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Introduction 
The following texts (Text S1 to S7) describe technical details that may be needed to understand the main results from our analysis. Figures S1 to S7 are cited in either of Text S1 to S7, and some are cited in the main text. 

Text S1. Data handling
For this study, MMS burst-mode data from the following instrument suites were used: FIELDS (Torbert et al., 2016), including the electric field instruments (Lindqvist et al., 2016; Ergun et al., 2016) and magnetometers (Russell et al., 2016), and Fast Plasma Investigation (FPI) for electron and ion plasma distributions and moments (Pollock et al., 2016). All data are from the standard level-2 data products, which are publicly available at the MMS Science Data Center (https://lasp.colorado.edu/mms/sdc/public). 

Text S2. Current-sheet (LMN) coordinate system
The final LMN coordinate system used in this study, with , , and , was determined through optimization of the EMHD reconstruction results, as detailed below. A preliminary LMN coordinate system used as trial LMN axes in the reconstruction was determined by a hybrid method (Denton et al., 2018), which combines the Minimum Variance Analysis (MVA) (Sonnerup & Scheible, 1998) and Maximum Directional Derivative (MDD) method (Shi et al., 2019) of the magnetic field, applied to four-spacecraft measurements of the magnetic field at 12:18:31–12:18:36 UT. The resulting LMN axes are: , , and , which are not very different from the final axes. 

Text S3. Frame velocity
The frame velocity comoving with the structure was estimated by a multi-spacecraft data-analysis technique known as the spatiotemporal difference (STD) method (Shi et al., 2019), applied to smoothed magnetic field data from the four spacecraft at 12:18:32.0–12:18:33.3 UT. The velocity component from the STD method along the minimum magnetic-gradient direction , which is often along M (Figure 3i), is usually unreliable (Denton et al., 2016) and was not used. The resulting velocity is , consistent with an anti-sunward moving EDR and south-to-north crossing of the ECS. The normal velocity roughly agrees well with that () estimated by multi-spacecraft timing analysis (Zhou et al., 2019). The L-component dominated motion of the structure, combined with the approximately planar geometry of the ECS (Figure 3f), indicates that the ECS was elongated in the exhaust direction (Figure 1b,c). The L and N components of the final structure velocity  km s–1, used in the EMHD reconstruction, are the projections along L and N of  and the M component () is that of the mean ion velocity for the reconstruction interval, so that the electric current is supported mostly by electrons in the structure frame. The electric field transformed into the structure frame is . 
Since the reconstructed X-point may still be moving in the chosen structure frame, as suggested from Figures 4a-4d, we estimate how much the electric field  in the frame of strictly stationary X-point may differ from  (Figure 5c). Figures 4a-4d suggest that the X-point moved  km roughly in the L direction during the ~0.4 s interval of the ECS crossing by the four spacecraft (Figure 2e), indicating that the X-point speed in the structure frame was  km s–1. Since  nT for the reconstructed interval (Figure 2g), the estimated magnitude of the difference between  and  is  mV m–1. This is much smaller than the measured  mV m–1, so that our conclusion that the flux accumulation rate inside the island (Figure 5b) was about one order of magnitude smaller than the flux injection rate is not affected. 

Text S4. EMHD reconstruction 
The EMHD reconstruction (Sonnerup et al., 2016) recovers 2-D magnetic, electrostatic, and electron-velocity fields in the reconstruction (–) plane around the path () of a single spacecraft from the magnetic field and ion and electron moments data taken by the spacecraft, once a proper LMN coordinate system and frame velocity are defined. The underlying assumptions are that the structure is time-independent in its rest frame () and 2-D () and has a constant frame velocity  (straight spacecraft path), electron-inertia terms and ion dynamics can be neglected, and the electron density  is constant in space and time. The  axis is defined to be anti-parallel to the projection of  onto the plane perpendicular to , and . The generalized Ohm’s law (electron momentum equation) used in the reconstruction is thus 
		(S1)
with  where  is the electron pressure tensor,  is the part of isotropic electron pressure, which is assumed to be constant and thus . Here  is the Boltzmann constant. It has been shown that the term
	,	(S2)
where  is electron mass, plays a role equivalent to the effect of off-diagonal terms of the electron pressure tensor for anti-parallel reconnection in the presence of nongyrotropic electrons, and can cause the violation of the electron frozen-in condition at the X-point (Hesse et al., 2011; Kuznetsova et al., 2007). The EMHD reconstruction has been successfully applied to EDR events in both the magnetopause (Hasegawa et al., 2017) and magnetotail (Hasegawa et al., 2019) current layers. 
The technique has been benchmarked by use of an analytical solution of the EMHD equations and a fully kinetic simulation of antiparallel reconnection (Sonnerup et al., 2016), but here we present further benchmark tests using the kinetic simulation of turbulent reconnection (Nakamura et al., 2021) in which energy conversion through magnetic field annihilation occurs at a rate comparable to that of fast reconnection (Figure 1e,f). The aim is to demonstrate that the magnetic flux content of electron-scale magnetic islands can be estimated from the reconstruction with a factor of less than 3 difference from the exact value. 
Figure S1 shows results from the test using the simulation data at  when the island is still so small that it is not easily identifiable from the field line configuration (Figure S1a) and energy conversion is dominated by magnetic field annihilation (Figure 1e,f). Figure S1b shows the electron velocity component  along the invariant axis , from the virtual spacecraft observation along the white arrow in Fig. S2A, plotted against the computed partial vector potential A. The spacecraft path is chosen to be similar to the one in the present MMS observations. Theory shows that in steady 2-D structures without electron inertia,  should be preserved along the field lines, so that  can be expressed as a function of A only, i.e.,  (Sonnerup et al., 2016). The data points in Figure S1b are well fitted by a single polynomial function, suggesting that the assumption of  is approximately satisfied. A more recent study also demonstrates that the assumption of  is well satisfied for antiparallel reconnection even in the presence of electron inertia effects (Hasegawa et al., 2021). Figure S1g,j shows the in-plane magnetic field lines and electron streamlines, respectively, reconstructed from the virtual spacecraft observations (Figures S1c-S1e), while Figure S1f,i shows those from the simulation. Although the streamlines are not extremely well recovered, the field lines are well recovered in the reconstruction domain within ~ of the spacecraft path, with errors (Figure S1h) generally smaller than those for the streamlines (Figure S1k). Here  is the electron inertial length in the simulation (Nakamura et al., 2021). 
Figure S2 shows results from the test using the simulation data at  when the island is on the electron scale but magnetic field annihilation around the O-point is not significant (Figure 1f). Although  from the virtual spacecraft observation is less well fitted by a single curve (Figure S2b) than the previous case (Figure S1b) and the reconstructed streamlines do not even qualitatively agree with the exact ones (Figure S2i,j), the field lines are very well recovered. This is because the reconstruction of the in-plane field lines is decoupled from that of the streamlines and is not affected by whether the inertia effect is included and how the electron pressure tensor term is modeled (Sonnerup et al., 2016; Hasegawa et al., 2021). 
Figure S3 shows the in-plane magnetic flux embedded in the reconstructed island compared with the exact value for simulation times  and . Two cases are presented for each time, one (dotted line) with the mesh size  along  of the reconstruction set at  (Figures S1g and S2g) and one (dash-dotted line) with . The results indicate that the reconstruction may overestimate or underestimate the flux, but the estimated and exact fluxes differ by a factor of ~3 at most from each other, not by one order of magnitude. 
Figure S4 shows the magnetic field, electron streamlines, and electric field reconstructed for the present ECS using the data from MMS 3, which was located near the centroid of the MMS tetrahedron in the reconstruction plane. The final LMN axes were optimized by a multi-spacecraft method (Hasegawa et al., 2019), which searches for the invariant-axis () orientation that maximizes the correlation coefficient (Figure S4d) between the normalized components of the magnetic field and electron velocity measured by three spacecraft not used as input in the reconstruction and those predicted at points along the paths of the three spacecraft from the reconstructed field maps. The reconstruction axes thus determined are: ,  and . Numerical errors may be large in regions away from the path () of MMS 3, especially near the four corners of the reconstruction domain. The reconstructed streamlines (Figure S4b) do not clearly show the inflow and outflow patterns as expected for steady reconnection but have a complex structure, probably because of numerical errors and time dependence associated with the growing magnetic island (Figure 4). However, a quadrupolar pattern of  related to the Hall effect (Nagai et al., 2001; Øieroset et al., 2001) is roughly reconstructed. 
Figure S4d shows that the magnetic field is well reconstructed with a very high correlation coefficient, which suggests that the reconstruction coordinate system is well determined. The spacecraft separation ~18 km was comparable to the island size of order  km. Thus, the high correlation suggests that we may rely on the reconstructed magnetic fields on those spatial scales (Figures 4a-4d). The small  (Figure 5) also indicates that the time evolution associated with the island growth was slow, assuring that the assumption of time-independence was approximately satisfied. 

Text S5. Polynomial reconstruction 
The polynomial reconstruction (Denton et al., 2020; Torbert et al., 2020) recovers 3-D magnetic fields in and around the tetrahedron formed by the four spacecraft from instantaneous measurements by the four spacecraft of the magnetic field and particle current density. Several versions exist (Denton et al., 2020) but all are based on second- or third-order Taylor expansion of the magnetic field. It produces a 3-D magnetic field for every moment during a selected time interval, and does not require any assumptions about structural dimensionality, time dependence, and frame velocity. Thus, it is complementary to the physics-based EMHD reconstruction in which steady and 2-D structures are assumed, so that the fields reconstructed using data from a finite time interval, which may violate the model assumptions, may well be time-aliased, while a larger reconstruction domain is allowed. 
In this study, we used the 3-D reduced quadratic (RQ-3D) model (Denton et al., 2020) in which less significant quadratic and higher-order terms are neglected. For 3-D fields, the calculation of magnetic flux inside a magnetic island (Figure 5) is not trivial. The in-plane flux was calculated in two ways, one that first integrates  from  to  and then adds  integrated from  to , and the other that first integrates  from  to  and then adds  integrated from  to , in the L–N plane where the centroid of the MMS tetrahedron is located. Here,  is the location of the X-point and  of the O-point. The two flux values agree very well with each other, which corroborates the validity of the 2-D assumption made in the EMHD reconstruction. 
As done for the EMHD reconstruction, we tested the polynomial reconstruction using the same simulation (Nakamura et al., 2021). Figures S5 and S6 show results from the tests using the simulation data at  and , respectively. A previous study suggests that the reconstructed field is accurate enough within a distance of 2 spacecraft separations ( in Figure S5 and  in Figure S6) from the centroid of the four spacecraft (Denton et al., 2021). Consistently, Figures S5 and S6 show that a magnetic island is recovered when the centroid is close enough to the center of the simulated island, while for other locations the reconstruction can only tell whether the spacecraft is on which downstream or upstream side of, or close to, an X-point. Figure S3 shows that the in-plane magnetic flux estimated by the polynomial reconstruction depends highly on the centroid location, but the estimated and exact fluxes differ by no more than a factor of ~4 from each other even when the centroid is more than 2 spacecraft separations away from the O-point; see the flux values at centroid locations  in Fig. S4b, for which the O-point is at  (Figure S6). 
For accurate polynomial reconstructions, the spacecraft separation should be in a proper range so that first and second spatial derivatives of the magnetic field can be derived for the structure of interest, and the separation should be comparable to the island size or current sheet thickness. This was the case for the MMS observations in which the separation ~18 km was roughly equal to the island width, and the ECS thickness on the order of  km (Figure 4). 

Text S6. Kinetic simulation of turbulent magnetic reconnection
Details of the setting of the fully kinetic (particle-in-cell) simulation of turbulent magnetic reconnection, as shown in Figure 1e,f and Figures S1, S2, S5, and S6, are described by Nakamura et al. (2021). The initial conditions are set to model MMS observations of a steady EDR on 11 July 2017 (Torbert et al., 2018), except for magnetic field perturbations to initiate reconnection. The simulation is 2-1/2 dimensional in the L-N plane. The initial uniform guide magnetic field is small with , where  is the background reconnecting field component. The ion-to-electron mass ratio is . The initial ion and electron number density is , where the initial half-thickness of the current sheet  and . Time is in unit of  where the ion gyrofrequency . The magnetic field, electron velocity, density, and pressure are normalized to , , , and , respectively, in Figures S1, S2, S5, and S6, where the electron Alfvén speed . The ion and electron inertial lengths are  and , respectively, where the ion Alfvén speed is  and the electron gyrofrequency . The system size is  cells with a total of 1.41011 superparticles. The initial magnetic field perturbations are constructed to form a power-low  spectrum with –5/3 slope in  space at ion-inertial and larger scales (), where  is the wave number in the L direction. See Nakamura et al. (2020) for more details of the technique to set up an initially-fluctuating magnetic field. 
The simulation result shows that the energy conversion rate  is significantly positive in the electron-scale current sheet throughout the interval shown in Figure 1e, indicating that significant magnetic-to-particle energy conversion continuously occurs there. This is consistent with the fact that the minimum of partial magnetic vector potential (flux function) , corresponding to  at the most dominant X-point, continuously decreases with time (Figure 1f), because . In 2-D, the motion of a specific magnetic field line can be tracked by tracing the location of equal vector potential values  in time. In the absence of magnetic field annihilation,  at the O-point, corresponding to the center of magnetic islands, should be constant in time. This is roughly the case when the island size is near or larger than ion scale, as seen in Figure 1e,f for  to  when  is nearly zero around the O-point. On the other hand,  at the O-point continuously decreases from  to  when  is significantly positive not only at the X-point but also around the O-point. This is evidence from the simulation that the annihilation is occurring in the electron-scale magnetic island. At present, it remains unclear whether the annihilation of  is occurring or that of  is occurring around the O-point. It is probable, however, that the annihilation is mostly due to that of  because the diffusion process is more efficient in regions where the gradient of the corresponding quantity (magnetic field in the present case) is larger. Note that  in the simulation is computed by setting  at the N boundaries, which are conducting walls located at , to have a fixed value for all times. In Figure 1f, however,  is defined to be zero at the O-point (local  maximum on ) at  for brevity. 

Text S7. Magnetic-field annihilation due to off-diagonal terms of electron pressure tensor 
It can be demonstrated that magnetic-field annihilation may occur across N in part extended in the L direction of an ECS with , when the generalized Ohm’s law is expressed by Eq. (S1) 

.						(S3)
We consider Faraday’s law in the LMN coordinate system,
.		(S4)
Here we discuss only the contribution of the second term on the right-hand side (RHS) of Eq. (S4), because the first term does not violate the electron frozen-in condition. Furthermore, only the L component 
							(S5)
is considered, because  in ECSs elongated in the L direction. Since constant electron density, namely incompressible electron fluid (), can be assumed in ECSs (Hesse et al., 2011; Sonnerup et al., 2016), the following relation results using Eq. (S2) 
.						(S6)
We note that a relation  is approximately satisfied inside an EDR because the spatial variations along N of  and  are very similar to each other with only sign difference (Figure S7c), while in the inflow region outside of the EDR  holds for quasi-steady 2-D reconnection (Liu et al., 2017). Here  is the reconnection electric field, and  and  are the  intensity and the electron inflow speed, respectively, immediately outside of the EDR, with  for fast reconnection where the electron Alfvén speed . Thus, the above relation becomes a diffusion equation for  
,							(S7)
where the diffusion coefficient  with gyroradius of thermal electrons . We can therefore conclude that in the presence of the term (S2), equivalent to the nongyrotropic electron pressure tensor term, the in-plane magnetic-field component  may be annihilated in an EDR. This conclusion is consistent with the theoretical analysis (Hesse et al., 2011) in which the term (S2) was derived by discussing a diffusion of the electron current density  that implies the annihilation of . On the other hand, since the second term on the RHS of Eq. (S4) has no M component, no annihilation of  (Hall magnetic field) occurs for 2-D reconnection. Moreover, the form of  indicates that in principle fast magnetic-field annihilation may occur when fast inflow of the in-plane magnetic flux exists. 
We can experimentally estimate the diffusion coefficient  assuming that the magnetic structure is quasi-steady so that the diffusion and convection terms are cancelled out, i.e., the RHS of Eq. (S7) is equal to the L component of the first term on the RHS of Eq. (S4). For the observed ECS with a thickness , the estimated coefficient , which is comparable to the theoretically predicted coefficient  because the observed electron beta . Note also that an exact solution of the EMHD equations with the dissipation term (S2) (Figure S7), for which the inflowing  is all annihilated rather than reconnected in the EDR, was used in a benchmark test of the EMHD reconstruction code (Sonnerup et al., 2016). 
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Figure S1. Benchmark test of the EMHD reconstruction using the simulation data taken at  (Nakamura et al., 2021). (a) Path of a synthetic spacecraft in the simulation domain along which the input data for the EMHD reconstruction were taken. (b) Electron velocity component  along the invariant axis  as a function of computed partial vector potential (flux function) A. The circles and squares represent the simulation data taken when the synthetic spacecraft moves toward and away from, respectively, the center of the current sheet. The thick curve is a polynomial fit to the data. (c-e) Magnetic field, electron velocity, and electron density and pressure in the reconstruction coordinate system from the virtual spacecraft observation used as the input for the reconstruction. (f-h) Exact solution from the simulation, reconstructed solution, and error for . (i-k) Exact solution from the simulation, reconstructed solution, and error for the electron stream function. The red dotted line in (g) and (j) represents the spacecraft path. The errors are defined as the differences between the reconstructed and exact solutions divided by the maximum absolute values of the exact solutions. The mesh size  along  of the reconstruction is .
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Figure S2. Benchmark test of the EMHD reconstruction using the simulation data taken at . The format is the same as Figure S1. The mesh size  in the  direction of the reconstruction is .
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Figure S3. Comparison between the in-plane magnetic flux embedded in the magnetic island recovered by the EMHD and polynomial reconstructions, and the exact value for simulation time  (a) and  (b). Since the polynomial reconstruction can be applied to the four-spacecraft measurements at any time and location of the centroid of the spacecraft, the flux estimated from the polynomial reconstruction is shown as a function of the centroid location in . Here the  position in (a) and (b) refers to that in Figures S5a and S6a, respectively. The data points for the polynomial reconstruction are shown only when a magnetic island (both reconstructed X- and O-points) exists in the reconstruction domain which is a square with a side of 6 spacecraft spacings and with the centroid of the four spacecraft at the center (Denton et al., 2020, 2021). The exact fluxes and those estimated from the polynomial reconstruction differ by no more than a factor of ~4 from each other even when the centroid is more than 2 spacecraft separations away from the O-point. 
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Figure S4. 2-D magnetic, electrostatic and electron-velocity fields recovered from the EMHD reconstruction applied to the MMS 3 data at 12:18:32.1–12:18:34.0 UT. (a) Reconstructed in-plane magnetic field-lines with the out-of-plane component () of the reconstructed current density in color. White arrows show the projections onto the reconstruction plane of the measured magnetic fields along the paths () of the four spacecraft. (b) Reconstructed electron streamlines with the out-of-plane component () of the reconstructed magnetic field in color. The arrows show the projections of the measured electron velocities transformed into the structure-rest frame. (c) Reconstructed electrostatic potential (), along with the projections of the measured electric field () transformed into the structure-rest frame. (d) Correlation between the components in geocentric solar ecliptic (GSE) coordinates of the measured magnetic field (: plus, : cross, and : circle) and those predicted from the reconstruction along the paths of MMS 1 (black), MMS 2 (red), and MMS 4 (blue) not used as input for the reconstruction. The confidence intervals of the correlation coefficients corresponding to ±1 sigma were estimated by the bootstrap method (Kawano & Higuchi, 1995).

[image: コンピューターのスクリーンショット

自動的に生成された説明]
Figure S5. Test of the polynomial reconstruction using the simulation data taken at . (a) Paths of the four synthetic spacecraft in the simulation domain along which the input data were taken. The spacecraft separation is . Black curves are streamlines of the in-plane magnetic field and color shows the out-of-the-plane () field component. (b) Four spacecraft average of the magnetic field components in LMN coordinates as a function of the  position of the centroid of the four spacecraft. (c-r) The magnetic fields reconstructed from the polynomial reconstruction for chosen centroid locations in . Black curves are streamlines of the in-plane magnetic field and color shows the into-the-plane () field component.
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Figure S6. Test of the polynomial reconstruction using the simulation data taken at . The format is the same as Figure S5. The spacecraft separation is .
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Figure S7. Exact solution of the dissipative EMHD equations (Sonnerup et al., 2016) showing the magnetic field and electron velocity profiles in and around an ECS with a thickness () comparable to . (a) Magnetic field-lines in the L–N plane with the out-of-plane () component of the electron velocity in unit of  in color. (b) Electron streamlines with the L component () of the electron velocity in color. (c) Spatial profiles along N of  and  in unit of the field intensity () outside of the ECS.
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