve clarity. 399 

 400 
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6.2 Application to Data 401 

To investigate the causes of the varying spectral shape with source depth observed in the data 402 

(Figure 2 and 3) we stack the event spectra for all the earthquakes in magnitude and depth bins to 403 

obtain stable mean spectra that we can compare following the approach outlined in the synthetic 404 

test (Figure 5). We stack the data to focus on the systematic effects common to a population of 405 

events, rather than the variation between individual earthquakes. 406 

For each study we select a shallow depth range and a deep depth range (Table 1). These 407 

depths are guided by the observed changes with depth of both the frequency content of the event 408 

spectra and the velocity structure (Figure 3), and the need for sufficient earthquakes in the two 409 

depth ranges for stable stacking. We perform our analysis comparing earthquakes from these two 410 

depth ranges, but to ensure that our results are not dependent on these selected values, we also 411 

repeat the entire analysis simply dividing each data set at its median value into a shallower and 412 

deeper event population. We do not try using the same depth ranges for different data sets 413 

because the different earthquake populations have very different depth distributions (Figure 3).  414 

Source spectral shape depends on earthquake magnitude and so we divide the earthquakes into 415 

bins of 0.2Mw units to enable the averaging of stacking.  416 

For each dataset, we stack the event spectra in each magnitude and depth bin by calculating 417 

the geometric mean spectrum for each bin. We then calculate the ratios between pairs of large 418 

and small (EGF) events as described in the synthetic example. For the ratios without any depth 419 

correction, we include earthquakes from the entire depth range of the study (not just the deep and 420 

shallow ranges) in the stack of small EGF events. We try all available magnitude bins, but only 421 

use those with at least 5 large and 5 small events. The results for the Ridgecrest aftershock 422 

sequence are shown in Figure 6, and the results of other example data sets are shown in the 423 

Supporting Information (Figure S4). We select the magnitude bin for the EGF events in two 424 

different ways. First, we use a constant magnitude difference (0.8 Mw units) between the large 425 

and small events (top two rows of Figure 6). Second, we select one fixed Mw bin as the preferred 426 

EGF and apply it to all Mw bins at least 0.8 Mw units larger (bottom row in Figure 6). One 427 

magnitude pairing is therefore included in both (Mw2.6/Mw1.8 in Figure 6).  We apply the two 428 

approaches to ensure that our results are not dependent on the method of selecting the EGF, and 429 

they are also useful as a check on the uncertainties in our analysis. Clearly if earthquakes of 430 
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different depth, in any Mw bin, have different stress drops, then this will be true regardless of the 431 

exact magnitude of the EGF events.  432 

Each panel of Figure 6 can be compared directly to Figure 5d,e,f, to distinguish between 433 

depth-dependent source and path effects. In all panels of Figure 6, the difference between the 434 

source spectral ratios for deep and shallow events decrease when depth-specific EGF corrections 435 

are applied. In some cases, the deep and shallow spectral ratios become almost indistinguishable 436 

(e.g., Mw3.2/Mw2.4) when using depth-specific EGFs, resembling Figure 5d in which all the 437 

depth dependence is a consequence of attenuation. Most panels of Figure 6 more closely 438 

resemble Figure 5e, exhibiting a significant decrease in depth dependence when using depth-439 

specific EGFs.  440 

We then fit the spectral ratios (as shown in Figure 6) using the Brune source model: 441 
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which has been shown to work well for stacked spectra (e.g., Shearer et al., 2006; 2019); 443 

subscripts 1 and 2 refer to the larger event stack and the smaller event stack, respectively. Many 444 

of the datasets we consider are unlikely to have sufficient resolution to separate completely the 445 

path and source effects (e.g., Shearer et al., 2019), and so we fix the corner frequency of the 446 

stacked EGF events (denominator) in the spectral ratios (𝑓3$). We first assume a stress drop of 3 447 

MPa (e.g., Abercrombie 1995, Shearer et al. 2006) for the smaller stacked events, and calculate 448 

the corner frequency following Madariaga (1976) and Eshelby (1957)  449 

𝑓3$ = 𝑘𝛽 /*;<=
>)!$

0
* ?⁄

  (4) 450 

assuming k=0.32 and an average shear wave velocity, b=3500 m/s, for all depth bins and data 451 

sets. These fits are shown in Figure 6, and for other example data sets in the Supporting 452 

Information (Figure S4). We then try different values to investigate their effects on our results, as 453 

discussed in the next section. We do not expect our analysis to obtain the actual stress drops of 454 

the various event stacks; rather, we use the spectral ratio modeling simply to quantify the 455 

systematic patterns that can distinguish between depth dependent source and path effects.  456 



Abercrombie et al. (2021) Does earthquake stress drop depend on depth 

 

 

 

17 

7 Results and Discussion 457 

The aim of our analysis is to distinguish between depth dependent source and path effects 458 

within the event spectra obtained by spectral decomposition, which in turn is based on a 459 

simplified approximation of path-dependent attenuation. Our results are also relevant to any 460 

EGF-based analysis, whether in the frequency or time domain, indicating that depth should be 461 

included as a constraint in the selection of EGF events (e.g., Abercrombie 2015).  Our approach 462 

involves comparing stacks of deep and shallow earthquake event spectra, divided by smaller 463 

stacked EGF earthquakes selected either from the same depth ranges (depth-specific EGFs to 464 

correct for depth-dependent path effects) or averaged over the entire depth range (no correction 465 

for depth-dependent path effects). Figure 6 shows how using depth-specific EGFs systematically 466 

decreases the differences between the shallow and deep source spectra.  Figures 7-9 show the 467 

results for the datasets with the most earthquakes (see Table 1 for numbers) which are most 468 

robust, and also for the Hayward fault analysis by Hardebeck and Aron (2009) that found a 469 

strong increase in stress drop with depth. Following the color scheme in Figure 4 and 5, blue 470 

symbols represent measurements made with a correction for depth-dependent path effects (i.e., 471 

depth-specific EGFs) and red symbols represent measurements without a correction for depth-472 

dependent path effects. The results from all the datasets are shown in the Supporting Information 473 

(Figures S5-8).  474 

Figure 7 compares the ratios of the deep and shallow, stacked, EGF-corrected, event spectra 475 

for different magnitude bins, and can be understood by direct comparison with Figure 5g,h,i. In 476 

most regions the red ratios (deep, EGF corrected / shallow, EGF corrected, where EGFs are 477 

independent of source depth) increase with frequency, suggesting the deeper earthquakes may 478 

contain more higher frequency energy than similar sized shallow events, but this difference is 479 

systematically reduced by the use of depth-specific EGF events (blue curves: deep, EGF 480 

corrected / shallow, EGF corrected, where EGFs are depth specific). This effect is strongest in 481 

the Ridgecrest and Parkfield datasets. Comparison of Figure 7 with the synthetic examples in 482 

Figure 5, shows most similarity with panels 5d and 5e; this implies that using EGFs from the 483 

correct depth range can remove a significant amount of the apparent difference between deep and 484 

shallow earthquake sources.  485 

To quantify the effect of the different EGF corrections, we calculate the mean values of each 486 

of the blue and red (with and without including depth-specific EGF corrections) ratios (Figure 8, 487 
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S6) in the frequency range 2-20 Hz. These results can be directly compared to the synthetic 488 

models in Figure 5g,h,i. In each study, the amplitudes of the ratios without including an EGF 489 

correction for source depth (red symbols) are systematically higher than those that do use depth-490 

specific EGFs (blue symbols); the effect is weaker in datasets that exhibit little depth-491 

dependence of any kind. There is no obvious reason why any real increase in either source 492 

properties or Q with depth would depend on either the magnitude of the larger events, or the 493 

magnitude of the EGF events. Any variation between the different symbols of the same color is 494 

more likely to represent uncertainties and variability from small populations of earthquakes, and 495 

the simplifying assumptions used in the stacking. We interpret the observation that the blue 496 

symbols using depth-specific EGFs are systematically closer to one in all cases, to indicate that 497 

much of the apparent difference in deep and small earthquakes observed in event spectra is an 498 

artefact of not including depth-dependent attenuation in the inversion.  499 

The spectral ratio fitting confirms this result. Figures 9 and S7 show that after correction with 500 

the depth-specific EGF events, any increase in corner-frequency with depth becomes 501 

systematically smaller, and almost negligible. Again, the variability of symbols of a given color 502 

indicates the uncertainties in the measurements.  503 

7.1 Effect of Depth Range Selection 504 

These results are all based on selecting representative depth ranges for the shallow and deep 505 

earthquake populations. Although these selections are based on the velocity structures and the 506 

earthquake depth distributions, they are somewhat arbitrary and subjective. To ensure that they 507 

are not strongly influencing the results, we repeat the entire analysis, but instead of selecting the 508 

depth ranges, we simply divide each of the earthquake populations in half at their respective 509 

median depths. As shown in Figure S8a, there is a small reduction in the effects of using the  510 

correction for depth-specific EGFs, compared to Figure 9. This is expected as the two 511 

populations compared in Figure S8a include more intermediate depth events and are less distinct. 512 

The general observation of decreasing difference (between shallow and deep earthquakes) 513 

following application of depth-specific EGFs remains clear and consistent across the entire 514 

dataset indicating that our precise choices of depth are not affecting our main conclusion.  515 
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7.2 Effect of Spectral Fitting Assumptions 516 

The comparisons using spectral fitting are consistent with the basic spectral observations in 517 

Figures 7 and 8, but do involve assumptions and constraints that may affect the results. One 518 

significant assumption is the value to which we fix the corner frequency of the EGF events (𝑓3A) 519 

in the ratios. The limited bandwidth of most of the data means that 𝑓3A is very unlikely to be 520 

resolvable as a free parameter (e.g., Abercrombie, 2015; Ruhl et al., 2017; Shearer et al., 2019); 521 

the majority of fixed and inverted 𝑓3A  values are between 10 and 40 Hz. In our analysis, we 522 

assume that 𝑓3A is independent of the depth of the EGF earthquakes, and it is possible that this 523 

assumption of depth independence may affect our modeling of the depth-dependence of the 524 

larger earthquakes. We therefore perform a series of inversions to investigate the constraints and 525 

tests to determine whether our results could be significantly biased by our assumptions.  526 

First, we consider using a mean stress drop that is three times higher to calculate all values of 527 

𝑓3A, regardless of depth.  This results in an almost identical variation with depth to that found 528 

with 3 MPa and shown in Figure 9. This forced higher stress drop for the smaller earthquakes 529 

resulted in consistently higher corner frequencies and stress drops for the larger earthquakes, but 530 

also significantly higher misfit variance in almost all datasets (Figure S9). 531 

Second, we try fixing the stress drop of the deep earthquakes used to calculate 𝑓3A to be a 532 

factor of 2, 3 or 5 higher than that assumed for the shallower groups of earthquakes. (This test 533 

also addresses the effects of an increasing velocity with depth causing an increasing 𝑓3A with 534 

depth even if stress drop is constant.) This resulted in the depth-specific EGF correction 535 

removing less of the depth dependence to the stress drop for the larger earthquakes (e.g., Figure 536 

S8b). Comparison of the misfit variances from these tests (Figure S9) shows that, on average, the 537 

observed spectral ratios in all datasets are consistently fit better with a constant stress drop for 538 

the smaller EGF earthquakes, independent of depth, than with the depth-dependent assumption. 539 

This is consistent with the visual comparison of the observed event spectral ratios in Figures 6 540 

and 7.  541 

Finally, we also try allowing 𝑓3A as a free variable in the spectral ratio fitting, but, as 542 

expected, find the results to be unconstrained. We conclude this using the same approach as 543 

Shearer et al. (2019). Stacked event spectra of the same smaller earthquakes, from all depths, are 544 

used as EGFs for both deep and shallow earthquakes, when the effects of a depth correction are 545 
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ignored. We obtain systematically different values for 𝑓3A  for the same event stack when it is 546 

used as the denominator for deep and shallow larger events. We do not know which value of 𝑓3A 547 

is correct, but we do know that the same set of earthquakes should have the same absolute value, 548 

independent of the events to which it is compared. Therefore, the different values obtained 549 

indicate the lack of constraint in the spectral fitting, and so we limit our interpretations to the 550 

results of fitting with fixed values of 𝑓3A. 551 

7.3 Relationship between Attenuation and Velocity Structure 552 

In Figure 3 we compare the variation with depth of the average spectral shape of 553 

earthquakes in each region with the local P-wave velocity structure. Although the S wave 554 

velocity is used in equation 4, all the spectra used in this analysis are calculated from P waves. 555 

Event spectra that extend over a wider range of source-region velocity appear to show higher 556 

variation in frequency content. Since both attenuation and velocity are related to material 557 

properties of the structure, then some relation between them is expected. For example, Brocher 558 

(2008) and Eberhart-Phillips et al. (2015) showed that Q increases with velocity but there is 559 

considerable scatter and no simple relationship.  560 

In Figure 10 we compare the corner frequencies of deep and shallow earthquakes of the 561 

same magnitude, calculated assuming fixed, depth-independent, 𝑓3A, to the source region 562 

velocity. We calculate the mean velocity in the depth range of the events in each population used 563 

in the spectral ratios, using the structures in Table 1 and Tables S1-10. We then plot the ratio of 564 

the deep and shallow source parameters against the ratio of the deep to shallow source velocity 565 

for each spectral ratio. All points from regions with two alternative velocity models (for 566 

example, both sides of the Hayward fault) are plotted twice. Figure 10a shows the relationship 567 

without using the depth-specific EGFs; there is a large scatter, but a general increase in apparent 568 

corner frequency difference with increasing velocity difference can be seen. This increase is 569 

larger than could be explained by a constant stress drop, even allowing the rupture velocity to 570 

increase proportional to the P wave velocity (equation 4, dashed line in Figure). Figure 10b 571 

shows the same results after the spectral ratios are corrected using the depth-specific EGFs. The 572 

differences with depth are smaller, and no longer show any obvious dependence on source depth. 573 

Most of the variability is within the range that could be explained by increasing rupture velocity 574 

with depth. This comparison suggests that although the velocity structure is inadequate for a real 575 
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estimate of attenuation, variation in velocity with depth could be used as a first order indication 576 

of the depth-dependence of the attenuation (e.g., Eberhart-Phillips et al., 2016). Also, if the 577 

difference in velocity with depth is known, then Figure 10 provides a guide to the size of the 578 

effect depth-dependent attenuation could have on estimates of corner frequency. 579 

7.4 Implications for Depth Dependence of Earthquake Stress Drop 580 

Our analysis has shown that the increase in Q with depth can exert a first order effect on 581 

recorded seismograms, that cannot be ignored when investigating changes in stress drop with 582 

depth. This result is in good agreement with the earlier studies of Edwards et al. (2008) and 583 

Edwards and Rietbrock (2009) who demonstrated the effects of including depth dependent 584 

attenuation on stress drop measurements. Our analysis implies that much, if not all, the increase 585 

in stress drop with depth reported by previous spectral decomposition studies could be an artefact 586 

caused by inadequate consideration of depth-dependent attenuation.  587 

As pressure, and hence normal stress, increases with depth in the earth, it seems 588 

reasonable that the stress release in earthquakes should increase also (e.g., Sibson, 1974; Scuderi 589 

et al., 2016). Otherwise, the differential stresses involved in faulting must somehow remain 590 

constant, despite the increasing pressure, or the deeper earthquakes must release a smaller 591 

fraction of the peak differential stress. Whether we can resolve real increase in stress drop with 592 

depth from existing earthquake recordings remains open to question.  Like previous work, our 593 

results are also subject to uncertainties, and depend on assumptions about the corner frequency 594 

of the smallest earthquakes, and so some increase in stress drop with depth is well-within the 595 

constraints. In the future, further work is required at the interface of attenuation tomography and 596 

source modeling to investigate the real resolution of both, and to balance the need to account for 597 

spatially (and temporally) varying attenuation, and different source geometries, without 598 

increasing the number of free parameters well beyond the constraints of the available data.  599 

To investigate resolution, and spatial variability, Pennington et al. (2021) performed a 600 

detailed comparison of multiple methods of calculating stress drop. To address the possibility of 601 

depth dependent attenuation in spectral decomposition approaches, they calculated different 602 

empirical correction spectra for the earthquakes in the basement to those in the overlying 603 

sediments. This significantly decreased the depth dependence of the resulting stress drop 604 

estimates. They found best agreement between the various studies in the central depth range of 605 
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the events, within the upper kilometers of the basement. Zhang et al. (2019) investigated the 606 

effects of using separate empirical correction spectra for earthquakes in different depth ranges in 607 

their spectral decomposition analysis of borehole-recorded earthquakes at Parkfield. They too 608 

found that after including changes in Q with depth, only negligible change in stress drop with 609 

depth remained. Ruhl and Abercrombie (2020) implemented a similar approach for the Mogul 610 

earthquakes, and obtained similar results that are consistent with the detailed, smaller scale EGF 611 

analysis by Ruhl et al. (2017) which found no significant depth dependence to stress drop. These 612 

studies are a first step towards improving resolution of the trade-off between source and path in 613 

spectral decomposition analyses, without simply adding so many free parameters as to make the 614 

whole problem completely unconstrained. Using depth-dependent correction functions to 615 

account for changes in Q with depth is not fully satisfactory, however, as it comes after the initial 616 

spectral decomposition in which the path terms are assumed to be independent of source depth, 617 

and only depend on travel time.  618 

Similar to the original empirically-corrected spectral decomposition analyses, the results 619 

of the generalized inversion studies such as Bindi et al. (2020a) and Oth et al. (2011) do not 620 

explicitly consider an increase in Q with source depth. They too should be considered potentially 621 

biased in the same manner as the spectral decomposition analyses. For example, at Ridgecrest 622 

Bindi et al. (2020b) obtained a similar apparent depth dependence to stress drop as Trugman 623 

(2020) and also did not explicitly consider an increase in Q with source depth. Bindi et al. (2021) 624 

performed a subsequent study and identified a combination of depth and distance varying 625 

attenuation and stress drop increasing with depth that were able to fit the observed spectra. Given 626 

the large trade-offs among the parameters this is not surprising, and they did not investigate the 627 

uniqueness of their solution. Bindi et al. (2020; 2021) also used variable time windows, each 628 

incorporating different combinations of P, S and coda energy, which makes it hard to compare 629 

their results directly with the short P-wave windows used in the present analysis. Parker et al. 630 

(2020) investigated the performance of ground motion prediction equations on the aftershocks of 631 

the 2019 Ridgecrest earthquake and observed that the deeper earthquakes exhibited higher 632 

ground acceleration, consistent with their having higher stress drop. Like the studies by Trugman 633 

(2020) and Bindi et al. (2020b) of the same sequence, they did not include any dependence of 634 

attenuation on source depth in their analysis. In empirical ground motion prediction, it is not 635 

essential to distinguish whether source or path effects cause a trend when interpolating within a 636 
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data set, but it is required to extrapolate predictions to different regions, or larger magnitude 637 

earthquakes (e.g., Bommer et al., 2007). 638 

The results of empirical Green’s function studies in which a collocated small earthquake 639 

is used to compensate for all the path and site effects should, theoretically, be unaffected by the 640 

tradeoffs between attenuation and source. In practice, however, the lack of suitable EGF events, 641 

and uncertainties in their locations (especially depth) mean that often an EGF may not fully 642 

compensate for the attenuation. Abercrombie (2015) and Kane et al. (2013) showed how EGF 643 

selection can affect stress drop measurements; clearly if the EGF is imperfect, then not only will 644 

the source spectral shape be biased, but the duration of the source time function will also be 645 

affected, and so time-domain measurements are not immune to this trade-off. Huang et al. (2017) 646 

and Boyd et al. (2017) both used spectral ratio approaches to investigate stress drop dependence 647 

on depth and tectonic setting, but had insufficient earthquakes to only use EGFs of similar depth 648 

to the main events. Boyd et al. (2017) included the effects of increasing velocity and rigidity 649 

with depth on the estimates of seismic moment, rupture velocity and hence stress drop, finding 650 

that stress drop increased with depth. However, in their cluster-based analysis, they combined 651 

earthquakes from a similar range of depths and velocities as the analyses revisited here, making 652 

no correction for the different source depths. It is possible, therefore, that the increase in stress 653 

drop with depth that they reported is an artefact, or over-estimate. Unlike the other studies 654 

discussed, Boyd et al. (2017) used coda wave spectra in their analysis. Mayeda et al. (2007) 655 

showed that coda wave measurements are more stable, and less sensitive to spatial separation 656 

between main and EGF events than direct wave measurements, but they did not specifically 657 

consider separation in source depth. Coda wave generation is observed to vary with depth, 658 

especially in the shallow layers of the crust (e.g., Voyles et al., 2019). Walter et al. (2017) 659 

included source depth in their selection of earthquakes for coda wave spectral ratio analysis in 660 

Oklahoma. They observed an increase in stress drop with depth too large to be easily explained 661 

as an artifact of attenuation or velocity structure, but for only a relatively small number of events. 662 

Trugman and Savvaidis (2021) observed no clear depth-dependence in stress drop for seismicity 663 

in the Pecos area of west Texas, though the large depth uncertainties of earthquakes recorded in 664 

this region at present renders this finding unsurprising. 665 
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8 Conclusions 666 

We investigate whether the increases in stress drop with depth reported by spectral 667 

decomposition earthquake studies are real, or potentially an artefact of neglecting to correct 668 

sufficiently for depth variation in attenuation (Q). We combine the event spectra calculated for 669 

over 50,000 earthquakes (M0-5) from 12 studies in California, Nevada, Kansas, and Oklahoma. 670 

We analyze spectral ratios between large and small events as a function of source depth, to 671 

explore the relative importance of source and attenuation contributions to the observed depth 672 

dependence in high-frequency radiation and corner frequency.  673 

We find that correcting the earthquake event spectra with depth-specific empirical Green’s 674 

functions can remove most, if not all, of the apparent stress drop increase with depth previously 675 

observed in the original studies. The largest corrections are observed in regions with the largest 676 

velocity increase with depth. We conclude that source spectral analyses, whether using spectral 677 

decomposition, empirical Green’s functions, or any other approach, should not assume path 678 

terms are independent of source depth. More explicit depth-dependent attenuation models or 679 

depth-specific empirical corrections are required to resolve real variation of earthquake source 680 

processes with depth in the earth.  681 

 682 

9 Data and Resources 683 

This study uses the event spectra calculated in the published studies listed in Table 1, and cited in 684 

the References. The original waveforms are available from the Southern California Earthquake 685 

Data Center (SCEDC (2013): Southern California Earthquake Center (SCEC), Caltech, Dataset, 686 

doi:10.7909/C3WD3xH1. The SCEDC and Southern California Seismic Network (SCSN) are 687 

funded through U.S. Geological Survey Grant G20AP00037, and SCEC), the Northern 688 

California Earthquake Data Center (NCEDC), doi:10.7932/NCEDC, including the High 689 

Resolution Seismic Network (HRSN) doi:10.7932/HRSN, operated by the UC Berkeley 690 

Seismological Laboratory, and the Nevada Seismic Network (https://doi.org/10.7914/SN/NN). 691 

The other waveforms are available from IRIS, as follows: https://doi.org/10.7914/SN/GS; UC 692 

San Diego. (2013). Central and Eastern US Network. International Federation of Digital 693 

Seismograph Networks (IFDSN). https://doi.org/10.7914/SN/N4; USGS Earthquake Science 694 

Center (2009). NetQuakes. IFDSN. https://doi.org/10.7914/SN/NQ; Darold (2014) 4D Integrated 695 
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Study Using Geology, Geophysics, Reservoir Modeling & Rock Mechanics to Develop 696 

Assessment Models for Potential In., IFDSN. https://doi.org/10.7914/SN/ZD_2014; Oklahoma 697 

Geological Survey, 1978. Oklahoma Seismic Network, IFDSN, https://doi-org./10.7914/SN/OK; 698 

Nanometrics Seismological Instruments, 2013. Nanometrics Research Network, IFDSN, 699 

https://doi-org/10.7914/SN/NX. The velocity structures used are cited in Table 1, and included in 700 

the Supporting Information 701 
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Table 1: Information for the data sets used from the spectral decomposition studies. The velocity 907 
structures are included in the Supporting Information. The GO-C and PO-P studies analysed both P and 908 
S waves, but we use only the P-wave source spectra here for consistency. All are in California except 909 
where noted.  910 
ID Name Reference Number 

of 
events 

ML 
range 

Mw 
range 

Shallow and 
deep 
ranges1 
(km) 

Low f for 
Mo: Hz 
(samples) 

f range 
for 
fitting 
(Hz) 

Velocity 
Model 

Ha-H Hayward 
Fault – on 
Hayward fault 
only 

Hardebeck & 
Aron (2009) 

984  1-4.2 1.4-4.0 <6 & 8-13  
 

3.9-7.8 Hz 
(3-5)  

3.9-402 
 

Hardebeck & 
Aron (2009) – 
each side of 
fault 

Li-T  Bay Area 
Livermore 
Basin3 

Trugman & 
Shearer (2018) 

1622 1.5-4.2 1.9-3.9 <6 & 10-24 2.5-4 Hz 
(5-7) 

2.5-25 SF CVM4 

SF-T  Bay Area SAF 
and HF3 

Trugman & 
Shearer (2018) 

3037 1.5-4.3 1.7-3.9 <5 & 8-22 2.5-4 Hz 
(5-7) 

2.5-25 SF-CVM4 

Pf-Z  Parkfield, San 
Andreas Fault 

Zhang et al. 
(2019) 

4454 0-3 0.9-3.4 <4.5 & 8-15  
 

2-4 Hz 
(55-80) 

2-60 Thurber et al. 
(2006) 1D 
approximations 
of each side of 
fault 

Mo-R  Mogul, NV Ruhl et al. 
(2020).  

4938 0-5.1 0.6-4.9 <3 & 4.2-6.5 2.5-4 Hz 
(5-7) 

1.3-26 Ruhl et al. 
(2016) 

La-S Landers 
cluster 

Shearer et al. 
(2019) 

4729 0-4.4 0.3-4 <5 & 10-26 2.5-4 Hz 
(5-7) 

1.3-25 SCEC CVM-
H15.15 

La-T  Landers 
aftershocks 

Trugman & 
Shearer (2017) 

2673 1.1-4.3 1.7-4.1 <3 & 6-15 2.5-4 Hz 
(5-7) 

2.5-25 SCEC CVM-
H15.15 

HM-T  Hector Mine 
aftershocks 

Trugman & 
Shearer (2017) 

2128 1.1-4.4 1.8-4.0 <3 & 4-18 2.5-4 Hz 
(5-7) 

2.5-25 SCEC CVM-
H15.15 

BB-T  Big Bear 
aftershocks 

Trugman & 
Shearer (2017) 

2949 1.1-5 1.6-5 <3 & 6-18 2.5-4 Hz 
(5-7) 

2.5-25 SCEC CVM-
H15.15 

SJ-T  San Jacinto 
Fault 
Trifurcation 
zone 

Trugman & 
Shearer (2017) 

5591 1.1-5.4 1.5-5.4 <7.5 & 10-21 2.5-4 Hz 
(5-7) 

2.5-25 SCEC CVM-
H15.15 

YD-T  Yuha Desert 
aftershocks 

Trugman & 
Shearer (2017) 

7483 1.1-5.7 1.5-5.7 <4 & 9-19 2.5-4 Hz 
(5-7) 

2.5-25 SCEC CVM-
H15.15 

Ri-T  Ridgecrest 
aftershocks 

Trugman (2020) 15671 1.3-5 1.4-4.4 0-3 & 7-14 2.5-4 Hz 
(6-9) 

3-30 Lomax (2020) 

Ka-T  Southern 
Kansas 

Trugman et al. 
(2017) 

4040 1.1-5.2 1.7-5.2 <4 & 6.5-11 2.5-4 Hz 
(5-7) 

2.5-25 Rubinstein et 
al. (2018) 

PO-P  Prague, OK Pennington et al. 
(2021) 

1656 -1-3.5 1.7-4.1 <4.75 & 
4.75-12 

1-3 Hz 
(28-60) 

2-60 Toth et al. 
(2012) 

GO-C Guthrie OK Chen & 
Abercrombie 
(2020) 

850 1-4.3 1.9-4.3 <6.6 & 6.9-
26 

2-2.25 Hz 
(64-67) 

2-40 Chen (2016) 

SS-C  Salton Sea 
Geothermal 
Field3 

Chen & Shearer 
(2011)  

1693 0.3-5.1 1.8-3.8 <4.5 & 6-8 3-5 Hz (6-
8) 

3-14 SCEC CVM-
H15.15 and 
Chen & 
Shearer (2011) 

BS-C  Salton Sea – 
Brawley 
seismic zone3 

Chen & Shearer 
(2011) 

572 1-4.2 2-3.5 <8.5 & 9-15 3-5 Hz (6-
8) 

3-14 SCEC CVM-
H15.15 and 
Chen & 
Shearer (2011) 

SG-G San Gorgonio Goebel et al. 
(2015) 

8010 0-4 1.5-4.3 <8 & 13-24 1.6-3.1 Hz 
(3-5) 

2-20 SCEC CVM-
H15.15 
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1 The maximum depth shown is the maximum depth used for all events in the analysis.  911 
2 Hardebeck & Aron (2009) used the frequency range 3.9-55 Hz, but we used a lower limit due to concerns about the low signal to 912 
noise ratio at high frequencies.  913 
3 Sub-area polygon in Table S11, Supporting Information.  914 
4 SCEC Community Model (Shaw et al., 2015; Small et al. 2017) 915 
5 SF-CVM regional 3D velocity model (Aagaard et al., 2020) 916 
 917 
 918 
 919 
Table 2: Source parameters assumed to calculate the Synthetic Spectra shown in Figure 5. Values are 920 
calculated assuming the same travel time (10 s) for all events, and a corner frequency of 10 Hz for a 921 
shallow  𝑀'2.5. These values are purely illustrative  922 

Case 𝑓3  (Hz) 
𝑀(3	(large) 

𝑓3 (Hz) 
𝑀(2	(small) 

𝑡∗deep 
(s) 

𝑡∗shallow	
(s)	

 Deep     shallow Deep     Shallow   

a: Q increases with 
depth, Ds constant 

5.6     5.6   17.8     17.8 0.0171 0.04 

b: Q and Ds increase 
with depth 

8.1     5.6 25.6     17.8 0.0171 0.04 

c: Q constant, Ds 
increases with depth 

8.1     5.6 25.6     17.8 0.04 0.04 

 923 

 924 

  925 



Abercrombie et al. (2021) Does earthquake stress drop depend on depth 

 

 

 

35 

Figure Captions 926 

Figure 1: Maps of the earthquakes used in the analysis. See Table 1 for details, and explanation 927 

of the legend IDs 928 

Figure 2: Ratio of high to low frequency amplitude as a function of earthquake depth for 929 

Ridgecrest aftershocks. The event spectra are divided into 0.2 Mw unit bins on the basis of 930 

their relative moments. Each log-linear plot shows the ratio of the mean high frequency (15-931 

20 Hz) to mean low frequency (2-5.5 Hz) amplitudes of each event spectrum as a function of 932 

hypocentral depth (green circles). The running mean of 50 samples is also shown (dark 933 

green circles). The two vertical dashed lines indicate the selected cut-off depths used to 934 

determine the “deep” and “shallow” earthquakes (Table 1). The pale orange lines are the 935 

1D velocity structure (Lomax 2020, see Table 1). The spectra of deeper earthquakes have 936 

more high frequency energy, but this could represent either increasing stress drop with 937 

depth, or decrease in attenuation with depth.  938 

Figure 3: Ratio of high to low frequency amplitude as a function of earthquake depth for all 939 

study regions, for the example magnitude bin Mw2.2-2.4. As in Figure 2, the dark green 940 

symbols are the running means, the vertical dashed lines indicate the depths used to select 941 

the “deep” and “shallow” earthquakes in each dataset, and the orange lines are the 1D 942 

velocity structure (see Table 1 for sources). The increase in high frequency energy with 943 

depth is observed to some degree in all data sets.  944 

Figure 4: Cartoon Cross sections in which velocity and Q increase with depth, showing stations 945 

(black triangles), raypaths and groups of earthquakes (stars) considered. (a) Deep (dark red) 946 

and shallow (orange) larger events are corrected for attenuation using all smaller (EGF 947 

events, red), independent of depth. (b) Deep (dark blue) and shallow (pale blue) larger 948 

events are corrected for attenuation using deep (dark blue) and shallow (pale blue) EGF 949 

events, respectively. This color scheme is used throughout the paper (e.g., in Figures 5-9) 950 

for clarity.  951 



Abercrombie et al. (2021) Does earthquake stress drop depend on depth 

 

 

 

36 

Figure 5: Effects of increasing Q and stress drop (Ds) with depth on synthetic spectra in 3 952 

example cases. Top row: Brune spectra of large (M3.5, solid lines), shallow (pale blue) and 953 

deep (dark blue) events and small (M2.5, dashed lines), shallow (pale blue) and deep (dark 954 

blue) events (red is mean of small shallow and deep) for (a) constant Ds, Q increasing with 955 

depth, (b) Q and Ds increasing with depth, and (c) constant Q, Ds increasing with depth 956 

(parameters in Table 2). Middle row: spectral ratios of deep large to deep small (dark blue), 957 

shallow large to shallow small (pale blue), deep large to the mean of small (dark red) and 958 

shallow large to the mean of small (orange). (d) constant Ds, Q increasing with depth – 959 

difference between event ratios disappears when depth-dependent correction included, (e) 960 

Q and Ds increasing with depth – difference between event ratios decreases when depth-961 

dependent correction included, and (f) constant Q, Ds increasing with depth – depth 962 

dependent correction has no effect. Bottom row: Comparison of spectral ratios with and 963 

without depth dependent correction, (g) ratio of uncorrected deep / shallow ratios (red: 964 

ratio of dark and pale red in d) compared to similar ratio for corrected ratios (blue: ratio of 965 

dark and pale blue in e). Triangles show the mean values over the representative frequency 966 

range 2-20 Hz. (h) and (i) show the same comparison for the other two example cases.  967 

Figure 6. Spectral ratios of stacked large to small Ridgecrest aftershocks, to investigate the 968 

effects of a depth dependent EGF correction. Compare to the synthetic example in Figure 5. 969 

Each plot shows spectral ratios (solid lines) of the stacked large deep events to the stacked 970 

small deep events (dark blue), the large shallow events to the small shallow events (pale 971 

blue), the large deep events to all the small events (dark red) and the large shallow events 972 

to all the small events (orange). The title of each plot indicates the minimum Mw of the 973 

large and small events, both with a range of 0.2Mw.  (a) is for a constant Mw difference 974 

between large and small earthquakes, and (b) is for a constant-sized Mw for the small 975 

earthquakes. The dashed lines are the fits of the Brune omega-squared spectral ratios to 976 

the average data ratios. The corner frequency of the best fitting ratio is given on each plot, 977 

with the number of larger events in the ratios in parentheses (D=deep, S=shallow, and 978 

A=all). Thinner lines indicate less than 10 large or small events were included in the mean 979 

ratios. The blue (depth-corrected) deep and shallow event spectral ratios are consistently 980 
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closer together than the red ratios that assume no dependence of attenuation with depth 981 

(compare to Figure 5d,e).  982 

Figure 7. Depth differences in the event spectra: ratios of ratios – compare to Figure 5(g,h,i). 983 

Uncorrected for Depth (red): The large deep and shallow events are divided by the same 984 

selection of small events, and so the difference between the deep and shallow ratios is 985 

simply the ratio of the mean deep large event spectra to the mean shallow (each ratio is the 986 

mean for a different large Mw bin). Corrected for Depth (blue): In this case, for each large 987 

Mw bin, the blue curve represents the ratio of the (mean large deep spectra divided by the 988 

small deep spectra) to the (mean large shallow spectra divided by the small shallow 989 

spectra); again each ratio is for a large Mw bin. The similarity of the slope of the red curves 990 

in each region demonstrates that the difference in frequency content between shallow and 991 

deep events is independent of magnitude. The smaller slope of the blue curves shows that 992 

using the correct depth small EGF events can remove this depth-dependence to the 993 

frequency content, suggesting it is largely an attenuation effect.   994 

Figure 8: Comparison of mean amplitude ratios of deep/shallow for each region – compare to 995 

Figure 5(g,h,i). The symbols indicate the mean values of the red and blue ratios shown in 996 

Figure 7, in the frequency range 2-20 Hz. Solid symbols represent ratios with at least 10 997 

ratios, and open symbols those with at least 5; diamonds are for a constant different in 998 

magnitude between large and small, and circles are for a constant sized small event range. 999 

Note that the depth correction is able to remove much, and in some cases all, of the 1000 

difference between the deep and shallow spectra. The interpoint variation between 1001 

diamonds and circles, and between different magnitudes is indicative of the uncertainties. 1002 

Figure 9. Spectral ratio modeling results with and without correction for depth-dependent 1003 

attenuation. The ratios of the calculated stress drop (proportional to corner frequency 1004 

cubed, fc3) of the deep to the shallow earthquakes are shown for each data set, with (blue) 1005 

and without (red) a correction for depth-dependent attenuation, plotted against the 1006 

minimum magnitude of the large earthquakes. For example, the Ridgecrest plot shows the 1007 

ratios of the cubed corner frequencies for the different model fits in Figure 6. Solid symbols 1008 
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represent ratios with at least 10 ratios, and open symbols those with at least 5; diamonds 1009 

are for a constant different in magnitude between large and small, and circles are for a 1010 

constant sized small event range. For most data sets, the depth corrections decrease the 1011 

apparent difference in stress drop between the deep and small events, independent of the 1012 

magnitude of the large or small events included.  1013 

  1014 

Figure 10. Comparison of relative source parameters with difference in P-wave velocity. The 1015 

ratios of corner frequencies between the deep and shallow earthquakes calculated using 1016 

the approaches shown in Figures 9 and S7 are plotted against the ratio of the average P-1017 

wave velocity at the depths of the respective deep and shallow event populations included. 1018 

Color is by data set, with alternating symbols to ease distinction. Multiple symbols per data 1019 

set represent the different magnitude bins, and also the use of the alternative velocity 1020 

models. (a) without correction for depth dependent attenuation and (b) with correction for 1021 

depth dependent attenuation. The black dashed line represents a constant stress drop with 1022 

depth, if rupture velocity is proportional to P-wave velocity.  1023 

 1024 

 1025 
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Figure 1: Maps of the earthquakes used in the analysis. See Table 1 for details, and 
explanation of the legend IDs.
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Varying Frequency content with depth in 
different Magnitude Bins

Figure 2. Ratio of high to low frequency amplitude as a function of 
earthquake depth for Ridgecrest aftershocks. The event spectra are divided 
into 0.2 Mw unit bins on the basis of their relative moments. Each log-linear 
plot shows the ratio of the mean high frequency (15-20 Hz) to mean low 
frequency (2-5.5 Hz) amplitudes of each event spectrum as a function of 
hypocentral depth (green circles). The running mean of 50 samples is also 
shown (dark green circles). The two vertical dashed lines indicate the 
selected cut-off depths used to determine the “deep” and “shallow” 
earthquakes (Table 1). The pale orange lines are the 1D velocity structure 
(Lomax 2020, see Table 1). The spectra of deeper earthquakes have more 
high frequency energy, but this could represent either increasing stress drop 
with depth, or decrease in attenuation with depth. 
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Figure 3. Ratio of high to low frequency amplitude as a function of 
earthquake depth for all study regions, for the example magnitude bin 
Mw2.2-2.4. As in Figure 2, the dark green symbols are the running means, 
the vertical dashed lines indicate the depths used to select the “deep” and 
“shallow” earthquakes in each dataset, and the orange lines are the 1D 
velocity structure (see Table 1 for sources). The increase in high frequency 
energy with depth is observed to some degree in all data sets. 
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(b) Separate small EGF events for deep and shallow main events

(a) Same small EGF events for deep and shallow main events

Figure 4: Cartoon cross sections in which velocity and Q increase with depth, 
showing stations (black triangles), raypaths and groups of earthquakes (stars) 
considered. (a) Deep (dark red) and shallow (orange) larger events are 
corrected for attenuation using all smaller (EGF events, red), independent of 
depth. (b) Deep (dark blue) and shallow (pale blue) larger events are 
corrected for attenuation using deep (dark blue) and shallow (pale blue) EGF 
events, respectively. This color scheme is used throughout the paper (e.g. in 
Figures 5-9) for clarity. 
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Figure 5. Effects of increasing Q and stress drop (Δσ) with depth on synthetic 
spectra in 3 example cases. Top row: Brune spectra of large (M3.5, solid 
lines), shallow (pale blue) and deep (dark blue) events and small (M2.5, 
dashed lines), shallow (pale blue) and deep (dark blue) events (red is mean 
of small shallow and deep) for (a) constant Δσ, Q increasing with depth, (b) Q 
and Δσ increasing with depth, and (c) constant Q, Δσ increasing with depth 
(parameters in Table 2). Middle row: spectral ratios of deep large to deep 
small (dark blue), shallow large to shallow small (pale blue), deep large to the 
mean of small (dark red) and shallow large to the mean of small (orange). (d) 
constant Δσ, Q increasing with depth – difference between event ratios disap-
pears when depth-dependent correction included, (e) Q and Δσ increasing 
with depth – difference between event ratios decreases when depth-depen-
dent correction included, and (f) constant Q, Δσ increasing with depth – depth 
dependent correction has no effect. Bottom row: Comparison of spectral 
ratios with and without depth dependent correction, (g) ratio of uncorrected 
deep / shallow ratios (red: ratio of dark and pale red in d) compared to similar 
ratio for corrected ratios (blue: ratio of dark and pale blue in e). Triangles 
show the mean values over the representative frequency range 2-20 Hz. (h) 
and (i) show the same comparison for the other two example cases. 
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Figure 6. Spectral ratios of stacked large to small Ridgecrest aftershocks, 
to investigate the effects of a depth dependent EGF correction. Compare 
to the synthetic example in Figure 5. Each plot shows spectral ratios (solid 
lines) of the stacked large deep events to the stacked small deep events 
(dark blue), the large shallow events to the small shallow events (pale 
blue), the large deep events to all the small events (dark red) and the large 
shallow events to all the small events (orange). The title of each plot 
indicates the minimum Mw of the large and small events, both with a range 
of 0.2Mw.  (a) is for a constant Mw difference between large and small 
earthquakes, and (b) is for a constant-sized Mw for the small earthquakes. 
The dashed lines are the fits of the Brune omega-squared spectral ratios to 
the average data ratios. The corner frequency of the best fitting ratio is 
given on each plot, with the number of larger events in the ratios in 
parentheses (D=deep, S=shallow, and A=all). Thinner lines indicate less 
than 10 large or small events were included in the mean ratios. The blue 
(depth-corrected) deep and shallow event spectral ratios are consistently 
closer together than the red ratios that assume no dependence of 
attenuation with depth (compare to Figure 5d,e). 
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Figure 7. Depth differences in the event spectra: ratios of ratios – compare to Figure 5(g,h,i). 
Uncorrected for Depth (red): The large deep and shallow events are divided by the same 
selection of small events, and so the difference between the deep and shallow ratios is 
simply the ratio of the mean deep large event spectra to the mean shallow (each ratio is the 
mean for a different large Mw bin). Corrected for Depth (blue): In this case, for each large Mw 
bin, the blue curve represents the ratio of the (mean large deep spectra divided by the small 
deep spectra) to the (mean large shallow spectra divided by the small shallow spectra); again 
each ratio is for a large Mw bin. The similarity of the slope of the red curves in each region 
demonstrates that the difference in frequency content between shallow and deep events is 
independent of magnitude. The smaller slope of the blue curves shows that using the correct 
depth small EGF events can remove this depth-dependence to the frequency content, 
suggesting it is largely an attenuation effect.   
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Figure 8: Comparison of mean amplitude ratios of deep/shallow for each 
region – compare to Figure 5(g,h,i). The symbols indicate the mean values of 
the red and blue ratios shown in Figure 7, in the frequency range 2-20 Hz. 
Solid symbols represent ratios with at least 10 ratios, and open symbols those 
with at least 5; diamonds are for a constant different in magnitude between 
large and small, and circles are for a constant sized small event range. Note 
that the depth correction is able to remove much, and in some cases all, of the 
difference between the deep and shallow spectra. The interpoint variation 
between diamonds and circles, and between different magnitudes is indicative 
of the uncertainties.
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Figure 9. Spectral ratio modeling results with and without correction for depth-de-
pendent attenuation. The ratios of the calculated stress drop (proportional to corner 
frequency cubed, fc3) of the deep to the shallow earthquakes are shown for each 
data set, with (blue) and without (red) a correction for depth-dependent attenuation, 
plotted against the minimum magnitude of the large earthquakes. For example, the 
Ridgecrest plot shows the ratios of the cubed corner frequencies for the different 
model fits in Figure 6. Solid symbols represent ratios with at least 10 ratios, and 
open symbols those with at least 5; diamonds are for a constant different in magni-
tude between large and small, and circles are for a constant sized small event 
range. For most data sets, the depth corrections decrease the apparent difference 
in stress drop between the deep and small events, independent of the magnitude of 
the large or small events included. 
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Figure 10. Comparison of relative source parameters with difference in 
P-wave velocity. The ratios of corner frequencies between the deep and 
shallow earthquakes calculated using the approaches shown in Figures 9 
and S7 are plotted against the ratio of the average P-wave velocity at the 
depths of the respective deep and shallow event populations included. Color 
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