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ABSTRACT. This paper introduces coupled fixed points of maps in MIFSMS.
The notion of compatible maps and weakly compatible maps is also defined.
Common coupled fixed point theorem for weakly compatible maps have been
proved in the setting of MIFSMS. Moreover, some corollaries and an example is
given to validate our new result. Also, to show the usability of our findings, we
have applied our new result to get the solution of nonlinear Fredholm integral
equation.

1. INTRODUCTION

To deal with uncertainty Zadeh [1] presented fuzzy sets. Further K.T. Atanassov
[2] gave intuitionistic fuzzy set that includes membership as well as non membership
function. Moreover, in case of data consisting of parameters, Moldostov [3] gave the
concept of Soft Sets to deal with the uncertainties. Das and Samanta [9,10] applied
the concept of soft sets to metric spaces and hence presented Soft Metric Spaces
utilizing soft points of soft sets. Maji et al [4] in 2001 introduced Fuzzy Soft Sets.
Beaula and Gunaseli [5] applied the metric space concept to Fuzzy Soft Sets and
hence introduced Fuzzy Soft Metric Spaces using fuzzy soft point and defined some
of its properties. Saadiat et al [6] gave another important concept of Modified In-
tuitionistic Fuzzy Metric Spaces by using continuous t-representable norm. Vishal
and Aanchal [13,14] introduced Modified intuitionistic fuzzy soft metric space and
proved the fixed point theorems in its settings, they have also introduced weakly
compatible maps in MIFSMS. Bhaskar and and Lakshmikantham [15] introduced
coupled fixed point. Bhavana Deshpande and Amrish Handa [16] gave coupled fixed
point theorem for weakly compatible maps in modified intuitionistic fuzzy metric
spaces.
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2. PRELIMINARIES

_ In the following section X is taken as universe, U represents the parameter set,
U is taken as the absolute soft set and SP(X) denotes the collection of all the soft
points of X.

Definition 2.1. [3] Soft set is a pair (S,U) on a universe X where U represents the
parameter set and S defines the map from U to power set of X i.e. S:U — P(X).

Definition 2.2. [9,10] A Soft Metric Space is a 3-tuple (X, i, U), where the soft
metric i : SP(X) x SP(X) — R(U) here R(U) is the set containing non-negative
soft real numbers and [i satisfies the given conditions for all e, Ve,, We, € SP(X):
(Z) ﬂ(ﬂeuﬁm) > (_);
(’LZ) ﬁ(ﬂeuﬁw) =0 Zﬂ Ue, = Vey,
(m) ﬂ(am ’ 'Dez) = ﬂ(@@ ) a61)7
(iv) il ,Vey) < fillle, s Wey ) + Wey , Ve, )-
Definition 2.3. [5] A soft fuzzy metric space is the S-tuple (X, S, *) where soft
fuzzy metric on X is given by map S : SP(X) x SP(X) x (0,00) — [0,1] satisfying
the given condition ie,, Ve,, We, € SP(X),8,t > 0:
(1) S(Tey,Tey,t) >0,
(1) S(Tey,Vey,t) =1 iff tie, = ey,
(iii) S(te,,TVeyst) = S(Vey, Ue, 1),
(1v) S(tey, eyt +8) > STy, Wey,t) * S(Wey, Uey, S),
(v) S(TUe,,Vey,-) : (0,00) = [0, 1] is continuous.

Definition 2.4. [6] A Modified Intuitionistic Fuzzy Metric Space is given by 3-tuple
(X, @m N, O), where X is any arbitrary set, M, N are fuzzy sets from X2 x (0, 00)
to [0, 1] satisfying M (u,v,t) + N(u,v,t) <1 for all u,v € X and t > 0, continuous
t-representable norm is given as © and wy N is a function X% x (0,00) — L*
fulfilling the given conditions for all u,v € X and t,s > 0:

(’L) wM,N(u,v,t) > Opx;
(i1) wp N (u,v,t) =1+ iff u=v;
(1i1) wa, N (u,v,t) = wp N (v, u,t);
() war,n(u,v,t+8) > O(war,n(u, w,t), wu,n(w,v,s));
(v) wap n(u,v,.): (0,00) = L* is continuous.
Here modified intuitionistic fuzzy metric wy N 1S given as
wym,N(u,v,t) = (M(u,v,t), N(u,v,t)).

Definition 2.5. [8] A map S : X — IFY, where X is an arbitrary set and IFY
is the set consisting of all the intuitionistic fuzzy subsets of U, then S is a function
defined for every a € X as S(a) = {< u, fhs(a); Vs(a) >: v € U}, where degree of
association and non association is given by sy and vs(q) Tespectively.

Definition 2.6. [13] A MIFSMS is a 3-tuple (X, @ N, ©) where X is any set,
M and N are soft fuzzy sets, © is a continuous t-representable norm, wy n 1S a
mapping from SP(X) x SP(X) x (0,00) to L* so that for all e, , Ve,, We, € SP(X)
and s,t > 0:
(Z) wM,N(ﬂ,el,@ez,t) >p« 0px,
(’LZ) WM,N(aelﬂ_}egyt) =17 iﬁ’L_Lel = Ue,,
(m) wM-,N(ﬂelv’l_)ezvt) = wM,N(’l_)Gz’aemt);
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(ZU) wM,N(ae1 ) 1_762 ) t+ 5) EL* @(wM,N(ae1 ) weg ) t)v wM,N(wegv T}ez ) 5))7
(v) @, N (Uey, Ve,,-) 1 (0,00) = L* is continuous.
Then war, N is called MIFSM on X. Here level of closeness, non closeness between

Ueyy Ve, w.T.t. ¢ is given by the maps M (lie,,TVey,t) and N(TUe,,Ve,,t) respectively
and metric wyr, N S given as

wM,N(ﬂeuﬁewt) = (M(ﬂ'elv@ez’t)v N(aelquegvt))'

Remark 2.1. [13] The function M (e,,%e,,t) is increasing and the function
N (e, ,Ve,,t) is decreasing in a MIFSMS X, for all te,,v., € SP(X).

Lemma 2.1. [13] Consider (X,wp,n,0) be MIFSMS. Then wyy N (lie, , Ve, t) is
increasing with respect to t > 0 in (L*, <p«) for all te,, Ve, € SP(X).

Definition 2.7. [13] Consider (X, @, n,©) be MIFSMS. @y N is called contin-
uous on SP(X) x SP(X) x (0,00) if

limy, s 00 @War, N (e, , Ve, s tn) = W, N (Tey s Vey, t) where {(Te,,, Ve, ,tn)} is a sequence
converging to (e, , Uey, t).

Lemma 2.2. [13] For (X,wuy,n,0) be MIFSMS, then @y n is continuous on
SP(X) x SP(X) x (0,00).

Definition 2.8. [13] Consider (X,wp,n,0) be MIFSMS and {i, } be any se-
quence in X, then

1. the sequence is Cauchy iff for every t > 0, there exist n, € N so that

ltnoﬁoow]V[,N(ﬁeny aen+ma t) = 1L*

for each n,m > n,.
2. the sequence converges to u iff for every t > 0

ltn—)oowM,N(ﬂena 7-_L7 t) = ]‘L*

Definition 2.9. [13] A MIFSMS (X, @ N, ©) is called complete iff every Cauchy
sequence 18 convergent.

Lemma 2.3. [13] Consider (X, wy,n,©) be MIFSMS and for all te,,ve, €
SP(X),t>0;0<k<1(21) holds

(2.1) @M N (Uey, Veyy Kt) =1 @ar N (e, s Veys t)

then e, = Ve, .

3. MAIN RESULTS

In this section we are going to define coupled fixed points for maps in the setting
of MIFSMS as follows:

Definition 3.1. An element (pe,,qe,) € X x X is called a coupled fived point of
map

a: XxX—-X
if
a(ﬁéu‘j@) = ﬁel,a((jewpel) = e, -
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Definition 3.2. An element (pe,,qe,) € X x X is called a coupled fived point of
maps

a: XxX->X,p: X=X

if
a(Pey; Ges) = B(Pes ), 4(Geys Pey) = Bdes)-

Definition 3.3. An element p., € X is called a coupled fized point of maps

a: XxX—-Xp8:X-X
if

Per = (Pey s Pey) = B(Pe, )-
Definition 3.4. The maps o : XxX = X and B: X — X are called commutative
if for all (e, de,) € X (3.1) holds
(3.1) B(Peys Ge) = (PP s Bles)-

Definition 3.5. Consider (X, @r.N,©) be MIFSMS. The maps a: X x X — X
and B: X — X are called compatible if (3.2) holds for all o >0

(3 2) ltn%oo(ﬁa(p_en ) qen)v a(ﬁpenv 5(jen), Q) = ]-L*;
. ltnaoo (ﬁa(qen ) Ijen)a a(ﬁ(jen s Bﬁe”), Q) = 1L*;

whenever {p., } and {q., } are sequences in X so that

ltnﬁwa(ﬁenvqen) = ltn—)ooﬁ(pen) = ﬁela

ltn—)ooa((jenal_)en) = ltn—moﬁ((jen) = Gey»
for all Pe,,Ge, € X.
Definition 3.6. The maps « LX xX = X and B : X — X are called weakly
compatible if for all Pe,,Jey € X (DeysGey) = BPey)s ey Dey) = B(de,) implies
that Ba(Pey, e,) = (BPey, Ble,) and Ba(Geys Pey) = (Bleys BPe, )-
Definition 3.7. A t-representable norm © which is continuous is known as of H-
type if the family of function {©™(0)}S0_, is equicontinuous at 9 = 1.
It is trivial that © is H-type t- representable if and only if for any 0 < v < 1
implies the existence of 0 < & < 1 so that (3.3) holds for all m € N whenever

0 >L* (Ns(g)vg);
(3.3) 0™ (o) >+ (Ns(v),v).
Remark 3.1. In MIFSMS (X, @y N, ©) if for Pe,,de, € X, 0>0 and 0 < v < 1

we have wpr, N (Deys @ess 0) >0+ (Ng(v),v), then there exist a 9o, lying between 0
and ¢ so that war, N (Peys Jess 00) >1+ (Ns(v),v).

Remark 3.2. We will represent [war,n(De, s ey 0)]" = " (@, N (Dey» Qe 0))
for alln € N, for the sake of simplicity.

Definition 3.8. Consider (X, WM,N, ©) be MIFSMS, then wy N satisfies p-property
if (3.4) holds for every pe,,qe, € X and p € N,

(34) ltp*}m[wM1N(ﬁel ) 6627 kpg)}p = 1L* .
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Lemma 3.1. Consider (X, wa, N, O) be MIFSMS with w n satisfying p-property,

then (3.5) holds for every pe,, e, € X,
(3.5) lto—so0 @M, N (Peys Gess 0) = 11

Proof. Consider (3.5) does not hold, since was, N (Pe, , Ge, -) is non decreasing, there

exist pe,,Ge, € X so that
ltos00@M,N(Peys Qe 0) = (v, Ns(v)) < 1p-,
and for k > 1, kPp — oo when p — 0o as ¢ > 0, thus we get
ltp—soo[@rr, N (Pey s Geqs K 0)]P = 11,
which is absurd. (]
Remark 3.3. Condition (3.5) does not guarantees the p-property.
Definition 3.9. Consider ¥ = {v : v : R" — R™} so that v € U satisfies the

conditions given below:
(i) v is non decreasing,

(i) v is continuous,

(iii) $2° qv™(0) < oo for all o > 0, where v () = v™(v(0)), n € N.
It is trivial that v(p) < o for all o > 0 and v € V.
Lemma 3.2. Consider (X, @ N, ©) be MIFSMS where © is continuous t-representable
norm of H-type. If there exists v € ¥, so that (3.6) holds for all 0 >0
(36) w]\/[,N(ﬁel,(jemﬂ(Q)) >L wM,N(ﬁel;(jeg;Q)
then Pe, = e, -
Proof. Since for ¢ > 0, ¥(p) < 0. As wys,n is non- decreasing, we have

(37) wM,N(ﬁeU(jezaﬂ(Q)) ZL* wM,N(ﬁeUCjeng)'
Utilizing (3.6) we have pe, = Ge,- O
Now, we are going to prove a coupled fixed point theorem for weakly compatible

maps in the setting of MIFSMS.

Theorem 3.3. Consider (X, @y n,©) be MIFSMS where © H-type continuous t-
representable norm that satisfies (3.5). Consider a: XxX — X and 8: X — X be
two weakly compatible maps and v € 9 so that (3.8) holds for all Pe,, Gey, Tess 5, € X
and o >0

(3.8)

WM,N(a(ﬁel s (jez)a a(feg,’ 564)7 19(@)) > G(WM,N(B]jel , Bfegﬂ Q)a wM,N(qug7 55647 Q))
Let a(X x X) C B(X) and a(X x X) or B(X) is complete, then o and 3 possess
a unique coupled fized point, that is there exist p € X so that p = 8(p) = a(p,p)-
Proof. Consider pe,,q., € X. Since a(X x X) C B(X), take Pe,, e, € X so that

B(Dey) = oDe,, e, ), B(Ger) = a(Ge,, Pe,)-
By Induction, we have two sequences {p., } and {g., } in X so that
ﬂ(ﬁen+l) = a(Pe, , Qen)vﬁ(Cjenﬂ) = (Ge,, s Pe., )

for all n > 0. We have divided the proof into 4 parts.
Part 1. Claim that sequences {8p,, } and {3¢., } are Cauchy.
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Since © H-type is continuous t-representable norm, thus for any v > 0, there exists
a & > 0 so that

(3.9) O™ (NL(€),£) >+ (Ns(v),v)

for all m € N. -
Since Ity 0o@nr, N (Dey s Gey, 0) = L+ for all pe,, Ge, € X, there exist g, > 0 so that

wM,N(Bﬁeoaﬁpep Qo) >L* (Ns(§)>£)a

(3.10) DM N (Be, Bie, » 00) 1+ (No(£),6).

Also v € 9, thus we have Y~ | v"(0,) < 00, then for ¢ > 0, there exists n, € N so
that

(3.11) 0> Y v"(0o):

From condition (3.8), we have

wM,N(Bpel 5 5}562 ) U(Qo)) = wM,N(a(ﬁeoa (jeo)v a(ﬁel s (jel)a U(:QO)>7
> @(WM,N(ﬁpeo> 6?61 s Qo)a wM,N(/BQeOa ﬁQel s Qo))

(3.12)
wM,N(/BQE1 , ﬂQez , U(Qo)) = wM7N(a(Qanpeo)7 04(661 s Des )7 U(Qo))
> @(WM,N(ﬂCjeoa 5661 s Qo)a wM,N(/Bﬁeoy /61361 , Qo))~

Similarly, we also get
wM,N(ﬁﬁ&zvﬁﬁ637U2(Qo>) = WM, N( (p€17661) pezaQez) ( ))

>Lx @(WM N(ﬂpelaﬁpew ( )) WM N(BQ€17/BQC23 (Qo)))
> 9([wM N(ﬁp€o7/8pel7go)]2 [WM N(BQeoaﬁqu Qo)] )7

(3.13)

@01, N (Bes s Bles, V% (00)) = war, N (a(Fey s Per )5 4(Tey s Pes ) 07 (00))
> 1 O(@m,N(Bey s Bleys v(00))s @t N (BDer s BPess V(00)))
>+ O[@ar. N (Ble, Bler 00))°, [@rt, N (BPe, » BPer 00)]7)-

By Induction, we get
n—1 n—1
wM,N(ﬂpen s Bﬁen+1 ’ Un(QO)) 2L~ @([wM,N(Bﬁeoa IBﬁelﬁ QO)]z s [WM,N(BQ%, 5@517 QO)]2 )7

(3.14)
wM,N(ﬁqen ) qun+1 ) Un(@o)) ZL* 9([wM,N(quo? ﬂqel7 QO)]QH?1 ) [wM,N<5peoa Bﬁela QO>]21L71

).
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Thus from (3.9), (3.10) and (3.11), for m > n > n,, we have

(3.15)
LS
_ _ _ _ k
@01, N (BPe, BPey ) > 1+ @y N (BPe, BPe,,, Y, v¥(00))
k=n,
m—1
> wM,N(BﬁenaBﬁemv Z Uk(go))
k=n

> O™ N wa N (BPers BPenyr> 0" (00)), @i, N (BDeysrs BPenrar 0" T (00)),
oy TN (BDer 1 BPen, V™ (00)))

> 10 0N (Ot (BDey s BPers 06)7 s [@031,5 (Bl Bier s 00)] ),
O([@rt,N (BBey s Bbers 00))* s [@at,N (Ble, , Bley s 00)] ),

ey ([0t (BBe,  Ber 00)]F
>+ O([@wn, N (BDe,  BDey s 00)]

> 0277 TH(NG(9),€)
>r+ (Ng(v),v).

[wM,N(ﬁ(jeoa BQE1 ) Qo)]2m72)

m—1 n—1 m—1 n—1
2 -2 2 —2

)

) [wMJV(quoa 6@617 QO)]

Thus, we have
(3.16) @Wr N (BPey,» BPer» 0) >1 (Ns(v),v)

for all m,n € N with m,n > n, and ¢ > 0. Thus {8p,, } is a Cauchy sequence.
Similarly, we can get {37, } is also a Cauchy sequence.

Part 2. Claim that 8 and « have a coupled coincidence point.

Consider that B(X) is complete, the there exist p,§ € 8(X) and @,b € X so that

ltn—sooBPe, = ltnsoctt(Pe,;Ge,) =
(3.17) , o
ltn%ooﬂqen = ltnﬁooOK(qe"ape") =

pa = p,
5

Il
Q)

From equation (3.8), we get

(3.18)
wM7N(a(]§en ) QE,,L)a Oé(d, 6)7 U(Q)) ZL* G(WM,N(Bﬁen y Baﬂ Q), wMJV(BQ@,ﬂ 667 AQ))

As @y N is continuous, taking n — oo, we have

(319) WM,N(BZI,,(X(&,B),U(Q)) = 1L*7
which implies
(3.20) a(a,b) = fa = p.

Similarly, we can claim that

(3.21) a(b,a) = fb=q.

Since a and g are weakly compatible, we have
Ba(a,b) = o(pa, Bb),

(3.22) Ba(b,a) = (b, Ba),
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which implies
(3.23)

Part 8. Claim that p = q and g = p.
As © is continuous t-representable norm of H-type. Thus for any v > 0, there exist
&€ > 0 so that

(3.24) 0" (NL(€),€) >+ (Ns(v),v),

for all m € N. -

Since Ity 00wm,N (P, G, 0) = 11~ for all p,q € X, there exist g, > 0 so that
wM,N(ﬂﬁa q, Qo) > L (Ns(g)a 5)7

wM,N(Bqﬂja Qo) ZL* (Ns(é-)?f)

Also v € 9, so we have Y, v"(0,) < oo. Then for any ¢ > 0, there exist n, € N
so that

(3.25)

oo

(3.26) > M) < 0
k=n,
Since
(3.27) @Wm,N(BD, Bler, 1> V(00)) = @, N (a(D, 7)), (G, s De, ), V(00))
' > G(WM,N(Bﬁ» qunago)va,N(567 ﬁpenmgo))'
thus

(328) wM,N(ﬁﬁ7 ﬁq€n+1 I U(QO)) ZL* G(WM,N(Bﬁv /qunﬂ QO)7 wM,N(ﬁCY7 5156”7 QO))'

Taking n — oo, we get

(329) wM,N(ﬂﬁ7 67 U(Qo)) ZL* G(WM,N(ﬂﬁ 67 Qo)7 wM,N(ﬁCZ 157 Qo))-

Similarly, we can get

(3.30) wm, N (BT, P, v(00)) =1+ O(wn, N (8D G, 00), @ar,N (BT P, 00))-

By equations (3.29) and (3.30) we get

(3.31)

O (@, n (8D, 4, v(00))s @, v (B2, B, v(00))) =1+ O([@nr,n (8D @, 00))7, [@ns,n (BT, D, 00)]7)-

By induction we have, for all n € N

(3.32)

O(w@nr.v (8, G, v" (00)), war, N (BT, B, 1" (€0))) =1+ O([wnr,v (8P, G, 0" (00)))?, [war, v (BT, 5, 0" (00))]7)
> 1 O([wm,n (8D, 7, 00)), [@rr,n (B, P, 05)).-

Thus

(3.33)

(@, v (8D, 40" (00)), @, N (BT s 0™ (00))) =1+ O[war,n (8D, 00))

n n

L, [@war,n (B, P, 2,)%").
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By equations (3.24), (3.25), (3.26) and (3.33), we have

(3.34)
O(w@wn,n (8P, T, 0), @u,N (BG, P, 0)) > 1+ O(@ani,n(BD: 0, Y, v*(00)), mnn (BT 5, Y v*(00)))
k=n, k=n,
>1+ O(war,n (8D, 7, 0" (00)), @, N (BG, D, v (00)))

no

ZL* (—)([wA/I,N(ﬁpv (j7 QO)]ZnOa [wM,N(B(j7pa QO)] )
> 02N (N(9),€)
>Lx (Ns(y)a V)'

Thus for any v > 0, we have

(3.35) (@, N (8P, G, 0), @wr, N (BT, P, 0)) >+ (Ns(v),v)
for all p > 0. So we get 8p = g and Bq = p.
Part 4. Claim that p = q.
For any ¢, > 0, we have
(3.36)
wM,N(Bﬁen+1 ) ﬂqen_u ) U(Qo)) = wM,N(a(ﬁen ’ qen)v a(qen ) ﬁen)’ U(Qo))
>1+ O(@um, N (BPe,, > Ble. s 00), @, N (BGe,, > BPe,,» 00)),
thus
(3.37)
wM,N(BﬁenH ) ﬂ(jen+1 » U(Qo)) > @(WM,N(Bﬁenv ﬂCYenv Qo)a wM,N(quna Bpena Qo))-
Taking n — oo, we get

(338) WM,N(@ (ja U(«Qo)) ZL* G(WM,N(pv Cja Qo)v wM,N(q7 ﬁ? Qo))~
By equations (3.24), (3.25), (3.26) and (3.38), we get
a5, 7.0(00) 21 wun (BT Y vF(e0))
k=n,

(3.39)

ne—1

)

) [wM,N((j? 137 QO)]

that implies p = ¢q. Thus, a and S possess unique coupled fixed point. This
completes the proof. O

Following are the two corollaries of our main result (3.3):

Corollary 3.1. Consider (X,WMJV,@) be complete MIFSMS where © is contin-
uous t-representable norm of H-type that satisfies (3.5). Consider a: X x X — X
and v € U so that (3.40) holds for all Pe,, Gey, Tey, Se, € X and o >0

(3.40)
wM,N(a(ﬁel 5 qez)y a(feg 5 5647 19(@)) EL* @(wM,N(i)el 3 7763) 0)7 wM,N(QCQa 564a Q))

Then there exist p € X so that p = a(p, p).
Proof. Take 8 = I in Theorem (3.3), we get the result. O
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Corollary 3.2. Consider (X,_WM,N_,@) be MIFSMS so that war,n has p-property.
Let a: X x X — X and B : X — X be two functions so that (3.41) holds for all
DersGensTegs Se, € X and o> 0, where 0 <k <1
(3.41)
wM,N(O[(ﬁ€1 B qez)v a(”:esa §e4)a k@) ZL* e(wM,N(Bﬁel 5 6T_637 Q)a wM,N(quzv ﬂ§e47 9))
Let a(X x X) C B(X) and a(X x X) or B(X) is complete, then a and 3 possess
a unique coupled fized point, that is there exist a unique p € X so that p = B(p) =
a(p, p)-

Following is an example validating Theorem 3.3:

Example 3.4. Consider X = {Q, 1, %, %, ey %, ..} and ©(a,b) = (min{ay, b1}, maz{as, ba}),

for all @ = (a@y,az) and b= (by,by) € L*. Define
0 | ﬁel — (jeg |
Q+‘pe1 _(762 |,Q+‘ﬁe1 _qez | 7
for all pe,, e, € X and ¢ > 0. Then (X, @m.N,0O) is a MIFSMS. Consider v(p) =
8, 8: X=Xanda: X xX — X as

wM,N(Z_)elaqeza 0) = (

m i (5,9) = (7 3)>

3.42 5 =41 ifp= . 5, G) =
(3.42)  B(p) ifp T a(p, q) 0 otherwise.

1 s
snri WD = 5,

0 ifp=0, {

Consider pe, = Qe, = ﬁ Taking n — oo, we have
1
/Bﬁen = — 0,
(3.43) an
Pe, s Qen) = — 0,
a(p n q IL) 2n + 1
but
(344) WM,N((X(Bﬁen 5 66671)7 Ba(ﬁen B qen)a Q) = wM,N(Oa 1) Q) ad 1L* .

Thus B and « are not compatible. As a(p,q) = B(p) and a(q,p) = B(q), we get
(7,q) = (0,0) and thus Ba(0,0) = (B0, 80). Hence, a and B are weakly compatible.
It is trivial that

e e
Q+o R+o"’
72 ivi}a
P+o Q+o R+op

if and only if P < max{Q, R}, for all P,Q,R >0, ¢ > 0.
Thus, we get the following inequality:
(346) WM’N(Ol(ﬁ7 Q)’ O‘(’l_h 1_)), U(Q)) ZL* G(TDM,N(ﬁﬁa 6123 Q)a wM,N(BCja 567 Q))a

that is equivalent to the following

(3.47) 2| a(p,q) — a(a,v) |[< maz{| Bp — pu|,| Bg— Bv [}.

(3.45)

max{
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Thus by (3.46), if p=q and © = v, consider p=q = 5, U =0 = ﬁ Then

_ _ 1 1
2| a(p,q) — a(u,v) | =2| (20 + 1)4 B (2m + 1)4 |
(3.48) < maz{| Bp— Bu |,| Bg— v [}
1 1

T2+1 2m+1

Hence all the conditions of theorem (3.3) are satisfied and B8 and « possess 0 as
their unique coupled fized point.

4. APPLICATION

In this section we are going to give an application on Fredholm nonlinear integral
equation utilizing our newly developed results.
Consider the following integral equation:

ay o= | (Fi(6,9) + Fa(0,9)) x [T(6,E0) + A, E(@))de + A(a),

for all ¢ € K = [, 5].
Consider ¥ be the set consisting of all functions ¢ : R(U)* — R(U)*, where R(U)*
is the set of non negative soft real numbers, that satisfies the following conditions:

(i) % is increasing,
(ii) ¥(o) < 0.
Let Fi, F5, f, g satisfies the following conditions.
(i) For all 5,d € K
(4.2) F1(6,¢) 2 0,F3(0,¢) < 0.

(ii) For all {,7 € R such that ¢ > 7 there exist positive soft real numbers ), /i
and ¢ € ¥ so that

(4.3)
(iii) Suppose

(4.4) max{\, [i}supse x /_S[Fl((?,g_) — F5(7,9)] <

Theorem 4.1. Consider the integral equation (4.1) with Fy, Fy € C(Kx K, R(U)*),
a,f € C(KxRU)*,R(U)*) and A € C(K,R(U)*). Consider (4.2), (4.3) and (4.4)
holds, then the integral equation (4.1) possess a unique solution in C(K, R)

Proof. Consider X = C(K, R), then (X, n,©) is a complete MIFSMS, where
wu,N is defined as follows:

Y |<_77| )

wM,N(C7ﬁ7Q):(Q+|§_ﬁ|’g+|§_ﬁ|
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for all ¢,77 € X, 0 > 0 and O(a,b) = (min{a,, by}, max{as, by}), for all a = (a1, az)
and b = (by,bz) € L*. Consider map o : X x X — X defined as

¢,)(@) — a(7,6)(7)

af

I
S—
o
QI
N
S—
=
NI
pA
Nl
+
>
—
NI
Bl
—~
Vs
N~—
=
IS
N
+
S—
5
Q
Vo)
N—
—
—
NI
3
—
Vo)
S~—
+
>
NI
L
Nl
=
N

)
®|

I ‘
| |
- :
—
QI
Nl
=]
—
N
N
—
N
S~—
S~—
\
e
Wl
=2l
D
S~—
\
—
B
N
2
2
\
B
N
=
~—~
N
S~—
S~—
P
QU
N

|

_|_

IN +

)

Hence, we have

(4.7)
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Thus by (4.6), as F»(7,¢) < 0, we get
(4.8)

| (¢ )(@) — a(3,0)(@) | < | F1(@, Q)M | {(S) = F(S) ) + Avb(] 6() — 7(S) D]d<
Fa(a,9)[M(] 6(S) = 0(S) ) + (| (&) — 4(S) D]d<

Fi(7,9)[maz{ X, 1}v(| ¢(S) = 7(S) |) + maz{, a}(| 6() — (<) )]dS

.31

(@, ) maz{X, ity (] 6(S) = (S) ) +maz{, Aty (| ¢(S) — 7(S) Dlds.

Using (4.4), we have
(4.9)

| a(C,7)(@) — a(7,0)(5) | < maz{A, i} / F1(5,5) = F2(5,9)ds[i(| {(S) = 7(S) D) + (1 6(S) = 7(S) )]

< maz{\, i} supsex [S[Fl(f‘f,f) — Fa(5,9)d<[y(| €(S) = 7(S) ) + (1 6(3) = 7(S) ]

(=) + (0 -1n)
= 8

Thus

(4.10) 2| a(C,7)(@) — a(3,0)(@) |< 1

As 1) is increasing, we have
(=) <e( -7

(=61 <v(¢

(4.11)

Thus, we get

(4.12)

Hence, by (4.10) and (4.12)

(4.13) 2| a(¢,1)(5) — a(¥,0)(a) |< maz{| (-7 |,| 7—46 [}.
By (3.45) and (4.13), we get

(4.14)

- £ | a(C, ) — a(¥,9) |
= (e(Cn) a0 5) = (e ) — a9 1 3+ aC, ) — a(3,9)|
_ 0 i 2| o(¢,7) — (7,9) | )

o+2]a(C,n) —a(,0) | e+2]al,7) — 7,9 |

0 i maz{| C—7|,[ 7 -4} )
o+maz{|C—7|,|7—=01} o+maz{| -7 |7—-0]}

0 PR K et N & S
o1 Al or =3 "N = A et 11 -0
>+ O(wm,n(C. 7, 0), @u,n (77,6, 0)),

)

2l
\Sﬂ/\

> (

>+ (min{



14 VISHAL GUPTA ET AL

that is (3.40). Thus all conditions of Corollary 3.1 are satisfied. Hence o possess a
unique fixed point z € X, so that z = a(z, Z), thus integral equation (4.1) possess
z € C(K, R) as its unique solution. O

5. CONCLUSION

In our work we have defined common coupled fixed point theorem for maps in
MIFSMS that are weakly compatible. Moreover to prove our result we have given
an example and have applied our result to find the solution of nonlinear Fredholm
integral equation.
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