Qin and Huang

RESEARCH

A cubic B-spline finite element method for a class
of fourth order nonlinear differential equation
with variable coefficient

Dandan Qin! and Wenzhu Huang®*

* Correspondence:
qdandan66@163.com Abstract

hwenzhu®@gmc.edu.cn . . . .
25 chool of Biology and In this paper, the cubic B-spline element method is proposed for a class of fourth

Engineering, Guizhou Medical order nonlinear parabolic problem with variable coefficient. We prove the
University, 550025 Guiyang, P.R. boundness of the approximate solutions of the semi-discrete and fully discrete
,S:lllnﬁst of author information is finite element schemes. The boundness is the basis of error analysis of nonlinear
available at the end of the article parabolic problem, especially in the case of fourth order term with variable
coefficient. The error estimates are discussed by constructing the energy
functional in L2 norm and H? norm. Numerical results confirm our results of

theoretical analysis.

Keywords: cubic B-spline finite element method; nonlinear parabolic equation;
variable coefficient; boundness; error estimate

1 Introduction

Higher order nonlinear parabolic equations play an important role in natural science.
As a typical nonlinear differential equation, the extended Fisher-Kolmogorov (EFK)
equation can describe many phenomena which include traveling waves in reaction-
diffusion systems [1, 2], propagation of domain walls in liquid crystals [3], and brain
tumors dynamics [4]. The EFK equation is assumed in the following form:

up +yA*u — Au+u® —u=0, (x,t)€Qx(0,T], (1)

where 7y is a positive constant, and € is a bounded domain with boundary 9. In
concrete applications, researchers use the EFK equation with the initial-boundary
conditions. If v = 0, (1) turns into the standard Fisher-Kolmogorov equation [5, 6].
The fourth order derivative term was added to the Fisher-Kolmogorov equation by
Dee and van Saarloos [6], Coullet et all [7], and van Saarloos [8].

The finite element method (FEM) is effective in solving partial differential equa-
tions [9-11]. Some papers, which have already been published, study the Cahn-
Hilliard equations using various different forms of FEM [14-18]. In [14, 15], Qin
et al. considered two different fourth order nonlinear parabolic problems with vari-
able coefficient employing B-spline FEM respectively, and the boundness and the
error estimates of the approximate solutions were proved. The nonlinear term and
the fully discrete scheme in [14] were different from that of [15]. Bao et al. con-
ducted numerical experiments to study the effect of a precursor fluid layer on the
motion of two phase system in a channel [16]. The researches involved the solution
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of Cahn-Hillard equation with semi-implicit and mixed finite element discretization
with a convex splitting scheme. Feng considered some fully discrete finite element
methods for a parabolic system consisting of the Navier-Stokes equation and the
Cahn-Hilliard equation in [17]. Qiao et al. proposed a mixed finite element method
with Crank-Nicolson time-stepping for simulating the molecular beam epitaxy mod-
el and discussed the error analysis [18].

We also want to talk about the development and application of B-splines. In 1946,
Schoenberg considered polynomial approximations and first introduced the B-spline
method [19]. In [19, 20], the theoretical basis of univariate B-spline functions were
studied. In 1976, C. de Boor defined the multivariate B-spline functions [21]. B-
splines were widely used in scientific computing and engineering applications [22—
25]. For instance, B-splines were often used as the basis functions of FEM [26-31].
Significantly, compared with Lagrange and Hermite type elements, the number of
B-spline basis functions is halved for the same boundary value problem. Then the
scale of matrix from B-spline FEM is smaller than that from Lagrange and Hermite
elements. Moreover, B-spline shape functions are smoother. For example, cubic
B-splines are in C?(—o0,+00). However, the B-spline basis functions need to be
modified to deal with boundary conditions [14, 15].

In this paper, we apply the cubic B-spline FEM to solve a class of fourth order
nonlinear parabolic equation with variable coefficient. In section 2 of this paper,
we introduce the model and some basic preliminaries. In section 3, we show the
boundness and error estimates for the semi-discrete scheme. In section 4, a fully
discrete scheme based on the backward Euler method is studied. In section 5, a
numerical experiment is provided to confirm theoretical results.

In this work, we denote L2, L*, L>, H* norms in I by || - ||, || - |2+ s | - |co, and

|| - ||%, respectively.

2 Some preliminaries

We consider the following fourth order nonlinear parabolic problem:

ur + (a2, Uy ) pe — Uz + w—u=0, (z,t) € I x (0,77,
u(z,t) = ug(x,t) =0, xe€dl, te(0,T], (2)
u(z,0) =up(z), =z€l,

where I = [0,1] and u; = %. We propose the following three assumptions:

a(z,t), %—(;(x,t) e C(I x [0,T)),

O0<s<a(zt)<S<+4+o00, Vzxel, te|0,T], (3)
da 0«

<|—| <M <|—| < M. I, t T]. 4

O_’at’_ 1, 0<Z 92 | = 2, Vxel, G[O, ] ()

There are four boundary conditions for the equation (2), e.g. two boundary con-

ditions at = = 0,1. Notice that the essential boundary conditions are u(0,t) =
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u(1,t) = uz(0,¢) = uy(1,t) = 0in (2). Then we define the function space as follows:
H3(I) = {w;w € H*(I),w(0,t) = w(1,t) = w,(0,t) = w,(1,t) = 0}.

The variational problem related to (2) is: Find u = u(-,t) € HZ(I)(0 < t < T)
such that

()

{ (ug,v) + (a(z,t)D*u, D*v) + (Du, Dv) + (u® —u,v) =0, Vv € HZ(I),
u(x,0) = up(x), z€l,

where Du = g—g. We give the existence of the solution of problem (2) in the following
theorem [9)].

Theorem 2.1  Suppose that ug € HZ(I), then there exists a unique global solution
u(zx,t) for problem (2), such that

ue L=([0,T]; Hy (1)) N L*([0, T} HY(I)), e € L*([0,T]; L*(1)).

Throughout this paper, the letters C and C’ denote generic constants independent
of the division size not necessarily the same at different occurrences.

3 Semi-discrete approximation

The interval [ is partitioned into M equal finite elements by I}, : 0 = 29 < 1 <
-+« < xpr = 1 such that h = x; — w1, I; = [zi—1, 2;]. Assume that I} is shape-
regular, that is, there exists a positive constant p such that

ph <h;<h, 1<i<M.

By the affine transformation, the cubic B-spline functions with knots x; are de-

scribed as
o @ €[5 254l
A I, e
¢j(z) = %(f” _h””j)3 - 4(%)2 - 10(%) - 23—2 x € [Tj42,%j43];
_%(x hx] — 4)3, T € [Ty, Tjtal,
0, otherwise.

Let the set of {¢_3,¢p_2,0_1,00, -, drn—3, Prr—2, dar—1} be the basis functions
of FEM. In order to deal with the boundary conditions, we modify the boundary
B-spline basis functions according to [14, 15]. The approximate solution can be
written as follows:
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where 0;(t) are time dependent parameters.
The semi-discrete finite element scheme based on B-splines for problem (2) is:
Find up, = up(-,t) € Up(0 <t < T, such that

(6)

{ (up.t,vn) + (a(z, t)D?up, D*vy) + (Dup, Dop) + (uf — up,vp) = 0, vy € Up,
(un(0) — ug,vy) =0, vy, € Up.

To analyze the boundness and convergence of the B-spline FEM, we need to
introduce the elliptic projection Ry : 4 — Rpu € U, which is defined by [9]

a(u — Ryu,vp) = (a(x,t)D*(u — Ryu), D*vy) =0, Yoy, € Uy, (7
Lemma 3.1 1t then follows (7) that
a(u,u) > Collull3, Vu € Hi(I), (8)

where Cy is a positive constant depending only on a(x,t). Hence, a(u,v) is a sym-
metrical positive determined bilinear form, and

lu = Ryull + hllw — Rpully + h?[lu = Ryulls < Ch¥||ulla. 9)

First, we discuss the existence of the approximate solution of the semi-discrete
scheme.

Theorem 3.1 Let u,(0) € H2(I), then there exists a unique approzimation solu-
tion up(t) € Uy, for problem (6), such that

[un(®)ll2 < Cllun(0)ll2, 0<t<T, (10)

and
t
/0 | D%un|2dt < Cllun(0)]2 (11)

where C is a positive constant depending on a(x,t), p and T, independent of mesh
size h.

Proof According to ordinary differential equation theory, there exists a unique
local solution to problem (6) in the interval [0,¢,). If we have (10), then according
to the extension theorem, we can also obtain the existence of unique global solution.
So, we only need to prove (10).

Setting vy, = uy, in (6), we get

1d

5 g llunll” + sID%unl® + [Dunll? + lunle < [lua]*. (12)

We derive that

d, _
(e ) <0 (13)
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Integrating (13) with respect to ¢, we have
lun ()11 < e [lun(0)* < e [lun(0)* < Cllun(0)?, 0<t<T.
By (12) and (14), it is easy to see that
¢
[ 102wt < Clun )
0

Letting v, = up in (6), we get

[untl|* + (2, t) D*up, D*up ) + (Dup, Dup ) + (uf — wp,up,e) = 0.

We introduce the following energy function
1 2 2 1 2 1 242
E(w)zﬁ(a(m,t)D w, D w)—|—§HDwH —|—Z((1—w )%, 1).

Then we have

d 1,0a
||7.Lh,tH2 + %E(uh) — §(ED2'LL}L, D2Uh) =0.
By (4), we obtain
d My, 5 1o
—F < —||D .
S B(w) < D%

Integrating (17) with respect to ¢, we have
E My "o o 2
(un) = E(un(0)) < == [ [[Dun["dt < Cllun(0)]".
0
According to (3), (16) and (18), we have

1
sID%unll + [ Dunl* + 5 unlzs = lun]?

1
<S||D?un(0)|| + [ Dun(0)]1* + 5||Uh(0)||‘i4 + Cllun(0)[1* = llun(0)].
Then

1
s D%unll + [ Dunll* + 5 llun]74

1
<S[|D?un (0)[| + | Dun (0)]* + 5||Uh(0)||i4 + Cllun(0)]*.
We have

ID?un |l < C||[D*up (0)]]-

(14)

(17)
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We know that
2 2 Lo 2 1 2
1Dunll” = =(Dun, un) < SIID%unl” + 5 llunl”.

Thus we obtain the boundness of the approximate solution in H? norm. So, (10)
and (11) hold.

Now, we give the error estimates between the exact solution and the approximate
solution of the FEM in L? norm and H? semi-norm .

Theorem 3.2 Let u be the solution of (5), up, be the solution of (6), u(0) € H*(I),
u,ug € L2(0,T; HX(I)), and the initial value satisfies

14(0) = ur(0)]| < Ch*[[u(0)]]a. (20)

As 0 <t <T, we have the following error estimate

- sch4(||u<o>||3+ / <||u<r>||i+||ut<f>||i>d7) . (21)

Proof To describe the error estimate for the semi-discrete B-spline FEM, denote
Q(t) = Rpu — up, ﬂ(t) = u — Rpu, then

u—up =u— Ryu+ Rpu —up, = 0(t) + p(t).
Therefore

[ —un| < 0@ + lp@)]]-
By (5)-(7), we know

(0; + pi,vn) + (a(z,t)D?0, D*vy) + (DO + Dp, Duy,)
+ (u® = uj, o) = (0 + p,on) = 0.

Setting vy, = 0 in (22), we have

(0;,0) + (o, t) D30, D*6) + (D6, DO)
= — (p1.0) + (p. D*0) — (u® —u},0) + (6 + p.6).

Using (3) and the Cauchy’s inequality, we can deduce that
1d
=—[10]* + s[|D?0]1* + || DO
LS 6l + s1D26)? + [ D6
1

1 1 S 1 5
<ol + (o + DIl + 51D + S l® — w1 + 2 6]

Based on the Sobolev’s space embedding theorem, notice that

P —upll < Ju® + wun + uj ool lu — |

[Ju
<(Jul% + [uloclunloo + [tk ]oo )t — | (23)

<Cllu = unll < O + llol)-
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Hence
d
@\9”2 +sD%0)1* < llpell> + Cllpll* + 1161%)- (24)

By the Gronwall’s inequality, we obtain

16]1> < C[llo(0)]? +/ (loel® + [lplI*)dr]. (25)
0
We know
1000)[| = [[w(0) — un(0) + Rpu(0) — u(0)[| < [[u(0) —un(0)[[ + [[p(0)[|.  (26)

Hence, when 0 < ¢t < T, it follows from (20) and (25)-(26) that (21) is obtained.
This completes the proof of the theorem.

Theorem 3.3  Let u be the solution of (5), up be the solution of (6), u(0) € H*(I),
u,us € L2(0,T; H*(I)), and the initial value satisfies

[u(0) — un(0)]2 < CA?[[u(0)]4. (27)

Then, we have the following error estimate

t 3
u(t) = un(t)|2 < Ch? | [[u(0)]|4 + (/0 (llu(r)|I3 +hQIUt(T)|Ii)dT> ] - (28)
Proof Letting v, = 6; in (22), we have
1641 + (a(x,t) D36, D?6,) + (D6, Db,
=~ (p1,0:) + (Dp, DO;) — (u® — uj,, 0;) + (u — up, 6),
where
2 20.,) — li 2 29\ _ 1 870‘ 2 2
(a(z,t)D*0, D*0;) = 2dt(a(x,t)D 0, D“0) 2( 5‘tD 0, D“0).
It is easy to see
16:]1* + 1i(a(a: t)D?0, D*0)
t 2 dt ) )
1, 0a
=§(§D29, D?§) + (D%6,0:) — (pr,0:) — (D*p,0;) — (u® — iy, 0r) + (u — up, 6y).

Based on (23) and the e-inequality, we have

sd
1611 + 5@”1729“2

M 5
<@+ D00 + 4lllpe” + I1D?0l1* + [l — i |* + [lw = wn]]*) + 5 16:]°

M 1
<@+ DN + 4lllpell” + [1D%p1%) + CCUOI + Nlpl*) + 5116117
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Hence, we get
d
1611 + sallsz)Hz < C(ID* 01> + 11612 + loell® + llol® + 1 D*pl*). — (29)

Integrating (29) respect with to ¢, we have

t
1D < 0<|D29<o>||2 + [0l + our? + ||p||§>dr). (30)
By the triangle inequality, it is obvious that
1D?6(0)]| < [ D*u(0) — D*un(0)] + D> Ruu(0) — Du(0)]. (31)

For the reasons given above (27) and (30)-(31), we obtain (28). The error estimate
in H? semi-norm is proven.

4 Fully discrete finite element scheme
In this section, we construct the fully discrete finite element scheme using the Crank-
Nicolson type and discuss the convergence of the fully discrete scheme.

First, we define the double well potential function

n 1 n
H(up) = (1~ up[*)?, (32)
where H' (up,) = |up|[*un, — up.
The Crank-Nicolson scheme for problem (2) is: Find uj € Up(n = 1,2,--- ,N)

such that

(Orup,vp) + (a"*%D%LZ_i,D?vh) + (Duy, 2, Duy,)

Hu?) — Hu? !
+ < (Uh) n(jllh )avh> = Oa V’Uh € Uh7 (33>
Up = Uy,

(u(0) —u),vp) =0, Vup, € Uy,

where N is a given positive integer, At = T'/N denotes the time step size, t, = nAt
and

duupy = (upy —up ')/ AL,
n—1 _
w, * = (up +up /2,
"7 = (" t71)/2.
In the following theorem, the boundness of the fully discrete scheme (33) is going

to be deduced. The boundness is a key step for the error analysis in the field of the
nonlinear parabolic equation.

Theorem 4.1 Let u) € HZ(I)\WHA(I), then there exists a unique solution u}!
for problem (33) such that

fuplla < Clluplls, 0<t<T, (34)
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where C' is a positive constant depending on a(z,t) and T, independent of h and
At.

Proof A direct calculation gives

H(up) — H(uy™")

uy — uy (35)

1 n n— n n— 1 n n—
:Z(uh +up Y (Jup? + fup ) - 5(“11 +uph).

Choosing vy, = uf +uy~" in (33), we obtain

1 " n_ s n e 1 n _
g (el = =M% + S D%uf; + D*up ™Y + 5[ Duj; + Duj™ |2

1 1,2 2 12 1 192 (36)
(T NP + P < 3+
It is obvious to derive
1 n|2 n—12 1 n n—12 n|2 n—1(2
Al = luh 1% < Sllug +up™ 17 < g 1+ lag, ™11 (37)
Further, we get
L+ At, . 1+ At\"
ny2 n—1)2 0112
luil? < TRl < < (155 ) e (39)
It is easy to show
1+ A" oAt \ T PR
=(1 .
(1—At> ( * 1—At)
If At is small enough, we know
Jup|* < Clluj || (39)
Letting v, = Oyujy in (33), we have
n ’ﬂ*l n n—
||3tuh||2+27m(a(l’vt ) (ID*up|? = [D*up '), 1) )
40
1 1
— i(DzuZ + Dzuz_l,ﬁtu;l‘) + E(H(uﬁ) — H(uz_l), 1) =0.

With the e-inequality, we conclude

1
2At

1 1
<O | + 1Dy + D~ | <

n—i n n— 1 n n—
(" 2) (| D*up | = | D™ %), 1) + = (H (ug) = H(w ™), 1)

10cun]|* + | D2 uj||* + | Dy~ 2.

10w |1* +

ool —
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And then, we obtian

1
(50, " )| D*uj > + H(Dup), 1)
; (41)

<(gole, " 5D P 4+ H(Du™), 1) + At(| D> | + | D).

We need to define the following function

1 ]. 1
Gl ") = (ot DD + H(Du). 1) (42)

Obviously, G(uz,t”*%) > 0. By (41) and (42), we have

G(up t"~%) = Glup ' 1" %)

<S (@, 177 2) = ala, t72)) [ D>~ 2, 1) + At(| D*up | + | D?up ).

N |

By the Lagrange Intermediate Value Theorem and (4), we obtain

Glup,t"7%) — G(up~',1"73)
At 304
<7
- 8t
MlAt

]nD? 2 4 AP + D% )

ID?ul = |1 + At(| D |* + [ Dy =),

where "% < &< . Therefore, we have

[

Gl t"7%) = Glup ™" 477 2) < At D*uf + (1+ )AL D*uy |

Taking the sum over n, it is easy to obtain

Glup, "= %) — G(ui,t%

i , 43
<ArY DR+ 1+ A S P P < oary ppra e Y
Jj=2 j=2 j=1
Hence, it is obvious to get
Glu t7~4) = SRR + (H(Dup), 1) = 5 [1D%p (4)

Using (43) and (44), we know

. L 20AL & S
nogn—3\ _ 1 45 < J o4i—3 )
G(uiwt ) G(Umt ) = S ZG(umt )
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Based on (41)-(42) and u) € HZ(I)W14(I), we have
1
G(up,t?) = (za(x,té)m?uw + H(Duy,), 1)
1
< (jot DR + HDW).1) < Cf),
where C(uf) is a constant depending on uj. Then

Gup, ¥) < o) + 2CA Z Glu . (45)

With the discrete Gronwall’s inequality, we deduce
Gup,t""2)<C, C=CW),s M,T). (46)
From (46), we have
|D2u | < €Dl (47)
In addition, the following formula is known

1Dup 1 < 5 (lup|* + 1D %)

N =

Combined (39) and (47), we have (34). The proof is completed. O
Next, we analyze the convergence in L? norm.
Theorem 4.2 Let u™ be the solution to problem (5), ujl be the solution to the
fully discrete scheme (33), u(0) € H*(I), u; € L*(0,T; H*(I)) N L?(0, T; W24(I)),
ugr € L2(0,T; L3(I)) and u) € Uy, satisfying
[u(0) = uj || < Ch*|[u(0)[la- (48)
Then, we have the following error estimate:

lu™ = upp]| < C((A1)? + h?), (49)

where C is a positive constant depending on «(x,t) and T, independent of mesh
size h.

Proof Denote u} = uy(x,t") and u" = u(x,t"). Setting t = t"~1 and t = t" in (5),
respectively, we obtain

(u? +2u?_1 ,Uh> N <a(a:, t")D?u" + Z(:c, tn=1) D2y 1 7D20h)

(50)
Du™ D n—1 n\3 n—1\3 n n—1
( u"™ + Du ,Dvh) <(u )° + (u ; u" —u ,’Uh> 0.

2
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Denote
®(D>u", D>, Dl ?)
n n n— n— 51
:a(x,t YD?u™ + afx, t" ") D%yt —a(m,t"_%)DQuz_%, (51)
2
and
F(u™,u" "t uz_l)
@4 @ -t H(up) — B (52)
- 2 up Tt
It follows from (50)-(52) and (33) that
n n—1 1
<ut +2ut — 8tuﬁ7vh) + (<I>(D2u",D2u”_1,D2u2_§),D2vh)
Du" + Du"' — Du?* — Du™? (53)
< 9 h h 7Dvh> +(F(unvunilau27u271)avh> =0.

Rpu™ —ujy, then u™ —up = p™ +6". It is clear to get

Let p" = u™ — Rpu™ and 0™ =

n n—1 n n—1
L e S N R X
n 2 n—1 2 (54)
:% — O™ + 8t(un — Rpu™ + Rpu™ — UZ) = 0,0™ — ™,
where
t; ti_
r" = 0, Rpu" — Oy + Opu™ — u(t;) +2ut( J 1).

An easy calculation gives

n—1
(P(DQUTL,DQU”_I,DQUI_L 2)
1
== (o, ") — a(a, "7 2)) D*u™ + (a(z, ") — aa, "7 7)) D>
+ a(z, t"}) (D2 + D2t — D2l — D2 Y))

L (@, ) = alz, " 3) D2 + (a(z, ") — alz, 7)) D2un L

2
—l—a(x,t”_%)(DQ@" + D2gn—1 +D2pn +D2pn—1))'

Using the Taylor’s theorem, we have

ny no1 At O« n—1 (At)Q 82a n—1 At
oz, t") = afz,t )JF?E(JSJ )+ 3 ﬁ(%t +§17),
and
_ 1 At Oa 1 (At)Q 02 1 At
n—1y __ n = n it n—z =
a(z, t" ") = oz, t"2) 5 3t( ATE) 4+ S 82t(x’t +§22),
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where 0 < & < 1, —1 < & < 0. With (4), we get

®(D>u", D>, Dl ?)
At 0
=5 5 @t (DM - D) + 0((A1?) (55)

1
+ 50&( tn—f)(D20n _|_D29n 1 D2pn _~_D2pn—1).
From (7), we have

(3t9”,vh) + %(a(x,t"if)(DQH" + D%~ 1) 2vh)
+5 (Zi‘( 2 ) (D2 DQu"‘l),DQUh)+(O((At)2),D2vh) (56)

:5(9" +p" 4+ 0" o Do) 4 (7" o) — (F(uu" T up up b, up).
Setting v, = 6™ + 0"~ ! in (56), then we get

1 S
—(lle™ 2 en—l 2 2 D29n DQen—l 2
(10" = 107 11%) + 211 D%0" + ||
1
§§||D29"+D29"_1H2+%H@"—I—p"—i—@n_l—l-p"_lﬂz
1
+||T"||2+1||9"+9"’1H2+HF(U",u"’HUZ,uZ‘l)II2
MlAt

1
_’_Z‘|9n+9n—1”2 HD2 n D2un—1HHD29n+D29n—1”

S n n— n n n— T —
§§||D29 + D2+ g(He I+ 1lp H2 + 02+ [l
Sl e P (TR VT R T [ ||9" + 2
(M A2
2s
S n — _ 2 _
<1020+ D20" 12 + (1 + ;)(|\9”H2 1012 + o™ 17 + 1l 1)
(M, At)?
2s

+ §HD297L + D29n—1H2 ||D2 n DQun—1||2

T T TR R T | D20 — D22

Based on the Newton-Leibniz formula and the Holder’s inequality, we have

tn tn 3
/ D2ut(t)dt' < Atz (/ D2ut(t)|2dt)
tn—1 t

n—1

D2un o D2un71’ _

Thus

1

a7 (1617 = 1" =1%) + fHD29” + D22

At

<(1+ )(||9"||2+||9" 2+ (Hp"||2+|\p"_1||2) (57)

M2 At 3 tn
P+ F g+ R [ oo
t

n—1
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A direct calculation gives
G = g )|
5@+ @ = e+
30 a4 ) — (R (R P )

1 1
—§(U"+u"71)+2(uh +up” Hil-

Since (34) and the Sobolev’s embedding theorem, HZ(I) — H>°(I), we know
|Du|, < Cllutll, < G |Duil, < Ollui]l, < €. (58)

Using the Holder’s inequality, we obtain

[ moa] scwor ([ mora)’. o

From (58) and (59), we have

|un o un71| _

H1““”>3 @) = a4 )

2
1 n\3 n|2, n—1 n|,n—12 n—1\3
=1 = P = T ()
1
=l @™+ — w7 (60)

1
<5 (0 oo + " oo [ (™ — w7

t’!l
gCAt/ (e (2)]|2dt.

tn—1

Due to (58), we get

(™ + ™) (2 o+ a2 = (™) (g + a2
=[u +u T (™ + ) = (g g (P )

+ (uy ™) (u P+ w2 = () (g o+ g ™)
<(fu" 3 + [T R +u ) = (up 4wy

+ ([ufloo + g™ oo 1 (u™ + i) (™ = upp) + (" +up ™) ("™ —up ™| (61)
<(Ju" 3 + [ )6 + 0" M+ o™ + o)

+ ([uploo + Jup ™ oo) (Ju" oo + [uf oo + [u™ ™ oo + [uh o)

(0" + 0"+l + oD

<C(™ + 0" + [lp" + o D

By the triangle inequality, we obtain

I(u" + a7 = (uh +up ™)
=07+ p" + 0"+ p T <"+ 0"+ [lp™ + "
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In view of (60)-(62) and (9), we have
G = g )|

tn
gc(wn L0 e [ ||ut<t>|2dt>

tn—1

tn
§C<|0" +0" 7|+ nt + At/ ||ut(t)||2dt).

tn—

Based on the e-inequality and the Holder’s inequality, we obtain
1B (u™ u™ gy, =)

SC(|9” + 012+ BB+ (A3 /t" ||ut(t)|4dt>. (63)

tn—1
Let ™ =77 + r3, where

. 1 [
v — O Ruulty) — drult) — E/ (R — Dugdt,
tj—1
: t; ti_
= dyury) - "l E llin)

It is clear to see that

. 1 tj N tj B

Il < gpont [ udaae < oot ([ uizar)
tj-1 tj-1

Using the Taylor’s formula, we derive

. tj 3 t; 3
bl < cae [ ||uttt||dtsomt>z( / ||uttt||2dt) .

tj71 tj71

We easily get

Z 17712 < (A~ (An)* + hs)/o n(HutHi + [luere]?)dt. (64)

j=1
Adding (57), (63) and (64), we have
n e sAt n .
(o™ 112 = 1167 111%) + 2351 D20" + D262
§C<At(||9n+9n12+h8)

tn
+ (A" + hg)/ (el + luell® + [1D%ue|* + Utttllz)dt)-

to_

We know

o + 6" < 201612 + lom ).
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Then
At
(10712 — 17" + S D2 + D22
<c(ado|? + o2 + ) (65)

tn
+((At)4+h8)/ (||ut||z21+|ut|4+||D2Ut”2+”uttt”2)dt>'

tn—

Taking the sum over n, by nAt = t, < T, we have
At n ) )
om112 — 119012 s D20 + D2pi—1)2
167117 = 19711 + = ;:1 | + I

sc(AtZuW o)+ T

i=1

tn
+ (A" + hs)/o (luel3 + luel® + [1D%ue | + ||um||2)dt>.

Hence
n—1 )
(1—CAH|6"]* < (1 4+ CAL)|60°)1* + C’(At S 1617 + (An* + h8>.
i=1
If At is small enough, we have

n—1

1+ CAt

C )
n (|2 0112 i]12 4 8
e e COM YU ]

With the discrete Gronwall’s inequality, it gives

1™ < C((At)* +hY).
Using (9) and (48), we get

16°] < 1]u(0) = un(0)]| + [[u(0) — Ruu(0)]| < Ch*||u(0)]4.
Finally, we obtain (49). The proof is completed. O

In the following theorem, we introduce the error estimate in H? norm.

Theorem 4.3 Let u™ be the solution to (5), uj be the solution to the fully
discrete problem (33), w(0) € H*(I), uy € L?(0,T; H*(I)) N L%(0,T; W24(I)),
uir € L2(0,T; L*(1)), and u) € Uy, satisfying

[(0) — w2 < C2[u(0) - (66)
Then, we have the following error estimate:

|u — ultly < C(At + h?). (67)
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Proof Taking vy, = 0,0™ in (56), we obtain

om(12 + n—1 D29™ 1 D2en—1). D2pn _ p2pn—1
06" > + 55 (@3 (D" + ) )
4= 1 (83?(36 tn——)(DQ n_ p2yn—ly, p2gn —D29n_1>

— n— 1 n
< LD 4+ " 40 ) P) + 00
1 — n — 1 n
I 2 G P + 100
3
<|ID20" | + D)2 + D20 + D2 2 + 000" 2
e R o R R e

With the Newton-Leibniz formula and the Holder’s inequality, we get

tn tn
/ |D2ut|2dt‘ < At/ | D?u|dt.
tn—1 tn—1

Based on the Cauchy’s inequality, we have

|D2un _ D2un—1|2 <

(a""2D%0", D*0") — ("2 D", D" 1)

S2AL(| D*07 (1> + |D?p" |1 + [ D26" 1P + D" P + || F(u™, u gy ap )
+ 2At|r"||? 4+ My At||D*u™ — D*u™ ||| D?0™ — D201

S2AL(| D*7 (1P + [|D?p" |1 + [ D261 + D" P + (| F(u™, u g up )

M}PAt
+ 208" + = —

A
||D2 n D2un—1||2 + J(‘|D29n+D29n—1H2)

2
<2AL(||D*0"|1* + ||D2p"||2 + D202+ D2 P + | F (" u T g up )
M3 (At)?

+ 2A¢t)r"|? + 5

tn
/ |D?uq||*dt + At(||D?0"||* + | D26 1]?).
tn—1
(68)
There exists £ € ("~ 2,¢"2) such that

("% (D%0™ + D20" 1), D20" — D" 1)

=(a""2 D", D*0") — (a"~ D", D" 1)
—((a""% —a""%)D%" 1, DY)

Oa

:(an—%DZGn,DZQn) _ (an—%DZHn—17D29n—1) _ At(at(

x, £)D29n—1, D29n—1> .
Thus it is to get

( n—fD20n D20n) _ (an—%D29n—17D20n—1)
<2A(|[D*0"* + |1D?p"||* + | D26 + | D?p" )

+ 208 ([ + 1F (" w1 (69)
M2 At 2 tn
+ %/ | D?ug||2dt + At(|D26™||* + (1 + My)||D?6™1||%).
tn—1
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Taking the sum over n, the following formula is deduced

(a2 D20", D*0"™) — (a2 D?0", D?6")

<CALY (D207 + || D?p7||* + | D671 + | D2~ 1||?)

j=2
- 112 jGi—1 g =12 (70)
+OAEY (I + (| F (! o w7
j=2
+ C(At)Q/ ID?ug|*dt + CAL Y (| D67 + [ D67~ ]?).
0 =
Using (3), we know
(a"~2D", D*0™) > 5| D" |, —(azD?9', D?0") > —S| D*0"|?,
Further, one has
s||D?0"||* — S||D*0"||?
<OALY (DR + D22+ 12 + P~ )
j=1
o
+ C’(At)z/ | D2y || dt.
0
Substituting (63) and (64) into (71), we know
s||D*0™|* — S|ID*0"|*
n
<OAtY (ID*6| +1D?p7||* + ||67]1%) (72)
j=1
tn
+CO((A1)? + h8)/0 (luelld + lueee|* + lue (O + 1D (8)]*)d.
Letting n = 1 in (68), and using (63) and (64), one could have
ID?0"|| < C|ID?6°|| + O(At). (73)

By (72) and (73), we get

n—1
126" < C(ID*6°* + (At) + h* + At Y (I|D?67|* + [|67)]%).
j=1
With the help of (49), we prove
n—1

ID26™* < C(|D?0°|* + (At)* + h* + At > [|ID*07|?).

Jj=1
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If the time step is sufficiently small, the discrete Gronwall’s inequality yields
| D20"|| < C(At + h?).
The proof is completed. O

Numerical approximation
In this section, to test the efficiency of the cubic B-spline finite element scheme, we
consider the following problem:

wp + (@, U )z — Uz +u> —u = f(z,t), (x,t) € (0,1) x (0,1],
u(z,t) = ug(x,t) =0, x=0,1, ¢t€(0,1], (74)
’U,(:ZJ, O) = UO('I)7 (S [Oa 1]7

where ug(z) = 0 and a(x,t) = 1 + zt. The exact solution of the problem (74) is
chosen as u(x,t) = t2(1 — cos2mx). Then the concrete functional form of f(z,t) is

f(x,t) =(2t — t*)(1 — cos2rx) + t5(1 — cos2mx)?
— 472 (1 — 472 (1 + wt))cos2mx — 167313 sin27 .
As shown Figure 1 and Figure 2, the numerical solution is in well accordance with
the exact solution and the numerical scheme is valid and efficient.

Tables 1-2 display the corresponding errors and convergence rates of the cubic
B-spline FEM.

Figures

!
i \‘\“

o
s

“:"‘l )

Figure 1 The exact solution to problem (74).

Tables

In Table 1, the time step is taken as At = ﬁ to get the spatial convergence order.

The data demonstrate that the error decreases with the decrease of the space step.
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Figure 2 The approximate solution to problem (74).

The convergent rate of the numerical solution is the fourth order in L? norm and

is the second order convergent in H? semi-norm.

Table 1 The errors for different space step h at t = 1 and convergence orders.

(At, h) Tu — upl rate Tu —up1 rate lu —upl2 rate
1/8000,1/10) 2.0139e~% 7.0746e3 4.3020e~ T
1/8000,1/20) 1.1537e¢~%  4.1256 8.1497¢~% 3.1178 1.0389¢~!  2.0500

1/8000,1/40) 7.0611e~7  4.0302 9.9733¢~° 3.0306 2.5745¢~2  2.0127
1/8000,1/80

5

4.5077e~8  3.9694 1.2400e~° 3.0077 6.4221e~3  2.0032

AAAA
= ===

In Table 2, the space step is fixed to h = ﬁ, we analyze the corresponding
error estimates and convergence orders in time direction. The data tell us that the

convergent orders both are the second order in L? and H? norms.

Table 2 The errors for different time step At at ¢t = 1 and convergence orders.

(At, h) lu — up]| rate Tu —upll rate lu —upll2 rate
(1/20,1/1000)  7.1681e—% 2.5193¢73 1.6053¢ =2
(1/40,1/1000)  1.9373e~* 1.8875 6.8532¢~*% 1.8781 4.3412e73  1.8867
(1/80,1/1000)  4.7734e~5 2.0210 1.7138¢e~* 1.9996 1.0794e~3  2.0079
(1/160,1/1000)  1.1336e=> 2.0741 4.1135e~® 2.0588 2.6176=%  2.0438

The numerical example shows that the cubic B-spline FEM is an efficient approx-

imate calculation tool for solving the fourth order nonlinear parabolic equation.

Conclusion

In this work, we have presented the cubic B-spline FEM for solving a mathematical
model consisting of a fourth order nonlinear parabolic equation and initial-boundary
value conditions. The variable coefficient of the fourth order main term is function
of time and space variables, which increases the difficulty of theoretical analysis and
numerical experiment. To solve this problem, we introduce the elliptic projection
operator and the energy function. The boundness of the semi-discrete and fully
discrete schemes are proved. Thus the error estimates in L? norm and H? norm are
deduced by means of the boundness, Sobolev’s embedding theorem, and so on. The

results of theoretical analysis are verified by numerical experiment.
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Based on the following considerations, we adopt the B-spline FEM. For one thing,
B-splines have better smoothness than the Lagrange and Hermite type elements.
For another, B-spline finite element only has one type of basis functions, so the
scale of matrix from B-spline FEM is lower.

In summary, the B-spline FEM is a powerful numerical method for solving higher

order nonlinear parabolic equations. It is worthy of further study.
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