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Abstract

This paper studies different kinds of stability and finite/fixed-time attractivity problems for time-
delayed Filippov system (TDFS) via time-delayed differential inclusions(TDDI). A series of novel
criteria concerning basic stability and finite/fixed-time attractivity for TDFS are established by
employing indefinite Lyapunov method. As an application, the problems of stabilization and attrac-
tivity in finite/fixed time are explored for delayed switched neural networks (DSNNs), where four
control protocols are developed. Furthermore, several concrete examples are given to demonstrate
the effectiveness and advantages of the main results.

Keywords: Stability; Finite-time attractivity (FNTA); Fixed-time attractivity (FXTA); Time-
delayed Filippov system (TDFS); Differential inclusion (DI).

1 Introduction

Time-delayed Filippov system (TDFS) described by time-delayed differential equation possessing
discontinuity is of practical significance. In 1964, based on set-valued maps approach, Filippov developed
the differential inclusion theory to deal with the solution of discontinuous differential equation [1]. After
that, Aubin and Cellina extended time-delayed differential inclusion (TDDI) to handle TDFS [2]. It
should be pointed out that a suddenly change of system’s state will occur because of uncertainties.
Fortunately, TDDI can also deal with time-delayed dynamic system containing uncertainties very well.
Nowadays, more and more scholars have carried out research on TDFS and TDDI [3-9]. Especially,
the stability of TDFS/TDDI becomes one of the most fundamental and interesting research focuses.
In [4], Surkov studied the stability of TDDI via Lyapunov function. In [5], the stability properties of
TDDI were analyzed by Lyapunov functional method. In [6] and [7], the stability of TDDI/TDFS was
investigated by utilizing Lyapunov-Krasovskii functional method. In [8], novel Lyapunov-Razumikhin
approach was established to analyze the stability of TDDI. In [9], the asymptotic stability of TDDI was
discussed via generalized Halanay’s inequality.

On the other hand, finite-time attractivity (FNTA) and fixed-time attractivity (FXTA) have at-
tracted extensive concern due to their potential applications in neural networks, aerospace technology,
multiagent systems and so on. A main characteristic of FNTA is that the system’s states converge to
zero in finite-time and then stays there. In [10], the FNTA concept was defined for no-Lipschitz systems.
In [11], the FNTA was extended to differential inclusion (DI). In [12], the FNTA was developed for time-
delay system. In [13], the FNTA was discussed for impulsive systems. In [14], the concept of FNTA
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was introduced for stochastic systems. FXTA is a further extension of FNTA, and its settling-time is
independent of any initial states. In 2012, Polyakov gave the definition of FXTA and presented its ap-
plication to single input system [15]. Subsequently, based on FXTA, fixed-time stability and fixed-time
control problems have been widely studied [16-20]. Whereas, there is still little research on stability
and FNTA /FXTA analysis for TDFS based on TDDI. Moreover, most of the existing stability work for
TDFS/TDDI is based on the Lyapunov method possessing negative definite derivatives. This makes
the suitable Lyapunov function isn’t easy to be constructed. For this reason, this paper uses indefinite
derivative Lyapunov function method to investigate the issues of stability and FNTA /FXTA for TDFS
via the framework of TDDI. At present, only a few papers have studied the fixed-time control problem
by using lyapunov method possessing indefinite derivatives [21-24]. Thus, some more flexible FXTA
criteria should be further established for TDFS, where the more diverse settling-time should also be
estimated accurately.

Delayed switched neural networks (DSNNs) have many practical applications in image processing,
communication secure, pattern tracking, etc. Because of time-delay and switching properties of neuron
connection weights, DSNNs display very complex dynamics such as instability, oscillation, chaos, period-
icity, bifurcation and sliding mode. Up to now, the research on various dynamics and control of DSNNs
has been reported. In [25], lag synchronization of DSNNs was discussed via output controller. In [26],
the DSNNs system was synchronized by event-triggered control. In [27], new -type synchronization
criteria were established for DSNNs. In [28], the multi-periodicity of DSNNs was studied. In [29], the
finite/fixed-time synchronization problems of coupled DSNNs were analyzed. It should be noted that
the research concerning the FNTA /FXTA of DSNNs is still rare and further studies are expected.

2 Preliminaries

A set including all nonnegative numbers is marked as R.. Any norm of z € R" is represented as
|lz||. Given function v, 1»~! denotes the inverse function of 1. Given a,b € R, aVb means the maximum
of a and b. Consider the non-autonomous TDFS:

dz
3 = )t - 7)), (1)
where the state z € R™, the time-varying delay 7(¢) < 7 < 400, the essentially locally bounded function

f R xR"™ x R" — R" is measurable. The initial state is provided as x = ¢ € C([to — 7, %], R") and
t = tg > 0 is initial time.

Definition 1 ([9]) The Filippov solution z(t) is defined on [0,T) for TDFS (1), if it has absolute
continuity and

dr € F(t,z(t),z(t — 7(t))), (2)

de
where

Fta(t)at—7) = () N @[t Ba), p)\N, Blalt — (1), p2)\M)] . (3)

p1>0,p2>0 ;(N)=0,1(M)=0

Here u(N) and u(M) denote Lebesgue measure sets; For ¢ = 1,2, B(x, p;) denotes a ball with radius p;
at the center x; ¢o means a closed convex hull is taken.

Definition 2 Vt € R, if 0 € F(£,0,0), then the origin z = 0 is defined for TDFS (1) via Filippov
solution.

Definition 3 Let C' = C([tg — 7, t0], R™) be a Banach space possessing norm ||¢||c = sup  ||¢(s)]],
to—T_S_tg
which is composed of all continuous functions ¢ : [tg — 7,tg] — R™ . The origin of TDFS (1) is called



e stable if Ve > 0, Vtg > 0, there exists 0 < § = d(e,tg) such that (s.t.) ||z(to,¢)(t)]] < € holds for
all p € B(0,0) ={p € C:8 > |p|llc} and ty < t; if § does not depend on g, then TDFS (1) is
uniformly stable at origin;

e attractive if Vtg > 0, there exists a 0 < & = §(tg) s.t. tli? |z (to, ©)(t)|| = 0 holds for all

v € B(0,0), ie., Ve > 0, Vtg € R there exists 0 < & = §(tg) and IT = T'(e,to,) > 0 s.t.
lz(to, ¢)(t)|| < € holds for all ¢ € B(0,d) and t > tg + T'; if T does not depend on o and ¢, then
TDFS (1) is uniformly attractive at origin; if ¢ can be arbitrarily large, then TDFS (1) is further
called globally (uniformly) attractive at origin;

e (uniformly) asymptotically stable if it is (uniformly) stable and (uniformly) attractive;

e exponential stable if Ve € Ry \{0}, 3¢ > 0, 30 = (¢, t0) > 0, s.t. ||z(to, )(t)|| < ce~*(*~t0) holds
for all ¢ € B(0,0) and t > to;

e globally exponential stable if V§ > 0, 3¢ > 0, V¢, € Ry, IM(5) > 0, s.t. |lz(to, o)) <
M (8)e=t(t=t0) holds for all ¢ € B(0,d) and t > t,.

Definition 4 The Filippov solution x(to, ¢)(t) of TDFS (1) is called bounded if V(o,¢) € Ry x C,
there exists M = M(tg, p) > 0, s.t. ||z(to, ©)(t)|| < M(to,p), for all t >ty — 7.

Definition 5 If V§ > 0, there exists M = M(5) > 0, s.t. ||z(to, ¢)(¢)|| < M holds for all ||¢||c < ¢ and
t > to, then all Filippov solutions of TDFS (1) are said to be uniformly bounded.

Definition 6 TDFS (1) is called finite-time attractive (FNTA) at origin, if there exists 0 < T'(to, ) <

+00 s.t. lTl(m )m(to,ap)(t) = 0 and z(to,)(t) = 0 for all ¢ > T(tg,p). Here T(to, ) is named
t—T (to,p

settling-time (S-T).

Definition 7 TDFS (1) is called fixed-time attractive (FXTA) at origin, if it is FNTA and its S-T
T(to, ) is bounded with regard to ¢, i.e., there exists a constant Tiax > 0 s.t. T(to, ¢) < to + Tmax,
for any ¢ € C([to — 7,0, R™).

Definition 8 ¢ : R; — Ry is called a K R-function (i.e., ¥ € KR), if it possesses strictly increasing
continuity with ¢(0) = 0 and 1ir4{1 (1) = +oo.

Definition 9 ([30]) If V(¢,2) : R x R™ — R is locally Lipschitz continuous(LLC), then for any (¢,2) €
R x R™, a Clarke’s generalized gradient of V' is defined as

oV (t,x) = @[kliir;o VV (tk, x) : (b, xx) — (¢, @), (tg, zk) € NUQ].

Here the points’ set 2 C R x R™ means V fails to be differentiable and the arbitrary set N C R x R"
has measure zero.

Definition 10 (C-regularity [31-33]) V : R™ — R is called C-regular < V satisfies
(1) regularity;
(2) V(x) >0 for  # 0 and V(0) = 0;
(3) V(x) — 400 when ||z|| — +oc.
Let 0;V (t,z) be the Clarke generalized gradient of V(¢,x) at ¢t and 0,V (¢,x) denote the Clarke

generalized gradient of V (¢, ) at x. Similar to chain rule of [30], the following lemma can be obtained
for TDF'S (1).



Lemma 1 ([30]) If z(¢) is the Filippov solution of TDFS (1) for ¢t € U and V : RxR"™ — R is C-regular,
then z(t) and V (¢, z(t)) are differentiable for a.e. ¢ € U, and

d
aV(t, z(t)|1y =n+CTy(t), Vn € &V (t,x) and ¢ € 9,V (¢, 2),

where y(t) € F(t,z(t),z(t — 7(t))) is measurable and satisfies &(t) = (¢), for a.e. t € U.

Lemma 2 ([34]) Set ¢; > 0fori=1,2,...,n and 0 < p < q, then
n 1/a n 1/p n 1/q
ns <Z¢?> > (Z ¢E’> > <Z ¢‘?> :

i=1 i=1 i=1

3 Main Results

Before giving the main results, we assume that the Filippov solution z(tg, ¢)(t) of TDFS (1) exists
onftg — 7,+00) under initial-value (¢g,¢) € Ry x C([to — 7,t0],R™). Sometimes we use the abbrevia-
tion z(t) = x(to, p)(t). If there is no particular emphasis, we always make the following fundamental
assumption:

(A0) 0 € F(t,0,0), Vt € R.
The following assumptions are needed.

(A1) There exists a continuous function ®(¢) : R, — R satisfying f0+oo dt(s)ds < +o00, where P (s) =
O(s) V0.

def 400 o+

(A2) There exists a continuous function ®(t) : Ry — R satisfying ®* = [ (s)ds < 400, and

there exist constants ¢ > 0 and N > 0 s.t. for any ¢ > to,
t
/ &7 (s)ds > £(t —to) — N, (4)
to

where @1 (s) = ®(s) V0 and ¢~ (s) = [-P(s)] V0.

Theorem 1 Suppose that ¥y € KR and the assumption (A1) holds. If there exists a LLC function
VR x R® — R, satisfying C-regularity and V' (¢,0) = 0 for any ¢ € R, s.t.

(A3) V(t,z) = ¢1([[=]]), V(t,z) € R x R™;
(A4) for any n € 0;V (t,z) and ¢ € 9,V (¢, z),

n+ CTy(t) < @)V (L, z), for ae. t € [ty, +00),
where (t) € F(t,x(t),z(t — 7(t))) is a measurable function and satisfies
z(t) = v(t), for a.e. t € [tg, +00),
then the origin of TDFS (1) is stable.

Proof. By virtue of Lemma 1, it yields from Condition (A4) that

dV (¢, z(to, ¥) (1))
dt

=0+ CTy(t) < D)V (L, x(to, 9)(t)), for ace. t € [ty, +00). (5)

Multiplying both sides of (5) by e~ Jio q)(s)ds, it has

o S 2(9as AV (E 2(to, ) (1))

dt < SOV (t,2(to, 9)())e 10 PN for ae. t > to.




By integrating between t, to t, it leads to
V(t(to, 9)(8)) < V(to, olto, p)(to))eo "%, for amy t > 1o,
Because ®(s) < &7 (s), we can derive from above inequality that
V(t(to, 9)(1)) < V(to,x(to, @) (to))el % = V(to, o(to))elo 7%
< V(to,p(t))ele”™ 7 (4, (6)

Because f0+oo PT(s)ds < +o0, we denote € = oo™ T (s)ds, Obviously, € > 0 is a constant. Notice
that V (o, ) is continuous at x and V(t9,0) = 0. Then, Ve > 0, Vty € Ry, there is a § = (e, tp) > 0
s.t. Vo € B(0,0) = {p € C : |¢llc < 0}, it implies that V(to, ¢(t0)) < wlTEE). Using Condition (A3), it
implies from (6) that

lelto, O < U7 (Vo plaa)) < w57 (L) =, ™)

This tells us that TDFS (1) is stable at origin.

Remark 1 In Theorem 1, if we replace Condition (A3) with following condition (A5) where the Lya-
punov function has an infinitesimal upper limit, then TDFS (1) is uniformly stable at origin.

(A5) va(lal) = V(t @) = di(all), V(t,2) € R x R”, here 11, v € KR.

Actually, we can derive from (6) and the condition (A5) that

V(t, 3(to, 9) (1)) < V(to, p(to))elo ™ 19 < ([ p(t) )l ™ #T ()
< dalllgllc)s. ®)

This leads to

lz(to, )OIl < ¥1 " (¥a2(llllc)) - (9)

%
for all ¢ € B(0,0) = {p € C: ||¢llc < ¢}. This shows that TDFS (1) is uniformly stable at origin.

Thus, Ve > 0, there exists § = 1), * ("/)17(5)) > 0 which is independent of ¢y, s.t. ||z(to, ¢)(t)|| < & holds

Remark 2 In Theorem 1, we can see from the inequality (5) that the derivative of V' (¢, (t)) is relaxed to
be positive definite for a.e. ¢ > tg. However, the existing Lyapunov function must have a negative/semi-
negative definite derivative. So our results are improved and more practical.

Theorem 2 Suppose that the assumption (A2) holds. If there exists a LLC function V : Rx R” — R,
satisfying C-regularity and V'(¢,0) = 0 for any t € R, s.t. Condition (A5) holds and

(A6) for any n € 0,V (t,z) and ¢ € 0,V (¢, z),
n+ Ty (t) < ®(H)V (t, ), for a.e. t € [ty, +00),
where v(t) € F(t,z(t),z(t — 7(t))) is a measurable function and satisfies

z(t) = v(t), for a.e. t € [tg, +00),

then TDFS (1) is uniformly asymptotically stable at origin.



Proof. According to Remark 1, we have proven that TDFS (1) is uniformly stable at origin. In the
following, we need only to show TDFS (1) is uniformly attractive at origin. Similar to inequality (6),
we can obtain that

V(t,2(to, 9)(1) < V(to, plto))elo ", vt > to, (10)
Because
/ti)(s)ds:/t <I>+(s)ds—/t D~ (s)ds, (11)

we can deduce from (10), (11) and the condition (A5) that

V(t,2(to, ©)(t) < V(to, o(t f,o 7t (s)ds —ftOCD (s)ds

< V(to, ot

< ha(|l(to)]l
< Pa(|lpllc)Fe ) vt > ¢ (12)

0))e
)) > &t (s)ds —é(t—to)—i-N
)

N+ T (s)ds o —L(t—t0)

Here . = eN+/o™™ @7 (9)ds  Again from the condition (A5) and (12), we can obtain

le(to, D)0} < 0" (¥a(llpllo)sree=)) (13)

The above inequality yields that TDFS (1) is uniformly asymptotically stable at origin.

Remark 3 Especially, if we take 11 (]|z||) = ||z||" (r is a positive constant), then we can further prove
that TDFS (1) is globally exponential stable at origin. If the condition (A5) in Theorem 2 is replaced
with the condition (A3), then we can only derive that TDFS (1) is asymptotically stable at origin.
Comparing with previous stability results in [5,30], the conditions obtained in Theorem 1 and Theorem
2 are relaxed. That is to say, the Lyapunov function V (¢, x(¢)) is non-smooth. Moreover, the Lyapunov
function V' (¢, x(t)) along the trajectories of TDFS is allowed to have indefinite derivative.

Remark 4 In Theorem 2, if Condition (4) is replaced with f;roo &~ (s)ds = +00, then we can only de-

duce that the origin of TDFS (1) is asymptotically stable. Obviously, condition (4) yields |, TP (s)ds =
+00.

Theorem 3 Suppose the LLC function V : R x R” — R, satisfying C-regularity, the functions ®(¢) :
Ry — Ry and O(t) : Ry — R are continuous. If the condition (A5) holds and

(A7) for any n € 0;V (t,z) and ¢ € 9,V (¢, z),
n+CTy(t) < 2OV (¢t ) + O(t), for ae. t € [to, +00),
where (t) € F(t,x(t),z(t — 7(t))) is a measurable function and satisfies

z(t) = y(t), for a.e. t € [tg, +00);

(A8) [ ®(s)ds < +oo, and [, > OF(s)ds < +oo, where O (s) = O(s) V 0,

then all Filippov solutions of TDFS (1) are uniformly bounded.



Proof. By integrating between ¢y to ¢, it leads to
t
V(i 2(to, 9) (1)) :V(to,m(to,w)(to))—i—/ Vs, 2(to, )(s))ds, ¥t > to. (14)
to

By virtue of Lemma 1, it follows from condition (A7) that

AV (t, z(to, ) (1))
dt

=0+ CTy(t) <DV (t, x(to, 0) (1) + O(t), ae. t>to. (15)

This, together with (14), leads to

V(t,z(to, 9)(t)) < V(to,r(to,w)(to))Jr/ [@(s)V (5, 2(to, ) (s)) + O(s)] ds

to

< (V(tmx(to,cp)(to)) + (9+(s)ds> —|—/ D(s)V (s, z(to, ¢)(s))ds. (16)

to tD
Using Gronwall inequality, it obtains from (16) that

V(¢ z(to, ) (1)) < (V(to,x(to,ap)(to)) + 0+(S)ds> o) (s)ds

to

t t
- (V(to, o(to)) + (’)+(s)ds> elio ®(5)ds

to

+o0o o
< (V(to7<ﬂ(to))+ / 0+<s>ds> ol 2(5)ds
0

(V(to, p(to)) + O*) €™, for all t > 1, (17)

where O* = f0+oo O*(s)ds and €* = elo = 2()4s are nonnegative constants. Using Condition (A5), it
implies from (17) that

[z (to, @) (B < 1" (V(to, (to)) + OF) €*)
<7 ((a(lle(to)]]) + OF) 6™)
< (Wa(llelle) + 0F)€*), for all t > to. (18)

Therefore, ¥§ > 0, take M = ¢! ((12(0) + O*) €*) > 0, s.t. ||x(to, ) (t)|| < M for any ||¢|c¢ < & and
t > tp. This means that all Filippov solutions of TDFS (1) are uniformly bounded.

Remark 5 In Theorem 3, if Condition (A5) is replaced with Condition (A3), then we can only derive
x(to, ¢)(t) of TDFS (1) is bounded. In addition, when dealing with the boundness and uniform bound-
ness of the Filippov solutions for TDFS (1), we do not need to assume that the condition (A0) holds.
That is, removing the assumption (A0), the result of Theorem 3 is still correct.

Theorem 4 If there exists a LLC function V : R x R" — R satisfying C-regularity and V(¢,0) = 0
for any t € R, s.t. Condition (A2) holds and

(A9) for any n € 9,V (t,x) and ¢ € 9,V (¢, x),
n+¢Ty(t) < @)V (t,x), for ae. t € [ty, +00),
where the constant 0 < o < 1, the function () € F (¢, z(t),z(t —7(t))) is measurable and satisfies

z(t) = v(t), for a.e. t € [tg, +00),



then TDFS (1) is FNTA at origin. Furthermore, the S-T is given as
VI~ (to, (to)) + (1 — a)(2* + N)

T(t =t 1
(to, ) =to + (1= a)l (19)
Proof. Similar to (5), by virtue of Lemma 1, it follows from the condition (A9) that
dV (¢, z(t t
( 3351;) DND) _ ) 1 (Tt) < B0Vt 2t ) (1), for ane. £ > to. (20)
From (20), it gets
V=t x(to, ) (8)AV (¢, z(to, ) (1)) < @(2)dt. (21)
By integrating (21) between t( to t, it has
¢ t
[ vttt v st e)w) < [ e (22)
to to

Recalling the inequality (11) and condition (A2), from (22), it has

VIt 2(to, ) (1)) — V' (to, 2(fo. ) (1) < (1 — ) / B(s)ds

to

=(1-a /t(I)+(s)ds -(1-a) /ttI)_(s)ds

<o) [ @t - (-l - 1) - N
(1 a)(® 4 )~ (1— @)l o). (23)
which yields
VI (1, a(to, @) (1)) < V' (to, p10)) + (1~ a)(#* + N) — (1~ @)t — ). (21)

In (24), letting V1=%(to, p(to)) + (1 — ) (®* + N) — (1 — a)l(t — tg) < 0, then VI=(t, z(to, p)(t)) = 0
holds for any

Vl (t07 (

N £ TG ). (25)
(@

t >ty +

This implies z(t) = x(to, ¢)(t) = 0 for all t > T'(to, ¢).
In Theorem 4, if ® = —¢ < 0, then &* = 0+°° T(s)ds = 0,N = 0 and the following result is
obtained.

Corollary 1 Assume that there exists a LLC function V : R x R™ — R satisfying C-regularity and
V(t,0) = 0 for any ¢t € R, s.t. for any n € 8,V (¢,z) and ¢ € 9,V (¢, ),

n+ ¢ty (t) < —V*(t, x), for ae. t € [t, +00),
where 1 > o > 0 and £ > 0, the function y(¢) € F(¢,x(t),z(t — 7(t))) is measurable and satisfies
z(t) = v(t), for a.e. t € [tg, +00).
Then TDFS (1) is FNTA at origin. Furthermore, the S-T is given as

V1=%(tg, o(to))

T(to,p) =to + T=a)l



Theorem 5 If there exists a LLC function V : R x R® — R, satisfying C-regularity and V(¢,0) = 0
for any ¢t € R, s.t. Condition (A2) holds and

(A10) for any n € 9;V(t,x) and ¢ € 9,V (¢, ),
n+ Ty (t) < d)VE(t x) — bVP(t,z), for a.e. t € [tg, +00),

where b > 0, 1 > a > 0 and § > 1, the function v(¢) € F(t,z(t),z(t — 7(¢))) is measurable and
satisfies
z(t) = v(t), for a.e. t € [tg, +00),
then TDFS (1) is FXTA at origin. Furthermore, the S-T can be estimated as T'(ty, ) < to + T'k

max

o1 ! (L Ly N
Tmax*(1—a)£+b(ﬁ—1)+q) <£+b)+£' (26)

Proof. Similar to (5), using Lemma 1, it yields from Condition (A10) that

dV (¢, z(to, p) (1))

_ T
& =n+¢ ()

< BV, z(to, ) (1) — VP (t, x(tg, ©)(t)), for a.e. t € [tg, +00). (27)

Firstly, let us prove there exists T* > to s.t. V(T™,z(to, ¢)(T*)) < 1 and

1 D* ger
T <t —+— =T. 28
*O+b(ﬁ—1)+b 1 (28)

If it is not true, then 1 < V(¢,z(to,)(t)) for any t € [tg,T1]. Thus, under the condition o < 3, it
implies

Vet alto, 9)() < VP (t,x(to, 0) (1)) (29)
It yields from (27) and (29) that

dV(t, z(to, ¢)(t))

< OV (t x(to, 9)(t) — VP (t, x(to, ¢)(t))

dt
< (@F(t) —b) VO(t, z(to, ) (1)), ae. t > to. (30)
From (30), it obtains
VAt 2 (to, ) (0)AV (¢, z(to, 9)()) < (€T () — b) dt. (31)

By integrating (31) from ¢y to 77, it gets
T T
[ vttt @Vt O®) < [ (@40 -, )

to t(J

which yields

ﬁvl_ﬁ(ﬂ,x(to,s@)(ﬂ)) = ﬁ [V 2T, 2 (to, ¢)(T1) = VP (to, 2(to, 9) (t0))]
L) T1
< /0+ Ot (t)dt — /t bdt = ®* — b(Ty — to). (33)



By substituting 71 = to + 5503y + 2~ into (33), it has

1 1-8 * ; g — L
mV (Th, x(to, p)(T1)) < ©* =0 (to + b(B—1) 3 tO) 1-5

which yields V1=8(Ty, z(to, »)(T1)) > 1. Consequently, V (T}, z(to, )(T1)) < 1 due to 0 > 1 — 3. This
is in contradiction with V (T4, z(to, v)(T1)) > 1.
Secondly, because b > 0, it yields from (27) that

dV (¢, z(to, ) (1))
dt

(34)

< ®)V(E, x(to, ) (1)), for a.e. t > T, (35)
Similar to (21)-(24), by integrating between T™* to t, it has
VTt a(to, 9)(1) < VITH(T™ a(to, 0)(T7)) + (1 — )" — (1 = a)[¢(t = T*) — N]. (36)

Since V(T™, z(to, »)(T*)) <1 and 0 < 1 — ¢, it implies from (36) that

V(t,a(to, ) (1)) < [1+ (1 - a)(®* + N) = (1 — a)i(t — T*)] 7= . (37)
In (37), let
1+ (1—-a)(@*+N)—(1—a)(t—-T") <0, (38)

then V (¢, z(to, p)(t)) = 0 holds for
1 o* + N

t>T* 39
2T Y i v (39)
Recalling the formula T < ¢y + ﬁ + %*, it implies that V (¢, z(to, ¢)(t)) = 0 for any
o 1 d*+ N
t>to + + 24 p Tl (40)

bB—1) b ' (1—a) ;

Thus, (t) = z(tg, ¢)(t) = 0 for all t > to+T., ., where to+T. .. is the upper bound of the S-T T'(tg, )

In Theorem 5, if & = —¢ < 0, then &* = f0+°° ®T(s)ds = 0, N = 0 and the following result is
obtained.

Corollary 2 Assume that there exists a LLC function V' : R x R” — R, satisfying C-regularity and
V(t,0) = 0 for any ¢t € R, s.t. for any n € 8;V (¢, z) and ¢ € 0,V (¢, ),

n+CTy(t) < —Ve(t,z) — bVA(t,z), for a.e. t € [tg, +00),

where £ > 0,b> 0,1 >« > 0and 8 > 1, the function v(t) € F(t, z(t), z(t — 7(t))) is measurable and
satisfies

z(t) = v(t), for a.e. t € [tg, +00).
Then TDFS (1) is FXTA at origin. Furthermore, the S-T can be estimated as T'(to, @) < to + T\

max

1 1
Tnox = Ty THB-1)

Theorem 6 If there exists a LLC function V : R x R™ — R satisfying C-regularity and V' (¢,0) = 0
for any ¢t € R, s.t. Condition (A2) holds and

10



(A11) for any n € 0;V (t,z) and ¢ € 9,V (¢, z),
0+ CTy(t) < B(t)e” " EDVIZ9(t z), for ae. t € [to, +00),
where the constant 1 > ¢ > 0, the function v(t) € F(¢, z(t), z(t —7(t))) is measurable and satisfies

z(t) = y(t), for a.e. t € [tg, +00),

then TDFS (1) is FXTA at origin. Furthermore, the S-T can be estimated as T(tg, ¢) < to + T2

T2, = M_ (41)
ol
Proof. Similar to (5), using Lemma 1, it yields from Condition (A11) that
AV (t, z(to, o) (¢
(Lallo: DO _ ooy
< B(t)eV " Brto )Y I=0 (4 4 (ty, ) (1)), for a.e. t € [ty, +00). (42)
Set H(V)=1—¢V", then dH = ge~V"V?~1dV. Thus, the inequality (42) can be written as
dH
— < od(t). 4
< sa) (13)
By integrating (43) between tg to t, it has
¢
H(V(t, z(to, ) (1)) — H(V (o, p(t0))) < 0/ B(s)ds. (44)
to
Using the condition (A2), it follows from (44) that
+oo
HV(t,(t0, (1)) < HV(t0,0(t0)) + 0 [ % (5)ds = ole(t — to) =
0
= H(V(to,¢(t0))) + o(®* + N) — al(t — to). (45)
Obviously, H(V (¢, z(to, ¢)(t))) > 0 because of V (¢, z(tg, ¢)(t)) > 0. In (45), let
H(V(to, (t0))) + (" + N) — al(t — 1) <0, (46)
then H(V (¢, z(to, ¢)(t))) = 0 for any
- H(V (to, ¢(to))) + o(2* + N)
ol
1—e V7 (t0et0)) 4 5(d* + N) e
—to+ B ! (47)

Consequently, V (t, z(to, ¢)(t)) = H=1(0) = 0 for any t > T(tg, p). This yields x(t) = x(to, ¢)(t) = 0 for
all t > T'(to, ). Because, 0 < e~V (to:¢(t0)) < 1, the S-T T(to, ) > 0 and it is bounded on ¢, that is,

1 — e~ V7 (osw(to)) o(®* + N)
ol

1 P* + N) ge

M d:f tO + T2

o,g max*

Therefore, z(t) = z(tg, ¢)(t) = 0 for all t > to + T2

T(t()v QO) = tO +
<to+ (48)

In Theorem 6, if ® = —¢ < 0, then ®* = f0+°o ®t(s)ds = 0,N = 0 and the following result is
obtained.

11



Corollary 3 Assume that there exists a LLC function V : R x R™ — R satisfying C-regularity and
V(t,0) =0 for any t € R, s.t. for any n € 9,V (¢t,z) and ¢ € 9,V (¢, x),

0+ CTry(t) < =LV EDVIZo (4 1), for ae. t € [to, +00),
where ¢ > 0 and 1 > o > 0, the function v(t) € F(¢, z(t),z(t — 7(¢))) is measurable and satisfies
z(t) = v(t), for a.e. t € [tg, +00).

Then TDFS (1) is FXTA at origin. Furthermore, the S-T can be estimated as T(to, ) < to + T2,

T2 :i.

max O_g

4 Application to DSNNs

Consider a delayed switched neural networks (DSNNs):

dﬁit) =ait +Zg’7w zi(t)) f(x;(t +29u Ngj (it —7(t))) +uilt),

zENz{l,Q,...7n}, (49)

where x;(t) denotes neuron state; f;(-) and g;(-) are neuron activations; 7(¢) denotes time-varying
delay; u;(t) denotes the external input; a;(t) denotes self-inhibition; Z7;;(z;(t)) and 2;;(x;(t)) denotes
the connection weights which are measurable and possess following discontinuous property:

Pij(zi(t) =4 .7 ’
J(m ( )) {yija if |$1(t)‘ > Ji,
Dyj, if |zi(t)] < Ji,

Dij(wi(t)) = {gm if |z ()| > J;,

where i,j € N, ?}‘ij, gbij? Qij and Qij are constants, the switching jumps J; > 0.
The following two assumptions are needed.

(H1) The activation f; satisfies f;(0) = 0. Moreover, for any z,2* € R and j € N, there exist K; >0
s.t.
1fi(2) = £ (z")] < Kj|z — 27|

(H2) The activation g; satisfies g;(0) = 0 and |g;(-)| < M, where the constants M; > 0.

By applying the DI theory with set-valued maps, if z(t) = z(to, ) (¢) is a Filippov solution of DSNNs
(49) under initial-value (tg, p) € Ry x C([to — 7, to], R™), then it satisfies

dﬂz( ) ¢ ai(t)z(t Z Pij(i(t)] fi(a;(t ZCO i (@i (t)]gs (2 (t — 7(t))) +ui(t), (50)

for a.e. t > tg, where

@Z‘j, |$Z(t>| < Ji,
0| Zij(@it)] = [Z4s, Pigls |mi(O)] = T,
Pijs |zi(t)| > Ji,

12



Qz]v |$Z(t>|
o[ 2ij(z:(1))] = § (25, 235, |2:()] = J

QZ]? |Iz(t)| J

k

gZ ij = max{ﬁw, W”} i = min{@ij, ﬁij}, gij = max{gij,gij} and Qij = min{gij,gij}, 1,] €
N. Thus, there exist measurable selections p;;(t) € co[Z;;(x;(t))] and g¢;;(t) € €6[2;;(x;(t))] such that
for a.e. t > tg,

M) — i) + Y P05 a5 ) + D s gy st~ m(0) + st (51)

j=1

To ensure the stabilization and attractivity of DSNNs (49), several control protocols are developed:
u;(t) = —c;ai(t) — hysign(x;(t)), (52)

where ¢; and h; are control gains.
u;(t) = —cimi(t) + % (n% Ot (t) — <I>_(t)> |24 (t)|"sign(a;(t)) — hisign(z;(t)), (53)

where ¢; and h; are control gains, the time-varying control gains &1 (¢t) =0V ®(t), @~ (¢t) = 0V [—P(t)]
and ®(t) is a continuous function, the constant 0 < ¥ < 1.

wi(t) = — cizi(t) + % (nﬂgl O (t) — (I>_(t)> \xi(t)|ﬁsign(xi(t))
- %n z b|xz( )|“sign(x;(t)) — hisign(z;(¢)), (54)

where ¢;, h; and b > 0 are control gains, the time-varying control gains ®*(¢) = ®(¢t) vV 0, &~ (¢t) =
[—®(¢)] V0 and ®(t) is a continuous function, the constants 0 < ¢ < 1 and w > 1.

ui(t):fcixi(tné(n*%qﬁ(t)fqr(t)) (im0 E g (1) esign(wi (1)) — hsign(wi (1))
(55)

where ¢; and h; are control gains, the time-varying control gains &% (t) = ®(¢t) V0, & (t) = [-P(¢t)] VO
and ®(t) is a continuous function, the constant 0 < o < 1.

Theorem 7 Let the hypotheses (H1) and (H2) hold. The function ®(¢) = 2 max;en{a;(t)} is continuous
and satisfies the condition (Al). Assume further that

(H3) for each i € N, 2¢; > Z (ﬁi’?Kj + ﬁﬁKi) and h; > Z QDM where (@D = max{|Z,,], |21}

=
and 325 = max{|Z2,,[,|2i;}.
Then the origin of DSNNs (49) is stable under the control protocol (52).

Proof. Take V(t,z) = Y., 27(t) as the Lyapunov function and compute the derivative of V(t,z)

13



along (49), it has

V(t,x) —223: da:z

=23 ) |as®rt) + 32 i (OF (@,(0) + D s (0 (¢ = 7(2)) + i)

<2 Z ai(D)23(t) +2) > 1pig (8)]1 £ (e ()i (2)]

#2303 laiOllgs (st — TOD Il (0] + 23 wiBus o), (56)

for a.e. t >ty > 0. Using the hypotheses (H1) and (H2), it implies from (56) that
Vit,2) <23 ai(t)af(t) +2) D PEK | ()]ait)]
i=1 =
+2) N 2D M| (t)] + 2 wi(t)ua(t). (57)
i=1

i=1 j=1

Since 2|x;(t)|x;(t)| < 23(t) + 7 (t), one has

QE:EZQﬁKﬂ%um@uNSEZE:yDKx +§:§:@DKx

i=1 j=1 i

It yields from (57) and (58) that

n

V(t,x) <2 zn: ai(t)zy(t) + Zn: (ZRK;+ 2D K;) 23 (t)

i=1 j=1
n
+ZZZQ M| (t |+22xi(t)ui(t). (59)
=1 j=1 =1
Substituting the control protocol (52) into (59) and using the condition (H3), it gets

n

V(t,z) < QI?G%x{ai(t)}ix?(t) Z (201 i ngle + ﬂng)) z2(t)
i=1 j=1

=1

7j=1
<)V (t,z), (60)

where ®(¢) = 2max;en{a;(t)} satisfies the condition (Al). By applying Theorem 1, DSNNs (49) is
stable at origin under the control protocol (52).

,QZ (h ZQ5M3> |z (¢)]
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Remark 6 In Theorem 7, if the condition (A1) is replaced by (A2), then DSNNs (49) is uniformly
asymptotically stable at origin under the control protocol (52).

Theorem 8 Let the hypotheses (H1) and (H2) hold. The continuous function ®(¢) of control protocol
(53) satisfies the condition (A2). Assume further that

(H4) for any t € R and i € N, 2¢; > 2a;(t) + 21 (Z0K; + 2] K;) and h; > Zl 25 M;, where
j= i=

P2 — max{|2,,|,| Py} and 28 = max(|2,,|, [21).
Then DSNNs (49) is FNTA at origin under the protocol (53). Furthermore, the S-T is given as

V=5 (b, ¢(to)) + (1 — 25)(®* + N)

T(to, ) = to + (1- 2y
2 (z %2(750))2 (- )@+ N)
= to + —=L A=) . (61)

Proof. Similar to Theorem 7 with the same Lyapunov function, substituting the control protocol (53)
into (59) and using the condition (H4), it gets

3

=N 2¢i = 2ai(t) = Y (PRE + PDK;) | 23(1)

i=1 j=1

3

n o1 n n
~2 hi =Y 20M; | |zi(0)] + 07 &1 () Y ()" — @7 () Y faa(t)] "
i=1 =1

i=1 j=1

<n'T ot(t Zp; )7+ — _(t)Z\mi(t)F”l. (62)

Since 0 < 9 < 1, by Lemma 2, it yields

(Zm ) <Z|x |19+1> <puE (Zm(t)rz). (63)

=1 i=1

Because 0 < ®T(t), 0 < &~ (t) and ®(t) = &+ (t) — ®(¢), it implies from (62) and (63) that

Vita) <n*Ter () (k)T <Z xi(t)|2> — (1) (Z ()
o (g0)
— OOV T (t,2). (64)

Obviously, 0 < % < 1. By applying Theorem 4, DSNNs (49) is FNTA at origin under the protocol
(53). Furthermore, the S-T can be given by (61).

Theorem 9 Under Hypotheses (H1), (H2) and (H4), if the continuous function ®(¢) of control pro-
tocol (54) satisfies the condition (A2), then DSNNs (49) is FXTA at origin under the protocol (54).
Furthermore, the S-T can be estimated as T'(tg, p) < to + T2

max

2 2 11\ N
TS o (141) 42
max = T gy T hw—1) (£+b>+ 0 (65)
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Proof. Similar to Theorem 7 with the same Lyapunov function, substituting the control protocol (54)
into (59) and using the condition (H4), it gets

V(t,z) < —Z 2¢; — 2a;(t Z @£K¢+@£Kj) x3(t)
i=1 j=1

n n

3

v—1
—2 hi= Y 20M; | o) +n"7 @5 ()Y |zi(t)]"*
i=1 j=1 i=1
— e (1)) |wi()["F ~ bZIw )|
i=1
<n T o)) |y ()7 — Z\x )7+ — bZ|:z: ()« FL. (66)
=1

Since w > 1, applying Lemma 2, one has

(Zm(t)F) <niveh (sz |w+1> . (67)

which implies

w1

= <Z|$i(t)|2> < Z|9C )l (68)
i=1

It can deduce from (63), (66) and (68) that

v+1 v+1
n n

V(t,z) <n'T & (1) (nﬁ—%)ﬂ“ <Z xi(t)|2> — 3 (1) (Z |a:i(t)|2>

(z )
()" ()
= @(t)VT(t,:v) — bVT(t,:E). (69)

Obviously, 0 < % < 1 and “’T'H > 1. By applying Theorem 5, DSNNs (49) is FXTA at origin under
the protocol (54). Furthermore, the S-T can be estimated as T (to, p) < to+ T3, where T5 . has been
given by (65).

Theorem 10 Under Hypotheses (H1), (H2) and (H4), if the continuous function ®(t) of protocol (55)

satisfies the condition (A2), then DSNNs (49) is FXTA at origin under the protocol (55). Furthermore,
the S-T can be estimated as T'(to, p) < to + Ti..

_2+0® +N) (70)

Tﬂ
ol

max ~
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Proof. Similar to Theorem 7 with the same Lyapunov function, substituting the control protocol (55)
into (59) and using the condition (H4), it gets

V(t,z) < —Z 2¢; — 2a;(t Z @£K¢+@£Kj) x3(t)
j=1

i=1

n n o M
=237 (i = D0 28M; | lai()] +n 8@t (el O S (e
i=1 j=1 i=1
—<I>_(t) L a()? Zm )[2-e
< n 8@t (el O ()P0 - 7 (el O Y ()P, (71)

=1 i=1

Since 1 > p > 0, applying Lemma 2, it yields

(waﬁ) < (Dxi(m“) st (Z |a:,»<t>|2> . (72)

Because 0 < ®T(t), 0 < & (t) and ®(t) = d+(t) — P~ (¢), it yields from (71) and (72) that

¥ty < oS00 e t) (S
i=1

o ()eZie 22(0)* (im(w?) 2
= (@F(t) — B (t))e(Eim 2 M) : (Zx ) h

= ®(t)eV 2 EIVI=3 (¢, 7). (73)

Obviously, 0 < § < 1. By applying Theorem 6, DSNNs (49) is FXTA at origin under the protocol (55).
Furthermore, the S-T can be estimated as T(to, p) < to + 112, where Tix__ has been given by (70).

ax’ max

5 Illustrative examples

Lemma 3 ([35]) Set G(t) = %th — t|costl, t € [0,+00), then there exist £ > 0 and N > 0 s.t.
¢
/ G(s)ds < —£(t —to) + N, Vt > tg > 0,
whereé— andN—2ln(1—|—3”)+2.

Example 1 Counsider the 2-D DSNNs (49) possessing the following switched connection weights

—0.4, < 0.45, 2.2, < 0.45,
911(3:1) — { |$1| >~ 3@12( ) { |-T1|

—0.3, |x1| > 0.45, L5, |z1| > 0.45,
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N
T

solution xl(t)
solution xz(t)
o

|
N

1
IS

time t

(a) (b)

. . . . . . . .
0 10 20 30 40 50 10 20 30 40 50
time t

o

Figure 1: State variables of DSNNs (49) under the protocol (52) in Example 1.

0.2, |z2] < 0.45, 1.5, |z2| < 0.45,
Por(22) = 22! Poa(m2) = |

0.3, |z2| > 0.45, 1.4, |z2| > 0.45.

—1.3, |z1] < 0.45, 1.2, |z1| < 0.45,
211(561) = | 1| 312(1"1) = | 1|

—-1.1, |$1| > 0.45, 0.8, |$1| > 0.45,

0.1, |z2| < 0.45,
0.2, ‘{E2| > 0.45,

—1.6, |x2| < 0.45,
—1.2, |z2| > 0.45.

Da1(x2) = { Dao(x2) = {

The time delay 7(¢) = 2. The self-inhibitions are taken as a;(t) = ﬁ(z = 1,2), then ®(t)

2max;en{a;(t)} = 1-31:2 and fOJrOO OT(s)ds = 0+°° 1Jr%ds = 7 < +o00. This means the condition (A1)
holds. The neuron activations are taken as

fi(z) =04z, j=1,2,

g;(z) = 0.02tanh(z), j=1,2.

Clearly, f; satisfies the condition (H1) with K; = 0.4 (j = 1,2) and g; satisfies the condition (H2) with
M; =0.02 (j = 1,2). Let us select the control protocol (52) with ¢; = 1, ¢ = 1.5, hy = 0.06 and

hQ = 0.04. Clearly, 2 = 261 Z Zl (ng]KJ + t@]DlKl) = 1327 3= 202 Z Zl (95[(] + ngKg) = 22,
J= J=

n n
0.06 = hy > > QleMj = 0.05 and 0.04 = hy > > 2P M; = 0.036. Thus, the condition (H3) is
j=1 j=1

satisfied. By Theorem 7, the origin of DSNNs (49) is stable under the control protocol (52). Take 7
random initial states and the initial time ¢y = 0, the simulation is given in Fig. 1.

Example 2 Consider the 2-D DSNNs (49) possessing the same switched connection weights as Example
1. The time delay 7(¢t) = 1. The self-inhibitions are taken as a;(t) = 1(¢ = 1,2). The activations are
taken as

fi(z) =08z, j=1,2,
gj(z) =0.5sin(z), j=1,2.

Clearly, f; satisfies the condition (H1) with K; = 0.8 (j = 1,2) and g; satisfies the condition (H2) with
M; = 0.5 (j = 1,2). In the control protocol (53), take ¢1 = 3, ca = 3.5, hy =2, ho =1, 9 = 0.5 and
O(t) = ﬁ — t| cost|. Obviously,

+0o N +oo )
® :/0 o (s)dsg/o 1_i_szds:7r<—+—oo. (74)
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Because ®(t) = &*(t) — ®(¢), applying Lemma 3, it yields

¢ ¢ t
/ @‘(s)ds:/ <I>+(s)ds—/ D(s)ds
to to to
t t 2
> 7/ O(s)ds = 7/ <2 — s|coss|> ds
to to \L+s+s
¢
2—/ (2—s|coss> ds
to \1+s

> Ut —to) — N, (75)

where { = iﬂ and N = 2In (1 + 2F) + 2. This means the condition (A2) holds. Clearly, 6 = 2¢; >
n

2a4 (t) + Z (PUK;+ PHK1) = 4.64, T = 2cy > 2a5(t) + Z (PPK;+ PHK,) =64 and 2 = hy >

Z 20M; =125 and 1 = hy > Z 2P M; = 0.9. Thus, the condition (H4) is satisfied. By Theorem

8 the origin of DSNNs (49) is FNTA under the control protocol (53). Take 7 random initial states and
the initial time ¢ty = 0, the simulation is given in Fig. 2.

solution xl(t)

solution xz(t)
A o
\ ’

-2

-3

Figure 2: State variables of DSNNs (49) under the protocol (53) in Example 2.

Example 3 Counsider the 3-D DSNNs (49) possessing the following switched connection weights

1.5 <0.8 —0.8 <0.8
911(1’1) :{ ) |$1‘ = ) le(xl) :{ ) |l'1| = )

0.6, |z1] > 0.8, ~0.7, |a1| > 0.8,
St = {0y HE0N gt = {0 20
paten = {2 (P S0n ate = {0 2 S0
o= {20 S0y st T 1 0
= {2 S0 e ={7, IT0

sty = {0 IS0 s = (T RS0
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1.6, |z2| < 0.8, 2.2, |a2| < 0.8,
Do1(z2) = 2] < Do (x2) = 22|

1.3, |z2| > 0.8, 1.7, |z2| > 0.8,

1.8, |z2| < 0.8, 1.4, |23] < 0.8,
Das(x2) = 2l < D31(z3) = sl

2.1, |22 > 0.8, 1.6, |zs| > 0.8.

~1.9, |23 < 0.8, 1.5, |23] < 0.8,
Duafa) = { 0= @) =101

~1.8, |as| > 0.8, 2.1, |zs| > 0.8.

The time delay 7(t) = 1. The activations are taken as
fi(z) =05z, j=1,2,3,

g;j(z) = 0.2tanh(z), j =1,2,3.

Clearly, f; satisfies the condition (H1) with K; = 0.5 (j = 1,2,3) and g, satisfies the condition (H2)
with M; = 0.2 (j = 1,2, 3).
Let us select the control protocol (54) with ¢; = ¢a = ¢3 =3, hy = ho = hg =2, ¥ = %, w =2

and b = 1. Take ®(t) = 77z — t|cost| which satisfies the condition (A2). The self-inhibitions

are taken as a;(t) = 1(i = 1,2,3). Clearly, 6 = 2¢; > 2a:1(t) + Y. (PLK; + ZHK;) = 4.95, 6 =
j=1

2cy > 2as(t) + Z (PEK; + PBK,) = 475, 6 = 2c3 > 2a3(t) + Y. (P4 K; + LK) = 4.1 and

=1

2=h > ZQIJM =1.04,2=hy > ZQQL;M =118 and 2 = hz > ZQ@M = 1.12. Thus, the
Jj= Jj=1

condition (H4) is satisfied. By Theorem 9, DSNNS (49) is FXTA at origin under the protocol (54). Take

8 random initial states and the initial time ¢o = 0, the simulation is given in Fig. 3.

<.

soluti

solution x,(t)
o o

—
a\\//f

solution x,(t)

Figure 3: State variables of DSNNs (49) under the protocol (54) in Example 3.

Let us select the control protocol (55) with ¢; = ¢a = ¢3 = 4, hy = ha = hg = 2 and ¢ = %
Take ®(t) = ﬁ — t| cost| which satisfies the condition (A2). The self-inhibitions are taken as
a;(t) = 2(i = 1,2,3). Clearly, the condition (H4) is satisfied. By Theorem 10, DSNNs (49) is FXTA at
origin under the protocol (55). Take 8 random initial states and the initial time ¢y = 0, the simulation

is given in Fig. 4.

6 Conclusions

This paper explored the stability and finite/fixed-time attractivity problems for TDFS. By means of
time-delayed differential inclusions and indefinite derivative Lyapunov function method, several novel
criteria were provided to ascertain the stability, uniform stability, uniform asymptotic stability and
uniform boundedness of zero for TDFS. Moreover, several more relaxed FNTA and FXTA criteria were
developed for TDFS, in which some more flexible and diverse of settling time estimates were provided.
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Figure 4: State variables of DSNNs (49) under the protocol (55) in Example 3.

Different from the traditional neural networks model possessing discontinuous activation, the DSNNs
model with switching neuron connection weights was considered. By designing four control protocols
with indefinite time-varying control gains, the stabilization and FNTA/FXTA of DSNNs have been
analyzed. Simulation examples were provided to substantiate the effectiveness of theoretical results. In
future studies, the stochastic/ impulsive neurodynamics and feedback control problems are expected to
be explored further [36-41].
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