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Abstract. This paper introduces coupled fixed points of maps in MIFSMS.

The notion of compatible maps and weakly compatible maps is also defined.

Common coupled fixed point theorem for weakly compatible maps have been
proved in the setting of MIFSMS. Moreover, some corollaries and an example is

given to validate our new result. Also, to show the usability of our findings, we

have applied our new result to get the solution of nonlinear Fredholm integral
equation.

1. Introduction

To deal with uncertainty Zadeh [1] presented fuzzy sets. Further K.T. Atanassov
[2] gave intuitionistic fuzzy set that includes membership as well as non membership
function. Moreover, in case of data consisting of parameters, Moldostov [3] gave the
concept of Soft Sets to deal with the uncertainties. Das and Samanta [9,10] applied
the concept of soft sets to metric spaces and hence presented Soft Metric Spaces
utilizing soft points of soft sets. Maji et al [4] in 2001 introduced Fuzzy Soft Sets.
Beaula and Gunaseli [5] applied the metric space concept to Fuzzy Soft Sets and
hence introduced Fuzzy Soft Metric Spaces using fuzzy soft point and defined some
of its properties. Saadiat et al [6] gave another important concept of Modified In-
tuitionistic Fuzzy Metric Spaces by using continuous t-representable norm. Vishal
and Aanchal [13,14] introduced Modified intuitionistic fuzzy soft metric space and
proved the fixed point theorems in its settings, they have also introduced weakly
compatible maps in MIFSMS. Bhaskar and and Lakshmikantham [15] introduced
coupled fixed point. Bhavana Deshpande and Amrish Handa [16] gave coupled fixed
point theorem for weakly compatible maps in modified intuitionistic fuzzy metric
spaces.
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2. Preliminaries

In the following section X is taken as universe, U represents the parameter set,
Ū is taken as the absolute soft set and SP (X̄) denotes the collection of all the soft
points of X̄.

Definition 2.1. [3] Soft set is a pair (S,U) on a universe X where U represents the
parameter set and S defines the map from U to power set of X i.e. S : U → P (X).

Definition 2.2. [9, 10] A Soft Metric Space is a 3-tuple (X̄, µ̄, U), where the soft
metric µ̄ : SP (X̄)× SP (X̄)→ R(U) here R(U) is the set containing non-negative
soft real numbers and µ̄ satisfies the given conditions for all ūe1 , v̄e2 , w̄e3 ∈ SP (X̄):

(i) µ̄(ūe1 , v̄e2) > 0̄,
(ii) µ̄(ūe1 , v̄e2) = 0̄ iff ūe1 = v̄e2 ,

(iii) µ̄(ūe1 , v̄e2) = µ̄(v̄e2 , ūe1),
(iv) µ̄(ūe1 , v̄e2) ≤ µ̄(ūe1 , w̄e3) + µ̄(w̄e3 , v̄e2).

Definition 2.3. [5] A soft fuzzy metric space is the 3-tuple (X̄, S, ∗) where soft
fuzzy metric on X̄ is given by map S : SP (X̄)×SP (X̄)× (0,∞)→ [0, 1] satisfying
the given condition ūe1 , v̄e2 , w̄e3 ∈ SP (X̄), s, t > 0:

(i) S(ūe1 , v̄e2 , t) > 0,
(ii) S(ūe1 , v̄e2 , t) = 1 iff ūe1 = v̄e2 ,

(iii) S(ūe1 , v̄e2 , t) = S(v̄e2 , ūe1 , t),
(iv) S(ūe1 , v̄e2 , t+ s) ≥ S(ūe1 , w̄e3 , t) ∗ S(w̄e3 , v̄e2 , s),
(v) S(ūe1 , v̄e2 , .) : (0,∞)→ [0, 1] is continuous.

Definition 2.4. [6] A Modified Intuitionistic Fuzzy Metric Space is given by 3-tuple
(X̄,$M,N ,Θ), where X is any arbitrary set, M,N are fuzzy sets from X2× (0,∞)
to [0, 1] satisfying M(u, v, t) +N(u, v, t) ≤ 1 for all u, v ∈ X and t > 0, continuous
t-representable norm is given as Θ and $M,N is a function X2 × (0,∞) → L∗

fulfilling the given conditions for all u, v ∈ X and t, s > 0:

(i) $M,N (u, v, t) >L∗ 0L∗ ;
(ii) $M,N (u, v, t) = 1L∗ iff u = v;

(iii) $M,N (u, v, t) = $M,N (v, u, t);
(iv) $M,N (u, v, t+ s) ≥L∗ Θ($M,N (u,w, t), $M,N (w, v, s));
(v) $M,N (u, v, .) : (0,∞)→ L∗ is continuous.

Here modified intuitionistic fuzzy metric $M,N is given as
$M,N (u, v, t) = (M(u, v, t), N(u, v, t)).

Definition 2.5. [8] A map S : X → IFU , where X is an arbitrary set and IFU

is the set consisting of all the intuitionistic fuzzy subsets of U , then S is a function
defined for every a ∈ X as S(a) = {< u, µS(a), νS(a) >: u ∈ U}, where degree of
association and non association is given by µS(a) and νS(a) respectively.

Definition 2.6. [13] A MIFSMS is a 3-tuple (X̄,$M,N ,Θ) where X̄ is any set,
M and N are soft fuzzy sets, Θ is a continuous t-representable norm, $M,N is a
mapping from SP (X̄)×SP (X̄)× (0,∞) to L∗ so that for all ūe1 , v̄e2 , w̄e3 ∈ SP (X̄)
and s, t > 0:

(i) $M,N (ūe1 , v̄e2 , t) >L∗ 0L∗ ,
(ii) $M,N (ūe1 , v̄e2 , t) = 1L∗ iff ūe1 = v̄e2 ,

(iii) $M,N (ūe1 , v̄e2 , t) = $M,N (v̄e2 , ūe1 , t),
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(iv) $M,N (ūe1 , v̄e2 , t+ s) ≥L∗ Θ($M,N (ūe1 , w̄e3 , t), $M,N (w̄e3 , v̄e2 , s)),
(v) $M,N (ūe1 , v̄e2 , .) : (0,∞)→ L∗ is continuous.

Then $M,N is called MIFSM on X̄. Here level of closeness, non closeness between
ūe1 , v̄e2 w.r.t. t is given by the maps M(ūe1 , v̄e2 , t) and N(ūe1 , v̄e2 , t) respectively
and metric $M,N is given as

$M,N (ūe1 , v̄e2 , t) = (M(ūe1 , v̄e2 , t), N(ūe1 , v̄e2 , t)).

Remark 2.1. [13] The function M(ūe1 , v̄e2 , t) is increasing and the function
N(ūe1 , v̄e2 , t) is decreasing in a MIFSMS X̄, for all ūe1 , v̄e2 ∈ SP (X̄).

Lemma 2.1. [13] Consider (X̄,$M,N ,Θ) be MIFSMS. Then $M,N (ūe1 , v̄e2 , t) is
increasing with respect to t > 0 in (L∗,≤L∗) for all ūe1 , v̄e2 ∈ SP (X̄).

Definition 2.7. [13] Consider (X̄,$M,N ,Θ) be MIFSMS. $M,N is called contin-
uous on SP (X̄)× SP (X̄)× (0,∞) if
limn→∞$M,N (ūen , v̄en , tn) = $M,N (ūe1 , v̄e2 , t) where {(ūen , v̄en , tn)} is a sequence
converging to (ūe1 , v̄e2 , t).

Lemma 2.2. [13] For (X̄,$M,N ,Θ) be MIFSMS, then $M,N is continuous on
SP (X̄)× SP (X̄)× (0,∞).

Definition 2.8. [13] Consider (X̄,$M,N ,Θ) be MIFSMS and {ūen} be any se-
quence in X̄, then

1. the sequence is Cauchy iff for every t > 0, there exist no ∈ N so that

ltno→∞$M,N (ūen , ūen+m
, t) = 1L∗

for each n,m ≥ no.
2. the sequence converges to ū iff for every t > 0

ltn→∞$M,N (ūen , ū, t) = 1L∗

Definition 2.9. [13] A MIFSMS (X̄,$M,N ,Θ) is called complete iff every Cauchy
sequence is convergent.

Lemma 2.3. [13] Consider (X̄,$M,N ,Θ) be MIFSMS and for all ūe1 , v̄e2 ∈
SP (X̄), t > 0; 0 < k < 1 (2.1) holds

$M,N (ūe1 , v̄e2 , kt) ≥L∗ $M,N (ūe1 , v̄e2 , t)(2.1)

then ūe1 = v̄e2 .

3. Main Results

In this section we are going to define coupled fixed points for maps in the setting
of MIFSMS as follows:

Definition 3.1. An element (p̄e1 , q̄e2) ∈ X̄ × X̄ is called a coupled fixed point of
map

α : X̄ × X̄ → X̄

if

α(p̄e1 , q̄e2) = p̄e1 , α(q̄e2 , p̄e1) = q̄e2 .
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Definition 3.2. An element (p̄e1 , q̄e2) ∈ X̄ × X̄ is called a coupled fixed point of
maps

α : X̄ × X̄ → X̄, β : X̄ → X̄

if

α(p̄e1 , q̄e2) = β(p̄e1), α(q̄e2 , p̄e1) = β(q̄e2).

Definition 3.3. An element p̄e1 ∈ X̄ is called a coupled fixed point of maps

α : X̄ × X̄ → X̄, β : X̄ → X̄

if

p̄e1 = α(p̄e1 , p̄e1) = β(p̄e1).

Definition 3.4. The maps α : X̄×X̄ → X̄ and β : X̄ → X̄ are called commutative
if for all (p̄e1 , q̄e2) ∈ X̄ (3.1) holds

βα(p̄e1 , q̄e2) = α(βp̄e1 , βq̄e2).(3.1)

Definition 3.5. Consider (X̄,$M,N ,Θ) be MIFSMS. The maps α : X̄ × X̄ → X̄
and β : X̄ → X̄ are called compatible if (3.2) holds for all % > 0

ltn→∞(βα(p̄en , q̄en), α(βp̄en , βq̄en), %) = 1L∗ ,

ltn→∞(βα(q̄en , p̄en), α(βq̄en , βp̄en), %) = 1L∗ ,
(3.2)

whenever {p̄en} and {q̄en} are sequences in X̄ so that

ltn→∞α(p̄en , q̄en) = ltn→∞β(p̄en) = p̄e1 ,

ltn→∞α(q̄en , p̄en) = ltn→∞β(q̄en) = q̄e2 ,

for all p̄e1 , q̄e2 ∈ X̄.

Definition 3.6. The maps α : X̄ × X̄ → X̄ and β : X̄ → X̄ are called weakly
compatible if for all p̄e1 , q̄e2 ∈ X̄ α(p̄e1 , q̄e2) = β(p̄e1), α(q̄e2 , p̄e1) = β(q̄e2) implies
that βα(p̄e1 , q̄e2) = α(βp̄e1 , βq̄e2) and βα(q̄e2 , p̄e1) = α(βq̄e2 , βp̄e1).

Definition 3.7. A t-representable norm Θ which is continuous is known as of H-
type if the family of function {Θm(%)}∞m=1 is equicontinuous at % = 1L∗ .
It is trivial that Θ is H-type t- representable if and only if for any 0 < ν < 1
implies the existence of 0 < ξ < 1 so that (3.3) holds for all m ∈ N whenever
% >L∗ (Ns(ξ), ξ),

Θm(%) >L∗ (Ns(ν), ν).(3.3)

Remark 3.1. In MIFSMS (X̄,$M,N ,Θ) if for p̄e1 , q̄e2 ∈ X̄, % > 0 and 0 < ν < 1
we have $M,N (p̄e1 , q̄e2 , %) >L∗ (NS(ν), ν), then there exist a %o, lying between 0
and % so that $M,N (p̄e1 , q̄e2 , %o) >L∗ (NS(ν), ν).

Remark 3.2. We will represent [$M,N (p̄e1 , q̄e2 , %)]n = Θn−1($M,N (p̄e1 , q̄e2 , %))
for all n ∈ N , for the sake of simplicity.

Definition 3.8. Consider (X̄,$M,N ,Θ) be MIFSMS, then $M,N satisfies p-property
if (3.4) holds for every p̄e1 , q̄e2 ∈ X̄ and p ∈ N ,

ltp→∞[$M,N (p̄e1 , q̄e2 , k
p%)]p = 1L∗ .(3.4)



SOLUTIONS OF THE NONLINEAR INTEGRAL EQUATION 5

Lemma 3.1. Consider (X̄,$M,N ,Θ) be MIFSMS with $M,N satisfying p-property,
then (3.5) holds for every p̄e1 , q̄e2 ∈ X̄,

lt%→∞$M,N (p̄e1 , q̄e2 , %) = 1L∗ .(3.5)

Proof. Consider (3.5) does not hold, since $M,N (p̄e1 , q̄e2 , .) is non decreasing, there
exist p̄eo , q̄eo ∈ X̄ so that

lt%→∞$M,N (p̄e1 , q̄e2 , %) = (ν,Ns(ν)) < 1L∗ ,

and for k > 1, kp%→∞ when p→∞ as % > 0, thus we get

ltp→∞[$M,N (p̄e1 , q̄e2 , k
p%)]p = 1L∗ ,

which is absurd. �

Remark 3.3. Condition (3.5) does not guarantees the p-property.

Definition 3.9. Consider ϑ = {υ : υ : R+ → R+} so that υ ∈ ϑ satisfies the
conditions given below:

(i) υ is non decreasing,
(ii) υ is continuous,

(iii) Σ∞n=0υ
n(%) <∞ for all % > 0, where υn+1(%) = υn(υ(%)), n ∈ N .

It is trivial that υ(%) < % for all % > 0 and υ ∈ ϑ.

Lemma 3.2. Consider (X̄,$M,N ,Θ) be MIFSMS where Θ is continuous t-representable
norm of H-type. If there exists υ ∈ ϑ, so that (3.6) holds for all % > 0

$M,N (p̄e1 , q̄e2 , ϑ(%)) ≥L∗ $M,N (p̄e1 , q̄e2 , %)(3.6)

then p̄e1 = q̄e2 .

Proof. Since for % > 0, ϑ(%) < %. As $M,N is non- decreasing, we have

$M,N (p̄e1 , q̄e2 , ϑ(%)) ≥L∗ $M,N (p̄e1 , q̄e2 , %).(3.7)

Utilizing (3.6) we have p̄e1 = q̄e2 . �

Now, we are going to prove a coupled fixed point theorem for weakly compatible
maps in the setting of MIFSMS.

Theorem 3.3. Consider (X̄,$M,N ,Θ) be MIFSMS where Θ H-type continuous t-
representable norm that satisfies (3.5). Consider α : X̄×X̄ → X̄ and β : X̄ → X̄ be
two weakly compatible maps and υ ∈ ϑ so that (3.8) holds for all p̄e1 , q̄e2 , r̄e3 , s̄e4 ∈ X̄
and % > 0

$M,N (α(p̄e1 , q̄e2), α(r̄e3 , s̄e4), ϑ(%)) ≥L∗ Θ($M,N (βp̄e1 , βr̄e3 , %), $M,N (βq̄e3 , βs̄e4 , %)).

(3.8)

Let α(X̄ × X̄) ⊆ β(X̄) and α(X̄ × X̄) or β(X̄) is complete, then α and β possess
a unique coupled fixed point, that is there exist p̄ ∈ X̄ so that p̄ = β(p̄) = α(p̄, p̄).

Proof. Consider p̄eo , q̄eo ∈ X̄. Since α(X̄ × X̄) ⊆ β(X̄), take p̄e1 , q̄e1 ∈ X̄ so that

β(p̄e1) = α(p̄eo , q̄eo), β(q̄e1) = α(q̄eo , p̄eo).

By Induction, we have two sequences {p̄en} and {q̄en} in X̄ so that

β(p̄en+1
) = α(p̄en , q̄en), β(q̄en+1

) = α(q̄en , p̄en),

for all n ≥ 0. We have divided the proof into 4 parts.
Part 1. Claim that sequences {βp̄en} and {βq̄en} are Cauchy.
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Since Θ H-type is continuous t-representable norm, thus for any ν > 0, there exists
a ξ > 0 so that

Θm−1(Ns(ξ), ξ) ≥L∗ (Ns(ν), ν)(3.9)

for all m ∈ N .
Since lt%→∞$M,N (p̄e1 , q̄e2 , %) = 1L∗ for all p̄e1 , q̄e2 ∈ X̄, there exist %o > 0 so that

$M,N (βp̄eo , βp̄e1 , %o) ≥L∗ (Ns(ξ), ξ),

$M,N (βq̄eo , βq̄e1 , %o) ≥L∗ (Ns(ξ), ξ).
(3.10)

Also υ ∈ ϑ, thus we have
∑∞
n=1 υ

n(%o) <∞, then for % > 0, there exists no ∈ N so
that

% >

∞∑
k=no

υn(%o).(3.11)

From condition (3.8), we have

$M,N (βp̄e1 , βp̄e2 , υ(%o)) = $M,N (α(p̄eo , q̄eo), α(p̄e1 , q̄e1), υ(%o)),

≥L∗ Θ($M,N (βp̄eo , βp̄e1 , %o), $M,N (βq̄eo , βq̄e1 , %o))

$M,N (βq̄e1 , βq̄e2 , υ(%o)) = $M,N (α(q̄eo , p̄eo), α(q̄e1 , p̄e1), υ(%o))

≥L∗ Θ($M,N (βq̄eo , βq̄e1 , %o), $M,N (βp̄eo , βp̄e1 , %o)).

(3.12)

Similarly, we also get

$M,N (βp̄e2 , βp̄e3 , υ
2(%o)) = $M,N (α(p̄e1 , q̄e1), α(p̄e2 , q̄e2), υ2(%o))

≥L∗ Θ($M,N (βp̄e1 , βp̄e2 , υ(%o)), $M,N (βq̄e1 , βq̄e2 , υ(%o)))

≥L∗ Θ([$M,N (βp̄eo , βp̄e1 , %o)]
2, [$M,N (βq̄eo , βq̄e1 , %o)]

2),

$M,N (βq̄e2 , βq̄e3 , υ
2(%o)) = $M,N (α(q̄e1 , p̄e1), α(q̄e2 , p̄e2), υ2(%o))

≥L∗ Θ($M,N (βq̄e1 , βq̄e2 , υ(%o)), $M,N (βp̄e1 , βp̄e2 , υ(%o)))

≥L∗ Θ([$M,N (βq̄eo , βq̄e1 , %o)]
2, [$M,N (βp̄eo , βp̄e1 , %o)]

2).

(3.13)

By Induction, we get

$M,N (βp̄en , βp̄en+1
, υn(%o)) ≥L∗ Θ([$M,N (βp̄eo , βp̄e1 , %o)]

2n−1

, [$M,N (βq̄eo , βq̄e1 , %o)]
2n−1

),

$M,N (βq̄en , βq̄en+1 , υ
n(%o)) ≥L∗ Θ([$M,N (βq̄eo , βq̄e1 , %o)]

2n−1

, [$M,N (βp̄eo , βp̄e1 , %o)]
2n−1

).

(3.14)
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Thus from (3.9), (3.10) and (3.11), for m > n ≥ no, we have

$M,N (βp̄en , βp̄em , %) ≥L∗ $M,N (βp̄en , βp̄em ,

∞∑
k=no

υk(%o))

≥L∗ $M,N (βp̄en , βp̄em ,

m−1∑
k=n

υk(%o))

≥L∗ Θm−n−1($M,N (βp̄en , βp̄en+1
, υn(%o)), $M,N (βp̄en+1

, βp̄en+2
, υn+1(%o)),

..., $M,N (βp̄em−1 , βp̄em , υ
m−1(%o)))

≥L∗ Θm−n−1(Θ([$M,N (βp̄eo , βp̄e1 , %o)]
2n−1

, [$M,N (βq̄eo , βq̄e1 , %o)]
2n−1

),

Θ([$M,N (βp̄eo , βp̄e1 , %o)]
2n

, [$M,N (βq̄eo , βq̄e1 , %o)]
2n

),

...,Θ([$M,N (βp̄eo , βp̄e1 , %o)]
2m−2

, [$M,N (βq̄eo , βq̄e1 , %o)]
2m−2

)

≥L∗ Θ([$M,N (βp̄eo , βp̄e1 , %o)]
2m−1−2n−1

, [$M,N (βq̄eo , βq̄e1 , %o)]
2m−1−2n−1

)

≥L∗ Θ2m−2n−1(Ns(ξ), ξ)

≥L∗ (Ns(ν), ν).

(3.15)

Thus, we have

$M,N (βp̄en , βp̄em , %) >L∗ (Ns(ν), ν)(3.16)

for all m,n ∈ N with m,n ≥ no and % > 0. Thus {βp̄en} is a Cauchy sequence.
Similarly, we can get {βq̄en} is also a Cauchy sequence.
Part 2. Claim that β and α have a coupled coincidence point.
Consider that β(X̄) is complete, the there exist p̄, q̄ ∈ β(X̄) and ā, b̄ ∈ X̄ so that

ltn→∞βp̄en = ltn→∞α(p̄en , q̄en) = βā = p̄,

ltn→∞βq̄en = ltn→∞α(q̄en , p̄en) = βb̄ = q̄.
(3.17)

From equation (3.8), we get

$M,N (α(p̄en , q̄en), α(ā, b̄), υ(%)) ≥L∗ Θ($M,N (βp̄en , βā, %), $M,N (βq̄en , βb̄, %)).

(3.18)

As $M,N is continuous, taking n→∞, we have

$M,N (βā, α(ā, b̄), υ(%)) = 1L∗ ,(3.19)

which implies

α(ā, b̄) = βā = p̄.(3.20)

Similarly, we can claim that

α(b̄, ā) = βb̄ = q̄.(3.21)

Since α and β are weakly compatible, we have

βα(ā, b̄) = α(βā, βb̄),

βα(b̄, ā) = α(βb̄, βā),
(3.22)
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which implies

βp̄ = α(p̄, q̄),

βq̄ = α(q̄, p̄).
(3.23)

Part 3. Claim that βp̄ = q̄ and βq̄ = p̄.
As Θ is continuous t-representable norm of H-type. Thus for any ν > 0, there exist
ξ > 0 so that

θm−1(Ns(ξ), ξ) ≥L∗ (Ns(ν), ν),(3.24)

for all m ∈ N .
Since lt%→∞$M,N (p̄, q̄, %) = 1L∗ for all p̄, q̄ ∈ X̄, there exist %o > 0 so that

$M,N (βp̄, q̄, %o) ≥L∗ (Ns(ξ), ξ),

$M,N (βq̄, p̄, %o) ≥L∗ (Ns(ξ), ξ).
(3.25)

Also υ ∈ ϑ, so we have
∑∞
n=1 υ

n(%o) <∞. Then for any % > 0, there exist no ∈ N
so that

∞∑
k=no

υk(%o) < %.(3.26)

Since

$M,N (βp̄, βq̄en+1 , υ(%o)) = $M,N (α(p̄, q̄), α(q̄en , p̄en), υ(%o))

≥L∗ Θ($M,N (βp̄, βq̄en , %o), $M,N (βq̄, βp̄en , %o)).
(3.27)

thus

$M,N (βp̄, βq̄en+1 , υ(%o)) ≥L∗ Θ($M,N (βp̄, βq̄en , %o), $M,N (βq̄, βp̄en , %o)).(3.28)

Taking n→∞, we get

$M,N (βp̄, q̄, υ(%o)) ≥L∗ Θ($M,N (βp̄, q̄, %o), $M,N (βq̄, p̄, %o)).(3.29)

Similarly, we can get

$M,N (βq̄, p̄, υ(%o)) ≥L∗ Θ($M,N (βp̄, q̄, %o), $M,N (βq̄, p̄, %o)).(3.30)

By equations (3.29) and (3.30) we get

Θ($M,N (βp̄, q̄, υ(%o)), $M,N (βq̄, p̄, υ(%o))) ≥L∗ Θ([$M,N (βp̄, q̄, %o)]
2, [$M,N (βq̄, p̄, %o)]

2).

(3.31)

By induction we have, for all n ∈ N

Θ($M,N (βp̄, q̄, υn(%o)), $M,N (βq̄, p̄, υn(%o))) ≥L∗ Θ([$M,N (βp̄, q̄, υn−1(%o))]
2, [$M,N (βq̄, p̄, υn−1(%o))]

2)

≥L∗ Θ([$M,N (βp̄, q̄, %o)]
2n

, [$M,N (βq̄, p̄, %o)]
2n

).

(3.32)

Thus

Θ($M,N (βp̄, q̄, υn(%o)), $M,N (βq̄, p̄, υn(%o))) ≥L∗ Θ([$M,N (βp̄, q̄, %o)]
2n

, [$M,N (βq̄, p̄, %o)]
2n

).

(3.33)
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By equations (3.24), (3.25), (3.26) and (3.33), we have

Θ($M,N (βp̄, q̄, %), $M,N (βq̄, p̄, %)) ≥L∗ Θ($M,N (βp̄, q̄,

∞∑
k=no

υk(%o)), $M,N (βq̄, p̄,

∞∑
k=no

υk(%o)))

≥L∗ Θ($M,N (βp̄, q̄, υno(%o)), $M,N (βq̄, p̄, υno(%o)))

≥L∗ Θ([$M,N (βp̄, q̄, %o)]
2no

, [$M,N (βq̄, p̄, %o)]
2no

)

≥L∗ Θ2no+1−1(Ns(ξ), ξ)

≥L∗ (Ns(ν), ν).

(3.34)

Thus for any ν > 0, we have

Θ($M,N (βp̄, q̄, %), $M,N (βq̄, p̄, %)) ≥L∗ (Ns(ν), ν)(3.35)

for all % > 0. So we get βp̄ = q̄ and βq̄ = p̄.
Part 4. Claim that p̄ = q̄.
For any %o > 0, we have

$M,N (βp̄en+1
, βq̄en+1

, υ(%o)) = $M,N (α(p̄en , q̄en), α(q̄en , p̄en), υ(%o))

≥L∗ Θ($M,N (βp̄en , βq̄en , %o), $M,N (βq̄en , βp̄en , %o)),

(3.36)

thus

$M,N (βp̄en+1
, βq̄en+1

, υ(%o)) ≥L∗ Θ($M,N (βp̄en , βq̄en , %o), $M,N (βq̄en , βp̄en , %o)).

(3.37)

Taking n→∞, we get

$M,N (p̄, q̄, υ(%o)) ≥L∗ Θ($M,N (p̄, q̄, %o), $M,N (q̄, p̄, %o)).(3.38)

By equations (3.24), (3.25), (3.26) and (3.38), we get

$M,N (p̄, q̄, υ(%o)) ≥L∗ $M,N (p̄, q̄,

∞∑
k=no

υk(%o))

≥L∗ $M,N (p̄, q̄, υno(%o))

≥L∗ Θ([$M,N (p̄, q̄, %o)]
2no−1

, [$M,N (q̄, p̄, %o)]
2no−1

)

≥L∗ Θ2no+1−3(Ns(ξ), ξ)

≥L∗ (Ns(ν), ν),

(3.39)

that implies p̄ = q̄. Thus, α and β possess unique coupled fixed point. This
completes the proof. �

Following are the two corollaries of our main result (3.3):

Corollary 3.1. Consider (X̄,$M,N ,Θ) be complete MIFSMS where Θ is contin-
uous t-representable norm of H-type that satisfies (3.5). Consider α : X̄ × X̄ → X̄
and υ ∈ ϑ so that (3.40) holds for all p̄e1 , q̄e2 , r̄e3 , s̄e4 ∈ X̄ and % > 0

$M,N (α(p̄e1 , q̄e2), α(r̄e3 , s̄e4 , ϑ(%)) ≥L∗ Θ($M,N (p̄e1 , r̄e3 , %), $M,N (q̄e2 , s̄e4 , %)).

(3.40)

Then there exist p̄ ∈ X̄ so that p̄ = α(p̄, p̄).

Proof. Take β = I in Theorem (3.3), we get the result. �
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Corollary 3.2. Consider (X̄,$M,N ,Θ) be MIFSMS so that $M,N has p-property.
Let α : X̄ × X̄ → X̄ and β : X̄ → X̄ be two functions so that (3.41) holds for all
p̄e1 , q̄e2 , r̄e3 , s̄e4 ∈ X̄ and % > 0, where 0 < k < 1

$M,N (α(p̄e1 , q̄e2), α(r̄e3 , s̄e4), k%) ≥L∗ Θ($M,N (βp̄e1 , βr̄e3 , %), $M,N (βq̄e2 , βs̄e4 , %)).

(3.41)

Let α(X̄ × X̄) ⊆ β(X̄) and α(X̄ × X̄) or β(X̄) is complete, then α and β possess
a unique coupled fixed point, that is there exist a unique p̄ ∈ X̄ so that p̄ = β(p̄) =
α(p̄, p̄).

Following is an example validating Theorem 3.3:

Example 3.4. Consider X = {0, 1, 1
2 ,

1
3 , ...,

1
n , ...} and Θ(ā, b̄) = (min{ā1, b̄1},max{ā2, b̄2}),

for all ā = (ā1, ā2) and b̄ = (b̄1, b̄2) ∈ L∗. Define

$M,N (p̄e1 , q̄e2 , %) = (
%

%+ | p̄e1 − q̄e2 |
,
| p̄e1 − q̄e2 |

%+ | p̄e1 − q̄e2 |
),

for all p̄e1 , q̄e2 ∈ X̄ and % > 0. Then (X̄,$M,N ,Θ) is a MIFSMS. Consider υ(%) =
%
2 , β : X̄ → X̄ and α : X̄ × X̄ → X̄ as

β(p̄) =


0 if p̄ = 0,

1 if p̄ = 1
2n+1 ,

1
2n+1 if p̄ = 1

2n .

α(p̄, q̄) =

{
1

(2n+1)4 if (p̄, q̄) = ( 1
2n ,

1
2n ),

0 otherwise.
(3.42)

Consider p̄en = q̄en = 1
2n . Taking n→∞, we have

βp̄en =
1

2n+ 1
→ 0,

α(p̄en , q̄en) =
1

2n+ 1
→ 0,

(3.43)

but

$M,N (α(βp̄en , βq̄en), βα(p̄en , q̄en), %) = $M,N (0, 1, %) 9 1L∗ .(3.44)

Thus β and α are not compatible. As α(p̄, q̄) = β(p̄) and α(q̄, p̄) = β(q̄), we get
(p̄, q̄) = (0, 0) and thus βα(0, 0) = α(β0, β0). Hence, α and β are weakly compatible.
It is trivial that

%

P + %
≥ min{ %

Q+ %
,

%

R+ %
},

P

P + %
≥ max{ Q

Q+ %
,

R

R+ %
},

(3.45)

if and only if P ≤ max{Q,R}, for all P,Q,R ≥ 0, % > 0.
Thus, we get the following inequality:

$M,N (α(p̄, q̄), α(ū, v̄), υ(%)) ≥L∗ Θ($M,N (βp̄, βū, %), $M,N (βq̄, βv̄, %)),(3.46)

that is equivalent to the following

2 | α(p̄, q̄)− α(ū, v̄) |≤ max{| βp̄− βū |, | βq̄ − βv̄ |}.(3.47)
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Thus by (3.46), if p̄ = q̄ and ū = v̄, consider p̄ = q̄ = 1
2l , ū = v̄ = 1

2m . Then

2 | α(p̄, q̄)− α(ū, v̄) | = 2 | 1

(2l + 1)4
− 1

(2m+ 1)4
|

≤ max{| βp̄− βū |, | βq̄ − βv̄ |}

=
1

2l + 1
− 1

2m+ 1
.

(3.48)

Hence all the conditions of theorem (3.3) are satisfied and β and α possess 0 as
their unique coupled fixed point.

4. Application

In this section we are going to give an application on Fredholm nonlinear integral
equation utilizing our newly developed results.
Consider the following integral equation:

ζ̄(σ̄) =

∫ s̄

r̄

(F1(σ̄, ς̄) + F2(σ̄, ς̄))× [Γ(ς̄ , ζ̄(ς̄)) + ∆(ς̄ , ζ̄(ς̄))dς̄ + Λ(σ̄),(4.1)

for all σ̄ ∈ K = [r̄, s̄].
Consider Ψ be the set consisting of all functions ψ : R(U)∗ → R(U)∗, where R(U)∗

is the set of non negative soft real numbers, that satisfies the following conditions:

(i) ψ is increasing,
(ii) ψ(σ̄) ≤ σ̄.

Let F1, F2, f, g satisfies the following conditions.

(i) For all σ̄, ς̄ ∈ K

F1(σ̄, ς̄) ≥ 0̄, F2(σ̄, ς̄) ≤ 0̄.(4.2)

(ii) For all ζ̄, η̄ ∈ R such that ζ̄ ≥ η̄ there exist positive soft real numbers λ̄, µ̄
and ψ ∈ Ψ so that

0̄ ≤ Γ(ς̄ , ζ̄)− Γ(ς̄ , η̄) ≤ λ̄ψ(ζ̄ − η̄),

−µ̄ψ(ζ̄ − η̄) ≤ ∆(ς̄ , ζ̄)−∆(ς̄ − η̄) ≤ 0̄.
(4.3)

(iii) Suppose

max{λ̄, µ̄}supσ̄∈K
∫ s̄

r̄

[F1(σ̄, ς̄)− F2(σ̄, ς̄)] ≤ 1̄

8
(4.4)

Theorem 4.1. Consider the integral equation (4.1) with F1, F2 ∈ C(K×K,R(U)∗),
α, β ∈ C(K×R(U)∗, R(U)∗) and Λ ∈ C(K,R(U)∗). Consider (4.2), (4.3) and (4.4)
holds, then the integral equation (4.1) possess a unique solution in C(K,R)

Proof. Consider X̄ = C(K,R), then (X̄,$M,N ,Θ) is a complete MIFSMS, where
$M,N is defined as follows:

$M,N (ζ̄, η̄, %) = (
%

%+ | ζ̄ − η̄ |
,
| ζ̄ − η̄ |

%+ | ζ̄ − η̄ |
)
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for all ζ̄, η̄ ∈ X̄, % > 0 and Θ(ā, b̄) = (min{ā1, b̄1},max{ā2, b̄2}), for all ā = (ā1, ā2)
and b̄ = (b̄1, b̄2) ∈ L∗. Consider map α : X̄ × X̄ → X̄ defined as

α(ζ̄, η̄)(σ̄) =

∫ s̄

r̄

F1(σ̄, ς̄)[Γ(ς̄ , ζ̄(ς̄)) + ∆(ς̄ , η̄(ς̄))]dς̄

+

∫ s̄

r̄

F2(σ̄, ς̄)[Γ(ς̄ , η̄(ς̄)) + ∆(ς̄ , ζ̄(ς̄))]dς̄ + Λ(σ̄)

(4.5)

for all σ̄ ∈ K and υ(%) = %
2 . Thus, for all ζ̄, η̄, γ̄, δ̄ ∈ X̄.

α(ζ̄, η̄)(σ̄)− α(γ̄, δ̄)(σ̄) =

∫ s̄

r̄

F1(σ̄, ς̄)[Γ(ς̄ , ζ̄(ς̄)) + ∆(ς̄ , η̄(ς̄))]dς̄ +

∫ s̄

r̄

F2(σ̄, ς̄)[Γ(ς̄ , η̄(ς̄)) + ∆(ς̄ , ζ̄(ς̄))]dς̄

−
∫ s̄

r̄

F1(σ̄, ς̄)[Γ(ς̄ , γ̄(ς̄)) + ∆(ς̄ , δ̄(ς̄))]dς̄ −
∫ s̄

r̄

F2(σ̄, ς̄)[Γ(ς̄ , δ̄(ς̄)) + ∆(ς̄ , γ̄(ς̄))]dς̄

=

∫ s̄

r̄

F1(σ̄, ς̄)[Γ(ς̄ , ζ̄(ς̄))− Γ(ς̄ , γ̄(ς̄)) + ∆(ς̄ , η̄(ς̄))−∆(ς̄ , δ̄(ς̄))]dς̄

+

∫ s̄

r̄

F2(σ̄, ς̄)[Γ(ς̄ , η̄(ς̄))− Γ((ς̄ , δ̄(ς̄)) + ∆(ς̄ , ζ̄(ς̄))−∆(ς̄ , γ̄(ς̄))]dς̄

=

∫ s̄

r̄

F1(σ̄, ς̄)[Γ(ς̄ , ζ̄(ς̄))− Γ(ς̄ , γ̄(ς̄))− (∆(ς̄ , δ̄(ς̄))−∆(ς̄ , η̄(ς̄)))]dς̄

+

∫ s̄

r̄

F2(σ̄, ς̄)[Γ(ς̄ , δ̄(ς̄))− Γ(ς̄ , η̄(ς̄))− (∆(ς̄ , ζ̄(ς̄))−∆(ς̄ , γ̄(ς̄)))]dς̄

≤
∫ s̄

r̄

F1(σ̄, ς̄)[λ̄ψ(ζ̄(ς̄)− γ̄(ς̄)) + µ̄ψ(δ̄(ς̄)− η̄(ς̄))]dς̄

−
∫ s̄

r̄

F2(σ̄, ς̄)[λ̄ψ(δ̄(ς̄)− η̄(ς̄)) + µ̄ψ(ζ̄(ς̄)− γ̄(ς̄))]dς̄.

Hence, we have

α(ζ̄, η̄)(σ̄)− α(γ̄, δ̄)(σ̄) ≤
∫ s̄

r̄

F1(σ̄, ς̄)[λ̄ψ(ζ̄(ς̄)− γ̄(ς̄)) + µ̄ψ(δ̄(ς̄)− η̄(ς̄))]dς̄

−
∫ s̄

r̄

F2(σ̄, ς̄)[λ̄ψ(δ̄(ς̄)− η̄(ς̄)) + µ̄ψ(ζ̄(ς̄)− γ̄(ς̄))]dς̄.

(4.6)

As ψ is increasing, thus we have

ψ(ζ̄(ς̄)− γ̄(ς̄)) ≤ ψ(| ζ̄(ς̄)− γ̄(ς̄) |)
ψ(δ̄(ς̄)− η̄(ς̄)) ≤ ψ(| δ̄(ς̄)− η̄(ς̄) |)

(4.7)
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Thus by (4.6), as F2(σ̄, ς̄) ≤ 0̄, we get

| α(ζ̄, η̄)(σ̄)− α(γ̄, δ̄)(σ̄) | ≤
∫ s̄

r̄

F1(σ̄, ς̄)[λ̄ψ | ζ̄(ς̄)− γ̄(ς̄) |) + µ̄ψ(| δ̄(ς̄)− η̄(ς̄) |)]dς̄

−
∫ s̄

r̄

F2(σ̄, ς̄)[λ̄ψ(| δ̄(ς̄)− η̄(ς̄) |) + µ̄ψ(| ζ̄(ς̄)− γ̄(ς̄) |)]dς̄

≤
∫ s̄

r̄

F1(σ̄, ς̄)[max{λ̄, µ̄}ψ(| ζ̄(ς̄)− γ̄(ς̄) |) +max{λ̄, µ̄}ψ(| δ̄(ς̄)− η̄(ς̄) |)]dς̄

−
∫ s̄

r̄

F2(σ̄, ς̄)[max{λ̄, µ̄}ψ(| δ̄(ς̄)− η̄(ς̄) |) +max{λ̄, µ̄}ψ(| ζ̄(ς̄)− γ̄(ς̄) |)]dς̄.

(4.8)

Using (4.4), we have

| α(ζ̄, η̄)(σ̄)− α(σ̄, δ̄)(σ̄) | ≤ max{λ̄, µ̄}
∫ s̄

r̄

F1(σ̄, ς̄)− F2(σ̄, ς̄)dς̄[ψ(| ζ̄(ς̄)− γ̄(ς̄) |) + ψ(| δ̄(ς̄)− η̄(ς̄) |)]

≤ max{λ̄, µ̄}supσ̄∈K
∫ s̄

r̄

[F1(σ̄, ς̄)− F2(σ̄, ς̄)]dς̄[ψ(| ζ̄(ς̄)− γ̄(ς̄) |) + ψ(| δ̄(ς̄)− η̄(ς̄) |)]

≤ ψ(| ζ̄ − γ̄ |) + ψ(| δ̄ − η̄)

8

(4.9)

Thus

2 | α(ζ̄, η̄)(σ̄)− α(γ̄, δ̄)(σ̄) |≤ ψ(| ζ̄ − γ̄ |) + ψ(| δ̄ − η̄)

4
(4.10)

As ψ is increasing, we have

ψ(| ζ̄ − γ̄ |) ≤ ψ(| ζ̄ − γ̄ | + | η̄ − δ̄ |),
ψ(| η̄ − δ̄ |) ≤ ψ(| ζ̄ − γ̄ | + | η̄ − δ̄ |).

(4.11)

Thus, we get

ψ(| ζ̄ − γ̄ |) + ψ(| η̄ − δ̄ |)
2

≤ ψ(| ζ̄ − γ̄ | + | η̄ − δ̄ |).(4.12)

Hence, by (4.10) and (4.12)

2 | α(ζ̄, η̄)(σ̄)− α(γ̄, δ̄)(σ̄) |≤ max{| ζ̄ − γ̄ |, | η̄ − δ̄ |}.(4.13)

By (3.45) and (4.13), we get

$M,N (α(ζ̄, η̄), α(γ̄, δ̄),
%

2
) = (

%
2

%
2 + | α(ζ̄, η̄)− α(γ̄, δ̄) |

,
| α(ζ̄, η̄)− α(γ̄, δ̄) |

%
2 + | α(ζ̄, η̄)− α(γ̄, δ̄) |

)

= (
%

%+ 2 | α(ζ̄, η̄)− α(γ̄, δ̄) |
,

2 | α(ζ̄, η̄)− α(γ̄, δ̄) |
%+ 2 | α(ζ̄, η̄)− α(γ̄, δ̄) |

)

≥L∗ (
%

%+max{| ζ̄ − γ̄ |, | η̄ − δ̄ |}
,

max{| ζ̄ − γ̄ |, | η̄ − δ̄ |}
%+max{| ζ̄ − γ̄ |, | η̄ − δ̄ |}

)

≥L∗ (min{ %

%+ | ζ̄ − γ̄ |
,

%

%+ | η̄ − δ̄ |
},max{ | ζ̄ − γ̄ |

%+ | ζ̄ − γ̄ |
,
| η̄ − δ̄ |

%+ | η̄ − v̄ |
})

≥L∗ Θ($M,N (ζ̄, γ̄, %), $M,N (η̄, δ̄, %)),

(4.14)
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that is (3.40). Thus all conditions of Corollary 3.1 are satisfied. Hence α possess a
unique fixed point z̄ ∈ X̄, so that z̄ = α(z̄, z̄), thus integral equation (4.1) possess
z̄ ∈ C(K,R) as its unique solution. �

5. Conclusion

In our work we have defined common coupled fixed point theorem for maps in
MIFSMS that are weakly compatible. Moreover to prove our result we have given
an example and have applied our result to find the solution of nonlinear Fredholm
integral equation.
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