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ABSTRACT. In this paper, we focus on the following nonlinear Schréodinger equations with linear
couples
p .
—Au+Vi(z)u+ u=pm [ %dy|u|p’2u+,3v in R3,
R3

—Av+ Va(z)v+Av=p2 [ Mdy|v|q*2v+ﬁu in R3,
R3

\
lz—yl
[ |u?dz=a, [ |v]?dz=0",
R3 R3
5

where 3 < p,q < g, pi,p2 > 0, a,b > 0, B € R\ {0}, A1, 2 € R are Lagrange multipliers

and Vi(z),Va(x) : R3 — R are trapping potentials. We prove the existence of the solutions with
prescribed L?(R)-norm with trivial trapping potentials and nontrivial trapping potentials by applying
the rearrangement inequalities.
1. INTRODUCTION AND MAIN RESULTS
The two-component nonlinear Schrodinger system with Hartree type nonlinears
—i22 4V (2)®) = L2 AD C(z) * |®1[P)| D [P~20, + S
i + Vi(@) @1 = 5 APy + 1 (C) * [1[P)[ D] 1+ BP2,
oLy h? -
—i%7 + Va(2) @2 = 5 APy + 112(C (@) * |@2|7)[@2|T7? @2 + fP1,

(1.1)

has attracted a great deal of attraction in physics recently. Here ®;: R x R® — C for i = 1,2,
Vi(z) and Va(x) are the external potentials, /i is the Plank constant, m is the mass of the particles,
p1, g2 > 0 imply the self-focusing strength in the component of the beam and C(x) is the response
function and possesses information on the mutual interaction between the particles. 5 > 0 (or < 0) is a
coupling coefficient which measures the interaction between the two components of the beam. The i-th
component of the beam in Kerr-like photorefractive media is denoted by solution ®; for ¢ = 1,2. The
existence of self-trapping of incoherent beam in a nonlinear medium has been proved by experiments
in [25,26]. Due to the optical pulses propagating in a linear medium have a natural tendency to
broaden respectively in time (dispersion) and space (diffraction), the observation of (1.1) is important.

It is well-known that nonlinear Schrédinger equations for the mass-subcritical case are extensive

studied recently. Our study is motivated by the following nonlinear Schrédinger equations
—Au =+ u+ pr P72+ 1 Blu| 2?2 in R3,
—Av = +20 + p2|v|97 20 + o Bv| 2 2vut in R3, (1.2)
[ |u)?dz =a, [|v|*dz=b.
R3 R3

Guo and Jeanjean [7] studied (1.2) and proved the orbital stability of the standing waves associated

to the set of minimizers for the mass-subcritical case. Then Chen and Zou [3] considered the existence
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of the normalized solutions of the following elliptic system with linear coupling nonlinearities for the
mass-subcritical case

—Au+ Vi(z)u+ Mu = pp|ulP72u+ Bv  in R3,

—Av + Vo(2)v + Aov = po|v|7 20+ fu in R3, (1.3)
[ |u?*dz =a, [ |v|*dz=>.

R3 RR3

Moreover, the nonlinear interaction can be of nonlocal nature in lots of situations. For instance,
under the influence of an external potential and two-body attractive interaction between two particles
for bosons or electrons, the condensate in the mean field regime is run by the nonlinear Hartree equation
(see [4-6,9])

0 1 —2 3

gy =~ Y+ VY = x(Cl@)* P "y, z € R (1.4)
The function % is a radially symmetric two-body potential and V is the trapping potential, * denotes
the convolution in R®. Equation (1.4) turns to be the well-known Choquard equation [14,17,19] in the
case V = 0, which arises from the model of wave propagation in a media with a large response length [1].
The nonlocal term of (1.4) describes interaction between the bosons in the condensate [22,24].

The general singular semilinear Choquard equation problem
—Au—pu = (I, * |u”)[ulPu  nRY, ycR, (1.5)

has been studied in [21,32,33]. Moroz and Schaftingen [21] proved that any positive groundstates
about some point were radially symmetric and monotone decaying for (1.5). The parameters N, a,p
are essential from the theoretical point of view. The case of dimension N = 3 of (1.5), Xiang [32]
studied the uniqueness and nondegeneracy results for ground states, provided that p > 2 and p is
sufficiently close to 2. For N > 1 and & IJ\;‘)‘ <p< (NN_#Q”); Ye [33] proved the existence of the solutions
of (1.5). In the case p =2, N =3 and I, = |z|~1, (1.5) is deduced to

—Au—pu=(Jz| ' *|u>)u  inR® peR. (1.6)

By using symmetrical decreasing rearrangement inequalities to (1.6), the author of [14] proposed an
existence and uniqueness of the minimizing solution. Equation (1.6) is called the nonlinear Hartree or
Schrédinger-Newton equation, and the problem also has been widely studied in phisics. In the physical
sense, (1.6) was not only used to describe the quantum mechanics of a static polaron by Pekar [23], but
also used by Choquard in a certain approximating to Hartree-Fock theory of one component plasma to
describe an electron trapped in its own hole in 1976 by Lieb [14]. The readers may turn to [8,15-17,20)
and the references therein for more mathematical and physics background.

On the one hand, the nonlinear Schrodinger system with nonlinear couples also has been intensively
studied in the past twenty years. Wang and Yang in [31] proved the existence and nonexistence of

L?(RY)-normalized solutions of coupled Hartree equations, the system given by
u(y)? v(y)® in RN
|x_‘yy|cx dy)u—kﬂ(Rfs |x_yy|a dy)u in RY,
v 2 u 2 .
|m£y73‘a dy)v + <R£ ‘I(,yy)p dy) v RNv

where 8 > 0 and o = 2, under certain type trapping potentials. By proving some delicate energy

—Au+ Vi (z)u = >\1U+,u1(f
RS (1.7)

—Av + Va(z)v = Aov + /JQ( Ik
RS

estimates, a precise description was given on the concentration behavior of minimizer solutions of (1.7).

In addition, an optimal blowing up rate for the minimizer solutions of the system was also proved.
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In [30], standing wave solutions of coupled nonlinear Hartree equations with nonlocal interaction were
considered for (1.7) in the case V; = V5 =0 and a = 1.

On the other hand, the general two-component of nonlinear Schrédinger equations system with
nonlocal Hartree type interaction has also been studied. We consider the following system of elliptic
equations

—Au+ Vi(z)u+ A\u = 1y f LI gy |up=2u 4+ Bv  in R,

[z—y|

(1.8)

—Av+ Va(x)v + Aav = po f ‘r;(yy‘ dylv|9=2v + fu  in R3,
R3

where % <p,qg< %, p1sp2 >0, a,b>0, A1, A\ € R, f € R\ {0} is a coupling constant which describes
attractive or repulsive interactions, and Vi (z), Va(z) : R® — R are trapping potentials. We investigate
the solutions (u,v) € H'(R3) x H'(R?) under the following constraints

/|u|2dx:a>07 /|v|2da:=b>0.

R3 R3
Thus A1, A2 € R are considerd as Lagrange multipliers. In fact, the function (®4(z,t), Po(z,t)) =
(eu(z), eMu(x)) gives a nonlinear solitary wave for (1.1) whenever (u,v) solves (1.8).

To the best of our knowledge, there is no work concerning the system (1.8) no matter whether
mass-subcritical or mass-supercritical in recent works. A major difficulty in searching for the solutions
of (1.8) is to get the compactness of the embedding H'(R?) — L?(R3). Since the presence of the linear
couple terms, it is difficult to tackle the compactness of the P.S sequence.

In this paper, we are devoted to study the nonlinear Schrédinger equations (1.8) for the mass-
subcritical case. Firstly, we consider the existence of the solutions of (1.8) with trivial trapping
potential. If V;(x) =0 for ¢ = 1,2, then (1.8) is reduced to the following nonlocal system

—Au+ Mu = f l?;(y)y‘ dy|ulP~2u+ Bv  in R3,

(1.9)
—Av + Aov = s f |‘vxy)y| dylv|"?v+ fu  in R
Here the energy functional corresponding to (1.9) is defined by
oo (1, 0) = /(\vuP (Vol?)de — B2 // u(z Jﬂ“ dz dy
(1.10)

//|v z)[* |v dxdy—ﬁ/uvdx.
R3

Furthermore, the case, studying the existence of normalized solutions to (1.9), can be described
equivalently by considering the limiting minimization problem
Moo (a,b) = inf  Jeo(u,v),
(u,v)€S(a,b)

where S(a,b) is defined by

S(a,b) := {(u,v) € H'(R®) x H*(R?) : /|u\2dac =a, /|v|2 dx = b}.
R3 R3
In this sense, A\; and Ay are Lagrange multipliers to be determined. For simplicity, we suppose the
following conditions are always true throughout the paper

7
50 M1, H2 >O7a,b2075€R\{0}

) 2 :

<p,q<
3pq
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The first main result of the present paper is concerned about the existence of minimizers of (1.10)
restricted to S(a,b).

Theorem 1.1. Assume that (M) holds, then moo(a,b) is attained at (u,?), that is, (1.9) exists
at least one ground state solution with the constraint in S(a,b) such that dJso|s(ap)(4,v) = 0 and
Joo (U, D) = Mmoo (a,b). Furthermore, (4,0) satisfies

(i) If 8 > 0, then u,T are both positive and radial.

(ii) If B <0, then @, v are both radial, and either @ > 0,0 <0 or 4 < 0,7 > 0.

Remark 1.2. 5 > 0 and 8 < 0 decide the choice of minimizing sequence and the performance of
minimizers, which can be seen in lemma 2.5. Moreover, this phenomenon also occurs in situation
nontrivial V;(x) fori=1,2.

Due to we are interested in studying (1.8) with the linearly coupled systems. This is a quite delicate
matter and still with difficulty to obtain optimal results. Motivated by [7], the authors mainly verified
the compactness of the minimizing sequences with the rearrangement results by Shibata in [28]. Also
motivated by Chen and Zou in [3], they proved the existence of the normalized solutions of (1.3) with
linear coupling nonlinearities. The proof was based on the refined energy estimates. We shall refer
to above great approaches to prove our main results. It is much more difficult for us to exclude the
dichotomy of minimizing sequences. However, we can overcome the issue by a more accurate upper
bound of the energy function mq,(a,b). The key idea to deal with the problem is using a special test
function.

In the rest results, we consider (1.8) with general potential V;(z) for ¢ = 1,2, supposing that
Vi(z) € C(R?) satisfies
(V1) V;(0) = mingegs Vi(z) = ¢; > —oo for i = 1,2,

(V2) lim |00 Vi(w) = sup,eps Vi(x) =: Vi oo € (¢4, +00] for i = 1,2.
Indeed, the system (1.8) is related to the system of Euler-Lagrange equations of the following
constrained problem

b) .= inf J
m((L ) (u,v)IGI}S'*(a,b) (U,U),

where energy functional is defined by

T, v) = 1/(|Vu|2—|—V1( Y2 + |Vol? + Va(2)o?) da

P
//'“'_'“ da dy “2//|” ||” ddy—ﬂ/uvda:,
X e

S*(a,b) = {(u,v) € H : /|u|2d33 _a /Wda: — b,
R3 R3

and S*(a,b) is given by

here

< 00, Va(x)v? da| < 0o}

H = {(u,v) € H'(R?) x H(R?) : ‘/Vl(x)uzdz

Since different types of trapping potentials decide different results, the purpose of this paper is to
provide some results in this respect. The coerciveness is essential for verifying the compactness result.

We first concern a general case V; = oo for ¢ = 1,2, which is coercive. Our first result reads as follows.
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Theorem 1.3. Assume that (M) holds. If V;(z) satisfies (V1) and (V2) with V; o = oo fori=1,2,
then there exists (u,v) € S(a,b) such that m(a,b) is attained at (@,v). Therefore, (1.8) exists at least
one ground state solution (u,v) in S(a,b). Furthermore, (4,v) satisfies

(i) If 8 > 0, then @, v are both positive.

(ii) If B < 0, then either u > 0,9 <0 ora < 0,7 > 0.

Finally, we consider the case of V; oo < co. Without loss of generality, we suppose that ¢; < V; oo = 0.
Since (Vi(z), \;) can be replaced by (Vi(z),Ai) == (Vi(z) = Vicos Ai + Vioo). We have the following

result.

Theorem 1.4. Assume that (M) holds. If Vi(x) satisfies (V1) and (V2) with ¢; < Vi = 0 for
i =1,2, then there exists (4, v) € S(a,b) such that m(a,b) is attained at (4,v). Therefore, (1.8) exists
at least one ground state solution (u,v) in S(a,b). Furthermore, (4,v) satisfies

(i) If B8 > 0, then @, v are both positive.

(ii) If B8 < 0, then either u > 0,9 <0 ora < 0,9 > 0.

Remark 1.5. In fact, there are many functions satisfy (V1) and (V2) with ¢; <V, = 0. We give

some examples
(i) Vi(z) = —Ce~ 12l for C is a positive constant;
. o 1
(ll) m(.’IJ) = _T‘Il .

Notice that we use the results deduced by Lions [18] when studying the nontrivial potentials case.
He proved every minimizing sequence for the energy function m(a,b) has a convergent subsequence in
H'(R?) x H'(R?), which is equivalent to the subadditivity condition, i.e.,

m(a1 + az, b1 + b2) < m(ar,b1) + meo(az, b2)

for any as+by > 0. By reduction to absurdity, [10] showed the compactness of the minimizing sequence.
We also can show the compactness of the minimizing sequence by reduction to absurdity. Motivated
by Shibata in [27], our paper is devoted to use a new rearrangement approach. After using this new
approach we find it is very easy to study the problem (1.8). We hope this new approach can be applied
to more problems to simplify the proof.
Throughout this paper, we will use the following notations.

o Set H := HY(R?) x H(R®) and H, = H} x H}, where H} denotes the redial symmetric with
respect to 0, which is the subspace of H'(R?).
0(1) denotes a quantity which tends to 0.

| - |, means the standard norm of LP(R3).
Sy(a,b) denotes S(a,b) N H,.
I (s 0) = ( fpa(IVul? + [Vo[?) dx)

e — means weak convergence.

1
2 is the norm of H.

u* denotes the symmetric decreasing rearrangement of u € H'(IR3), recalling that

[Vula < [Vula,

/uvdmg /u*v* dx,
(1.11)
)P )P )P p
[ s [
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for p > 11in [12].
This paper is organized as follows. Section 2 is focused on introducing some preliminary results. In
Section 3 we deal with the case of trivial potentials. In Section 4 we shall address the case of nontrivial

potentials.

2. SOME PRELIMINARIES

In this section, we investigate some significant lemmas which will be used in proving our main
results.

We first consider singular Choquard equation with L?(R?)-constraint. For fixed a, p >0, <p < I
we concern the existence of solution (\,u) € R x H!(R3) to the following system

—Au—!—)\u—uf LW gy u[p=2u  in R3,

lz—y|

[ |ul? dz = a.
R3

The energy functional of above system is given by

p
/|Vu|2dac //'“ |x|_|“ dz dy, (2.2)

which is constrained on S(a), where S(a) = {u € H*(R?) : [p, |ul*dz = a}. By using variational
methods, the existence of solutions of (2.1) can be described equivalently by nonnegative minimizers

of the following problem

my.p(a) == uelgfa) Jpp(W)- (2.3)

Then we have the following lemma.

Lemma 2.1. Assume that a, p > 0, g <p< %, then up to a translation (2.1) has positive solutions
with A > 0. Furthermore,

my,p(a) = uégfa) Jup(u) <0.

Proof. The existence of positive solutions with A > 0 of (2.3) have been proved by Xiang [32]. Thus
we only prove my ,(a) = infyeg(a) Jup(u) < 0. For any u € (a), we have t3u(tz) € S(a) for all ¢ > 0.

After a simple calculation obtains that

: 2 Dy(u)? \ 7%
m,hp(a) = %Eg JH:P (t2’u,(ta?)) = Cl (p) W < 0. (24)
where Cy(p) = ;;f§(3p2 5y K (u = 3 Jos |Vul* dz and Dy (u) = 45 [ps [as M dx dy. This
finishes the proof of Lemma 2.1. O

We next recall the following classical Hardy-Littlewood-Sobolev inequality.

Lemma 2.2. [12] Assume that | € LS(RN), g € LY(RYN), then we have

[ [ dwdy < s N1l

RN RN

where 1 < s,t <00, 0 <A< N and%—l—%—l—%:Q
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Recalling Lemma 2.2, there exists a positive constant A such that

[u(@)luly)|* ddy<A\u
eyl

for g < s < 5. Then combining interpolation inequality, we obtain that

25 Vue LT (R, (2.5)

fulos < lulduli™, ¥ ue LER?) N LO(RY), (2.6)
where 0 < 6§ = 22 < 1. By Sobolev inequality, there existence a positive constant B such that
lulg < B|Vula, VY ue€ H'(R?). (2.7)

Therefore, combining (2.5), (2.6) and (2.7), we have

//|u |x|u dx dy < AB3* 75|37 |[Vul375, (2.8)
R3

It is vital to verify the convergence of minimizing sequences to prove Theorems 1.1, 1.3 and 1.4.

Therefore, we now recall some lemmas of this result given in [2] by Brezis and Lieb.

Lemma 2.3. Assume that {(un,v,)} C H is a bounded sequence, (un,vn) — (u,v) in H, then we
obtain that

. 2 2 2 _
nlgrolo/(wun\ — |Vul? = [V (u, — u)[?)) dz = 0.

: 2 2 o 2 _
nlgx;o/(|an| Vo2 = |V (v, — 0)]?)) dz = 0.

nILH;O (Unvn — uv — (un — u)(vy, — v)) dz = 0.

R3

The following lemma is essential to verify the compactness for the nonlocal term of the functional.

Lemma 2.4. [21] Let N > 3, a € (O,N), p € [N;a, %f‘;], and {un} be a bounded sequence in

e N N
L+ (RM). If up, — u almost everywhere in RY as n — 400, then

lim (/(Ia [t |P)|un|P do — /(Ia * [y — ulP)|u, —ulP dac) = /(Ia * |u|P)|u|P de.

n—-+oo
RN RN RN

Next, we summarize a list of basic properties of a minimizing sequence for m(a, b).

Lemma 2.5. Let {(un,vn)} C S(a,b) be a minimizing sequence for m(a,b). Then we obtain that

(i) for 8> 0, {(|un|, |vn])} is also a minimizing sequence;

(ii) for B <0, {(Junl, —|vn])} or {(—=|unl, |vn|)} is also a minimizing sequence.
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Proof. Combining [ps ‘V|u|’2 de < [ps|Vul?de and [o, ‘V|v||2 de < [gs|Vu|?dz and noticing
Jps wvdz < [oq u|v] dz, for B> 0, we deduce that

T(lul, [o]) = /|V|u|y V@) + [Vl + Va(e)o?) de

B[ [ s s

1
<1 /(|w2 + V(@) + Vol + Va(a)o?) de

u(x)|Plu(y v(x)|?|v q
[ [ [
q]R3]R3 Y R3

= J(u,v),

(2.9)

hence we have J(|up], |vn|) < J(un,vp).
Similar to the above arguments, for 8 < 0, we have J(—|uy|, |vn]) = J(Junl, —|vn]) < J(un,vn).

This completes the proof of Lemma 2.5. O

Lemma 2.5 implies that the case 8 < 0 can be treated as the case § > 0. In the rest of this paper,
we shall only consider the case 5 > 0. In next lemma we continue to summarize some properties of a

minimizing sequence for m(a, b).

Lemma 2.6. Assume that (ug,vo) € H and {(un,vs)} is a minimizing sequence for m(a,b) with
(Un,vn) = (uo,vo) in L2(R3) x L2(R3), then we obtain that (u,,v,) — (ug,vo) in H.

Proof. Using the fact that |u, — uo|3 + |vn, — vo|3 — 0, we obtain that |ug|3 = a, |vg|3 = b and

lim | (Vi(z)ul + Va(z)v))) doe = / (Vi(z)ug + Va(z)vg)) da.

n—00
R3 R3

According to (2.8), we derive that

1 w(x)|Pluy
petien) = [t wifyao= 3 [ [REHERE aca

//'U HU ddy ,B/uvdx

,ulaTAB P—5
2p

(2.10)

(IVul3 +[Vof3) - [Vuly”™?

l\')\»—t

Mgb%" AB3a-5

3q—5 1,1
o |Vol577° — Bazbz,

where (u,v) € S(a,b). Since 0 < 3p —5,3¢ — 5 < 2, we deduce that J(u,v) is bounded from below
and coercive on S(a,b). By using similar arguments as in the above we can prove the coerciveness of J.

By the coerciveness of J, we know that the sequence {(u,v,)} is bounded in H. Up to a subsequence,
we have (un,v,) — (@,9) in H. Moreover, combining (u,,v,) — (ug,vo) in L?(R3) x L?(R3), then we
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have (i, 0) = (ug, vg), that is, (un,vn) = (ug, vg) in H. We infer from Lemma 2.3 and Lemma 2.4 that

m(a,b) < J(ug,vp)

< lim inf J(up,v,)
n—oo
= m(a,b),
which implies
lim /(|vun\2+ Vv, |?) de = lim /(|vu0|2 + | Vuol?) dz. (2.11)
R3 R3

Combining (2.11) with (Vu,, Vv,) — (Vug, Vug) in L3(R?) x L%(R3), then we conclude that
(Un, vpn) — (uo,vo) in H. This finishes the proof. O

Finally, we shall introduce a different transform to replace the rearrangement results in [27] as
expressed in [11]. Here we assume that u,v € H'(R3), then vu2 + v2 has properties given by the

following lemma.

Lemma 2.7. For all u,v € HY(R3), there satisfies

(i) If v(z) >0,
/\V\/UQ + 02| dz </ |Vul|? + |Vv|?) dz
R?’

where the equality holds if and only if u(xz) = cv(x), here ¢ is a constant.
(i) For 2 <p< I,

[Vul@)? + 0@V uly)?® +o@?F dy
|z -yl
|2 R (2.12)

//|u D +//|v opity
|z — yl
(iii) Set 0 < uy,ug,v1,ve € HY(R?), then

/ \/ul + v? \/u2 +v2dzr > /(ulvl + ugvg) dx. (2.13)

R3

Proof. (i) This has been proved in [12].

(ii) For a1, ag,b1,ba > 0, t > %, we obtain that
(a1 + az)" (b1 +b2)" > aiby + agbs,
and the equality holds if and only if a;by = ashb; = 0. Let u(z)? = a1, v(z)? = as, u(y)? = by,
v(y)? = by, t = £, multiplying by |z — y|~" both sides and integrating over R3 both sides, then we
obtain (2.12). In fact, we see that (2.12) attains the equality if and only if w =0 or v = 0.
(iii) For ay,asg,by, by > 0, we obtain that
(a3 + a3)(b] + b3) > (a1by + azbs)*.

Let uy(z) = a1, ua(x) = az, v1(x) = be, va(x) = be, then we obtain (2.13). O



10 JIAMO LI, ZIFEI SHEN

3. PROOF OF THEOREM 1.1

In this section, we still use the notation ms(a,b) for a,b > 0, which implies one component of (a, b)

may be zero. Firstly, we summarize a list of basic properties of mq(a,b).

Lemma 3.1. Assume that (M) holds, then we have the basic properties of ms(a,b) as follows

(i) For any a,b > 0, if either a >0 or b > 0, then we have
—00 < Moo(a,b) <0

(il) moo(a,b) is continuous with respect to a,b > 0.

(iii) For any a1, as,by, by > 0, we have

Moo (a1 + az, b1 + b2) < moo(a1,b1) + moo(az, ba).

Proof. (i) For the case ab # 0, we rewrite the functional Jo(u,v) defined in (1.10) for convenience as

1 p
oo (1, 0) = /(|Vu|2+|Vv| “1//‘“ 2P oy
3

follows

[z =yl

|v(z ||v B
// g dy ﬁR[uvdo:

= Juyp(u) + Jpy q(v) — ﬂ/uv dz.
R3

where J,,, p(u) and J,, 4(v) have been defined in (2.2). If a,b > 0, from Lemma 2.1, then we know

my, p(a) and my, 4(b) exist minimizer ug and vy respectively, such that

Moo (@, 0) < Joo(Uo, Vo) = Jpuy p(t0) + Jpuy q(vo) — ﬁ/uovo dx < 0.
R3

For the case a = 0 or b = 0, then we set u = 0, v = vg or u = ug, v = 0, we also obtain above inequality.
By (2.10), we deduce that Ju(u,v) is bounded from below. Thus —oo < ms(a,b) < 0 holds.

For (ii)(iii), we will prove with potentials as a more general case in Lemma (4.2). O

Let (un,v,) C H be the minimizing sequence of mq,(a,b), then we need to verify the compactness

of minimizing sequence in L?(R?) x L?(R?). Therefore, we first consider the following argument.

Lemma 3.2. Assume that (M) holds, then we have

inf  Juo(u,v) =  inf  Juo(u,0). 3.1
(u,0)€8, (a,b) (1) (u.)€S(a.b) oo (1) (3-1)

Proof. 1t is easy to see that inf(, ,yes, (a,b) Joo (U, v) > inf(y yyes(a,b) Joo(u,v). For any (u,v) € H, we
study the rearrangement of (u,v) denoted by (u*,v*), then applying the rearrangement inequalities
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(1.11), we have that

1 )P P
Joo(u*,v*):2/(|Vu*|2+|Vv| H1//\U |x|_|u vl dx dy

[ s [

1 P
<z /(|W|2+|W| ’“//'“ |x|_|“ dx dy
//'U ||U ddy—ﬁ/uvdx
]RS
= Joo(u,v).
Hence combining above two inequalities, we obtain (3.1). O

Since the coercive of Jy on S,.(a,b), we conclude that the minimizing sequence (un,v;,) is
bounded in H,, then we deduce that (un,v,) — (4,?) in H.. In view of the compact embedding
HY(R3) << L*(R3) for 2 < s < 6(see [29]), we know that (u,,v,) — (4,0) in L¥(R3) x L*(R3) for
2 < s,t < 6. Next we give the compactness of (u,,v,) in L?(R3) x L?(R?).

Lemma 3.3. Assume that (M) holds, then we have

Proof. We argue by contradiction. Suppose, on the contrary, that

/|ﬂ|2 dr := a1 < a, /|17|2 dx := by <D,
R3 R3

set apo =a —ay, by =b—by. If a; + b1 < a+ b, then we study the following three cases.
Case 1: a1 < a, by < b. In this case, we define 4, = u, — 4, U, = v, — 0, by the Brezis-Lieb
Lemma, then we obtain that
|tin|3 — az >0, |9,]3 — by > 0. (3.2)
Combining Lemma 2.3, Lemma 2.4 and (u,.v,) — (4, ?) in H,, we deduce that
Moo (@, b) = Joo(Un, vp) + 0(1)
= Joo (@, D) + Joo (1, D) + 0(1) (3.3)
2 moo(ala bl) + Joo(aa T]) + 0(1)
Since i, — 0, ¥, — 0 in L*(R?), 2 < s < 6, by Lemma 2.2 and (3.2), we obtain that
1
Joo (i, Up) = /(|Vun|2_|_|an| )dm—ﬁ/unvndx—i—o( )
Rs (3.4)
—Bag b§ +o(1).
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If as > bo, then (u, 1/2—";u) € S(ag,bs) when u € S(ag), thus

[ ba
Joo (U, a—Zu)
1 p
:7/(|Vu|2 |vu| //‘“ PRI 4 gy
Ix—yl

4 [ [ ety .
2
- 2qa2// dxdy—ﬁa§b§ (3.5)

1 )P 11
<2 [2/(V > da ‘“//'” P g dy}—ﬂaébé
v =yl
R3
11
= 2Juy ,(w) - Bazbs,

where Juy p(u) is defined as in (2.2). From Lemma 2.2, without loss of generality, we assume that ug
is a positive solution of (2.3) with |ug|3 = az, then we have Juy ,(ug) < 0. Therefore,

(3.6)

Combining (3.3)-(3.6) and Lemma 3.1 (iii), we obtain that

)
Moo (@, b) > Mmoo (a1, b1) + meo(ag, ba) —2J717 (ug)
> Moo (a1, 1) + Moo(az, be)
Zmoo(aab)a

which is a contradiction. If ay < by, the proof is similar to the above arguments.
Case 2: If a; < a, by = b, then ay > 0, by = 0. Similarly, like Case 1, we obtain that

Moo (@, 0) = Joo (U, 0) + Joo (tUn, V) + 0o(1)

(

> Moo (a1,b) + Moo (a2,0) = Juy p(uo) + o(1) 3.7)
(
(

which is a contradiction.
Case 3: If a; = a, by < b, the proof is similar to Case 2. Therefore, the proof of Lemma 3.3 is

complete now. O

Proof of Theorem 1.1. We remark that Lemma 3.3 implies that (u,,v,) — (4,9) in L*(R3) x
) in H. Moreover,

@, ) satisfies

(
L?(R3), combining with the fact Lemma 2.5, then we conclude that (uy,,v,) — (4, v
(t,v) is a minimizer, that is, (@,?) € S(a,b) and Joo (@, 7) = moo(a,b). Therefore, (4

—AU+ MU= f ‘Z@'p dyla|P~2u+ Bv  in R3,

—AT+ XU = 2 f ‘|a:(y)y|\ dy|v|9 20+ fu  in R®,
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with |@|3 = a, |0|3 = b, @, > 0. Then we apply the maximum principle, %, > 0. By Lemma 2.5, the
proof of Theorem 1.8 is complete. 0

After finishing the proof of Theorem 1.8, we also need to prove the strict subadditivity of mq(a, b).
This property will be used in proving Theorem 1.4.

Lemma 3.4. Assume that (M) holds, then we have
Moo (a1 + az, by + b2) < meo(a1,b1) +moo(az, b2),

where a; + by > 0, as + by > 0.

Proof. Since the existence of the minimizers of mq (a, b), we deduce that there exists (u1,v1) € S(aq,b1)
and (ug,v2) € S(ag,bs) such that Joo(ug,v1) = moo(a1,b1) and Joo(u2,v2) = Meo(asz, by). Without
loss of generality, assume that a; > 0. If as > 0, we can deduce that both u; and uy are both positive,
then by Lemma 2.7, we obtain that

moo(a1+a2,b1+b2)SJOQ(\/U%+U%,\/U%+US)
1
25/(|V\/uf+u§\2+\v v? +v2|?) dz

//\/Ul 2+ ug ()P ur (y)? + ua(y)?|P d dy

@*m
]RaR?’
2
“2//\/’01(1’) +02(2)2]9) /01 (y)? + v2(y)?| dz dy
lz —yl
R3 R3

fg/\/u%+u§\/v%+v§dx
RS
1
< 5/ (|VU1|2 + |VU2|2+ |V’U1|2+ |V1}2|2) dx
/ /<|u WP | b 4y,
|z —yl |z —yl
//(| M0 Il 4
|z —y| |z -yl

— B/(ulvl + ugvg) dx

- Joo(ulavl) + JOO(UQ;UZ)

= Moo (a1, b1) + Moo (az, ba).

If as = 0, then bs > 0, we first consider the case b; > 0. By repeating above process, we also have the

same conclusion. Next, we consider the case by = 0. From Lemma 2.1, there exists positive solutions
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ug € S(a1) and vg € S(ba) such that my,, p(a1) = Jy, p(uo) and my, 4(b2) = Jyu, 4(vo), then we have
Moo (a,b) = Moo (a1, b2)

S Joo(u()avO)

= Jm,p(UO) + Juz,q(U0> - ﬂ/UOUO dx
R3

< moo(al, 0) + mOO(O, b2)
This is complete the proof of Lemma 3.4. 0

4. PROOF OF THEOREM 1.3 AND 1.4

In this section, we mainly consider the existence of solutions of (1.8) with general potential V;(x)
for i = 1,2, satisfying (V1) and (V2). We first study the coercive case V; oo = 00, then we study the
case Vj oo =0 and ¢; < 0.

4.1. The coercive case V; o, = co.

We first consider the convergence of minimizing sequence in L?(R?) x L?(R3).

Lemma 4.1. Assume that (M) holds. If Vi(z) satisfies (V1) and (V2) with V; oo = 00 fori=1,2,
then any minimizing sequence {(un,v,)} C S(a,b) such that J(un,v,) — m(a,b) has a convergence
subsequence in L?(R3) x L?(R3).

Proof. Combining with the fact that min,cgs Vi(z) = ¢; > —oo0 and Lemma 3.1 (i), we deduce that
J is bounded below on S*(a,b). By the coerciveness of J on S*(a,b), we conclude that the sequence
{(tn,v,)} is bounded in H. Thus we assume that there exists a subsequence of {(u,,v,)}, still denoted
by {(un,vn)}, such that (u,,v,) — (@,9) in H, which is also holds in H. Now we need to verify the
compactness of (u,,v,). Set (i, Un) = (U, — U, v, — ), then we deduce that (@, v,) — 0 in H. we
argue by contradiction, assume that
§:= lim inf [ (@2 +92)dz > 0.
n— oo ke
(R3) x L?

2 (R3). Therefore, we have

Up to a subsequence, we suppose that (uy,,0,) — 0 in LIQOC

JOR@E + Vala)2) do > o,
R3
which implies that
/(V1 (z)u2 + Va(z)v?) dr — oc.
R3
Since {(un,vy)} is bounded in H, combining above result, we have that
m(a,b) = J(up,vn) + o(1)

(1, v0) + % /(v1 ()2 + Va(z)o2) dz + o(1)

R3
1
> Mmeo(a, b) + 3 /(Vl(m)ui + Va(z)v2) dz — oo,
R3
We reach a contradiction, since J is bounded below on S(a,b). Thus we prove that (u,,v,) — (4,
in L2(R?) x L2(R?).

ajc)
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Proof of Theorem 1.3. By the coerciveness of J on S*(a,b), the sequence {(uy,,v,)} is bounded in
‘H. Thus by (2.8), we obtain that

_ p 7
// |U U ‘ ‘ |U() U(y)| dx dy<AB3p 5|’LL ‘a p|v( )gp O,
r—y

R3 R3

lu(z) — v(z)|?o(y) — B(y)|? dody < ABM=3)y — 5379V (v — 5)[3°°.
A |z =yl
In view of Lemma 4.1, we have (u,,v,) € (4,9) in L?(R3) x L?(R3), together with above inequalities,
by Lemma 2.6, then we obtain that (u,,v,) — (@,?) in H. Therefore, (@, ) is a minimizer, that is,

(u,v) € S(a,b), J(u,v) =m(a,b) and (@, ) satisfies
—AG+ Vi (2)a 4+ MT = f B gy|ajp—2a+ 5 in R?,

Jz—y[

—Ab + Va(z )v—l—/\gv—ugf PWE gy1519-25 + Ba in RS,

lz—y|

where @, 0 > 0. According to the maximum principle, we have @, v > 0. Combining these with Lemma

2.5, the proof of Theorem 1.3 is complete. O

4.2. The case of V; o < oo.
In the rest of this paper, we shall consider the case of V; oo = 0 and ¢; < 0 for ¢ = 1,2. We first

study some fundamental properties of m(a, b).

Lemma 4.2. Assume that (M) holds. If Vi(x) satisfies (V1) and (V2) with ¢; < Vioo = 0 for
1 =1,2, then the following results hold

(i) —oo < mfa,b) < moo(a,b) <0 for a,b> 0. Furthermore, if a+b > 0, then —oo < m(a,b) <

Meo(a,b) < 0.

(ii) For a,b > 0, every minimizing sequence for m(a,b) is bounded in H.

(iii) m(a,b) is continuous with respect to a,b > 0.

(iv) m(a1 + ag,b; + b)) < m(a1,b1) + meo(az,ba) for ai,as,by, by > 0.
Proof. (i) Notice that ¢; < Vi(z) < V; o = 0, where ¢; < 0, we deduce that —oo < [ (Vi(z)u? +

R3
Va(x)v?) dx < 0. Without loss of generality, set Joo (4, 0) = mso(a,b) with (@,v) € S(a,b). Together

with Lemma 3.1 (i), we can get —oo < m(a,b) < J(4,0) < Jxo(,7) = me(a,b) < 0, ie.,
—o0o < mfa,b) < meo(a,b) < 0 for a,b > 0. If a+b > 0, due to ¢; < 0, then the inequality is
strict.

(ii) Since the coerciveness of J(u,v) on S(a,b), (ii) is easy to check.

(iii) For the case ab # 0, suppose that (an,b,) = (a,b) + o(1), by the definition of m(ay,b,), there
exists (Un,vn) € S(an,by), such that

J (U, vn) < man,by) + €.

Let
Unp, 1 Un 1

2, Up 1= ——072,
‘un|2
then (@, v) € S(a,b). By the continuity of J(u,v), we have

‘Un|2
m(a,b) < J(ty,y)
= J(tn,vy) + o(1)
< m(an,byp) + €+ o(1),

Uy 1=
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then we conclude that m(a,b) < m(ay,b,) + o(1). Similar to above arguments, we have m(an, b,) <
m(a,b) + o(1). Therefore, m(an,b,) = m(a,b) + o(1). It’s easy to derive the result as the case of
ab=0.

(iv) For € > 0, there exists (d1,c,%1,c), (d2,e,%2,c) € C5°(R?) x C§°(R?) such that

(1,6,Y1,e) € S(ar,b1), J(P1,e,%1,e) < m(ar,b1) + ;

(¢2,ea ¢2,s) € S(a27b2)7 Joo(¢2,ea7[}2,e) < moo(a27 b2) + %

where a = a1 +ag and b = by +ba. Set (Ge.n, VYen) = (P1,e(x) + P2,e(x —ner), Y1.c(x) + Y2.e(x —ner)),
where e; is the unit vector (1,0,0) in R3. Due to (¢1.¢, %1 ) and (¢a e, P2 ) have compact support, we
get

(PensVen) € S(a,b) asn — oo,

and

m(a, b) < J(@en, Ven) = J(P1,e(x),¥1.6(2)) + J(@2.(x — ner), Ya.(x —ner)) asn— oo.

Since V; 0o = 0, J(¢2.(z —ne1), o (x —ne1)) = Joo(P2,e(x), ¥2,e(x)) as n — oo, and we can deduce

that

= nh—>H<§o sup (J(¢1,e7 ¢1,e) + J(¢2’6(3;‘ - nel)v "/}2,6(55 - nel)))

= J(¢1,ea wl,e) + Joo(¢2,ea wQ,e)
< m(a1,b1) + moo(az, ba) + ¢,

where € is arbitrary. Thus the proof of Lemma 4.2 is complete. 0

In the next lemma inspired by [10], we state a behavior of minimizing sequence when the compactness
doesn’t hold.

Lemma 4.3. Assume that (M), (V1) and (V2) hold. Let {(un,vn)} C S(a,b) be a minimizing
sequence for m(a,b), such that (up,v,) — (ug,vo) in H and set a; := |ugl3, b1 = |vol3. If
a; +b1 < a+b, then there exists {y,} C R and (uo, o) € H\{(0,0)} such that

(tn (2 + Yn), U (2 + yn)) = (10, v0) in H as |yn| — o0, (4.1)
i (Jun — o = pto(x = yn) 3 + [vn = v0 = vo(& — ya)[3) =0, (4.2)

and a = aj + az, b = by + by, where |uo|3 = a2, |vo|3 = ba. Furthermore, the following results hold
J(UO,’UO) = m(ala b1)7 JOO(MO; VO) = moo(a2> b2)7 (43)
and

m(a,b) = m(ay,b1) + Mmoo (az, b2). (4.4)

Proof. We will divide the proof into several steps.

Step 1: Set {y,} C R? and (u0,v0) € H\{(0,0)} such that (4.1) holds. We need to show that

dp := lim inf sup / (|t — uo|* + |vn — vo|*) dz > 0, (4.5)
n—oo yGR?’
y+B(0,1)
where B(0,1) := {z € R3 : |z| < 1}. Firstly, arguing by contradiction, we assume that §y = 0, then we

deduce that (u,,v,) — (ug,vg) in L*(R3) x LY(R3) for 2 < s,t < 6. Since (un, v,) — (ug,vp) in H and
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Vieo = 0 for ¢ = 1,2, we can derive that fR3 (V1 (2)(un, — uo)? + Va(x) (v, — v9)?) de — 0. Combining
with (3.6), (3.7) and Lemma 2.2, for a — a3 > 0 or b — by > 0, we obtain that

m(a,b) = J(up,v,) + o(1)
= J(uo,v0) + J (tn — g, v — vo) + 0(1)

= J(ug,vo) + %/ (IV (up, — uo)|* + [V (vy, — v0)|*) dz — ﬁ/(un — ug)(vn, — vo) dx + o(1)
R3 R3
> J(ug,v0) — Bla—ay)?(b—by)?

> m(ay,b1) + moo(a —ay, b — by).

We reach a contradiction with Lemma 4.2 (iv). Thus (4.5) holds.
By (4.5) and (un,v,) — (uo,vo) in L% (R3) x L? (R?), we assume that {y,} C R? such that
fyn+B(0,1)(|un —uol? + [vn — vo*) dz — o > 0 as [yn| = 00. Set (un(z +yn),vn(z +yn)) = (1o, o)
in H. By considering ¢, > 0, we deduce that (ug,v0) # (0,0). Thus {y,} and (uo,vo) satisfy (4.1).
We finish the proof of Step 1.

Due to |y,| — oo and (4.1), we have

|t — o — po(x = yn)l3 = [unls + [uol3 + |1ol3 = 2(un, uo) 2 — 2(un(z + yn), o) 2 + 0(1)

(4.6)
= [unl3 — luol3 — |kol3 + o(1),
and
[0 —v0 = vo(z = yn)[3 = |vnl3 + [v0]3 + [10]3 — 2(vn, vo) 12 — 2(vn (@ + yn), o) L2 + 0(1) )
= [v[3 = [vol3 = [vo[3 + o(1). |
In particular, we define
az = |pol3 < lim inf(|up|3 — |uol3) = a — as,
and
by := |1p|2 < lim inf(|v,|3 — |vol3) = b — by.
n—oo
By cg > 0, we obtain that as + b > 0.
Step 2: We investigate that {y,} and (po, vo) satisfy (4.2)
In view of (4.6) and (4.7), we may assume that d; = lim, oo [un — up — po(z — y,)|3 and
8y = lim, o0 |Un — vo — vo(z — yn)|3. Then we have §; = a —a; — ag and dy = b — by — by. We

suppose on the contrary that d; + d2 > 0 to derive d; = d2 = 0. Similar to (4.6) and (4.7), by direct

calculations, we have

Vun|3 = [Vuols = [Viol3 = [V (un = uo — po(w = ya)) 3 = o(1),

(4.8)
[Von[3 = [Vvols = [Viol3 — [V (vn — vo — vo(z — ya))l3 = o(1).
Moreover, from Brezis Lieb Lemma, it is easy to have
1
5 [ Va@)ual? a0l  o(e = ) = [ — 0 ~ polz = )} d = o(0),
= 4.9
1 ( ‘ )

3 / Va(@)(lvnl3 = [v0f3 = [vo(z = yn)[3 = 1(vn — vo — vo(@ = yn))[3) da = o(1).
]RS
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By Lemma 2.4, it’s easy to see that
)P
//|un )P (y )|dd—|—'u2//|vn Hv”()|ddy+6/unvndx
|z —yl |z =yl
)|P
II* |17*
//|un _UO )|p|un() Uo(y)| dxdy
lz =yl
Rs R3
o [ [ ) =) -l
|z —yl
]R3 R3
(4.10)

—&—ﬁ/u — ) (vn, — vo) dx + o(1)
L dvdy + 12 //'”0 | |”° I dmdy+ﬁ/uov0d:c
T —y

|p|U0

//|U0
|z -yl
P
//|/~L0 |x|—|u0 drdy + — //‘VO $_|VO vl d:cderﬁ/uoz/odx

H1 |y (2 _“0 ) uo(x—yn)|p|un( )_UO( )

T / / v ]
2 [vn (@) — vo(z) — vo(z — yn)[*vn(y) — vo(y) — oy — yn)|?
T]// o — ] dx dy

R3 R3
+5/ n () — w0 (®) — Ho(% — y))(0n(w) — v0(x) — v (& — yn)) dz + o(1)

Combining (4.8)-(4.10), we obtain that
o(1) = J(un, vn) = J(uo, vo) = J(po(x = yn), vo(x — yn)) (4.11)
_J(un_UO_MO(x_yn)vvn_UO_VO(x_yn))' .
Recall that (un,v,) = (ug,vo) in H and V;(x + y,) — 0 as |y,| — oo, we have
1
[ Vi@lun w0~ oo~ ) o 0
X (4.12)
f/Vg(x)|vn —wvo —vo(z —yn)|5dz — 0
R3
Indeed, from Lemma 3.1 (ii), note the fact that me(a,b) is a continuous with respect to a,b > 0
combining (4.12), we deduce that
lim inf J(un — Up — MO(:E - yn) Up — Vo — VO(‘Qj - yn))
n—oo
= lim inf Joo (un — o — pio( = yn), v — vo — v0(2 = yn)) (4.13)
> Moo (61, 62),
(4.14)

and
lim inf J(po(z )s Vo(T — Yn)) > Moo (az, ba).

n—oo
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By (4.11)-(4.14), we obtain that
m(a,b) > m(ay,b1) + Mmoo (az, ba) + Mo (01, 62).
Then by Lemma 4.2 (iv), we obtain that
m(a,b) > m(ay,b1) + moo(az, be) + Mmoo (01, d2)
> m(a + az, b1 + b2) + Mmoo (61, 92)
> m(a; + az + 61,01 + ba + d2)
= m(a,b),
which implies that m(a,b) = m(ay,b1) + moo(az, b2) + Moo (d1,92). Since ag + ba > 0, §; + d2 > 0, by
Lemma 3.4, we have moo(az, ba) + Moo (01, 02) > Meo(az + d1,b2 + d2). Then we deduce that
m(a,b) = m(a1,b1) + Mmoo (az,b2) + Moo (d1,02)
> m(ay,b1) + meo(az + 91, b2 + 2)
> m(ay + ag + 01, b1 + by + d2)
= m(a,b),
which is a contradiction. Therefore, §; + d5 = 0 and Step 2 is complete.

Step 3: Finally, we will prove that {y,} and (uo, o) satisfy (4.3) and (4.4). From (4.11)-(4.14) and
01 + 02 = 0, we obtain that

m(a,b) = li_>m J (U, Op)

= nh—>12<> inf (J(uo,vo) + J(po(x + yn), vo(x — yn))) (4.15)

> J(uo,v0) + Joo (110, 0)

Z m(al, bl) —+ moo(ag, bg)
Recalling from Lemma 4.2 (iv), we have m(a,b) = m(ay,b1) + moo(az,be). Therefore, by (4.15), we
deduce that J(ug,v9) = m(ay,b1) and Joo(ug, v9) = Meo(az, b2). The proof of Step 3 is complete, and
the proof of Lemma 4.3 is finished. g

Since {(un,vn)} < S(a,b) is the minimizing sequence of m(a,b), we deduce that

dJol$(a,b) (Un,vn) — 0 and there exists two sequences of real numbers {A; ,} and {2} such that

o(1) || (¢, %) ||H=/ (Vu, Vo + Vi(2)und + Vv, Vb + Va(2)v,0)) da

// |tn (@) P |un (y) P~ 2un( )o(y) dz dy
|z =yl

R3 R3

[on ()| ]vn ()17 vn (1) ¥ (y)

|z -y

— H2
R3 R3

+)\1’n/un¢dx+)\2,n/vnwdx

R3 R3

dz dy (4.16)

—5/(unw+vn¢)dx—>0 as n — oo,
R3

for any (¢, 1) € H. Then we state the following lemma.
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Lemma 4.4. Under the assumption of Lemma 4.3, then both {\1 ,,} and {\2,} are bounded in H. Up

to a subsequence, we still denoted by {M\1 ,} and {2} converging to A1 and Ay respectively. Moreover,

(up, vo) and (uo,vp) satisfy

—AUO + V1 (x)uo + )\1U0 M1 f lT;(U;I dy|u0|p*2uo + ﬁ'l}() m RS,

—Avg + Va(@)vo + Agvo = 2 f \1‘);@;1 dylvo|*™?vo + Bug  in R, (4.17)

[ |uo|? dz = ay, [ |vo|*dz = b17
R3 R3
and
—Apo + Apo = p1 f mo(y)l dylpoP~2po + Bro  inR3,

|z—y]
~Avg + Aavy = uzf 0@ dylvo|1-2u + Buo  in R, (4.18)

[ pol?dz =a—ay, [ |vo]*de=0—b.
R3 R3
Furthermore, if ap + b1 < a+b, then a1 < a, by <b and pg >0, vy > 0.

Proof. By using (u,0) and (0,v,) as test functions in (4.16), the values of A;, and Az, can be
achieved as follows

~(An)a? —/(|Vun| A //'“" "“” O gy — 6/unvndaz—o()

|z =yl
RB
—()\z,n)bzz/ﬂan\erVQ(I) //‘vn |x|_|’0n vl dz dy — ﬂ/unvndaz—o()
R3 R3

where o(1) — 0 as n — co. Note that (un,vy,) is bounded in H, then {A1 ,,} and {A\2,} are bounded.
Without loss of generality, up to a subsequence, assume that A\; , = Ay and Ay, = A2. Set a; < a or
by < b, then by Lemma 4.3, there exists {y,} C R and (uo,v0) # (0,0) such that (4.1)-(4.4) holds.
Thus by (4.16), we obtain that

—Apg + Apo = le “f;(yy dy|polP~2po + Bro  in R3,

—Avg + Aavg = p2 f ‘Ti(yqil\ dylvo|T?vo + Bro  in R,

f|u0|2d9::afa1, [ |vo|*dz =b— by,
RS R3

thus we obtain (4.18). If a; = a, then py = 0 and Sry = 0, that is, vg = 0, which is a contradiction
since by < b. Then we deduce that a1 < a, by < b. Due to uo >0, vg > 0, we have

—Apo + (A1) 1 po > —Apo + Ao = / )" dylu P~ 1o + Bro > 0,

and
lvo(y

—Avg + (A2) 110 > —Avg + Aoyy = ,uz/ dy|y0\q 2vo + Buo > 0.

By the strong maximum principle, |ugla = @ — a1 > 0, and |vgla = b — by > 0, then we obtain that
to > 0, v9 > 0. Similar to above arguments, (ug, vg) satisfies (4.17). This completes the proof. O

Our aim is to show the compactness of the minimizing sequence, we will prove the compactness of

minimizing sequence as follows.
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Lemma 4.5. Assume that (M) holds. If Vi(z) satisfies (V1) and (V2) with Vioo = 0 for
i = 1,2, then any minimizing sequence {(un,v,)} C S(a,b) has a strong convergent subsequence

in L2(R%) x L2(R3).

Proof. Assume that a; + b; < a + b, combining with Lemma 4.4, then we deduce that a; < a, by < b,
o > 0 and vy > 0. Since ¢; < V;(x) <0, here ¢; < 0, we obtain that

/ (Vi(z)pg + Va(z)vf) dz < 0. (4.19)
RS
Without loss of generality, set J(ug,vo) = m(a1,b1), J(po, %) = moo(ag,b2), where a = a1 + ag,
b= by + be. By Lemmas 2.7, 4.3 and (4.19), we have

mla,b) < J(y/u3 + i, /o2 + 1)

1
-3 / (Vi + R+ Vo) + 1) + 908 + 1812 + Vala) (0 + 18) da

//\/Uo 2+ pio(@)2[P |/ uo(y)? + po(y)?[? dx dy

pJ Ix—y\

//\/Uo 2+ y(x ||\/U0 2 +vo(y)?|e d dy
Iaf—y\

R3R3

—ﬂ/\/u(2)+,u3\/vg+1/§dz
R3

< Tluo,v0) + Toclpos ) + 5 [ (Vi + Va(o)d) da

R3
< m(al, bl) + moo(ag, b2)
= m(a,b),
which is a contradiction. This finishes the proof of Lemma 4.5. g

Proof of Theorem 1.4. From Lemma 4.5, we obtain (un,v,) — (ug,vo) in L?(R3) x L%(R3).
By Lemma 2.6, we have (un,v,) — (ug,v9) in H. Therefore, (up,vo) is a minimizer, that is,
(ug,vo) € S(a,b), J(ug,vo) = m(a,b) and (ug,vy) satisfies

—Aug + Vi(x)ug + Mug = 1 f |u;(j’)‘p dy|uo|P~%ug + Bvg  in R3,

—Avg + Va(x)vg + A2vg = pi2 f |1‘;;(y;\|‘1 dy|v0\q_21)0 + Buy  in R3,

where ug,vg > 0. According to the maximum principle, we have ug,vg > 0. Combining these with

Lemma 2.5, the proof of Theorem 1.4 is complete. O
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