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1 | INTRODUCTION

It is an interesting problem to study the behaviour of eigenvalues and eigenfunctions of spectral problems in perturbed domains,
since eigenvalues are among the most successful tools of applied mathematics, e.g, in quantum mechanics, vibration analy-
sis, magnetohydrodynamics, control theory and many other fields (see, e.g.,1?3). In addition, different unexpected phenomena
appear in the asymptotic behaviour of the spectrum.

In this article, we begin to study spectral problems in thick junctions of a new type, namely thick junctions with the branched
structure or thick fractal junctions. Such a thick junction is a union of some domain, which is called the junction’s body, and
a large number of thin trees situated e-periodically along some manifold on the boundary of the junction’s body. The trees has
finite number of branching levels. The small parameter € characterizes the distance between neighboring thin branches and also
their thickness. To simplify calculations, here we consider the case of a 2-D thick fractal junction (see Fig[I ]). For the first time
such domains were considered in the author’s paper®, where the asymptotic behavior of the solution to a semi-linear parabolic
problem was studied.

Various constructions of thick junction type are successfully used in nanotechnologies, microtechnique, modern engineering
constructions (microstrip radiator, efficient sensors (inertial, biological, chemical), micro-fractal constructions: fractal antennas,
fractal transistors, fractal heat radiators and so on). Many biological systems have such structures, e.g., root systems, nervous
systems, intestine linings. A fairly complete review on this topic is presented in the monograph®, where different asymptotic
methods and approaches developed intensively during the last two decades are discussed.
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In the recent article®, different applications of tree structures were shown and what mathematical issues related to trees are of
interest in different fields. In the present paper, the influence of a thick tree structure on the asymptotic behaviour of the spectrum
will be studied as the number of attached thin trees increases infinitely and their thickness vanishes.

The paper is organized as follows. After the statement of the problem in Sec. 2} the leading terms of asymptotic expansions for
the eigenfunctions are formally constructed in Sec.[3] The asymptotics consists of the outer expansions both in the junction’s body
and in each thin branches as well as the inner expansions in a neighborhood both of the joint zone and each branching levels. Then,
using the method of matched asymptotic expansions”Z, the corresponding non-standard homogenized spectral problem is derived
in subsection[3.4)and its spectrum is determined in Sec. (the most remarkable thing in the spectrum structure is the presence of
gaps). Asymptotic approximations for the eigenfunctions are constructed in Sec. [5] Section[6]deals with the justification of the
asymptotics. For this we use a special approach and prove the Hausdorff convergence of the spectrum and asymptotic estimates
both for the eigenvalues and eigenfunctions. The central place in this approach is the construction of a special multi-sheeted
extension operator for the eigenfunctions (see Th2). The main results are formulated in § [6.1] In Conclusion [7] the obtained

results are analyzed and research perspectives are considered. The results were reported at the conference®.

2 | STATEMENT OF THE PROBLEM
Let Q, be a bounded domain in R? with the Lipschitz boundary 0Q,, and Q, C {x := (x;,x,) € R?: x, > 0}. Let 9Q, contain
the segment I, = {x: x; € [0,a], x, = 0}. We assume that there exists a positive number &, such that
Qyn{x:0<x, <} =1{x:x,€(0,a), x, €(0,6y)]}.
Let a, 1, 1,, 15 be positive numbers, hy, by |, Ay, Ay 1, By, By 5, hy 4 be fixed numbers from the interval (0, 1) and
hiy+hiy<hg hyy+hyy <hpy, hyz+hyy<hp,.

Let us also introduce a small parameter € = %, where N is a large positive integer.

X

_]1

-(h+l)

(L)

FIGURE 1 Thick junction Q, with the branched structure

A model thick fractal junction Q, (Fig. consists of the junction’s body €,

e a large number of the thin rods

G;O)(e) = {x .

A | ehy .
x1—5(1+§)’<7, x,€(-1,,0] >, j€{0,1,...,N -1},
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from the zero layer G := U;VZBI Gﬁo)(ﬁ),

e a large number of the thin rods

ehy

G§.1~’">(g)={x: |x) —e( + by, < ==, xZE(—(12+11),—11]}, je{0,1,....,N -1},

from the first branching layer consisting of two classes G(El”") 1= U,-]\:)] G;l’m)(e), m € {1,2}, where

by, = - 5 by, = - 5 H
e and a large number of the thin rods
@.m) ehy .
Gj’ (£)= x: |xl_£(‘]+b2!m)|<T, xZE(_(13+12+ll)’_(12+11)] ’ JE{O,I,...,N—I},
from the second branching layer consisting of four classes
em ._ | |V ~em
Gem =, G, me(1.2.3.4),
where
by, = - 5 by, = ) . b= ) YRS - 5 2

Thus, Q, = Q, JGV UG J G, where
Ol 1*> gtm go=|1|" gem
GE - Um:l G5 ’ Gf - Um:l G‘E :
The small parameter € characterizes the distance between neighboring thin branches and also their thickness. Precisely, each
branch (rod) G;."m)(e) has small cross-section of size O(¢) and constant height. In addition, at fixed j € {0,1,..., N — 1} the

branches G(.O)(e), {G(.l’”')(e)}z_ , {G(.z"")(e)}“_ form the tree with two branching levels at x, = —/, and x, = —/; — [,. These
J J m=1 J m=1
trees are e-periodically distributed along the segment I,.
In Q, we consider the following spectral problem:

-

—Auf = Afuf inQ,,
—0,u° = g%k, u° on Yg””), i=0,1,2,
O, | —0 = 0%, U |4 —ar x, €10,6,], p=0,1,
) u, =0 on Iy, )
ou, =0 on 0Q \(Y,uTyuTl')
[u°] = [0, u] =0onQ®, i=0,1,2,

Xp=— ZL:O Ly Xp=— Zi,:[) Ly

where 0, is the outward normal derivative; the brackets in the last line denote the jump of the enclosed quantities; Yii’m) is the
union of vertical boundaries of the thin rods GS”’”,

QS)=G§i)n{xeR2:x2=—21n}, ly=0, ie{0,1,2);
n=0

parameters {ori}iz=0 are greater or equal to 1; the constants {k; ,, } are positive (kg = k);
Ty i={x: x =0 x, €051} J{x: x =0 x,el0,5]},
Iy is a curve on 0Q, \ Iy and its length £, > 0,
Y, = YO (Y@ uyt2) | (Y@ u..u @),

Remark 1. Hereafter we use the following shortening:

{@=_Z;W%=HEWZM=_ZAQM
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also if the index i = 0, then the index m is absent and notation G means G and Y™ =: YO,

In the space
M, :={ue H'(Q): u0,x,) = ua,x,), x, € [0,8]; ulp =0},

where the restriction of a function to a part of the boundary is understood in the sense of the trace in the Sobolev space, we
introduce a new norm || - ||, generated by the scalar product

I B

(u,v)g=/Vu~Vvdx+£"0k0/ude2+2£“' kim / uvdx,,

Q, YO =l m=1 G

(here |¢] is the integer part of a real number 7), which is uniformly equivalent to the standard norm, i.e., there exist constants
C, >0, C, > 0and g, such that for all € € (0,¢,) and v € H,:

Cilloll gy < vl < Gllvllgig,)- )

The proof is similar to the proof of® Lemmal,

Definition 1. A number A¢ is called an eigenvalue of the problem (3)) if there exists a function u® € H, \ {0} such that
W, @)e =27 (0,920, Vo EH,. &)

The function u* is called an eigenfunction that corresponds to A°.

The spectral problem (3] is equivalent to the spectral problem

e __ 1 &
A,u =-;u in H,,

where the operator A, : H, + H, is defined by the equality
<A6u, U)E = (u, U)LZ(QE) v u,v e HE' (6)

It is easy to verify that the operator A, is self-adjoint, positive, and compact.
Thus, for each fixed value of ¢ all eigenvalues of problem (@) can be ordered as follows

O0<A] <A <...SA <> +00 as n— +oo, @)

where each eigenvalue is counted as many times as its multiplicity. The corresponding eigenfunctions {u; }, oy, which belong to
H,, are orthonormalized as follows

(UZ,M;)LZ(QE) = 5n,m7 {n, m} e N. (8)

The aim is to study the asymptotic behaviour of {A°}, .y and {uf},cn as € — 0, i.e., when the number of attached thin trees
increases infinitely and their thickness vanishes.

Remark 2. 1t is clear that the thin rods from the zero layer G fill out the rectangle D, = (0,a) X (—/,,0) in the limit as
e tends to zero; thin rods from each of two classes G("") and G{' of the first branching layer fill out the rectangle D, =
0,a) x ( -1, =1,- ); and thin rods from each of four classes GS’”’), m € {1,2,3,4}, of the second branching layer fill out
the rectangle D, = (0,a) X ( — I3 = I, = I;,—l, — [;) in the limit.

Of course, one can consider thick fractal junctions, in which thin rods from different classes have variable thickness and
different lengths, i.e., the length of the rods can differ both depending on the class from the same branching layer and in the
class itself (see, e.g.,”, where boundary-values problems were studied in thick multi-level junctions with different structures).
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3 | FORMAL ASYMPTOTIC EXPANSIONS

3.1 | Estimates for eigenvalues

By virtue of the minimax principle for eigenvalues and the right inequality in @), we deduce

lloll? Jo, IVoI? dx
/1& _ : € 2 . e
, = min max 2—§C2mm max —2+1
E€E, veE, v#0 ||U||L2(Qé) E€E, veE, v#0 /Qg V2 dx
Jo IVu? dx [, v*dx
) Q, 2 2 D, 2
<C max ———— +C; <Cjr, max —— +C; < Ci(n). (9)

0+£veL, /g v2dx 0£veL, fG(O) v2dx

Here L, is the n-dimensional subspace of H,, which is spanned on functions {$k iz such that $k =0inQ, \ Ggo) and $k = ¢,
in Ggo), where {¢, };_, are eigenfunctions of the Laplace operator in D, with the Neumann conditions on the vertical sides of
D, and the Dirichlet ones on the other parts.

Taking into account (8) and the left inequality in (@), we obtain from the integral identity (3 the lower estimates for the
eigenvalues:

B = AR = I 2 CHIE I, 2 ClS I = CF. (10)

Based on estimates (9) and (T0), we seek the leading terms of the asymptotics for Af in the form (hereafter the index n is

omitted)

A° =g +ep + ... (11)

3.2 | Outer expansions
Asymptotic ansatzes for u; (hereafter the index n is omitted) are as follows:
ut(x) = vf (x) + evf(x) + ... in the junction’s body Q, (12)
and in each thin rod G (¢)
ut(x) ug’m)(x) + eu(li‘m)(x, xg—‘ -+ 5zvg’m)(x, % -pD+... (13)
Here i € {0,1,2};ifi = 0,thenm = 0;and m € {1,...,i + [%J} in the other cases; j € {0,..., N — 1}. The asymptotic
series (12) and (T3)) are usually called outer expansions.

Substituting (I2) and (TI)) in the equation of the problem (3), in the boundary conditions on d€Q,, and collecting coefficients
at €%, we get

A, vg(x) = py U7 (), X €Q,
0%, U5l 20 = 0% Uyl e X2 €10,80], p=0,1
. (14)
vy = 0, x el
a,v¢ =0, x €09y \ Ty UT, U I,).

Now let us find limit relations in each rectangle D;, i € {0,1,2} (see Remark . For this we fix indexes i, m and j. Using
Taylor series with respect to the variable x, at the point x; = (j + b; ) (points {b, ,,} are defined in (1)) and , by = by = %)
and passing to the "fast" variable & = £~'x,, we rewrite (13) in the form

ut 00" (( + by ) xy ) + €VE(EL x)) + V(EL X)) + (15)
where :
(i,m)
Gamj) _ Gm) (s ) . 9v, .
VP = 0" (G + b)s X008 = ) + (& = J = biy) o (6 + by X3),
R X av(li,m)
VD = o0 (€0 + by )y X008 = ) + (& = J = by o (eG + i) X5, 6 — J)

. (i,m)
& -Jj- bi,m)2 azvo .
3 6x% (8(] + b; ) xz).
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Substituting @I) 1nt0 (@) instead of u* and taking into account the view of the Laplace operator in the variables &, and x,

(B¢ x, = =g ;{:2 ) the collection of coefficients of the same power of € gives one dimensional boundary value problems
with respect to 51 :
Vi€ x) =0, G ey b VD (b T ) = (16)
— 9 im
where d; = 5=, 02 . = 052 and I, (b;,) = (b, ——,b,m+ -,

From it follows that Vl( ™) g independent of &,. Since we look only for the first terms of the asymptotics, we can regard
that it is zero. Thus,

O\ (€U + by X2 &1 =) = = (& = = byp) 005" (€6 + by xs) (17)
The problem for the function V(’ 1) s as follows:
_A2 @m.j) _ (32 (i,m) (i,m)
% "2 = (9}, 0" )+ Hory ™ () ’xl=s<j+b,,m)’ o1 € I, i)
(18)
a‘f] [/2(”’"’/) (51’ Xz) ’g h_ +60! lkz m g m)(e(j + bi,m)s x2)~
1= lm— 2
The solvability condition for (I8) is given by the differential equation
~him 93, 03" () + 28, 1k 0™ () = pohy 05" (x) (19)
with respect to variables x, and at the fixed value of x; = €(j + b, ,,). Here 6, ; is Kronecker’s symbols (recall that ; > 1).
Since the points {x; = e(j+b;,): j =0,..., N—1} form the e-netin the interval (0, a), we can extend all equations obtained
above on N segments to the rectangle D; as € — 0. Thus, we get one ordinary differential equation
~hy 03, 0 (%) + 28, 1 ko) (x) = Hohov) (x) in Dy (20)
two differential equations (m € {1,2})
—hy 02 U + 28, 1k 0" () = pghy 0 () in Dy @1)

and four differential equations (m € {1,2,3,4})
—hy,, 0% 0Z™(X) + 28, 1 ks 05" (X) = oy 05 ™ (x) in D, (22)

XX

Due to the Neumann condition on the bases

09 =Q,n{x: xy=~(, +1,+1y)},

we obtain the following boundary conditions for functions {ng’m)} :

0, 0™ (x =l + L, +13)) =0, m=1,23.4. (23)

3.3 | Construction of inner expansions

To find transmission conditions in the joint zone I, and in each branching zones I, = {x: x; € (0,a), x, = —I;} and
I, = {x: x; € (0,a), x, = —(I; + [,)}, we use the method of matched asymptotic expansions for the outer expansions (12)),
(T3) and inner ones in neighborhoods of Iy, I; and I,.

3.3.1 | Inner expansion in a neighborhood of I

In a neighborhood of the joint zone I, we introduce the "rapid" coordinates & = (£,,&,), where & = 7 'x; and &, = €7 !x,.
Passing to € = 0, we see that the rod G(()O)(e) transforms into the semi-infinite strip
h hy
n;0=(%—7° %+7)><( 0,0];
the domain €, transforms into the first quadrant {£: &, > 0, & > 0}. Taking into account the periodic structure of €, in a
neighborhood of I,, we take the following cell of periodicity I1;, = l'[‘ v IT* (Fig. .i where junction-layer problems will be
considered; here IT* = (0, 1) X (0, +c0). Obviously, their solutions must be 1-periodic in &, i.e.,

RZ s =007 1y ondll* N{£: & >0} p=0,1.
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We propose the following ansatz for the inner asymptotic expansion in a neighborhood of
I,NnQ,

U NU+(x1,0)+s<z(°)( ) 0,5 (x1, 00+ Z3" (%) 9, U+(x1,0)> (24)

Substituting (24) in the differential equations of problem (3) and in the corresponding bound-
ary conditions, taking into account that the Laplace operator takes the following form £2A ¢ in
the coordinates £ and collecting the coefficients of the same power of £, we arrive the following
junction-layer problems for the coefficients Z 50) and Z;O):

—A; ZO0@) = 0, e,
9;, Z0(&,0) = 0, EEOD\(3-21-2), (25)
051 Z;,O)(f) = _6p,l7 5 € aHZU N {5 . 62 < 0}7 p= 1’ 2.

The existence and the main asymptotic relations for solutions to problems (23] can be obtained
from general results about the asymptotic behavior of solutions to elliptic problems in domains
. . . . . .
with dlfférent CX'ItS to infinity“**~. However, %n some cas.es one can define more exactly the FIGURE 2 Domain I,
asymptotic relations and detect other properties of solutions (see® Lemma4.1and Corollary 4.1 [I2)
From those results it follows the proposition.

Proposition 1. There exist unique solutions Z o Z;O) € H!

locss, (I1,) to problems respectively, which have the following
differentiable asymptotics

O(exp(—27¢&5,)), & = +oo,
Z7© = | (26)
(-&+3) +Oexpany'e). & —oo,

& + O(exp(—27&y)), & — +oo,

ff +C, + Oexp(nhy'&y)), & — —oo,
0

70 = @7

Moreover, Z 50) isodd in &, and Zéo) is even in &, with respect to %

Recall that a function Z belongs to the Sobolev space H, lloc §2(l'[o) if forevery R > O the function Z € H'(Ilyn{¢&: |&| < R}).

3.3.2 | Inner expansion in a neighborhood of the first branching zone I,

In a neighborhood of I, we introduce the "rapid" coordinates & = (£, &,), where &, = £~'x; and E )

& =& (x,+1,). Passing to e = 0, we see that the rod G((}O)(e) transforms into the semi-infinite

strip

1 hy 1 h
m = (5- 25 +=)xQ,
By 27503 + > X (0, +00)

and rods G(()l’m)(e), m € {1,2}, transform into the semi-infinite strips g

— 1
— hl m h
m, = (bl,m R b1m+7) X (~00,0], me {1,2},
respectively. Considering the periodic structure of €, in a neighborhood of I;, we take the s
following cell of periodicity I1; = l'[Jr U H‘ U H'2 (Fig.|3 , where branch-layer problems will hl,l e o

be considered.
The ansatz for the inner asymptotic expansion in a neighborhood of I; n (G U GW) is as

follows: FIGURE 3 Domain IT;

u(x) ~ 00x,, —1) + e(Z(l)(xl 2t 0O, 1))

{m(xl =05, "2+")+(1—m(x1))”‘”("‘ "2:")}axZuf)°>(xl,—11))+... (28)
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Substituting (28)) in the corresponding differential equation of the problem (3)) and boundary conditions, we arrive branch-layer
problems for the functions Z fl), E(ll), E(zl). So, the functions E(ll) and E(Zl) are solution to the following homogeneous problem

{ —AE@© =0, ¢ell,

29
9,5 =0, ¢&ell,. )

Again using approach mentioned above (see also'%), we conclude.

Proposition 2. There exist two solutions &, 5, € H 1106 fz(Hl) of the problem , which have the following differentiable
asymptotics:

& +0( exp(=== %) & > 400, £ € H+U,

%)),
26 =1 h11<32+C(“+<9(exp<”§2) &= —o, EETT, (30)
;l)‘*@(exp(”—gz)), & — —o0, ST,
§2+(9(exp( ) & — +oo, §€H+,
5,(6) =+ C(2)+(9(exp(”§’ ), & - —o0, £€TT], 31
h12§2+C(2)+(9(exp(”§2 ), & — -, €T,

where Cil), C;l), Ciz), Céz) are some fixed constants.
Any another solution to the homogeneous problem (29), which has polynomial grow at infinity, can be presented as a linear
combination ¢y + ¢|E| + ¢, 5,.
The function Z 51) is a solution to the following problem:
-A: Z(©) =0, <¢ell,
0: Z(5) = -1, &€l (32)
6522(51’0) = 07 (5]70) € aI—Il \a”Hl’

where 9, I1, is the union of the vertical sides of dI1,.

Proposition 3. There exists the unique solution Z € H loc, (I1,) to problems , which has the following differentiable
asymptotics:

—& 45+ O(eXp(——)) & = +oo0, LT,
Z@E) =4 &+ b1 |+ €+ (9(exp(”§2)) & - —o, E€TT ), 33)
—§1+b12+C2+(9(exp( )) & = —oo, £,

where C;, C, are some fixed constants.

Thus, we set E(ll)

=g,8"=8,and Z\" = Z.

3.3.3 | Inner expansion in a neighborhood of the second branching zone I,

In a neighborhood of I, we introduce the "rapid" coordinates & = (£,,&,), where & = ¢7'x; and & = 7' (x, + | +1,). Passing
to € = 0, we see that the rods G(()l‘m)(.s), m € {1,2}, transform into the semi-infinite strips

hl m hl m
—= bt T’) x (0,+c0), me {1,2},

respectively, and the rods Géz"")(e), m € {1,2,3,4}, transform into the semi-infinite strips

H;m = (bl,m -

h2,m h2,m

I, = (b, — — bt T) X (=00,0], me{1,2,3,4},

respectively.
In view of the periodic structure of Q_ in a neighborhood of I,, we take the following two cells of periodicity

MY =107, UMy, UlTy, and T =TI}, UTT;; UTT;,,
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where branch-layer problems will be considered.

Now we propose the following two inner asymptotic expansions in a neighborhood of I, n (G U G?), namely the first one
is as follows:
oD (xy, =1 = 1)

I3 X1

ut (x) 0D (e =1 = 1) + s(Zf“)(%, LRI

—(2,1 1+l —(2,1 1+ 1,1
+{112,1(x1):(1 N3, BEER) 4+ (1 -y (x)) ES >(§,—"2+1+2)}ax2:)g )(xl,—ll—lz)>+... (34)

&€

in a neighborhood of I, N (GS*” U (U2, G&™) ), and the second one

(1.2)
. Vo (X1 =l = 1)

1,2 2,2 +1,+l
Ut (x) ~ v ’(xl,—11—12)+e<2§ K%,M)a

12

o { (e EPD (2, ) 4 (1= 50 B9 (2, 22080 o oDy, 1 —12)>+... (35)

in a neighborhood of 7, N (G(l’z) U (U, Giz”"))>

Coefficients Z\>" (&), E*V(&), V(&) (¢ € I") in (34) and coefficients 2> (&), £ (), > (¢) (¢ € II) in (35) are
solutions to branch layer problems, which 1-periodic extended along the coordinate axis O,51 ; the functions 1,1 and 7, , will be
defined from matching conditions.

Namely, Z iz’l) and Z iz,z) are solutions to the problem in H(Zl) and H(22> respectively. Applying results of Proposition we
can state that there exist unique solutions with the following differentiable asymptotics:

-

_§1+b11+(9(exp(_”§2)) & — 4o, £,
ZEN@ = G +b + O+ O(GXp(”‘fz)) & — —co, £EIL;, (36)
—& + by, +C + O(exp(%)), &~ —w, £,

\

-

£ +b]2+(9(exp(—”—§2)) & — +oo0, JjEle,
Zfz’z)(é) ==& +by;+ C(4) + (D(exp(”é)) & — -0, ST, (37)
~& b+ +0( exp(fj)), & — —oo, £€TT;,

Functions E ”(2 N :;2 D an :(2 2) ”(22 ) are solutions to the problem 1i in l'[(zl) and H(zz) respectively. From Propositionit

follows that they have the corresponding differentiable asymptotics (30) and (3T).

3.4 | Homogenized problem

To complete the formal asymptotic constructions and obtain transmission conditions for the coefficients of the outer asymptotic
expansions
+ 0) (1,1) (1,2) (2.1 (2,2) (2,3) U(2’4)

0r o> Uy > Uy » Uy " Uy s Uy s Uy s

)
we should match the corresponding outer asymptotic expansions with the inner ones, namely, the asymptotics of the leading
terms of outer expansions l.) and b as x, > + Z —o!p» m € {0, 1,2}, have to coincide with the corresponding asymptotics

of the inner expansions (24), (28)), (34) and (33) as 52 — +00, respectively.

By making similar steps as 1n4 e 4, we come to the following transmission conditions:
(0) + _ 0) X
Uy =0y s Oy Uy =hod, v on I (38)
O _ (LD _ (LD 0 _ (L1 (1,2) .
Uy =Uy =0y s hgoy vy =hy 0,007 + hy0, 0, on [; (39)

1,1 2,1 2,2 1,1 2,1 2,2 .
o)V = 0P =08 o, o) = hy 0 08" + hyy 0, 08P on Iy (40)
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1.2 23 2.4 12 23 2,4
UE) ) = UE) ) = U((J ), hi, 0X2U((J ) = hy ;5 aXZUE) )+ h2,4ax21)f) ) on I,. 41

Relations (T4), 20)-23), (38)-(@1) form homogenized spectral problem for problem (3] and an eigenfunction of this problem
is a multi-sheeted function

2,1)
Y
/!
(1,1)
Y
/! N
(2,2)
0 %o
vt — vg )
U(2’3)
0
N\ /!
(1,2)
Y
N
2.4)
Yo
I, I, I,
Q D, D, D,

In addition, functions #; in 28), #, in (34), and n, , in (35) are defined as follows:
Ry 0 0Py, =1))

X270

n(x)) = , (42)
hyy 0, 080y 1)) + by 0 v) P (xy —1)
hy 0, 5V ey, = + 1))
”12,1(x1) = 20 22 s (43)
h2,1 axz UO (Xl, _(ll + 12)) + h2!2 axz UO (xl, _(ll + 12))
hy 50, vV (xp, =) + 1))
Mya(x)) = — (44)

hy3 0, 052Gy =y + 1)) + hy 4 0, 05 (xy. = (U + 1)
for x; € (0, a).

4 | THE SPECTRUM STRUCTURE OF THE HOMOGENIZED PROBLEM

In order to avoid technical and huge calculations, we will consider the case when i € {0, 1} and a; > 1, while making remarks
and comments for the other cases.
Let us first introduce an anisotropic Sobolev space H, of multi-sheeted functions. A multi-sheeted function

2 P (x), x€ Q,
0= ((p+,(p(0), {(p(l,m)}m:1> ={ ¢O(x), x€ D, (45)
(p(lvm)(x)’ X e Dl’ me {132}5

belongs to H if
¢t € HyQuT) 1= {v € H'(Q): v(0,x)) = v(a,x,), x; € [0,6]: vlr, =0},
@ € LX(Dy), {¢'"™)2_| C L*(D,), there exist weak derivatives 9, ¢© € L*(Dy), {9, "™ }?_ C L*(D,), and
(I’+|10 = (P(O)|10’ (P(O)hl = §(’(1’1)|11 = (P(l’z)h,-
The space H, is continuously and densely embedded in a Hilbert space V,, of multi-sheeted functions whose components
belong to L2-spaces, i.e., @ € V, if % € L*(Q)), ¢© € L*(Dy), {¢""™}2_, C L*(D,). Scalar products in these spaces are

defined as follows:
2

(p, ‘I’)VO = (¢+’W+)L2(QO) + ho((ﬂ(m"l’(m)uwo) + 2 hl’m((p(l,m),W(l,m))Lz(Dl)’ (46)

m=1
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2
(@), = Vo', V) g, + ho(axzfﬂ(o)’ axZW(O))LZ(DO) + 2 hl,m(axz(p(l,m)’ alelf(l’m))LZ(D,)- 47)

m=1

If i € {0, 1,2}, then the corresponding summands appear in these scalar products, and if some «; = 1, then terms

i0+{%J
2 Z kio,m(w(lo’m), W(I(J»m))LZ(D‘_U)

m=1
appear in (-, )y, -

Definition 2. A number y is called an eigenvalue of the homogenized spectral problem if there exists a function v € Hy \ {0}
such that

vV, )y, =u(v,w)y, Yy €H,. (48)

The function v is called an eigenfunction that corresponds to u.
Define the operator A, : H, +— H,, by the equality
(Ao@. ¥y, = (@.¥)y, Yeo.y €H, (49)
Then the homogenized spectral problem is equivalent to the spectral problem
Agv=pu"'v inH,.

It is easy to verify that A, is self-adjoint, positive, continuous, but non-compact and the spectrum o(A)) belongs to (¢, +00),
where ¢, > 0.

4.1 | Reducing to a spectral problem for an operator-function

Solving ordinary differential equations (20), (ZI)), and taking into account the Neumann condition at x, = —I, — I,, we get
00 = B cos 1/ (e 10) + Csin (g (52 +1). 0
00 = B cos (Vi (e +1). m=1.2 6D
cos(y/Ho Iy) cos(/Ho )

Gradually substituting representations (30) and (5I) in the transmission conditions (38) and (@9), we find constants

BO c©®_ BLl Bl2 and arrive at the relation
sin 4/ pgl; cos \/pgly + 0 cos \/ 1ol sin y/pol,

cos /ol €08 \/Holy = 0sin /Hol, sin \/gl,

%UJ(xl,O) = —ho+\/Ho vg(xl,O) (52)

for any x, € (0, a). Here 6 = % < 1.
Relations (T4) and (52) form the resulting spectral problem in the junction’s body @, with the spectral parameter g, occurring
both in the differential equation and in the boundary condition on 1j,.

Remark 3. In the case i € {0, 1,2} the condition on I, is more complicated, namely,

9,05 (x1,0) = —p(y/ vy (x,,0),

where
tan (ul,) +Otan (ul,y) + h”+h—0+h“ tan (ul3) — hz‘%ﬁ”tan (uly)tan (uly)tan (uly)

@(u) = phy

s

tan (,ull)tan (;413)

1t+h

1 —6tan (yll) tan (;412) - hthan (/J 13) tan (,u 12) -

for the case 212 _ fastha
hl.l h172 )

hy+...+hyy

Remark 4. Inthe case i € {0,1} and a; = 1, a; > 1 the condition on I, is as follows

0y, 0 (x1,0) = —g(u)v; (x,, 0),
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where

ho\/yo—%tan<\/uo 2oy >+9\/_tan(\/_12)
1—9tan(,//40—— >tan<\/_12>

Multiplying the differential equation in (T4) with an arbitrary function y € H (©,; ")) and then integrating by parts over ,,
with regards to (52)), the resulting spectral problem is reduced to the spectral problem

g(u) =

L(p)vy =0 in H11 ;). € [cy, +00),

for the following operator-function
L(u) = p Ay + ho\Ju fF(\/1) Ay = 1, (53)

where 0 = %, [ is the identity operator in H;(QO;FI),
0
sin ul; cos ul, + 6 cos ul, sin ul
Fluy = S EER P T ORI PR (54)

cos ul, cos ul, — @sin ul, sin pl,

A,, A, are self-adjoint, compact operators in H, ﬁl (©(;T'}) such that

(49, I//)H;(Qo;l"l) = /(P(x) w(x)dx, (A, W)H;(QU;FI) = / @(x1,0) w(x;,0)dx;, Vo,y € Hﬁl (Qo: ).
Q T

o|a
|a
ool:
W
<><>|;l
W
.u|;,
~
a
3

FIGURE 4 The graph of the function f for 6 = %, L =21,=1

It is easy to verify that f'(u)
U, + 912)(cos uly cos? uly + sin? uly cos? uly)+ 6, + 01 )(sm uly sin? uly + cos? uly sin® uly)

flw) = >0

(cos pul; cos ul, — 0 sin ul, sin pl,)?
forall g € R\ {u: tan(ul,)tan(ul,) = 6~'}. The graph of this function resembles the graph of the tangent (see Fig. Emade
by Maple).
Theorems on existence and concentration of the spectrum for self-adjoint discontinuous operator functions like (53) and the
minimax principles for eigenvalues were proved in'#. These results yield the following theorem.

Theorem 1. The spectrum of the operator-function L contains normal eigenvalues and also the left accumulation points { p;, } ey
that are roots of the transcendental equation
hy

tan (\/ul,)tan (\/uly) = m

These points divide the eigenvalues into the sequences

0<u’<..<uV<.i> p as n— +oo, (55)
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P < y§k+1) <. SufV <o pyy as n o +oo. (56)
ue @ 9
— —
t @ @ *—>
0 P, P, P,

FIGURE 5 The spectrum structure of the operator-function L

Recall that an eigenvalue is called normal if it has finite multiplicity and the corresponding eigenvectors have no Jordan chains.
In the cases considered in Remarks [3]and ] the spectrum structure of the corresponding operator-function is the same.

5 | ASYMPTOTIC APPROXIMATIONS FOR THE EIGENFUNCTIONS

Let u, be an eigenvalue of the homogenized problem. Consider the corresponding multi-sheeted eigenfunction

U(J)r(x), x € Q,
Vo) =4 0’(x),  x€ D,

U(l’m)(x), x € D, me {1,2},

from H,. With the help of v, the junction-layer solutions Z| © and Z, © (see Proposition |1)), the branch-layer solutions

{ V4 il), :(1] ), :(l) } (see Proposmonsl in aneighborhood of the ﬁrst branchmg zone I, we construct the approximation function

R.(x) = 0 () + 00 N (2,x1), x € Qy; (57)
R, = o0+ £(Y(2) 0, 00 + o) N0 (2.3,) + 71N D(2, 220 x) ), x e GO (58)
R, = o\ (x) + g(Ylm("l)axl o + ) N (2, 22 x1)> xe G me(1,2); (59)

where y, is a smooth cutoff function such that y,(x,) = 1 for |x,| < 7,/2, and y,(x,) = 0 for |x,| > 7, (7 is sufficiently small
number); y,(x,) 1= yo(x, +1,);

2
NO(Ex) = D (20 - 6,2 8)0, v} (x,.0). &=,

i=1

where 8, , is the Kronecker delta; Y,(&)) = =&, + ; + &, ];

NOEx1) = (2170 = (@) )0y, v 1.0 + (270 = £ )o, 05 (1.0 &=

NOEx)) = (7@ = Y@ )y, o =1)
(nl(xl):( @+ 1= ))EE) - éz))dxz o0y, —1), & =, g =
Yin(&) = =& + by + &), m € (1,2), and
NG x) = (20 = Y1) )0y, 08 (e =)
+ (G (ED@ = 81p &) + (1= m G (E @ = 62,22 8) 0,0 (=), & =2, & = 2,

ue to (33) and (39), the jumps o = 0,i =0, 1. This means that the approximation function elongs to .
D 38) and (39)), the jump 5|Q 0 0,1. Thi hat the approxi ion fi ion R, belong H,
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Substituting R, and u, in problem (3) instead of u* and A%, respectively, calculating residuals with regard to Propositions [T}

[2 B]and relations (14), @0, 1), 3) G8), (39), we obtain
(Re» @) = Ho (R, P12y = C(@) Yo € H,, (60)

where the linear functional £, on the space H, and ¢, is the sum of the integrals of the residues that the approximation function
R, leaves after substitution into the integral identity. Its norm is estimated similar as in* 5 ¢, As a result, with the help of the
operator A, : H, +> H, defined in (6), we get from (60) the inequality

1
“Rg - #OAEREHE < C(0)<51_0 + Z 6(1‘—1+5a‘,'] )s (61)
i=0

where ¢ is an arbitrary positive number and §, ; is the Kronecker delta.
From Vishik-Lyusternik lemma'’? and inequalities (61)) and (T0) it follows that for any n € N there exist positive constants 7
and g, such that for all values of € € (0, &)
0<C;<A,e)<p —r, (62)

where p, is the first point of the essential spectrum of the operator-function L (see Theorem T}

6 | JUSTIFICATION OF THE ASYMPTOTICS AND ASYMPTOTIC ESTIMATES

To justify the asymptotic expansions constructed above, we use the scheme suggested in''® to study the asymptotic behaviour
of eigenvalues and eigenvectors of a family of abstract operators. For the convenience of readers, the conditions of this scheme
are written here specifically for the problems and homogenized spectral problem.

In our case, the family of operators is {A, : H, — H_},.,, where the operator A, defined by the formula () and corresponds
to the problem (3).

Let N (i,AO) denote the proper subspace corresponding to the eigenvalue i of the operator A;: H, — H, defined in
(9) and let {(u;, A ) }g>0 denote a sequence whose components are the eigenfunction uj, (||u;|ly, = 1) and the corresponding
characteristic number of A,. Here, V, := L*(Q,).

To clarify these conditions, the following diagram is proposed:

IE
H, ——

PEl TS‘

7, —— V,
Here Z,, is a subspace of H,, in which each component of a multi-sheeted function ¢ € Z, belongs to the corresponding H'-
Sobolev space; the operators I, : H, — V, and I, : Z, — V, are identical imbedding operators. Obviously, these operators are
compact.
There are five conditions C; — Cj in this scheme. The first one is verified in Sec. [5|and it means that for each eigenvalue of the
operator A, one can construct an approximation function such that this pair is, respectively, an almost eigenvalue and an almost
eigenfunction of the operator A,, i.e., the inequality (6I) holds.

Condition C,. There exists a linear operator S, : Z, — H, such that
IScully, <cillully,, Yu€eZ,
where the constant c, is independent of € and u.
Condition C;. There exists a linear operator P, : H, — Z, such that
VneN ¢, >0 gy >0 Ve e (0,g) : ||P£uf,||H0 <c ””lelH;
Conditions C, and C; are connecting conditions between the spaces H, and Z. The operator S, : Z, — H, associates any
multi-sheeted function ¢ € Z (see (@3)) with a function S, ¢ that is equal to ¢™ in ©, to | ;0, to V| .o and to @1 L0,

where ™| e is the restriction of @™ on GU™_ It is easy to see that the operator S, is uniformly bounded with respect to
€. Thus, condition C, is satisfied.
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For functions defined in thick junctions, there is no extension operator uniformly bounded with respect to & in H'-Sobolev
spaces (see'%). Nevertheless, it was shown in'? that for eigenfunctions of spectral problems in thick junctions one can construct
a special extension which is bounded uniformly in € on every eigenfunction. In our case, we construct a special multi-sheeted
extension and prove the following theorem.

Theorem 2. There exists a linear operator P, : H, — Z,, where P, = (P, P(:D, P1-2)) and
PO H'(G")~ H'(Dy), P : H'(G'™)— H (D)), me{1,2},

such that for any eigenfunction «? of problem (3] condition C; is satisfied.

Proof. 1. Let y; be a smooth cut-off function such that y, (x,) = 0 for x, > &, and y; (x,) = 1 for x, < %, where 6, is
defined at the beginning of Section[2]
Letus (Jlut |l y, =D be an eigenfunction of problem (3). Then the function v* = Xs, Uy, is the solution to the following problem:

_Afo, = f;(x)+/1§l Ufl in Qo,aoa

—A 0 = AU in GOy G
X"n nn € P
—0,V¢ = g%k, U on Yii,m)’ i=0.1,
< (63)
afil Uf,|x,:o = af;l Ufllx]=a’ x, €[0,80], p=0,1,
v, =0 on [y,
v, =0 on 09, 5 \(Y,ul,u Ts,)-

Here Q) ; = (0,a) X (0,6), 'y, = {x: x; € 0,a), x, = 6y}, f; = 2)(5’00 ut + )(5’()’ ut supp()((go) C [0,a] x (%,60). To

Xy n n’
simplify formulas, the conjugation conditions on Qii) , i € {0, 1}, are not written hereinafter.

Since the problem (63)) is invariant with respect to shifts by £ along the axis Ox,, the function (the index # is omitted)
Ve(x) =& (0 (x +e8) —v°(x), (& =(1,0)), (64)

that is a—periodic in x, satisfies the following relations

—AVE = (fAx+ee) — fE0)) + ATVE in Qs
~A Ve = Ve inGOu G,
_aVVE = Eai ki,m VE on Yg'm), i= 09 17
0% V20 = 0%,V |y —ar x; €[0,60], p=0,1,
Ve=0 on I's,
0
a,Ve=0 on 095,50 \(Y,uT,u F,;O),

whence, multiplying the differential equations by V' and integrating by parts, we get

112 € €112 -1 € = £ 3
”VV ”LZ('Q‘&(SO) S j’ ”V ||L2(.Q£'50) + £ /(f (x + 661) - f (x))V dx’ (65)

Qo 5,

where €, ; is the interior of the union 50,50 U Géo) U GS).



16| TA. Mel'nyk

Let us estimate the right-hand side of (63)). Using the Cauchy-Bunyakovsky inequality and changing the order of integration,
we derive the inequality

3y a | x +e 2

/ (VP dx =€ / / / 0,05t %) di| dx,dx,

Q5 00 |x

a x;+e

_'// / |00 (6 %) dfdxldxz—//|au(z x| didx, <110, w13, - (66)

Due to (9) the second summand the right-hand side of (63)) is estimated with the value

-1 —
le™ (f(x +ee)— fe(x))”u(go_do) : ”Vg”LZ(QMO) < ”ax]fE”LZ(gM )”axl n”LZ(QO)
2
<¢ (”uf,”Hl(Qo) + ||()(50) o 1% n”LZ(QO )II) ||axI u,,“LZ(QO) Cz”” ||H1(Q) (67)

Here, in order to estimate the mixed second-order derivative, we have used so-called the second energy inequality for elliptic
operators in the domain (0, a)x( % ,8y), i.€., the a-priori estimate ||u||? < c(l|Aull?, .. +lull?,,..) (see e.g.17) with a suitable
cut-off function.

Now it remains to estimate L>-norm of V¢ in each thin rod of the thick fractal junction Q,. For this we represent V¢ on the
rod Gﬁ.i‘m)(e) in the following form:

HYA(Q) — L>(Q) LX(Q)

VD) = 0" () + U™ @), x € GG, (68)
/ Uj?’*’")(x) dx, =0,
;{/“‘m)(e)

where x(i’m)(e) is the cross-section of the rod G(i’”')(s) We will regard that U(i‘m) vanishes outside of Gﬁ.i’m)(e).

Integrating the differential equation for V¢ in G( '")(e) over the cross- sectlon }{ )(e) we get

02 @ (xy) + A5 ™ (x) = 0. (69)

X2%2
Substituting the representation (68) in the Neumann conditions on the lower bases of the rods Gil) and integrating over their

cross-sections, we find that for each j € {0,1,..., N — 1}

90" =0, me{l,2}; (70)

S Axy=—1—,
similarly, we get
o (1) = o}V (=1) = @) (1. (71)

Substituting (68) in the second conjugation conditions on Q') and in the Neumann conditions on the other parts of the lower
bases of the rods GEO) and integrating over their cross-sections, we find that for each j € {0,1,..., N — 1}

©) d © _ an,
hy 0,0 (_ll)+a_x2< / U (x)dxl)Lz:_ll = hy 10, "Dy,
1D (e)

0
hl,Zaxz(pj‘O)(_ll) + d_xz< / U;O)(x) dx1>|x2:—/l = h1,20x2(03‘1,2)(_11)’

x}l’z)(e)
© 9 ©
(hg = hyy = hi2)0,, 0, (=1) + d_xz( / U;"(x) dx1) oty 0.
#P @\ @)U X (o)
Summing these equalities, we obtain
0 1,1 12
hoo, | =m0 @+ had el (72)
2= x,==1;

Xp==
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Taking (62) into account, it follows from (69) and (70) that

B!
(1m) j /
" (x,) = cos< A8 (xy +1 +l)> (73)
;o cos(/4¢ 1) cos (/7€ 1) 2T

for m € {1,2}; here x, € (-1, —1;,—I,). A general solution of (69) for i = 0 is given by the representation

¢V(x,) = B cos< JE (x, + 11)) +c sin( JE (x, + 11)), X, € (=1,,0). (74)

Gradually substituting (73)) and (74) in (71) and (72), we find
hyy+h,

m 0 0 0
B" =cos(y/451,) BY, me (1,2}, C”=- e tan(4/4¢ 1,) BY. (75)
From the equality V¢(x,,0+) = V(x,;,0-) and (68) it follows that
hyy+h
B cos( AHJ(l—Mtan(\/Aflz)tan( ,1611))=L VE(xy,0)dx,. (76)
j " ho " " ehy
Xj(_m(e)

Taking into account (62)), (73) - (76), we deduce that for each j € {0,1,...,N — 1} and m € {1,2}

(@i,m) 12 € 2
1671 gy < e [ (740,00,
()

Using the Poincaré inequality, we get

@im) 12 2 (ON) 2 €12

; < ) ) = . .

”Uj ”LZ(G;""')(S)) — cle ”ax] UJ ”LZ(G;"”’)(E)) C18 ”ale ||L2(G§"m)(£))
Therefore,
2 2 2 2
IlV&llLZ(GS’)UGE”) < Cz(")/ (Ve(xl,O)) dx, + 2c€ ||0xl VSHLZ(GS”UGS))

Iy

3 2 £ 2 en12
< (2N Ny + =1V i) + €200 VIR, o) > 0. D

Choosing 7 and & small enough, we obtain from (63), (66), (€7) and (77)
”VVEHLZ(QMU) < C4(”)””i”ﬂl(g(]) < es(n). (78)

This inequality means that the eigenfunctions have no strong variation of values on the corresponding branches of neighbouring
trees.

2. The construction of a multi-sheeted extension will be carried out in several steps. First, similarly as in‘ 34

the extension PO : H'(G©) — H'(D) such that

, We construct

£
n

=u$

0 0
”PE( )u;”Hl(Do) < CS(n)”ufz”Hl(Gim) and PE( )l/l n

X,=0 X,=0 ’

Now we fix the index m € {1,2}. Using the "linear matching", we extent the eigenfunction us from the class Ggl’”’) into the
rectangle D¢ = (0,a) X (=1, =1}, =1, —¢), e,

ut x e Gm
E(m)uE _ n’ 3
e “n . ) i+ b Ry Gm . 1.0.1 N
aj(x2a£)+ﬁj(x29€)'(xl_g(.]+ 1,m+T )9 X € j (8)’ .]e{_ s Us Ly enny }’
where

. A,
a;(xy;6) = u (e + by, + =), x;),

ﬂj(xz;g) = (U;(E(J +1+ bl,m - me)’xZ) - aj(x2;5)>’

1
1- hl,m

AS(1,m . Ry . hy
G;l, () = (€G + by + =), 6( + 14 by = =2) X (=l =1, ~l, —€).
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Recall that the problem (63) is invariant with respect to shifts by e along the axis Ox;; therefore, in the cases of extreme rods
we take j = —1 or j = N, respectively. Direct calculations give (for more detail see''# 3%)

”Eim)uf,”Hl(Dt]) < Cﬁ(")””i”ﬂl(gi'v”’)y

Further extension of Ei'”)ufq to the rectangle D is performed in the same way as for e-perforated domains'81°, The theorem is
proved. O

The next two conditions of this scheme are the conditions for the convergence of some quantities.
Lemma 1 (Condition C,). If for certain functions w* and v* from H, we have
P.w® - w and P,v* - v weaklyin Z, as € — 0, (79)
then

lim (wf,ue)vé = (w, V)VU.

-0

Proof. By yg we denote the characteristic function of a set .S in R? (resp. R). It easy to verify that for each i € {0, 1} and
m € {1,2} (recall that if i = 0, then the index m is absent)

Xgom = h;,, weakly-starin L*(D;) as & — 0. (80)

Since the space Z, is compactly imbedded in V,,, we have that P,«w® — w and P,v* = vin V; as € — 0. Therefore,

2
(LUE’ ve)VE = (w*, Ue)LZ(QU) + / ){GEO)PE(O)(LUE)PE(O)(U&) dx + Z / XGQ'M)P;l’m)(I/UE)Pg(l’m)<U£) dx
Dy "=1p,
2

0 0 1 1, —
- (w+, U+)L2(QO) + ho(w( )9 U( ))L2(D0) + Z hl,m(w( ,m), U( m))LZ(Dl) - (W, V)Vo as € > 0.

m=1
O
Lemma 2 (Condition Cs). Let {A(¢)},., be a sequence of eigenvalues of the problem (3) such that
ll_r}(l] Ae) = A and % & 0,,,(Ap); 81
{u®} . 1s the corresponding sequence of eigenfunctions such that
lu“lly, =1 and P —u weaklyin Z; as & — 0. (82)

Then A is an eigenvalue and u = (u*,u®, {u™}" _ ) is the corresponding multi-sheeted eigenfunction of the homogenized
problem.

Proof. First we note that from Lemmait follows than [[ully, = 1.
The characteristic function y;um can be represented as follows
X

Zaim () = 7,0 <?) xeD,
. Lo . . O -
where X0, (&), & € R, is 1-periodic function that equals 1 on the interval (bf’r)n -5 bf',)n + T’") and vanishing on the rest of the
segment [0, 1]; here, if i = 0, then bff:n = % and hgf:n = hy, and if i = 1, then b(ll’)n =b and h(ll’)n = h1,m§ the same for other
notation.
For each index i and m we define the function

(i) (0]
(i) O hiwm () i
Y([)(f) _ -5+ bi,m’ ¢E [bi,m - bi,m + T]
im - 0] )
’ 0 _ haw o, i
0, ge [0 1]\ [b), — =20, + 2],

and then periodically extend it to R. Integrating by parts the integral

(X
I3 Y., dxl v(x)dx,
M\ e

Gil.m)
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we get the identity

A o %
eT’/vdxzz/de—e/Yi’:n<?)dxludx VveH,. (83)

Yii,m) Gii,m) Gii,m)
Using this identity, we get
2Kk; X _ N X —
€Nk, / W pdx, = e 0 /)(hm (—1>P<l»m>(uf)¢dx —e / Y.(’)<—1> o, (uf p)dx) Ve cC'(D),
! h(l) m £ € L,m £ 1
Yii,m) m D; Gg'm)
whence, taking the boundedness of Yl(:r)l and (82) into account, it follows that
lim £k, , / u pdx, =6, 2k;,, / um b dx. (84)

i

Y(El,m) D.

Here 6, , is the Kronecker delta.
Now take any function ¢ € C°(D;) and consider the function

- 0, xeQ, \ G,
X) = - .
v eYO(L) px),  x e G,
It is obvious that y € H,. Considering the corresponding integral identity (5) with the test-function y, we obtain
()Xlu‘E ¢pdx =0() as € - 0. (85)

Gii,m)

Direct calculations show that

X . X .
[ o ods= [ (3o (ome)pax== [ 1y (), ds

Gl D, D,
— —h" / utm o, pdx = h") / 0, u™ pdx as e — 0.
Di Di
Thus
X1 (i,m), € O] (i,m) i 2
20 ()0, (P70 ) = A 0™ weakly in 13(D,) as e 0. (86)
im \ € g

Writing down the integral identity (3)) with the test function S, ¢, where @ is an arbitrary function from the space Z, and
S, : Zy — H, is the operator from the condition C,, and taking the limits (81 - into account, we find

(0.0)y =A(w.o), VeeL, (87)
Since the subspace Z,, is dense in H), the identity means (see Definition[Z) that A is an eigenvalue and u is the corresponding
multi-sheeted eigenfunction of the homogenized problem. [

6.1 | The main results
Thus, all conditions C; - Cs of the scheme from'® are satisfied. Applying this scheme, we obtain the following theorems.

Theorem 3 (the Hausdorff convergence). Only points of the spectrum of the homogenized problem are accumulation points for
the spectrum of the problem (@) as € — 0.

The convergence of the eigenvalue A at a fixed index n as € tends to zero is usually called low -frequency convergence of the
spectrum.

Theorem 4 (low-frequency convergence of the spectrum). For any n € N
A= ,uf,]) as € = 0,

where ﬂf,l) is the eigenvalue of the homogenized spectral problem from the first sequence (59).
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There exists a subsequence of {e} (again denoted by {&}) such that
Pu — vfll) weaklyinZ, as e — 0,
{Vfll) }.en are the corresponding eigenfunctions of the homogenized problem such that
(Vg),VE’}))VO =8,m mmeN.

O e))

Theorem 5. Let ,ufll) =M, , =..=4H, _, beanr-multiple eigenvalue of the homogenized problem from the first sequence

(33). Then for any positive number ¢ and sufficiently small e, we have

|4,(6) — u'P| < C(n,0)¢(e),

where
1
{(e) := <£1_" + Z g% 101 )
i=0
For the approximation function R§"+j ) (j €{0,1,...,r—1}) constructed with the help of the eigenfunction quljj by the formulas
B7)-(39) the inequality

“R<5n+j) - ri B, (e -)”H](Q , < Cn0) ()
s=0 ‘

is satisfied for £ small enough, where 0 < ¢; < X7 (,,(€))* < cs.

It follows from Theorem 3| that there exist other converging sequences of eigenvalues Ay | — u® as e — 0, where ¥ is an
eigenvalue of the homogenized problem from the kth sequence (56) (obviously, in this case n(¢) — +oo as € — 0); these limits
are usually called high-frequency convergence of the spectrum.

Theorem 6. Let u*) = u® ==

5.1 wil = - = M, be an r-multiple eigenvalue of the homogenized problem from the kth sequence
. Then

Vo > 03¢,; > 0,c > 0such that Ve € (0, ¢,,) in the interval

I0Ge) 1= (1) = cg(e), P +c (o)

there are exactly r eigenvalues of the problem (3).
For the approximation function Rg’ﬂ K (i € {0,1,...,r — 1}) constructed with the help of the eigenfunction V;'jr)j by the

formulas (57)-(39) we have

R§n+j,k)

£

¢t < U =
[ oy Ul Setmk ot 10, =1
€ £3
for € small enough; here (76 is a linear combination of eigenfunctions of the problem (3)), which correspond to the eigenvalues
from the interval I (¢).

7 | CONCLUSION

1. In this paper the asymptotic analysis of the spectral problem (3) is presented. The asymptotic behavior of the spectrum is
determined by the spectrum of the corresponding non-standard homogenized spectral problem consisting of relations (T4), (20)-
(23D, (38)-@I). The spectrum of the homogenized problem has a complex structure, namely, there is a countable set of gaps
in the spectrum (see Theorem [I)). This structure of the spectrum is the main argument for the mathematical justification of the
well-known "loss reduction” phenomenon in comb-like waveguides (for more detail see''%). Moreover, the question of existence
of spectral gaps has been actively investigated in last time since it is very important for the description of wave propagations
in different mediums (see? for a lot of examples and references on this topic). The left accumulation points {p, } xen form the
essential spectrum of the homogenized problem. In some cases, these points can stretch into segments. Based on my previous
results (see the review on spectral problems in thick junctions® P! this can happen when thin branches (rods) forming trees
smoothly change their length. Thus, choosing appropriately lengths of the thin branches one can build a thick fractal junction
so that the spectrum of a problem under consideration has the given number of gaps.
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2. The differential equations (20)-(23) contain extra zero-order terms that catch the effect of the parameters {a;} (a; > 1). A
natural question arises, what happens when a; < 1 for some i € {0, 1,2}; to be specific, we put o, < 1. Then from the integral
identity (3)), (8) and (9) it follows that for a fixed index n € N

£%k, / W) dx, < C,.
YO
Now, with the help of [83), we get
/(u;)2 dx < C26’9 —0 as -0,
GY
where 9 := min{1, 1 — a,}. So, we can state that the spectral problem (3) splits into three independent problems as ¢ — 0,
namely

-ALv(x) = poulx), x€
a£1U|xl=0 = d£1U|x1=a, X2 (S [0,50], p= 0, 1
v =0, onl'; Ul
o,v =0, on 0Q, \ Ty ul'y U 1),

=hy aJZszZ oD+ 25a1,1k1,1v(1’1) =puuv"Y in Dy,
-h,,, agm V@™ 426, ko 0™ = by, 0™ inD,, me {1,2},

J vD'=0 onlI,
oD =D = @Dy o oD = hy 0, 0D + by 0, 03P on I,
BXZU(Z”") =0, me{l,2};

Xy==(l+,+13)
and 2 a2 12 12
—hy, dxzxzv( D +26, 1k 0 = po'?in Dy,

—hy 6§2x2 V@™ 426, ko V™ = by, 0™ inD,, me (3,4},

3 o2 =0 on I,
U(l’z) = 0(2’3) = U(2’4), hl?zaxz U(l’z) = h2’30x2 U(2’3) + h2,4ax2 0(2’4) on 12,
3, vem =0, me (3,4},
2 xp==(l1+l+l3)

Thus, in this case, a new e;ssential feature appears, which is different from the cases studied here and which cannot be studied
by any simple modifications of the approaches of this article; the cases when a; < 1 for some i € {0, 1,2} are postponed by the
author to a planned forthcoming paper.

3. It should be noted that for each new proposed asymptotic method, it is very important to justify its accuracy. Thus, the
proof of the residual error estimate for discrepancy between the constructed approximations and solutions is a general principle
applied to the analysis of the efficiency of the proposed asymptotic method. With the help of special branch-layer solutions,
whose properties were studied in3, the method of matched asymptotic expansions” and the approach within the conceptual
framework of 121945l the approximation for the eigenfunctions are constructed and the corresponding asymptotic error estimates
in the Sobolev space H'(Q,) are proved in Theorems and In addition, the Hausdorff convergence of the spectrum and the
rate of this convergence (asymptotic estimates for eigenvalues) depending on the parameters € and {a;} are proved.
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