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Abstract

In this paper we consider the following fractional (p, ¢)-Laplacian equation

(~A)pu+ (~A)gu+ V() (Jul~2u+ [uff2u) = Af(u) + [l 2u in B,

where s € (0,1),A > 0,2 < p < g < g and (—A)f with ¢ € {p,q} is the fractional

t-Laplacian operator, potential V' is a continuous function. Under suitable conditions
on f, by using constrained variational methods, a quantitative Deformation Lemma and
Brouwer degree theory, if A is large enough, we prove that the above problem has a least
energy sign-changing solution uy. Moreover, we show that the energy of u) is strictly
larger than two times the ground state energy.
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1 Introduction and main results

In this paper, we investigate the existence of the least energy sign-changing solution for the
following fractional (p, ¢)-Laplacian problem:

(A u 4 (=A)u+ V(@) (JulPu + |ul'u) = Af(u) + |u =2 in RY, (1.1)

where s € (0,1),2<p<qg< %, A > 0, the potential V € C (RN,R), the operator (—A)? with
t € {p,q} is the fractional Laplacian which, up to a normalizing constant, may be defined for
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any u : RV — R smooth enough by setting

(—A)u(z) = 2 lim |u(z) = u(y)"? (u(z) - “W) g, peRrY

— N+t
e=0% JRN\ B, (x) |z — y| Nt

along functions u € C5°(RY), where B.(x) denotes the ball of RY centered at z € RY and
radius € > 0.
when s = 1, problem (1.1) boils down to a (p, ¢)-Laplacian problem of the type

—Aju— Agu+ V() (JufPu+ |[u'%u) = f(u) inRY. (1.2)

In the last years, the main interest in this general class of problems has been since they
arise from applications in biophysics, plasma physics and chemical reaction design, as it can be
seen in [6] and [32]. In the last decade, many authors investigated problem (1.2), for example,
Barile and Figueiredo [6] used the deformation lemma and Brouwer degree theory to prove that
(1.2) possesses a least energy sign-changing solution. For more interesting results involving
(p, q¢)-Laplacian problems set in bounded domains and in the whole of RY, we also mention
[10, 24, 26, 32, 34, 40] and references therein.

For s € (0,1) and p = g = 2, equation (1.1) appears in the study of standing wave solutions,
i.e. solutions of the form ¢ (z,t) = u(x)e~™*, to the following fractional Schrodinger equation

OV s N

E = (AP W)Y - (1) RV xR, (1.3)
where % is the Planck constant, W : RY — R is an external potential and f is a suitable
nonlinear term. Equation (1.3) was derived by Laskin [30, 31] and plays a fundamental role in
the study of fractional quantum mechanics. For more details, we refer the interested reader to
[20] for an elementary introduction on this subject.

After that, remarkable attention has been devoted to the study of fractional Schrodinger
equations, and lots of interesting results were obtained. For the existence, multiplicity and
behavior of standing wave solutions to equation (1.3), we refer to [2, 11, 12, 16, 21, 23, 25, 37, 38]
and the references therein.

when p = g # 2, problem (1.1) boils down to the following fractional Laplacian problem

(=A)ju+ V(z)|ufP?u= f(u) inR"Y. (1.4)

Problem (1.4) piques the interest of researchers because of its nonlocal character and the op-
erator’s nonlinearity. In [15], the the authors obtained infinity many sign-changing solution of
(1.4) via invariant sets of descent flow. Moreover, they also proved (1.4) possesses a least energy
sign-changing solution by using deformation Lemma and Brouwer degree. It is noteworthy that
Wang and Zhou [38] used the similar method to obtain the least energy sign-changing of (1.4)
with p = 2. Besides, for equation (1.4), several existence and multiplicity results has been
obtained in last decade, see for instance [3, 4, 18, 19, 35, 36] and the references therein, and
[14, 27] for some interesting regularity results.



On the other hand, in the nonlocal framework, only few recent works deal with fractional
(p, ¢)-Laplacian problems. For instance, in [17] the authors studied existence, nonexistence and
multiplicity for a nonlocal (p, g)-subcritical problem. Alves et al. [1] considered the following
fractional (p, ¢)-Laplacian problem

(=Au+ (—A)u+V(er) (Jufu+ |[ul*?u) = f(u) nRY, (1.5)

where the potential V' (x) satisfies the Rabinowitz conditions. Applying minimax theorems and
the Ljusternik-Schnirelmann theory, they investigated the existence, multiplicity and concen-
tration of nontrivial solutions provided that ¢ is sufficiently small. After that, Ambrosio and
Radulescu [5] considered (1.5) with the del pino-Felmer type potential conditions. Applying
suitable variational and topological arguments, they obtained multiple positive solutions for
e > 0 sufficiently small as well as related concentration properties. For the other work on (1.1)
or similar problems, we refer the reader to [5, 22, 28, 41] and the references therein.

Motivated by the above results, it is natural to ask, whether problem (1.1) had sign-
changing solutions when the nonlinear term f has critical growth. To our knowledge, this
question is open. In [25], the authors considered the following problem

(=A)su = Af(z,u) + |ul>2u in Q, (16)
u=0 in RVM\Q, '
where Q C RY is a bounded domain, 2% = NQi\;S and f satisfies some suitable conditions. By

using the constrained variational methods, they proved the least energy sign-changing solution
of (1.6) when A\ sufficiently large. However, since (1.1) contains the nonlocal and nonlinear
term (—A)7 + (—A)7, the decomposition of functional Iy (see the definition in (1.10)) is more
complicated than that in [25]. Therefore, some difficulties arise in studying the existence of a
least energy sign-changing solution for problem (1.1) and this makes the study interesting.

In order to study problem (1.1), we need some assumptions on V' and f as follows:

(Vi) V(z) € C(RY) and there exists Vo > 0 such that V(z) > V5 in RY. Moreover,
limm%oo V(Jﬁ) = +00.

0,

\t|1—I>rOl+ |t|p—1

(f1)

(f2) f has a “quasicritical growth” at infinity, namely,

f(t)

|t/—+oo |t|%5 1

= 0.

We suppose that the function f satisfies the Ambrosetti-Rabinowitz condition:
(f3) there exists 0 € (g, q}) such that

0<OF(t) = H/tf(s)ds < f(t)t for all |t| > 0, where F(t) := /tf<T>dT,
0 0
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and furthermore, we assume that:

(f1) The map f and its derivative f’ satisfy

() > (¢ — 1)@ for all ¢ # 0.
o f@&) . :
Clearly, (f,) implies that the map t — T is strictly increasing for all |¢| > 0.

Before starting our results, we recall some useful notations. Let 1 < ( < oo, we denote
by |ulc the Lé-norm of u : RN — R belonging to LS (RY). For 0 < s < 1, let us define

Soo NS

D¢ (RY) =C (RN) ¢, where

| ju(x) —u()l , ¢
e | [ e

Let us denote by W*¢ (RY) the set of functions u € L¢ (RY) such that [u]s¢ < oo, endowed
with the natural norm
||u||§< = [U]gg + IUIE

According to [20]. Let s € (0,1) and N > sq. Then there exists a sharp constant S, > 0 such
that for any u € D1 (RN)

-1
ult. < S [ule,, (1.7)
where ¢! = N]\i ‘ZZS is the Sobolev critical exponent. Moreover, W4 (RN ) is continuously em-

bedded in L7 (RY) for any v € [q, ¢}] and compactly in LY (Bg(0)), for all R > 0 and for any

vELq) .
In order to ensure that problem (1.1) has a variational structure, let us consider the space

X =W (RY) nw*1 (RY) (1.8)

endowed with the norm

lullx = |lullwsr@yy + [[wllwso@yy.

Notice that W*" (RN ) is a separable reflexive Banach space for all r € (1, 4+00), then X is also
a separable reflexive Banach space. We also introduce the following Banach space

Xv:{uEX:ANV@MmW+WMdm<+m}, (1.9)

endowed with the norm

Jull := llullxy = llullvp + llullvg,

where ||ull},, = [u]}, + [pn V(@)lu|'dz for t € {p,q}. For the weak solution to (1.1), we mean



a function v € Xy such that

/ [u(z) — u(y)["~*(u(x) — u(y))(p(z) — o))

|z —y| Ve

dxdy + /RN V() u(x)|P~ 2u(z)p(z)dr
[ )= k) te) = )

|z — y|Ntsa

_ /RN A (u(z))e() + u(z)

dxdy + /RN V(z)u(x)]| 2u(z)p(x)dr

q;—2

u(z)p(x)dr

for all p € Xy.
Define the energy functional I, : Xy, — R by

I\(u) = 1/RQN dedy + ! /RQN ded@; + % /RN V(z)|u(x)|Pd

p |z — y|Ntps q |z — y|NHas

41 /RN V() |u(z)|dz — )\/RN F(u(z)) — qi/RN |u(z)

q s

% du. (1.10)

By the similar arguments as in [1], we can deduce that I)(u) € C'(Xy,R).
For convenience, we consider the operator A, : Xy — X}, and A, : Xy — X, given by

(Ap(u), v)xp xy = / ju(@) — ul (@) —um) @ = o),

|z —y|Vipe

+/ V() |ulP 2uvdz, Vu,v € Xy
RN

and

o) D, = [ MO h D o),

|z — y|N+as

+/ V(2)|u|* *uvdz, Yu,v € Xy,
RN

where X7 is the dual space of Xy . In this sequel, for simplicity, we denote (-, -) X3 Xy by (-, ).
Moreover, we denote the Nehari set NV, by

Ny = {u e X\{0} : (Iy(u),u)y, x, = o} . (1.11)

Clearly, N, contains all the nontrivial solutions of (1.1). Denote u*(z) := max {u(x),0} and
u” (z) := min {u(x),0}. Then, the sign-changing solutions of (1.1) stay on the following set:

My ={ue Xy\{0} : u™ #0, (Ij(u),u”) =0, (L{(u),u")=0}. (1.12)
Set,
ci= ulél}\f/A I(u), (1.13)



and

cy) = uél}\f{)\ I(u). (1.14)

The main results of this paper are stated in the following theorem.

Theorem 1.1. Suppose that (f1) — (f1) are satisfied. Then, there exists A > 0 such that for all
A > A, the problem (1.1) possess a least energy sign-changing solution uy. Moreover, ¢\ > 2c.

The proof of Theorem 1.1 is based on the arguments presented in [9]. We first check that
the minimum of functional I, restricted on set M can be achieved. Then, by using a suitable
variant of the quantitative deformation Lemma, we show that it is a critical point of . However,
due to the two fractional ¢-Laplacian operators (—A); with s € (0,1) and ¢t € {p, ¢}, one cannot
obtain similar equivalent definition of (—A)7 by the harmonic extension method (see [12]), and
then we don’t get the decomposition

Iyu) = L(u®) + Iy(u") and <If\(u),ui> = <[f\(ui),ui>,

which are very useful to get sign-changing solutions of (1.1), see for instance [6-9, 13]. Fur-
thermore, we could not adapt similar methods like in [25, 38] to conclude the set M is non
empty. This is because for the linear operator (—A)®, one can easily deduce that

[ ) M) ) g, [ DR,

|$—y|N+2S |$—y|N+2S

L[ W@ @),

|z —y| N

s
p

(—A)f], the above decomposition seems invalid. Fortunately, however, we find a new way to

which is important to prove M, is nonempty. But, for the nonlinear operators (—A)? and

overcome those difficulties. We use another decomposition estimation by dividing R?" into
several regions (see Lemma 2.2) as following:

[ Lot ) ) — ) =)

|$_y|N+ts
_ @) — @l (@) —u () Mt ()
- | _ |N+ts Yy B ‘ —_ ‘Nths Yy
(RN)+ x (RN )+ r—y (RN)+ x (RN) r—=y
u(z) —ut(y)) tut
. (@) W) g
(RN)~ x (RN)+ |z —yl

where (RM)* = {x € RY : u(z) > 0} and (RY)™ = {z € RV : u(z) < 0}. As we can see that it
will also plays an important role in proving deg(W;, D,0) = 1 (see Section 4), and then we can
get the minimizer uy of ¢y (that is, I(uy) = ¢,) is exactly a sign-changing solution of Problem
(1.1). Besides, another difficulty arises in verifying the compactness of the minimizing sequence
in Xy since problem (1.1) includes a critical growth nonlinear term. Fortunately, thanks to
the sharp constant S, we overcome this difficulty by choosing A appropriately large to ensure
the compactness of the minimizing sequence. Therefore, in order to obtain the least energy
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sign-changing solutions of (1.1), a more accurate investigation and meticulous calculations are
needed in our setting.

The paper is organized as follows: In Section 2, we provide some compactness results and
the decomposition properties of Iy, which will be useful for the next sections. In Section 3, we
give some technical lemmas which will be crucial in proving the main results. In Section 4, we
combine the minimize arguments with a variant of Deformation Lemma and Brouwer degree
theory to prove the main results.

2 Preliminaries

In this section, we outline the variational framework for the problem (1.1) and give some
preliminary Lemmas. Recalling the definition of fractional Sobolev space Xy in (1.9), we have
the following compactness results.

Lemma 2.1. Suppose that (V1) holds, then for all v € [p,qt], the embedding Xy — L7 (]RN)
is continuous. For all vy € [p,q), the embedding Xy — L7 (RN) 1s compact.

Proof. Denote Y = L7 (RY) and By = {z € RV : |z| < R}, Bf = RY\Bg. Denote X, :=
{ue WP (RY): [on V()|ulPde < +o0}.

For any p < v < ¢}, the space X, is continuously embedded in Y, the space Xy is
continuously embedded in X, so Xy < Y is continuous.

For any p < v < ¢}, Let X,(Q) and Y () be the spaces of functions u € X,,u € Y
restricted onto  C RY respectively. Then, it follows from theorem 6.9,6.10 and 7.1 in [20]
that X, (Br) < Y (Bg) is compact for any R > 0. Denote Vg = inf,cp: V(7). By (V1), we
deduce that Vg — oo as R — oo. Therefore, we have

1 1
[ e < o [ vi@lds < ol

R R JBf

which implies
B¢
lim  sup —HUHm( )

= 0.
R—+ooexvioy  |ullx,

By virtue of Theorem 7.9 in [29], we can see that X, < Y is compact, moreover, Xy — X,
is compact, therefore, by interpolation inequality, the embedding Xy < Y is compact for any
p <y <q;. O]

Remark 2.1. It follows from Lemma 2.1 and (f1),(f2) that I is well-defined on Xy . Moreover,



I, € ok (Xv,RN) and
(o) = [ 107 H0) ) =l

|z — y| Ve

+/ y uz) — (@)l (u(z) — uly))(v(z) -

|z — y|N+os

dxdy+/ V(z)|ulP 2uvda
RN

U(y))dxdy—I—/ V(z)|u|' 2uvdzx
RN

- A f(u)vdx —/ |u|% ~2uvda
RN RN

(2.1)
for all v € Xy. Consequently, the critical point of Iy is the weak solution of problem (1.1).

Since we aim to seek the sign-changing solution of problem (1.1). As we saw in section 1,
one of the difficulties is the fact that the functional I, does not possess the decomposition like
Inspired by [15, 38|, we have the following;:

Lemma 2.2. Let u € Xy with ut # 0. Then,
(1) Iy(u) > I (u™) 4+ I (u™),
(ii) (I3(w),w*) > (I} (u™), u™).

Proof. Observing that

1 1 1 .
L) = fullt, + S ullf, — A / Flydr — = [ |uda
p ’ q ' RN qs JRN
1 1 1 1
= ; (Ap(u),ut) + ’ (Ap(u),u™) + p (Ag(u),ut) + p (Ag(u),u™) (2.2)

9

1 . 1
—)\/ F(u+)d$—)\/ F(u™)dr — — lu™ qu:v——*/ |u~
RN RN 4s JRN ds JRN

By density (see Theorem 2.4 in [20] ), we can assume that u is continuous. Defining

(RN)+ ={z e RY;u"(z) >0} and (RY)_ = {zeR";u (z) <0}.



Then for u € Xy with u® # 0, by a straightforward computation, one can see that

Q%W”“>‘4mhMﬁ_“”“<M@—u@»www—uww>

dxdy+/ V(z)|ut|Pdx
RN

|z —y| NP
_ —1
_ / lut(z) — “+(y)’pda:dy +/ ut(2) —u” (y)|"” ut(z) drdy
&), x@®Y), T —y[NTP (RN, x(RN)_ |z — y|N e
ju=(z) — ut (y)" ut (y) +
+ /(RN) . = [N dxdy + » V(z)|ut|Pdx
- +
() ot ()P
> / v (2) vaf?j)' dudy + / V(@)|ut|Pde
(RN), x(RN), |z — y|N+P RN

o O ety [ P
(RN), x(RN)_ |z — y|NtPs ®Y)_x@®N), [T —y|NPe

= (A (u7) u™)

(2.3)
and
_ -2 _ - -y
R2N |z — y|Nrps RN
_ o p + - p—1 e
-/ )y, (@) ) () g
®RN) x®N)_ |z — gV (RN, x(RN)_ |z — y|NFps
lu= () — ut ()"~ (—u(2) / -
+ dxdy + \% Pd
/(RN)X(IR{N)+ |z — y|N+ps ray . (z)|u” [Pdx
[u”(z) —u” (y) / _
> dxdy + V Pd
Lo S ndy + [ Vs
lu” () / [u” ()
+ ——=— dxdy + —————dxd
/(RN)+><(]RN)_ |z — y|NFps e (RN)_ x(RN), |z — y|NFPs o
= (A (u7) u).
(2.4)
Similarly, we also have
(Ag(u),ut) > (A (uh) ,u)y and  (Ag(u),u™) > (A (u),u). (2.5)

Taking into account (2.3)-(2.5), we deduce that I(u) > I\(u") + I,(u~). Analogously, one can
prove (i7). O
The following Brézis-Lieb type Lemma will be very useful in this work, its proof is similar

to Lemma 2.8 in [1] and we omit it here.

Lemma 2.3. Let {u,} C Xy be a sequence such that u,, — u in Xy. Set v, = u, — u, then we
have:

6) [al2y + [al2, = ([uall, + )2, ) = (2, + [ul2,) + 0a(1),



@) [ V@ ol + e = [ V(@) (il + Vo= [ Vi) (ul? + el do+0, (1),

R

(i17) /RN (F (vn) = F (uy) + F(u)) dz = 0,(1),

(iv) sup jéNl(f(vn)—-f(un)+-f(U))Uﬂd$==cm(l)

[[wl<1

3 Some technical lemmas

This section aims to prove some technical lemmas related to the existence of a least energy
sign-changing solution. Firstly, we collect some preliminary lemmas which will be fundamental
to prove our main result.

Now, fixed u € Xy with u* # 0, we define function v, : [0, 00) % [0, 00) — R and mapping
T, : [0,00) x [0,00) — R? by

Uu(o, 1) =1, (mﬁ + Tu’)

and
Tu(o,7) = ({I} (ou" +7u™) ,ou"), (I} (cu™ + Tu™) ,7u")).

Lemma 3.1. For any u € Xy with u* # 0, there exists a unique maximum point pair (1,,0,)
of the function v, such that T,ut + o,u™ € M.

Proof. Our proof will be divided into three steps.
Step 1: For any u € Xy with u® # 0, in the following, we will prove the existence of o,
and 7,. Form (f;), (f2) and Lemma 2.2 we deduce that

(I{(ou 4+ Tu),out) > (Ij(ou™), ou’)

= g? Hu+H;p + ot HUJFH;J/,q - )\/RN flout)outdr — g /RN lu™ % do
> o? Hu*Hf/’p + o1 ||u+||$/’q — ea® /RN \ut|Pdx
— )\Ceaq;/ lu* 9y — UQi/ u* % oy
RN RN
> (1 —M\Ce)o” Huﬂ‘;p + o1 HuJFH(;q — (ACC. + C)o® ||ut]|™ . (3.1)
Similarly, we have that
(I\(ocut +1u™), 7u”) > (I (Tu”), Tu")
> (1—-X\Ce¢)o? Hu_H;p + ot ||u_H“J/7q — (A\CC. + ) ||u~ - (3.2)

Choose € > 0 such that (1 — ACe) > 0. Since p < g < ¢, there exists r > 0 small enough such
that
(If(ru™ 4+ 7u”™),ru®) > 0 for all 7 > 0 (3.3)
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and
(I{(cu* +ru”),ru") > 0 for all o > 0. (3.4)

On the other hand, by (f3), there exists Dy, Dy > 0 such that
F(t) > Dit’ — D, for t > 0. (3.5)

Then we have

(I' (ou™ +7u™) ,ou™)

_ —1
o = rut (@) = ru ) @),
N (RN, x(RN), |z — y|NVtPs (RN, x(RN)_ |z — y|NFPs
_ —1
o ) = ) g | () =
(RN)_x(RN), |z — y| Nt ®Y), x®Y), |T—y[NTe

+/ out (x) — Tu(y)|"" out(z) ,
xray
(RN, x(RN)_ |z — y|Nras

— - + q—1 +
+/ |Tu™ () — ou (%)ls ou (y)dxdy
(RN)_x(RN), |z — y|N+

—l—ap/ V(x)‘u*‘pda:—l—aq/ V(x) |u+|qu—)\D109/ ‘u*‘gdx+)\D2|A+|.
RN RN A+

where AT C supp (u") is measurable set with finite and positive measure |[A*|. Due to the fact
0 > p, for R sufficiently large, we get

(I(Ru* + 7u™),Ru™) < 0 for all 7 € [r, R]. (3.6)

Similarly, we get
(I\(cu* + Ru™), Ru™) < 0 for all o € [r, R]. (3.7)

Hence, by virtue of Miranda’s Theorem [33], and taking (3.3), (3.4), (3.6) and (3.7) into account,
we can see that there exists (o, 7,) € [r, R]X[r, R] such that T,,(c,7) = (0,0), i.e., o ,ut+1,u” €
M.

Step 2: Now we prove the uniqueness of the pair (o, 7).

Case 1: u € M,.

If u e M), we have that

11



(P ([P
Hu Hv,p Hu Hv,q (BN, X (BN)_ |z — y|Ntps ray —— |z — y[Nps xray

-/ Oy O
(RN), x(RN)_ |z — y|Ntas (RN)_ x(RN), |z — y|Nras

o ) O ) g ) =t W ),
(RN, x(RN)_ |z — y|Ntps (RN)_ x(RN), |z — y|NtPs
) ) ) )~ I ),
(RN), x(RN)_ |z — y|Ntas (RV)_x(RN), |z — y|Ntas
=X| fu")utde+ / lu™|% dx
RN RN
(3.8)
and
—p —11q ‘U_(x)‘p / ’u_(y)‘p
i (LSRR Y [ / AN gy — Ly
H H\/’,p H H\/,q ® )_X(RN)+ ‘.T—y‘NerS (RN)+X(RN)_ ‘x_y‘N+ps
lu” (2)|* / lu=(y)|’
_ N gy — WL gy
/(RN)X(]RN)+ | — y|Nras (=) () |2 =yl Ve
o ) = ) () — )P )
(RN)_ x(RN)_ |z — y|Nps (RN, x(RN)_ |z — y|Ntps
— o+ -1, + R -1,
o ) = ) ) el ),
(RN)_ x(RN)_ |z — | (RN) | x(RN)_ |z — |
= )\/ f(u)uda +/ lu™|% d.
RN RN
(3.9)

We will show that (o, 7,) = (1, 1) is the unique pair of numbers such that o,u* +7,u™ € M,.
Let (o, 7,) be a pair of numbers such that o,u™ + r,u~ € M, with 0 < o, < 7, then one can
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see

(z)[? u(y)[”
ol ||[ut|f, + o, |[ut || —O’p/ |u—dandy—ap/ —————duxdy
u || ||V,p u H HV,q u (RN)+X(RN)_ |.17 _ y|N+ps u (RN)_X(]RN)+ |[E _ y|N+ps
u™ ()| [u™ ()|
_ O—uq\/ mdl’d'g — O’uq ‘x — ‘N+qs dl’dy
(RN) | x(RN) _ Y (RN)_x(RN), Y
o @) = ma ) o (@),
(RN), x(RN) v — y|Nres
+/ |Tuu_ (37) B Uuu+(y)‘p_1 Uuu+(y) dxdy
(RN)_x(RN), |z — y[N+Ps
o @) = ra ()" (@),
(RN), x(RN) v — y|Nras
+/ |Tuu_(x) B Uuu+(y>‘q_1 Uuu+<y) da:dy
(RN)_x(RN), |z — y|N e
— )\/ f (o™ outde + 0,% / lu™|% da
Y = (3.10)
and
_ _ u” (2)[” [u”(y)[”
||y + |||, — Tup/ ’—dﬁd@/ - Tup/ TN drdy
T .
[u” ()" [u” ()|
_ Tuq/ 7 -y dxdy — 7,1 -y dzdy
(RN)_x(RN), Y (RN) , x(RN)_ y
_ —1 _
y (@) — o )P (Cra @),
B X @), z — y[N+ps
_ —1 _
o ) = ra ) (=),
(RN) , x(RN) |z — y[N+Ps
_ —1 _
o - (2) — o W) (“r @),
(RN)_x(RN), |z — y|Ntas
N / jowut (z) —TuU(yBVIil R ®) g,
(RN), x(RN) |z — y| Nt
= )\/ f(rou™) yu~dz + Tuq;/ |u™|% da.
RN RN
(3.11)
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Since 0 < 0, < 7y, it follows from (3.11) that
" T, + e,

_ D — p
Ry g O
(RN)_x(RN), |z — y|NFPs (RN), x(RN)_ |z — y|NHPs

_ q — q
— / —|u (xg[le dxdy — / —|u (y]3[|+ dxdy
(RN)_ x(RN), |z — y|Ntas (RN), x(RN)_ |z — y|Ntas

- _ ot p—1,
+Tup—q/ lu™(z) —u (y)‘NerS( U (x))dxdy
(RN)_x(RN), |z —y|
p—aq lut(z) —u= ()P (—u(y)) (3.12)
T T ~ dxdy
— +ps
(BN) , x(RN)_ |z — |
- _ ot g1,
+/ lu=(x) —u (y)\NJr( u (x))d:vdy
(RN)_x(RN), |z — y|Ntas
+ - -1,
+/ ut(2) —u (y)|N+( W) gray
(RN, x (RN)_ |z — y|Ntas
SN A KU / - | d.
RN Tuq RN

If 7, > 1, by (3.9) and (3.12), we get

- - lu™(2)[” lu=(y)["
(T =1) | |lu™|I¥ —/ ——dxdy — ——==duxdy
v (RN)_ x(RN), |z — y|[N e (RN), x(RN)_ |z — y|NtPs

— o+ p—1 e
oy (@) ) )
(R )7><(RN)+ |£L’—y| +ps

+ - p—1 e
ey ) = ),
(RN), x(RN)_ |z — y|NHPe
oo [ (A SO ey i [

RN |T,u" | |u—| RN

The left side of the above inequality is negative, which is absurd because the right side is
positive. Therefore, we conclude that 0 < o, < 7, < 1.
Similarly, by (3.10) and 0 < 0, < 7,, we have that
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_ ut(x))’ ut(y)|”
(o271 = 1) [ [t ], — / L Jl’ﬂ,sda:dy - / Wl )VLpsdxdy
(RN), x(RN)_ [z — | (RN)_x(RN), |z — y|

() — u ()Pt
+or-n [ e e Sy
(RN),, x(RN)_ v — y|NHes

— o+ p—1_ +
+(05q_1>/ [u”(z) —u (yj\)[L u (y)datdy
(RV)_x(BN), v — y|NFes

% .

< )\/R (f(UuU+) . f(u+) )|u+]qu—|—(0§_q—1)/ |u+

N |0_uu+|q—l |u+]q_1 RN

This fact implies that o, > 1. Consequently, o, = 7, = 1.
Case 2: u ¢ M,.

Suppose that there exist (o1, 71), (02, 72) such that

Uy ‘= 5:1U+ + 7’\:1U7 € M,\ and U9 1= ’&2U+ -+ 7’\:21117 € M)\ .

02\ - To\ ~ o T
Uy = <~—2> out + (:2) U = (~—2> ul + (:2) uy € M.
01 71 01 1

Since u; € My, we deduce from case 1 that

Hence,

which implies 01 = 09, 71 = To.
Step 3: We assert that (o, 7,) is the unique maximum point of 1, on [0, +00) x [0, +00).
In fact, by (f3) we can see that

L(ou™ +71u”) = % |ou® + Tu’HQP + é |ou® + Tu*H;q — )\/RN F(ou® + Tu™)dx
— i* lout + Tu”
ds JRN

%

*

< Lout +rur | + L lout +ru _"QS/ fut
TP Yrp Yaegs Jey

a3 dz,

q*
] 7% _
qu:)s——*/ lu
ds JRN

which implies that lim, 7|00 ¢u(0, 7) = —00 due to ¢} > ¢. Noticing that o,u® + T,u™ € M,
we conclude that (o, 7,) is the unique critical point of v, in (0, +00) x (0,400). Hence, it is
sufficient to check that a maximum point cannot be achieved on the boundary of [0, +00) X
[0,4+00). By contradiction, we suppose that (0,71) is a maximum point of v, with 7, > 0.
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Then, arguing as Lemma 2.2, we have
1 1
Yu(o,m) = 5 |ou® + Tlu_H;p + p |ou® + Tlu_H;q - )\/RN F(ou™)dz
%

a3 . .
— )\/ F(nu™)dr — J—*/ jut|% de — — lu™|%dx
RN 4s JRrN ds JRrN

p q a5
> Tty Sy, <) [ Foutde =22 [t

RN qs JRN

A 94 - —45 -
2l + Bl = [ Pl =2 [

RN qs
= ¢u (0> 7-1) + % <O> 0) :

%

On the other hand, by the growth condition (f;) and (f2), one can easily check that v, (¢,0) > 0
for o sufficiently small. Combining this with (3.13), we see that

Uy (0,71) < 1y, (0,71) 4+ 1y (0,0) < 2y (0,71)

if o is small enough, which yields a contradiction. Similarly, 1, can not achieve its global
maximum point at (o1,0), where o1 > 0. As a result, we complete the proof of Lemma 3.1. [

Lemma 3.2. For any u € Xy with u* # 0, such that (I{(u),u*) < 0, the unique mazimum
point of 1, in [0, 4+00) X [0, 4+00) satisfies 0 < oy, 7, < 1.

Proof. If 0, = 0 or 7, = 0, according Lemma 3.1, v, can not achieve maximum. Without loss
of generality, we assume o, > 7, > 0. Since o,u™ + T,u~ € My, there holds

+ P + p
ot + oo [ Sy oy [
P 4 (RN), x(RN)_ |z — y| NP (RN)_x(RN), |z — y| NP
+ q + q
—auq/ —|u (x]?[|+ dxdy—auq/ —|U (y131|+ dxdy
(RN, x(RN)_ |z — y|N e (RN)_ x(RN), |z — y|Nres
out (@) — ru~ ()P ogut (x
) ot @)~ 5 O ),
(RN x(RN)_ |z — y[NFP
rou(z) — ogut ()P ogut
o ) —ow @ o),
(RN)_x(RN), |z —y|VHP
out (@) — ru~ ()| out(x
) ot @)~ r O ),
(RN) , x(RN) |z — y[NHe
rou(z) — ogut ()| out
o )~ 0" o ),
(RN)_x(RN), |z — y|N+a
= )\/ f (ouu+) ouutdr + 0,% / lut|% de.
RN RN
(3.14)
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On the other hand, by (I§(u),u") < 0, we have
H“JFHP 4 Hu+Hq _/ ut ()] dmly—/ lut (y)l” dady
v:p Vi Jmvy, <@y |z =y ®Y)_x@®N), |7 —y|NPe

-/ Oy | O
(RN), x(RN)_ |z — gy|Ntas (RN)_x(RN), |z — y|Nras

() — = () [P+ —() — (NPt
v ) o) g @) )P et )
(RN), x(RN)_ (RN)_x(RN)

|z — y|Vies |z — y| Vs
ut(z) —u ()| ut(x u(z) — ut(y)|* ut
) ) 0, ) ),
(RN), x(RN)_ |z — y|Nta (RN)_x(RN), |z — y|Nta
)\/ +dx+/ lu™
RN RN

Then it follows (3.14) and (3.15) that

p p
(020 — 1) [ [lut|?, — / ut(2)] dady — / [u"(y)] dady
“ P Jmyy, <@y |z — y|NFPs (RN)_ x(RN), |z — y|NFPs

() — = ()Pt
+ (o777 — 1)/ lut(x) —u™(y)[" u (x)dxdy
(RN) , x (RN)

% o,

(3.15)

. |z — y|NFs
— o+ p—1 4
L (orr— 1) / [u(z) —u (y]3!+ u”(y) dudy
(RN)_x(RN), |z — y|N+P

\ [ (Jloat)  fa)

_ - 45 o
Ry oyt fut |

Yut|'de + (%79 — 1)/ lu™
RN

3.16
In view of (f4), we conclude that o, < 1. Thus, we have that 0 < 0,7, < 1. ( [)]
Lemma 3.3. There exists p > 0 such that ||u™|| > p for all u € M.
Proof. For any u € My, by (f1), (f2) and the Sobolev inequalities, we have that
o+ el <3 [ f ) da s [
< X\eC} HuiH;p + ACy O ||u™ as

Thus we get

Collully,, + llullf,, < Gl (3.17)

where € = (1 — AeCy), Cy = (Cs + AC,C.) with C a Sobolev embedding constant. If 0 <
|lul| < 1, then [Jul|lv,p, ||u|lv,y < 1 and by order relations between p and g and by (3.17) we have

Clull® < € (lullvy + llullv.g)* < €' (
< Gollully, + llully,, < Col

[ty + ullt,)
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where C" = min {C}, 1} and C" = 22’1/1. Hence, there exists a positive radius p; > 0 such that
1

ul| = p1 with p, = (%) ﬁ. Clearly we can reason analogously if ||u]| > 1 so that for some
p > 0 and for every u € M, we get p < ||ul|. O
Lemma 3.4. Let ¢y = infyen, In(u), then we have that limy_, ¢\ = 0.

Proof. Since u € M, we have (I}(u),u) = 0 and then

1) = Iy(w) = 5 {T3(w), )

3.18)
1 1 1 1 (
> (5= ) Ity + (5 = )

thus I, is bounded below on M, which implies ¢, is well-defined.
For any v € Xy with u* # 0, by Lemma 3.1, for each A\ > 0, there exists oy, 7y such that
oxut + muT € My, we have

0 S C)\ = mfI)\(u) § [)\ (J,\’LL+ +T)\U_)

< 2o+ [, ot [, — [ ot + e

RN
— i* !aﬂﬁ + Tau” = dy
4s JrN
op—1 or—1 B 29-1 9a-1 -
< o v, + =l + = ot el + =l

Next, we will prove that oy, — 0 and 7, — 0 as A — oo.
Let Q, = {(oa,7\) € [0,4+00) x [0,+00) : T}, (o, 7x) = (0,0),\ > 0}. Duetooyut+nu~ €
M., there holds

* q* * _
oy |u|* do + 7 |u
RN RN

= [loaa™ + ||y, + [loaa™ + [l

= dy + )\/ floxu™)(ouN)dz + X [ f(mw) (" )de
RN

RN

< 20 [, 4 2 [, + 2ot et [, + 2

Therefore, @, is bounded in R2. Let {\,} C (0,00) be such that A, — oo as n — co. Then
there exist og and 7y such that (o,,,7y,) — (00, 70) as n — oo.

Now, we claim oy = 79 = 0. By contradiction, suppose that oy > 0 or 79 > 0 by o), ut +
T, U~ € M,,, then for any n € N, there holds

HU)\"u"' + TMU_H;p + H0>\nu+ + T/\nu_Hl‘l/’q

) 3.19
9 dx. ( )

=\ floyut +m,u”)(oyut + 7y, u)de + / loa,ut + 7y, u”
RN RN

Thanks to oy, u™ — oou™ and 7\, u™ — 7ou™ in Xy, (f1), (f2) and the Lebesgue dominated
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convergence theorem, we deduce that

floa,ut +7,u)(on,ut + 1y, u”)de — floou™ + 1ou™)(oou™ + Tou”)dz > 0 (3.20)

RN RN
as n — oo. It follows from \,, — oo and (3.20) that the right hand side of (3.19) tends to infty,
which contradict with the boundness of {0, u™ + 7\,u"} in Xy. Hence, 09 = 79 = 0. As a
result, we conclude that limy_,., ¢y = 0. O

Lemma 3.5. There exists \* > 0 such that for all X > \*, the infimum cy is achieved.

Proof. By the definition of ¢y = inf,caq, I (u), there exists a sequence {u,} C M, such that

lim 7 (u,) = cx.
A—00
Obviously, {u,} is bounded in Xy . Up to a subsequence, still denoted by {u,}, there exists
u € Xy such that u, — u weakly in Xy. Since the embedding Xy < L"(R") is compact for
all v € [p, ), we have uf — u* in L" (RY) for all r € [p,q7), ut(z) — u*(z) ae. z € RV,
N

n

Denote 0 := - 7, according to Lemma 3.4, there is A* > 0 such that ¢, < § for all A > \*.
Fix A > A%, it follows from Lemma 3.1 that I (ou, + 7u,,) < I) (u,) for all 0,7 > 0. Then by
using Brézis-Lieb type Lemma 2.3 and the Fatou’s Lemma, it follows that

liminf 1) (ou! + Tuy,)
n—o0

. 1 _ 1 _ 1 B
= lim inf (—nou: 70 + o+ ru i, — low! + 7,

Z%) — /\/RN F(ou! + Tu,, )dx

S

1
n—oo q

*
qs
*

ds

1
= lim inf (Z—9||0u:lr + 1u, — (ou” +71u”) |V, + =llous + Tu, — (out + TU_)H(‘J/H)

TG B 3
— — lim |u, —u
qi n—oo

q*
a¥s
— — lim |u} —u*
qy m—oo

*
ds
*

ds

*
ds
*

ds

1
— —Jou" 4+ Tu”

s

1 1
+ ~flout + Tu |5, + =|lout + Tu" || —/\/ F(ou! + Tu;, )dx
p Tog "’ RN

1 1
+ - . + +p - —p
=1, (au +Tu )+nh—>nolo (]—?Haun —ou ||Mp+2—9||run —TU ”V,;;)

L 1 _ _ 1 1 _ 3
+ liminf (];nau: + 7 = o+ r)y = ol = ot I, = s = 7 H@,p)
i ( owt — out|l, + Llrug — ruc)e
Jim qaun ou” ||y, pTun Tu ||y,

1 1 1
L + - + N + +1a - — |
Ftimint (Sout + 7y = (04 rO)l, = Sout — owli, ~ 2l - i)

* *

ds * ds *
~ 7 fim uy — w2k ~ 7 lim lu, —u” g
qy m—roo s qr n—oo s
1 1 ol 1 1 T
> I (out +7u”) + —0P Ay + —0%A4; — —By + —1PAy + —77Ay — — By,
p q s p q ds
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where

. p . — —||P . + + q

A; = lim Hu’L—uJFH Ay = lim Hu —u H As = lim Hu —u H
! n—o0 n Vip’ 2 n—ooo 1™ Vip’ 3 oo 1T Vg’

qs

a

q;

* )
qs

+

By = lim ‘un —u

_ ST —
Ay = lim [Ju, quq, By = lim |u} —u Jim

n—o0 ’ n—oo

Hence, we can see that for all 0 > 0 and 7 > 0, there holds

+ _ 1 p 1 q O'q: 1 p 1 q Tq:
C)\Z[)\(O"LL +TU)+5O'A1+EO'A3— *Bl—l-—TA2+—TA4— *Bg. (321)

Now we divide the proof into three steps.

Step 1: We prove that u® # 0. Here we only prove u* # 0 since u~ = 0 is similar, by
contradiction, we suppose u™ = 0. Then we have the following two cases.

Case 1: B; =0.If Ay = A3 =0, that is, u.7 — u™ in Xy. According to Lemma 3.3, we
obtain |[u™]| > 0, which contradicts u™ = 0. If A; or A3 > 0, By (3.21) we get %apAl—i—%qu < cy
for all ¢ > 0, which is a contradiction.

Case 2: By > 0. According to definition of S;, we have that § := %Sq?q < %((BA;% )sa, by
1)9s
direct calculation, we have that
s, A3 N o4 o oP ol o
222 Y = 2 A — — < h ZAq — )
Vg 00 S = o

Since ¢y — 0 as A — 00, there exists A* > 0 such that for all A > \*, ¢, < 4. Then, without
loss of generality, we can assume ¢y < 0. Choosing 7 = 0, by (3.21) it follows that

q q; P q qs
0 < maX{U—Ag — U—*Bl} < maX{U—Al + J—Ag — U—*Bl} <0,
720 " ¢ q 20 " p q q

S S

which is impossible. From the above discussion, we have that u™ # 0. Similarly, we obtain
u” #0.

Step 2: we prove that B; = 0, By = 0. We just prove B; = 0 (the proof of By = 0 is
analogous). By contradiction, we suppose that By > 0.

Case 1: By > 0, Let 0, and 7y satisfy

~p ~q ~q5 p q g5
{ﬁAl + A4, -4 Bl} = maX{J—Al + Ay =2 Bl}
q q

*

p q s

and

=~p ~q 45 p q a5
T—1A2+T—1A4— Tl* Bz :maX{T—A2+T—A4— T BQ}
p q qs 720 q q

According to [0, 1] %[0, 71] is compact, there exist (o, 7,) € [0, 1] %[0, 71] such that ¥, (o, 7) =

ma’X(J,T)E[O,El]X[O,ﬁ] 77Z)u(0-7 T)‘
In the following, we prove that (o,,7,) € (0,01) x (0,71). Obviously, if 7 is small enough,
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we have
u(0,0) < I (Ju+) + 1, (Tu_) < I (0u+ + Tu_) =,(0,7), Voel0,].

Hence, there exists 7y such that ¢,(0,0) < ¥,(0,7), for all ¢ € [0,01]. That is, (0,,7,) ¢
[0,01] x {0}. Similarly, one can prove that (o,,7,) ¢ {0} x [0,7].
On the other hand, we can easily deduce that

ol

p q
oA+, —

By > O RS (0 0'1] (322)
P q qs
and §
p q qS
l&+%@—;Jh¢emm. (3.23)

Then, for all o € (0,5;] and 7 € (0,71], we get

~p ~q @
<A+ DAy o B,
P q q; p q q;
~p -~q qs
s< g, 40y, — - T B,
p q q; p q qs

Together with (3.21), we obtain ¢,(0,71) < 0, ¥,(d1,7) <0, for all o € [0,5;] and 7 € [0, 7],
which is absurd. Therefore, (o,,7,) ¢ [0,01] x {71} and (o4, 7,) ¢ {0,501} x [0,71] .

In conclusion, we get (o,,7,) € (0,01) x (0,71). Hence, o,u™ 4+ 7,u~ € M,. So, combining
(3.21), (3.22) with (3.23), we have that

1 a5
* pA2 + =Ty *
qs p q QS

1 1
ey > 1y (Juu+ + Tuu_) + ];JupAl + 50qu3 —
> Iy (Jour + Tuu’) > cy.

Therefore, we have a contradiction.
Case 2: By = 0. In this case, we can maximize in [0, ;] x [0,00). Indeed, it is possible to
show that there exists 7y € [0, 00| such that I\(cu™ 4+ 7u~) < 0 for all (o, 7) € [0,71] X [To, ).

Hence, there exists (o, 7,) € [0,51] x [0,00) that satisfies ¢, (0, Ty) = [Orp]ax[o )wu(a, 7).
o€|0,01|X (0,00

Following, we prove that (o,,7,) € (0,01) x (0,00).
Indeed, since ¥, (0,0) < ¢, (0,7) for o € [0,0] and 7 is small enough, we have (o,,7,) ¢
[0,01] x{0}. Analogously, we have (o, 7,) ¢ {0} x[0,00). On the other hand, for all 7 € [0, c0),

it is obvious that

p q s
Hence, we have that ,(c1,7) < 0 for all 7 € [0,00), Thus, (0y,7.) ¢ {01} X [0,00). In

<
1) % (0,00), namely, o,ut +7,u~ € M,. Therefore, according

summary, we have (o, 7,) € (0,
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to (3.22), we have that

.
0,0

qs

1 1 1 1
cy > 1y (auzﬁ + Tuu’) + -0, A + —0,A3 — By + -1, Ay + —71,7A4
p 4q p 4q

> 1 (Juu+ + Tuu_) > Cy,

which is a contradiction.
Therefore, from the above discussion, we deduce that B; = By = 0.
Step 3: we prove that c is achieved. Since u® # 0, by Lemma 3.1, there exist 0,7, > 0
such that
u=out +T1,u" € M,.

Furthermore, B; = By = 0 and Fatou’s Lemma implies (I}(u),u*) < 0. By Lemma 3.2, we
obtain o,,7, < 1. Since u,, € M, then according to Lemma 3.1 there holds

L(oyut + mu) < L(ub + ) = Li(uy,).

Due to 0,7, < 1, arguing as Lemma 2.2, one has [lo,u® + 7,u” |7, < ||lully,,. Then by (f),

Fatou’s Lemma and a straightforward calculation, we deduce that

r < 1) = (K@,
. L, 11 .
= G- Dl [ @i r@)| s - 2 [ e

Q=R

1 1 1 .
+ )\/ [—f(Tuu_)Tuu_ — F(Tuu_)} dx + (- — —)/ o ut|% dx
RN |4 q RN

a5
1 1 / _
+(——— Ty U
<q Q§) RNl

< G-l +A [ - r)de+ G- 2y [

p

% do

9 dr

n—oo

1
< liminf {],\ (un) — = (I3 (un) ,un>] < cy.
q

Therefore, o, = 7, = 1, and ¢, is achieved by uy := u™ +u~ € M,. This ends the proof of
Lemma 3.5. O

4 Proof of Theorem 1.1

Proof of Theorem 1.1. Since uy € My, we have (I} (uy), uy) = (I5(uy),uy) = 0. By Lemma
3.5, for (o,7) € (RT x R*)\ (1, 1), we have

L(oul + 7uy) < Li(uf +uy) = cy. (4.1)
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Now we prove u, is a solution of (1.1). Arguing by contradiction, we assume that I (u,) # 0,
then there exists 6 > 0 and £ > 0 such that

|I3(v)| > &, for all ||v—uyl <36
Define D :=[1 — 61,1+ 01] x [1 — 61,1+ 61] and a map g : D — Xy by
g(o,7) = ow" + 1w,

where 8, € (0, 1) small enough such that |g(o, 7) — w|| < 36 for all (o,7) € D. Thus, by virtue
of Lemma 3.5, we can see that

I(g(1,1)) = ¢y, I(g(o,7)) < cy for all (o,7) € D\{(1,1)}.
Therefore,

= I < Cy.
5 Jmax (g(o, 7)) < ca

By using [39, Theorem 2.3] with

Ss={ve X |jv—u <d}

and ¢ := c). Then, choosing ¢ := min{”iﬂ , %5}, we deduce that there exists a deformation
n € C([0,1] x Xy, Xy) such that:

(i
(i

) n(t,v) =vifvé I ([en — 26, cp + 2¢]);
)

(iii) In(n(1,v)) < I)(v) for all u € Xy.
(

I\(n(1,v)) < ¢y — ¢ for each v € Xy with ||[v — u|| < § and I\(v) < ¢y + ¢

By (éi) and (7ii) we conclude that

max_I,(n(1, g(o,7))) < cx. (4.2)
(o,7)ED

Therefore, to complete the proof of this Lemma, it suffices to prove that

n(1,9(D)) N My # 0. (4.3)

Indeed, if (4.3) holds true, then by the definition of ¢y and (4.2), we get a contradiction.
In the following, we will prove (4.3). To this end, for (o,7) € D, let y(o,7) := (1, g(o, 7))

and
Wo(o,7) :=({I\(g(0, 7)), uy), (I\(g(0, 7)), uy )
((I\(ouy + Tuy), uf), (I (ouf + Tuy),uy) = (pu(0,7), 9o (0, 7))

and

(o) = (S0 7), (7)), (e 7), () ) ).
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Firstly, let us denote

ua(z) — ur(y)[P~*|uy (=) — w{ (y)|?
om0 O
@) @)y (z) — ul ()] Tl
A, = /Rw o — g dxdy + N V(x)|uy |%dz,

%\a\%\%\

b= [ Pt D = O ey v [ v
P BT R
Gyom [ 10 50 ) 0510) 0D
g R2N |z — y| Nt 7
Cyom [ 100) 0500 ) 50
© Jeey |z —y|Vre ’

Do /R i Jux(z) — uA(y)Ip2(1g(ir)y|—N§S(y))(UX (@) —ux(®) a.

= [ o) =) 5 ) = 5 0D

o o

ap =M [ f(ul)|uf Pde, ag =\ [ flul)uydz,
RN RN

by = )\/ f’(u;)]u;]zda:, by == A f(uy )uy du,
RN RN

% .

1 ::/ luy
RN

* —
%, Cy = / |uy
RN

Clearly, C, = D, >0, C, = D, > 0, A,, Ay, By, B, > 0 and notice that u), € M), we can see

that
Ap+C'p—|—Aq—|—Cq:a2—|—cl, Bp+Dp+Bq+Dq:b2+CQ.

Moreover, (f;) guarantees
a] > (q — 1)@2, b1 > (q — 1)b2

Then by direct computation, we have

o, \
—(1L,1)=(p-1)A,+(@—1DA;—a1 — (¢ — 1)y <0,

oo
el ]
5 (L1)=(p—-1)B,+(q—1)B, — b1 — (¢; —1)ca < 0.
and 902 902
Pu Pu
Lu1,1) = S (1) = (- 1O, + (g~ )Gy = (— DD, + (g~ 1D,
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(4.4)

(4.5)

(4.6)

(4.7)



Let

Pu UT)| sou( T)|

M =

%(U 7) 1 %(U 7) 1

So we have

det M = [(p— 1) 4, + (g — )4, — oy — (g% — Dea] - [(p— 1)By + (g — 1)By — by — (g — ey
—[lp=1C + (¢ = 1)C][(p = 1)Dp + (¢ — 1) Dy
>[(g—Daz + (¢z = Der — (p = 1Ay — (¢ — 1) A -
(g =1)ba+ (g5 —1)ea— (p—1)B, — (¢ — 1) B
—[lp=1)C+ (¢ = 1)C] [(p = 1) Dy + (¢ — 1) D]
=[lg=p) A+ (=G + (¢ = 1)C(g5 — @)en]-
[(¢—p)By+ (= 1) Dy + (¢ — 1) Dg + (45 — q)c2]
—lp=1)Cp+ (¢ = DC][(p = 1)Dp + (g — 1) D]
> 0.
(4.8)
Since ¥y(a, B) is a C! function and (1,1) is the unique isolated zero point of ¥y, by using the

degree theory, we deduce that deg(¥o, D,0) = 1. Furthermore, combining (4.2) and (a), we

obtain
g(o,7) =(o,7) on OD.

Consequently, we deduce that deg(W,, D,0) = 1. Therefore, Wy (cg, 79) = 0 for some (og, 79) € D
so that
(1, g(o0, 70)) = (00, 70) € My,

which is contradicted to (4.2). From the above discussions, we deduce that u, is a sign-changing
solution for the problem (1.1).

Next, we prove that the energy of w, is strictly larger than two times the ground state
energy.

Similar to proof of Lemma 3.1, there exists A} > 0 such that for all A > A} > 0, there exists
v € N, such that I(v) = ¢* > 0. By standard arguments, the critical points of the functional
I on N, are critical points of I, in Xy, we obtain (I{(v),v) = 0, that is, v is a ground state
solution of (1.1).

According to Theorem 1.1, we know that the problem (1.1) has a least energy sign-changing
solution up when A > A*. Denote A := max{\*, \j}. As Proof of Lemma 3.5, there exist oy >0
and Tuy > 0 such that

(Tu+ui_ € N)\, Tufu)_\ € N,.

Furthermore, Lemma 3.2 implies that o i Tus €(0,1).
Therefore, in view of Lemma 3.1, we have that

2¢ < Ii(opuy) + IN7,0uy) < Dn(ogruy +7,0uy) < Ly +uy) =
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The proof is complete. O
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