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Abstract13

GNSS networks with multi-frequency data can be used to monitor the activity of the Earth’s14

ionosphere and to generate global maps of the vertical total electron content (VTEC).15

This paper introduces and evaluates operational GFZ VTEC maps. The processing is16

based on a rigorous least-squares approach using uncombined code and phase observa-17

tions, and does not entail leveling techniques. A single-layer model with a spherical har-18

monic VTEC representation is used. The solutions are generated in a daily post-processing19

mode with GPS, GLONASS, and Galileo data, and are provided for the period since the20

beginning of 2000. A comparison of the GFZ VTEC maps with the final combined IGS21

product shows a high consistency with the solutions of the IGS analysis centers. A val-22

idation with about four years of Jason-3 altimetry-derived VTEC data is provided, in23

which the GFZ solution has the smallest bias of 1.2 TEC units compared to the solu-24

tions of the IGS analysis centers, and with 3.0 TEC units one of the smallest standard25

deviations.26

1 Introduction27

Global navigation satellite systems (GNSS) are an effective tool to observe the Earth’s28

ionosphere and measure its total electron content (TEC), e.g., Lanyi and Roth (1988);29

Sardon et al. (1994); Schaer et al. (1996); Davies and Hartmann (1997); Komjathy (1997);30

Mannucci et al. (1998); Hernández-Pajares et al. (1999); Jakowski et al. (1999). GNSS-31

derived TEC data provide valuable information for atmospheric studies or can be used32

to assess and mitigate the impact of the ionosphere on GNSS-based services such as po-33

sitioning or tropospheric sounding.34

Due to the presence of the instrumental code biases and the phase ambiguities, the35

unbiased line-of-sight or slant TEC (STEC) of the receiver-satellite links cannot be di-36

rectly observed with GNSS, but only through applying an external model describing the37

spatiotemporal TEC distribution. It is common practice to use the geometry-free or L438

combination of the GPS L1 and L2 signals, which represent the STEC biased by respec-39

tively code biases and ambiguities for code and phase observations (Schaer, 1999). The40

ambiguities are usually removed from the model through leveling the phase to the code41

observations (Mannucci et al., 1998; Ciraolo et al., 2007). The so obtained leveled phase42

observations are then used to subsequently estimate the model coefficients and a set of43

estimable receiver and satellite code biases. The same technique can also be applied to44

dual-frequency data of other systems.45

The disadvantages of this estimation strategy are that 1) it is limited to two fre-46

quencies, 2) it reduces the redundancy of the system, as one code and one phase obser-47

vation are used in order to remove only one geometry parameter, and 3) it generally does48

not apply a weighting of the observations caused for instance by different elevation an-49

gles, see also the discussion in Khodabandeh and Teunissen (2016). Further, the tem-50

poral correlations introduced by the leveling operation seem to be generally ignored. A51

least-squares framework for multi-frequency TEC determination using a single receiver52

or a local array of receivers avoiding these shortcomings is presented in Khodabandeh53

and Teunissen (2016, 2017).54

Global ionosphere maps (GIMs), containing a snapshot of the TEC in vertical di-55

rection (VTEC) on a spatial grid, are routinely generated by different institutes, for in-56

stance within the ionosphere working group of the International GNSS Service (IGS),57

see Hernández-Pajares et al. (2009) or Roma-Dollase et al. (2018) for an overview.58

The German Research Centre for Geosciences (GFZ) Potsdam offers a wide range59

of products for ground and space based atmospheric sounding (Wickert et al., 2020). These60

efforts are now extended with operational ground-based GNSS GIMs, which are intro-61

duced and evaluated in this paper. The main focus and novelty of the paper is on the62
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formulation of a rigorous least-squares approach for the computation of multi-GNSS global63

VTEC maps based on the work in Khodabandeh and Teunissen (2016, 2017). The com-64

mon single-layer ionospheric model with a spherical harmonic VTEC parameterization65

is employed. The GIMs are computed from GPS, GLONASS, and Galileo data for the66

period since 2000 and will be provided on an operational basis in the future. A high con-67

sistency with the GIMs of other analysis centers and the combined IGS solution is ob-68

tained. In a comparison with about four years of Jason-3 VTEC data, the GFZ solution69

has the smallest VTEC bias and one of the smallest standard deviations among the so-70

lutions by the IGS analysis centers.71

In Section 2, the estimation framework and the ionospheric modeling approach are72

introduced. The processing settings and an analysis of the GFZ GIM product are pre-73

sented in Section 3. A validation by means of a comparison with the IGS solution and74

Jason-3 VTEC data is given in Sections 4 and 5.75

2 Methodology76

In this section, the estimation framework for the GFZ GIMs is presented. We start77

with the GNSS observation equations and estimable parameters in Section 2.1 and the78

ionospheric modeling strategy in Section 2.2. The combination of these two parts yield-79

ing the unbiased TEC solutions is presented in Section 2.3.80

2.1 GNSS Observation Equations and Estimable Parameters81

The single-system GNSS code and phase observations psr,j and ϕsr,j between receiver82

r and satellite s on frequency fj can be modeled as83

E
[
psr,j(t)

]
= ρsr(t) + µji

s
r(t) + dr,j + ds,j84

E
[
ϕsr,j(t)

]
= ρsr(t)− µjisr(t) + asr,j , (1)85

86

where t refers to the time of reception. A geometry-free representation is used, in which87

no information on the satellite-to-receiver geometry is employed. The link specific range88

parameters ρsr contain all non-dispersive components such as the geometric ranges, the89

satellite and receiver clock offsets, and the tropospheric line-of-sight delays, which can-90

not be estimated separately. The first order ionospheric delays on the first frequency f191

are denoted by isr and are multiplied with µj = f21 /f
2
j . The receiver and satellite code92

biases are denoted as dr,j and ds,j , and the ambiguity parameter asr,j = δr,j+δ
s
,j+λjN

s
r,j93

consists of the receiver and satellite phase biases δr,j and δs,j and the integer ambiguity94

Ns
r,j , with λj the wavelength of frequency fj . The integer ambiguities Ns

r,j are constant95

for each cycle-slip free arc, and the instrumental code and phase biases are commonly96

assumed time-invariant (Montenbruck & Hauschild, 2013; Hauschild, 2017). Therefore,97

the time dependency is omitted for dr,j , d
s
,j , and asr,j . Phase wind-up, phase center off-98

set and variation, and other frequency specific effects that cannot be captured in ρsr are99

corrected a-priori.100

We consider a network of receivers that observe the satellites on the frequencies fj ,101

j = 1, . . . , F , with the objective to retrieve information about the state of the ionosphere.102

The system of equations resulting from Equ. 1 is rank deficient, implying that only cer-103

tain linear combinations of the parameters can be unbiasedly estimated. In particular,104

the ionospheric slant delays isr(t) cannot be separated from the code biases dr,j and ds,j105

and ambiguities asr,j and can therefore not be determined in an absolute sense. We make106

use of the invertible ionosphere-free (IF) and geometry-free (GF) decomposition of the107

code biases on the first two frequencies (Khodabandeh & Teunissen, 2015), shown for108

the receiver biases:109

dr,j = dr,IF + µjdr,GF, j ≤ 2 (2)110
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Table 1. Estimable parameter combinations for arc-specific code biases.

Parameter Definition Condition

Ranges ρ̃sr(t) ρsr(t) + dsr,IF
Ionospheric delays ĩsr(t) isr(t) + dsr,GF

Code biases d̃sr,j dsr,j − dsr,IF − µjdsr,GF j > 2

Phase ambiguities ãsr,j asr,j − dsr,IF + µjd
s
r,GF

Table 2. Estimable parameter combinations with a receiver-satellite code bias decomposition;

(·)1r = (·)r − (·)1.

Parameter Definition Condition

Ranges ρ̃sr(t) ρsr(t) + dr,IF + dsIF
Ionospheric delays ĩsr(t) isr(t) + dr,GF + dsGF

Rec. code biases d̃r,j d1r,j − d1r,IF − µjd1r,GF r 6= 1, j > 2

Sat. code biases d̃s,j ds,j − dsIF − µjdsGF

+d1,j − d1,IF − µjd1,GF j > 2
Phase ambiguities ãsr,j asr,j − (dr,IF + dsIF) + µj(dr,GF + dsGF)

with111

dr,IF =
1

µ2 − µ1
(µ2dr,1 − µ1dr,2)112

dr,GF =
1

µ2 − µ1
(−dr,1 + dr,2) . (3)113

114

The GF biases dr,GF and dsGF are usually referred to as differential code biases (DCBs,115

e.g. Schaer (1999)). The rank deficiencies can for instance be removed by lumping the116

IF and GF code biases with ρsr(t) and isr(t), respectively. The resulting estimable param-117

eter combinations are given in Table 1 and Table 2. In Table 1, the code biases dsr,j =118

dr,j+d
s
,j are assumed constant for each continuous satellite-receiver arc, so that receiver119

and satellite biases cannot be separated. The estimable ionospheric delays ĩsr(t) are bi-120

ased by the GF code biases. In Table 2, the code biases are assumed constant for the121

entire processing session, so that now receiver and satellite specific biases d̃r,j and d̃s,j122

are estimable, which increases the redundancy. The biases of the first receiver are cho-123

sen as reference to remove the rank deficiencies. For now, this decomposition only af-124

fects the definition of the estimable code biases d̃r,j and d̃s,j , but there are further im-125

plications when introducing an ionospheric model, so that receiver and satellite GF code126

biases become estimable, see Section 2.3.127

Infinitely many other estimable combinations of the parameters can be formulated,128

leading to different ionospheric parameters ĩsr(t) that can be estimated with different pre-129

cision (Khodabandeh & Teunissen, 2016, 2017). S-system theory tells us that there is130

a one-to-one correspondence between the parameters of different estimable parameter131

sets, so that solutions from different choices can be transformed to one another (Baarda,132

1973; Teunissen, 1985) and can be used equivalently.133

The extension to multi-GNSS is straightforward, since almost all parameters in Ta-134

ble 1 and 2 are link specific. The only exception are the receiver and satellite code bi-135

ases d̃1r,j and d̃s,j in Table 2, which are set up per constellation, as the receiver biases136

are not identical across systems.137
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2.2 Global Ionospheric Modeling138

In order to obtain estimates of the unbiased TEC, the ionospheric delays isr(t) have139

to be separated from the GF code biases dsr,GF, which is only possible through an iono-140

spheric model, such as discussed in Hernández-Pajares et al. (2011). We use the com-141

mon single-layer model (Davies & Hartmann, 1997; Mannucci et al., 1998; Schaer, 1999;142

Azpilicueta et al., 2006; Brunini & Azpilicueta, 2009, 2010; Goss et al., 2019), in which143

the TEC is assumed to be contained within an infinitesimal thin shell at a constant height,144

which we assume at 450 km above the mean Earth radius. The slant ionospheric delays145

isr(t) are assumed to be related to the vertical ionospheric delays vsr(t) in radial direc-146

tion via147

isr(t) = M(Esr(t)) vsr(t), (4)148

with the modified single-layer mapping-function M(·) (Schaer, 1999) depending on the149

elevation angle Esr(t). The global spatiotemporal distribution of the vertical ionospheric150

delays vsr(t) is modeled with spherical harmonic basis functions as (Schaer, 1999)151

vsr(t) =

nmax∑
n=0

n∑
m=0

Pnm (sin (φsr(t)))
[
cnm,k(t) cos (mλsr(t)) + snm,k(t) sin (mλsr(t))

]
, (5)152

where Pnm(·) is the normalized associated Legendre function of degree n and order m,153

with a maximum degree of nmax = 15. The latitude and longitude of the ionospheric154

pierce point (IPP) are denoted as φsr(t) and λsr(t) and are expressed in a solar-geomagnetic155

reference frame, in which the z-axis points towards the north geomagnetic pole, the x-156

axis is in the plane containing the z-axis and the Sun, and the y-axis is positive towards157

dusk and completes a right-handed system (Laundal & Richmond, 2017). Freezing the158

position of the Sun reduces the temporal variations of the ionospheric delays and facil-159

itates the modeling. The model coefficients are given by cnm,k(t) and snm,k(t), where k(t) ∈160

{1, . . . ,K} represents the time interval that contains t, i.e., the observation span is par-161

titioned into K intervals with constant coefficients.162

The ionospheric delay vsr(t) in [m] is linked to the VTECsr(t) in [electrons/m2] as163

vsr(t) = 40.3
VTECsr(t)

f21
. (6)164

TEC values are usually given in TEC units (1 TECU = 1016 electrons/m2). The equiv-165

alent expression holds for isr(t) and the STEC. When multiple systems are used to es-166

timate the ionospheric model coefficients in Equ. 5, it is important that all parameters167

vsr(t) refer to the same reference frequency or are expressed directly in TECU.168

2.3 Unbiased TEC Estimation169

Estimating the unbiased STEC or, equivalently, the unbiased ionospheric slant de-170

lays isr(t) becomes possible when including the ionospheric model from Section 2.2 into171

the observation model from Section 2.1. We first focus on the model using arc-specific172

code biases dsr,j without the receiver-satellite decomposition.173

The estimable biased ionospheric delay parameters ĩsr(t) for each arc and time in-174

stance in Table 1 are replaced by the K common sets of ionospheric model coefficients175

cnm,κ and snm,κ from Eq. 5 and the GF code biases dsr,GF for each arc. The so defined176

set of parameters can be estimated unbiasedly from the network’s observations using least-177

squares.178

Let bsr(t) be a vector containing the known values of the mapping function times179

the basis functions from Eq. 4 and 5, and let ck(t) be a vector of the same size with the180

associated coefficients cnm,k(t) and snm,k(t), so that isr(t) = bsr(t)
Tck(t). With the es-181

timated coefficient vector ĉk(t), the unbiased solution of the slant ionospheric delay isr(t)182
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is given by183

îsr(t) = bsr(t)
Tĉk(t). (7)184

By adapting the values of the basis functions through varying the latitude and longitude185

arguments, i.e., by assuming artificial IPPs covering the entire sphere, K gridded global186

maps of the VTEC are generated from the K sets of coefficients ĉκ.187

Alternatively, we can first determine the estimates ˆ̃isr(t) of the biased ionospheric188

delays. These ionospheric observables are then used in a second step to estimate the model189

coefficients cκ and the GF code biases dsr,GF. This solution is mathematically identical190

to the direct solution above, given that ˆ̃isr(t) are weighted with their inverse covariance191

matrix. Since all parameters in Table 1, including ĩ
s

r, are link-specific, they can be de-192

termined on an arc-by-arc basis, assuming no correlations between the observations of193

different links. Considering daily GIMs that are computed from a network with hundreds194

of receivers, for which range parameters ρ̃sr(t) have to be set up for each link and time195

instance and ambiguity parameters ãsr,j for each link and frequency, this is a suitable method196

to avoid the solution of a large-scale system of equations.197

Let the continuous arc between receiver r and satellite s contain the T observation198

epochs t = 1, . . . , T . The variance of the observations is assumed as199

D
[
psr,j(t)

]
= wsr(t)σ

2
p and D

[
ϕsr,j(t)

]
= εwsr(t)σ

2
p, (8)200

with wsr(t) exponential elevation dependent noise amplification factors from Euler and201

Goad (1991), σ2
p the zenith-referenced variance of the code observations, and ε a factor202

that accounts for the higher precision of the phase observations and is chosen as ε = 0.0001.203

Correlations between observations are assumed absent.204

Through an invertible transformation the T code observations psr,j(t) can equiv-205

alently be expressed by the time-averaged component206

psr,j(t̄) = w̄sr

T∑
t=1

wsr(t)
−1psr,j(t) (9)207

with w̄s,−1
r =

∑T
t=1 w

s
r(t)

−1, and the T − 1 time-differenced components208

psr,j(1t) = psr,j(t)− psr,j(1), t = 2, . . . , T, (10)209

see Khodabandeh and Teunissen (2016). The same transformation is applied to the phase210

observations ϕsr,j(t), the range parameters ρ̃sr(t), and the estimable ionospheric delays211

ĩsr(t).212

With psr(t) =
[
psr,1(t), . . . , psr,F (t)

]T
and ϕsr(t) =

[
psr,1(t), . . . , psr,F (t)

]T
, the full-213

rank time-averaged and time-differenced observation equations according to Table 1 are214

given by215

E

[[
psr(t̄)
ϕsr(t̄)

]]
=

[
eF
eF

]
ρ̃sr(t̄) +

[
µ
−µ

]
ĩsr(t̄) +

[
E

IF

] [
d̃
s

r

ãsr

]
(11)216

and217

E

[[
psr(1t)
ϕsr(1t)

]]
=

[
eF
eF

]
ρ̃sr(1t) +

[
µ
−µ

]
ĩsr(1t), t = 2, . . . , T, (12)218

with eF an F -vector of ones, µ = [µ1, . . . , µF ]
T

, d̃
s

r = [d̃sr,3, . . . , d̃
s
r,F ]T, and ãsr = [ãsr,1, . . . ,219

ãsr,F ]T. Matrix E follows from removing the first two columns of the F -dimensional iden-220

tity matrix IF . The time-averaged and time-differenced observations are uncorrelated221

and have mutually exclusive sets of parameters, so that both systems can be solved sep-222

arately.223
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The solution of the time-averaged ionospheric delay ĩsr(t̄) and its variance are given224

by225

ˆ̃isr(t̄) =
1

µ2 − µ1

(
psr,2(t̄)− psr,1(t̄)

)
(13)226

D
[̂̃
isr(t̄)

]
=

2w̄srσ
2
p

(µ2 − µ1)2
, (14)227

228

while the solution of the time-differenced ionospheric delays ĩsr(1t) and their variances229

and covariances are given by230

ˆ̃isr(1t) =
1

Fγ

{
2εµT (psr(1t)−ϕsr(1t)) + (ε− 1)[µ− µ̄eF ]T (εpsr(1t) +ϕsr(1t))

}
(15)231

232

D
[̂̃
isr(1t)

]
=

(1 + ε)

Fγ
εσ2
p (wsr(1) + wsr(t)) (16)233

234

D
[̂̃
isr(1t),

ˆ̃isr(1k)
]

=
(1 + ε)

Fγ
εσ2
pw

s
r(1), t 6= k, (17)235

with γ = (1 + ε)2σ2
µ + 4εµ̄2, µ̄ = 1

F

∑F
j=1 µj , and σ2

µ = 1
F

∑F
j=1 (µj − µ̄)

2
. While the236

precision of the time-averaged component ˆ̃isr(t̄) is driven by the code data, the time-differenced237

ionospheric delays ˆ̃isr(1t) are on the level of the phase data. Derivations are given in the238

Appendix and in Khodabandeh and Teunissen (2016, 2017).239

The time-averaged and time-differenced estimable ionospheric delays are expressed240

and parameterized as241

ĩsr(t̄) = isr(t̄) + dsr,GF = w̄sr

T∑
t=1

wsr(t)
−1bsr(t)

Tck(t) + dsr,GF (18)242

ĩsr(1t) = isr(1t) = bsr(t)
Tck(t) − bsr(1)Tck(1). (19)243

244

Since only the time-averaged ionospheric delay ĩsr(t̄) depends on the link-specific GF code245

bias dsr,GF, ˆ̃isr(t̄) is a free variate that does not contribute to the solution of the ionospheric246

model coefficients cκ and can simply be ignored (Teunissen, 2000), thereby also elimi-247

nating the bias parameter dsr,GF. The model coefficients cκ are therefore estimated only248

from the time-differenced ionospheric observables ˆ̃isr(1t) describing the unbiased time-249

differenced ionospheric slant delays isr(1t), see also Khodabandeh and Teunissen (2017).250

The ionospheric observables ˆ̃isr(1t) of different arcs are uncorrelated, so that the normal251

equations from all arcs are added, where within each arc the inverse covariance matrix252

from Eqs. 16 and 17 is used for weighting.253

We now consider the model with the receiver and satellite specific code biases, cf.254

Table 2. The ionospheric model can again be directly estimated by replacing the biased255

ionospheric delay parameters ĩsr(t) by the K sets of model coefficients cκ and the GF code256

biases257

d̃r,GF = dr,GF − d1,GF, r 6= 1258

d̃sGF = dsGF + d1,GF, (20)259
260

where the bias of the first receiver is chosen as reference to remove the inherent rank-261

deficiency. A different yet equivalent set of estimable biases is obtained with the com-262

monly used zero-mean constraint on the GF satellite code biases of each constellation.263

In the dual frequency case, the estimable parameters in Table 1 and Table 2 are264

identical, so that ionospheric observables ˆ̃isr(t) can be obtained as described above. If more265

than two frequencies are used, the parameters d̃r,j and d̃s,j are not link-specific, so that266
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Figure 1. Numbers of stations (left) and satellites (right) used to generate the GFZ global

VTEC maps.

an arc-by-arc solution is no longer possible. One can equivalently first determine the pa-267

rameters of Table 1 and then jointly estimate the model coefficients cκ, the GF biases268

d̃r,GF and d̃sGF (Eq. 20), and the biases d̃r,j and d̃s,j (Table 2) from the resulting ˆ̃isr(t) and269

ˆ̃
dsr,j .270

Different from Eq. 18, the estimable time-averaged ionospheric delay is now pa-271

rameterized as272

ĩsr(t̄) = w̄sr

T∑
t=1

wsr(t)
−1bsr(t)

Tck(t) + d̃r,GF + d̃sGF, (21)273

and can no longer be ignored, except for the single-receiver case. We therefore have two274

uncorrelated sets of observables, namely the time-averaged block with ˆ̃isr(t̄) and possi-275

bly
ˆ̃
dsr, and the time-differenced block with ˆ̃isr(1t). The solution and variance of

ˆ̃
dsr and276

its covariance with ˆ̃isr(t̄) is available through Eq. A1. The normal equations of both blocks277

and all arcs are added. It is shown later that the impact of the receiver-satellite bias de-278

composition on the ionospheric model is negligible for GIMs. It can, however, be used279

to obtain the GF biases or DCBs as a byproduct.280

3 Operational Global VTEC Maps281

The above described estimation strategy is implemented in GFZ’s EPOS-P8 GNSS282

analysis software. Global VTEC maps with a temporal resolution of two hours, at even283

hours, and a spatial resolution of 2.5 degrees in latitude and 5 degrees in longitude are284

provided in the ionosphere map exchange format (IONEX, Schaer et al. (1998)). They285

are generated for the period since the beginning of 2000, and will be provided on an op-286

erational basis in the future. Daily rapid solutions are combined with the two neighbor-287

ing solutions on the normal equation level to a final solution, from which mainly the first288

and last maps that are contained twice benefit. The settings of the processing are in line289

with the GFZ activities for the third IGS reprocessing campaign (Männel et al., 2020),290

so that GLONASS is included since 2012 and Galileo since 2014. Dual-frequency GPS291

L1/L2, GLONASS L1/L2, and Galileo E1/E5a data are used. The numbers of stations292

and satellites are shown in Figure 1. In 2021, around 250 globally distributed stations293

and 75 satellites are employed.294

Daily receiver and satellite GF code biases/DCBs are estimated and provided for295

GPS to be compatible with the IGS solution. For GLONASS, the receiver-satellite de-296

composition of the DCBs is not valid due to the presence of inter-channel code biases297

caused by the FDMA scheme, so that the receiver DCBs are satellite dependent (Wang298

et al., 2016; X. Zhang et al., 2017). Furthermore, the impact of the receiver-satellite bias299

decomposition on the VTEC maps is negligible, as shown below. The biases of GLONASS300
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GFZ GIM on April 30, 2021
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Figure 2. Two exemplary GIMs showing the VTEC in TECU for moderate ionospheric ac-

tivity (left) and the St. Patrick’s Day geomagnetic storm (right), both at 8:00 UTC. The dashed

lines mark the geomagnetic equator.
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Figure 3. Time series of the GFZ GNSS-derived global mean VTEC values, of the F10.7 solar

flux index in solar flux units (SFU), and of the Ap geomagnetic index.

and Galileo are therefore assumed arc-specific and DCBs are not estimated, cf. Section301

2. This is conform with the definition of the future IONEX 1.1 format, in which DCBs302

are no longer supported, but should be provided in a separate bias file. To this end, DCBs303

between arbitrary signals of any system, in particular also for the ones that are not used304

to generate the ionospheric solution, can be estimated after correcting the ionospheric305

delays of ĩsr in Table 1 and 2 with the GIMs (Keshin, 2012; Montenbruck et al., 2014),306

and a complete set of DCBs can be generated.307

Two exemplary GIMs, one for April 30, 2021, a day with moderate ionospheric ac-308

tivity, and the St. Patrick’s day geomagnetic storm on March 17, 2015, are shown in Fig-309

ure 2.310

Global mean VTEC values are obtained by a weighted mean of all grid values, where311

the weighting coefficient is proportional to the cosine of the latitude to account for the312

surface area represented by each grid point. Annual and seasonal variations of the GNSS313

derived daily global mean VTEC, as well as the signature of the solar-cycle, are shown314

in Figure 3. The values strongly resemble the characteristics of the solar radio flux, as315

shown by the F10.7 index (Tapping, 2013). The daily equivalent planetary amplitude316

Ap as an index of the average level of geomagnetic activity (Matzka, Stolle, et al., 2021)317

generally shows larger values for larger mean VTEC values, and its maximum values co-318

incide with peaks of the mean VTEC and F10.7.319
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Figure 4. Time series of the square root of the estimated variance factor of the GNSS observ-

ables.
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Figure 5. Time series of daily absolute biases and RMS differences between the GFZ GIMs

with daily and arc-specific code biases during the year 2010.

The single-layer spherical harmonic model representation is a strong simplification320

of the physical reality. The precision of the VTEC that is derived from the law of error321

propagation from the estimated model coefficients ĉκ does therefore generally not rep-322

resent its accuracy. For the RMS maps that are provided along with the VTEC maps,323

a variance factor is estimated from the residuals relative to a unit standard deviation of324

σp = 1 m in zenith direction for the code observations and
√
εσp = 1 cm for phase ob-325

servations, cf. Eq. 8. With a perfect model, the estimated variance factor should be be-326

low one. In the time series in Figure 4 we see values of 5−40 for the square root of the327

variance factor, meaning that the phase residuals are at the decimeter rather than the328

millimeter or centimeter level that would be possible from the observation precision. The329

close resemblance with the mean VTEC in Figure 3 shows that with increasing ionospheric330

activity also the modeling errors increase. The maximum corresponds to the Halloween331

solar storm at the end of October 2003 with one of the largest recorded solar flares, for332

which also a peak of the F10.7 and an Ap index of around 200 is observed, see Figure333

3.334

In order to assess the impact of assuming arc-specific code biases or the receiver-335

satellite bias decomposition, the year 2010 was processed with both models. The daily336

absolute biases between the global mean VTEC of both solutions are mostly below 10−4
337

TECU and the RMS VTEC difference is around 0.006 TECU as shown in Figure 5. Both338

values are clearly below the resolution of 0.1 TECU of the IONEX format, so that the339

benefit of the bias decomposition on the VTEC estimation through increased redundancy340

is negligible. This shows that essentially only the time-differenced observation data is341

relevant for estimating the ionospheric model, cf. Section 2.3, when applying a rigorous342

least-squares approach.343
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Figure 6. Smoothed time series of daily biases (left) and standard deviations (right) between

the final GIMs of the seven IAACs+GFZ and the final IGS solution.

4 Comparison with the IGS GIMs344

Operational GIMs are provided by several analysis centers based on different pro-345

cessing approaches. Within the IGS, the ionosphere working group was established in346

1998. Currently, seven IGS Ionosphere Associated Analysis Centers (IAACs) provide rapid347

and final GIMs, which are combined to the rapid and final IGS solutions. We compare348

the final GFZ solution and the final GIMs of the IAACs to the final IGS solution (IGSG,349

Hernández-Pajares et al. (2009)). The considered solutions are:350

• Chinese Academy of Sciences (CAS) with CASG (Li et al., 2015)351

• Center for Orbit Determination in Europe (CODE) with CODG (Schaer et al.,352

1996)353

• European Space Agency/European Space Operations Center (ESA/ESOC) with354

ESAG (Feltens, 2007)355

• Jet Propulsion Laboratory (JPL) with JPLG (Mannucci et al., 1998)356

• Natural Resources Canada (NRCan) with EMRG (Ghoddousi-Fard, 2014)357

• Universitat Politecnica de Catalunya (UPC-IonSAT) with UPCG (Hernández-Pajares358

et al., 1999)359

• Wuhan University (WHU) with WHUG (H. Zhang et al., 2013).360

A description and comparison of the final GIMs of these seven IAACs can be found in361

Roma-Dollase et al. (2018).362

The smoothed time series of the daily VTEC biases and standard deviations be-363

tween the individual solutions and the combined solution IGSG are shown in Figure 6,364

starting from November 2002, which is when IGSG switched from 12 daily maps at odd365

hours to 13 daily maps at even hours. The biases and standard deviations are computed366

by means of integrating over the sphere as defined above. One has to be careful when367

interpreting these measures, as they merely indicate how close the solutions are to the368

IGS combination, but not how well they describe the reality. In addition, between end-369

2014 and mid-2019, the IGS combination is dominated by CODG and JPLG, so that these370

two solutions are by design close to the combination.371

The daily VTEC biases in Figure 6 show that all eight solutions generally agree372

very well with the IGS solution with absolute values of less than two TECU. The bias373

of each solution is largely consistent over time and does not depend on the ionospheric374
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Figure 7. Jason-2 VTEC in TECU during the day of the St. Patrick’s day geomagnetic

storm.
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Figure 8. Daily numbers of Jason-3 VTEC observations used for validation of the GNSS

GIMs.

activity. The VTEC values of JPL are about two TECU larger compared to the other375

solutions, whereas the VTEC values of GFZ tend to be slightly smaller than the IGS com-376

bination. The daily VTEC standard deviations confirm an agreement of the individual377

solutions at the few TECU level, with values of around two TECU or below during times378

of low ionospheric activity, cf. Figure 3, and a few TECU during high ionospheric ac-379

tivity. The GFZ solution is consistent with the solutions of the IAACs and the IGS com-380

bination.381

5 Validation with Jason-3 Altimetry VTEC382

The VTEC over the oceans can directly be observed from dual-frequency altime-383

ters (5.3 and 13.6 GHz for the Jason satellites). Although the altimetry VTEC obser-384

vations potentially suffer from instrumental biases (Azpilicueta & Brunini, 2009), and385

do not capture the TEC of the upper ionosphere and plasmasphere above the orbital height386

(1.336 km for Jason-3), they are GNSS-independent and are well suited to validate the387

GNSS GIMs. Exemplary Jason-2 VTEC values for all satellite passes on the day of the388

St. Patrick’s day geomagnetic storm corresponding to Figure 2 are shown in Figure 7.389

We use the VTEC observations of the Jason-3 satellite that are provided by DGFI-TUM390

(Dettmering et al., 2011) from its launch in January 2016 until January 2021. Obser-391

vations with active rain or ice flag are removed. The number of daily observations used392

to validate the GNSS GIMs is shown in Figure 8.393

For every altimetry VTEC observation, the associated GNSS VTEC is computed394

through a temporal interpolation of the two closest VTEC maps, which are rotated to395
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Figure 9. Smoothed time series of daily biases (left) and standard deviations (right) between

the final GNSS GIMs and the Jason-3 VTEC data.

-5 0 5 10

VTEC GNSS - Jason-3 [TECU]

0

0.05

0.1

0.15

0.2

D
is

tr
ib

ut
io

n

CAS

CODE

ESA

GFZ

JPL

NRCan

UPC

WHU

IGS

Figure 10. Distribution of the differences between the GNSS GIMs and Jason-3 VTEC data.

account for the correlation between the TEC and the Sun’s position, and a spatial in-396

terpolation between the four closest grid points (Schaer et al., 1998).397

Daily mean biases and standard deviations of the GNSS solutions compared to the398

Jason-3 VTEC are shown in Figure 9. All GNSS solutions show a positive VTEC bias,399

which is attributed to the situation mentioned above. The differences of the biases re-400

flect the behavior of the VTEC biases in Figure 6. The GFZ solution has the smallest401

bias, whereas the bias of the JPL solution is the largest one. Due to the expected and402

observed bias of the Jason-3 VTEC, the more important measure to assess the quality403

of the GNSS GIMs is the standard deviation. The UPC solution shows the smallest val-404

ues. The results of the GFZ, CAS, CODE, and IGS solutions are almost identical, and405

the remaining solutions have slightly larger standard deviations with the ESA solution406

having the largest values. Comparing Figure 9 to Figure 3 confirms that the modeling407

errors increase with increasing ionospheric activity. The agreement of the GNSS GIMs408

with the Jason-3 VTEC is at the few TECU level.409

The overall distribution of all VTEC differences between the GNSS GIMs and Jason-410

3 is presented in Figure 10 for the nine GNSS solutions. Each curve is normalized so as411

to represent a valid distribution function. The associated biases, standard deviations,412
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Table 3. Biases, standard deviations, and RMS differences between nine GNSS GIMs and the

Jason-3 VTEC observations; all values are in [TECU].

Bias Std RMS

CAS 1.55 3.04 3.41
CODE 1.66 3.01 3.44
ESA 1.51 3.35 3.67
GFZ 1.22 3.02 3.25
JPL 3.83 3.10 4.92
NRCan 1.97 3.15 3.71
UPC 2.48 2.81 3.74
WHU 1.88 3.17 3.68
IGS 2.56 2.99 3.93

and RMS differences are given in Table 3. These results confirm the findings of Figure413

9. The GFZ solution has the smallest bias. The UPC solution is most peaked, but all414

solutions have a standard deviation of around three TECU. In terms of the RMS val-415

ues, the GFZ solution is the best, caused by the smallest bias and one of the smallest416

standard deviations.417

6 Conclusion418

In this paper, the operational GFZ GNSS GIMs were introduced and an initial as-419

sessment was provided.420

A rigorous least-squares approach was formulated to estimate the coefficients of the421

single-layer spherical harmonic ionospheric model from uncombined multi-frequency, multi-422

GNSS code and phase observations. The shortcomings of the commonly used geometry-423

free observations combined with a phase-to-code leveling procedure were avoided with424

this approach. In order to avoid a large-scale adjustment problem, a two-step procedure425

was formulated. Biased ionospheric delays and potentially code biases for the third fre-426

quency and beyond are determined on an arc-by-arc basis, for which closed form solu-427

tions exist, and serve as an input for estimating the ionospheric model. This solution is428

mathematically identical to a direct solution.429

If the code biases are assumed arc-specific, only the time-differenced observation430

data are relevant, whereas with a receiver-satellite bias decomposition also the time-averaged431

observation data are used. It was demonstrated, however, that the impact of this bias432

decomposition is negligible for the estimation of the global ionospheric model, so that433

the time-averaged data only become relevant if one wants to provide a set of DCB pa-434

rameters along with the ionospheric solution, and can be ignored otherwise.435

The GFZ GIMs were demonstrated to be consistent with the solutions of the IGS436

IAACs and the combined IGS solution through a comparison of daily VTEC biases and437

standard deviations between the individual solutions and the combined solution for a time438

span of more than 18 years.439

An altimetry validation with around four years of Jason-3 VTEC data confirmed440

the quality of the GFZ GIMs, which had the smallest bias and one of the smallest stan-441

dard deviations compared to the solutions of the IAACs.442

The GFZ GIMs are provided at ftp://isdcftp.gfz-potsdam.de/gnss/products/iono443

(Brack et al., 2021).444
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Appendix A Solution of the Time-averaged System445

In Eq. 11, the F ambiguity parameters ãsr only appear in the F time-averaged phase446

observations ϕsr(t̄). These phase observations are therefore free variates that do not con-447

tribute to the solution of the remaining parameters (Teunissen, 2000) and are omitted448

from the model. The resulting system with F unknowns and F equations is solved via449

inversion as450  ˆ̃ρsr(t̄)
ˆ̃isr(t̄)
ˆ̃
dsr

 = [eF , µ, E]
−1
psr(t̄) =

µT
IF

µT
GF

E−

psr(t̄), (A1)451

with µIF = 1
µ2−µ1

[µ2,−µ1, 0, . . . , 0]T, µGF = 1
µ2−µ1

[−1, 1, 0, . . . , 0]T, and E− = ET(IF−452

eµT
IF−µµT

GF), cf. Khodabandeh and Teunissen (2016). The variances of the estimates453

follow from applying the error propagation law to Eq. 8.454

Appendix B Solution of the Time-differenced System455

With ysr(1t) =
[
psr(1t)

T,ϕsr(1t)
T
]T

, stacking the time-differenced observations for456

t = 2, . . . , T in Eq. 12 yields457

E


y

s
r(12)

...
ysr(1T )




︸ ︷︷ ︸
ysr,td

=

[
IT−1 ⊗

[
eF
eF

]]
︸ ︷︷ ︸

A

 ρ̃
s
r(12)

...
ρ̃sr(1T )

+

[
IT−1 ⊗

[
µ
−µ

]]
︸ ︷︷ ︸

B

 ĩ
s
r(12)

...

ĩsr(1T )


︸ ︷︷ ︸

ĩ
s
r,td

. (B1)458

The covariance matrix of ysr,td follows from Eq. 8 as459

Qs
r,td = σ2

pD
TW s

rD ⊗
[
IF

εIF

]
, (B2)460

with the differencing operator DT = [−eT−1, IT−1] and W s
r a T -dimensional square461

matrix with the T values of wsr(t) on its diagonal. We further have462

ATQs,−1
r,td A = (DTW s

rD)−1 ε+1
εσ2
p
F463

ATQs,−1
r,td B = (DTW s

rD)−1 ε−1
εσ2
p
Fµ̄464

BTQs,−1
r,td B = (DTW s

rD)−1 ε+1
εσ2
p
F (µ̄2 + σ2

µ), (B3)465

466

where the last equality follows from µTµ = F (µ̄2 + σ2
µ).467

The least-squares solutions ˆ̃isr(1t) in Eq. 15 are the rows of468

ˆ̃isr,td =
(
B̄

T
Qs,−1
r,td B̄

)−1

B̄
T
Qs,−1
r,td y

s
r,td, (B4)469

where B̄ = B−A(ATQs,−1
r,td A)−1ATQs,−1

r,td B follows from Eq. B3 as B̄ = B−A ε−1
ε+1 µ̄.470

Using this expression and Eq. B3, the inverse covariance matrix of ˆ̃isr(1t) is derived as471

B̄
T
Qs,−1
r,td B̄ = (DTW s

rD)−1 F
( γ︷ ︸︸ ︷

(1 + ε)2σ2
µ + 4εµ̄2

)
εσ2
p(1+ε)

, (B5)472

cf. Eqs. 16 and 17. Similar to Eq. B3 we have473

ATQs,−1
r,td = σ−2

p (DTW s
rD)−1 ⊗

[
eTF ,

1
εe

T
F

]
474

BTQs,−1
r,td = σ−2

p (DTW s
rD)−1 ⊗

[
µT,− 1

εµ
T
]
. (B6)475

476
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Using Eqs. B5 and B6, the (t− 1)th row of Eq. B4 reads477

ˆ̃isr(1t) = ε(1+ε)
Fγ

{(
µT − ε−1

ε+1 µ̄e
T
F

)
psr(1t) + 1

ε

(
− µT − ε−1

ε+1 µ̄e
T
F

)
ϕsr(1t)

}
, (B7)478

from which Eq. 15 is obtained by rearranging the terms.479
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