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1 Introduction

Random sampling plays an important role in many fields, such as image processing [6],
compressed sensing [8] and learning theory [18]. Random sampling has been generally studied
for multivariate trigonometric polynomials [2], bandlimited signals [3, 4], signals that satisfy
some locality properties in short-time Fourier transform [20], signals with bounded derivatives
[23], signals in a shift-invariant space [9, 14, 22, 24], signals with finite rate of innovation [15]
and signals in reproducing kernel subspaces of LP(R?) [13, 17].

Stability and reconstruction algorithm are two fundamental problems in sampling theory. In
[17], sampling stability was established with high probability for signals in energy concentrated
subspaces of reproducing kernel spaces. Because such subspaces are nonlinear and almost all
reconstruction algorithms were only given for functions in a finite dimensional subspace [17, 22,
24], an iterative algorithm which provides approximation to signals with energy concentrated

on a cube was firstly constructed in [13]. Note that random samples in [17] were taken from a



uniform distribution on a bounded domain and the kernel function K was assumed to satisfy

a very strong symmetric condition

K(z,y) = K(y, ). (1.1)

In this paper, we will restudy the random sampling stability for signals in a weighted reproduc-
ing kernel subspace of LL(R?) without the additional condition (1.1). Moreover, the random

samples are drawn over R? from a general probability distribution with density function p

satisfying
0 <c,=ess inf p(x) and C, = ess sup p(x) < oo, (1.2)
ze€CR zER4
where Cp = [~ R, R]¢ for R > 0, essinf and esssup are essential infimum and supremom, re-

spectively. In fact, random sampling with similar probability distribution had been introduced
in [14, 15] for shift-invariant signals and signals with finite rate of innovation.
Suppose that w is a weight function which is continuous, symmetric, positive and submul-
tiplicative,
0 < w(z+7y) <wl@w(y), =,y € RL (1.3)

Weight function v is said to be w-moderate, that is, it is continuous, symmetric, positive and
satisfies
0 < v(z+y) < Cow(x)v(y), z,y € R (1.4)

for some positive constant Cy > 0. More details about weight functions can refer to [10].

For 1 < p < oo, L} (Rd) is the Banach space of all weighted p-integrable function on R,

LERY) = {f : Iy = vfllz» < oo} (1.5)

We assume that K (z,y) satisfies

C
K@yl =) < e F R @~ ¢ (16)

Then it is easy to verify that

| Kl = masx {

sup |K(z, -+ z ]H H sup |K (- —i—z,z)\” } < o0. (1.7)
z€R4 2€R? Lg,

In fact, both the exponential kernel and the gaussian kernel satisfy the condition (1.6). More-

over, |[K|w < (a—l)(a2—d%~(a—d)' Furthermore, we assume that

lin s () v = 0. (18)
0—0
Here, ws(K) is the modulus of continuity defined by

ws(K)(z,y) = | |s‘ur7 ) |K(z+ 2",y +y) — K(z,y)| (1.9)
x'|Jy'|<



Suppose that T is an idempotent (72 = T') integral operator with kernel K,
Tf@)= | K@y)fly)dy, fe LR. (1.10)

Then its range space

Vip={Tf: fe L@} = {f e LR : Tf = f} (1.11)

is a weighted reproducing kernel subspace of L} (R?) [12, 16, 21], which means that for any
x € R?, there exists a C, > 0 such that

[f (@) < Call fllrzway, [ € Vp- (1.12)

Let 0 < ¢ < 1. Define a subset of Vi, by

Vi .0) = { £ € Viey [ 1i@w@pae = 1-0) [ Ifemorasf. ()

which contains all functions in Vi, whose energy concentrate on the cube Cg.

This paper is organized as follows. In section 2, we show that a function f € Vi, can be
approximated by a function fy in a finite dimensional subspace V[](\{ , on any bounded domains.
In section 3, we give an estimate for the covering number of normalized VIJ(\T - In section 4, we

prove that the sampling inequality holds with high probability for all functions in Vk ,(R, ¢).

2 Approximation to Vi,

In this section, we will show that Vi , can be approximated by a finite dimensional subspace

on any bounded domains. The following definitions of frame is similar to [1, 11, 19].

Definition 2.1 Let V be a Banach subspace of Ly(RY) and 1/p + 1/p' = 1. A family ¥ =
{4 }yer of functions in L];I/V(Rd) is a p-frame for V, if there exist positive constants A, and
B, such that

Al flle < [ o) bverllp < Boll fllon, ¥ f € V.

Definition 2.2 Let V C LY(R?) and W C LIfI/V(Rd). The p-frame ® = {5«,}761* c W for
V' and the p'-frame ® = {¢y}yer C V for W form a dual pair if the following reconstruction

formulae hold:

F= (f.0y)0y forall feV (2.1)
vyel
and
9= (9,16 for all g€ W. (2.2)
yel’



Lemma 2.3 [16] Let 1 < p < oo, T be an idempotent integral operator on L(R?) whose kernel
K satisfies (1.7) and (1.8), and let Vi 5, be the range space of T'. Then there exists a relatively-
separated subset A = 6oZ% with &y being determined by the condition || K ||w|ws,(K)|lw < 1,
and two families ® = {Pr}ren in Vi p and o = {&EA})\GA in Vi, which are defined by

ox(z) = /7 / / K, (2, 21) K (21, A + 20)dzadzy (2.3)
Rd J[—60/2,80/2]¢
with
K _ <—d
50 (2, ) = 6, / > K@ A+ 20) KA+ 22,y)dz1d2s, (2.4)
[=d0/2,80/21% J[=d0/2,00/21" )\ S5 7a

and

da(x) = 6, TP / KA+ z,2)dz (2.5)
[—d0/2,00/2]¢
such that

(i) Both ® and ® are localized in the sense that
[6x(@)] + ()] < h(z =), (2:6)
where h € LL(RY).
(i) ® and d form a dual frame pair for Vi, and Vi .

(iti) Both Vi, and Vi, are generated by @ and ® in the sense that

Viep={ 3 eox: (cWren € (M)} (2.7)
AEA
and
Vicp = { D N da: (@N)en € e’jj‘f‘”(A)}. (2.8)
AEA

(iv) || Ks,|lw < oo and lim llws(K3sy)llw = 0.

Based on Lemma 2.3, for a given positive integer N, define a finite dimensional subspace

Ve, = { > cWpaieN) € ]R} (2.9)

AEAN[—N,N]4

of Vi, and its normalization

vy = {1 e Vi, Iflligime =1} (2.10)

In the following, we will show that Vi, can be approximated by VI](V p On any bounded
domains Cyy = [~M, M]¢ with M > 0.



Lemma 2.4 Let 1 < p < oo and p’' be the conjugate number of p. Suppose that K satisfies the
assumptions (1.6) and (1.8). If f € Vi and ||f||pmay = 1, then for any given € > 0, there
exist N = N(e, M) and fy € V[](\fp such that

9

1f = Inlzecn) S € and [|f = fnllrgecn < oG (2.11)
Proof Since f € Vi, it follows from (2.7) that f = ) (f, $A>¢A for A = 6oZ® with &y being
chosen such that || K || |lws, (K)]w < 1. Take e
= > (f.o0en eV, (2.12)
AEAN[—N,N]d
For k = (k1,ko,--- ,kq) € Z4, let |k| = max{|ky], |k2|, -, |k4|}. Then

(@) — fv (@) v(a)
< Y e @@

AEAN{R\[-N,N]4}

< Co > (5 0M ) - [éa (@) (e — A)

AeAN{R¥\[-N,N]4}
< COH{(fv &EA)V()‘)})\EAM{Rd\[—N,N]d} P, {qﬁ,\(m)w(m — A)}AEAO{Rd\[—N7N}d}
<G{rohal,( X o@ke-y). (2.13)

AEAN{RY\ [~ N,N]4}

o’

Since ® = {(E)\})\EA is a p-frame of Vi p, by Definition 2.1, one has

H{<f» $>\>}>\6A Vi < Bp”f”L’;(Rd) = Bp- (2-14)

Moreover, it follows from (2.3) that

> [oa(@)w(z = A)

AEAN{R?\[-N,N]4}

<0 [ s )l =)

|K (21, 22)|w(z1 — A)dzadz;

A=30k, [ k|>N /[50/2750/2]”’\

—d/p .
<o max @) [ 1K) - 2)

D

A=b0k,|k|>N

—d/p
<9, (me[_(ggl/%ﬁo/Q]dW(x)) /Rd | K5, (2, 21)|w(z — 21)-

|K (21, 22)|w(z2 — 21)dzedzy

/—50/2,50/2}d+k

C
/[50/2,60/2]d+)\ (L + Nzl + llz2ll)>

dzodzq
A=80k,|k|>N

<60 max  w(@)|Kslw Y

z9 ( )
x€[—d0/2,00/2] A=dok,|k|>N

/[50/2,50/2]d+,\ (1 + [l22([1)



Since @ > d and lim > f _ diy e——dzy = 0 is independent of the variable
N=00 3 g0k k>N [—00/2,60/2]%+A (1+]l22l1)
x, this together with (2.13)-(2.15) obtains the desired result.

Lemma 2.5 Suppose that K satisfies the assumptions (1.7) and (1.8), then there exists a

1-1/
positive constant Cx = Cp [5 d/p( el 6H1/a2X6 /Q]dW(I))HK(sOHWHKHW} p||h||1L/3Jp such that
—00/ 4,00

H 3 c(/\)@’ soiwey < Ol seallpay (2.16)
AEA
Proof It follows from (2.3) that
D loa(@)wla — N)
AEA
<dy d/p/ | K5 (7, 21)|w(w — 21) Z / K (21, 22)|w(z1 — N)dzadzy
A=k 50/250/2]d+)\
—d
<o max (@) 1K bl (2.17)

IE[_60/2,60/2]d

If 1 <p < oo, by (2.6) and (2.17), we can obtain

|3 el

AeA LoD
< [ (1 lon@vte)) da
AEA

<c /[ (X 10 ostollato = )
< [, (T o Ios@iate - 0) (T iorlote - )" e

AEA

P —d/P p o
<o (| max <>)HK50HWHKHW} AE};\ PO [ or@lte Ao
<Ols " max w@)[KswlElw]" IRl () p
= 00 N e =0/2,60/2)¢ Soliwli= 1w L, reallez(a)
= Ckl[(c(V) pV(A)'

If p = oo, then it follows from (2.17) that

|32 e8]y < (3 tortalta = ) )

o (A) < CKH(CO\))

)

. N
3 Covering number for V;
In this section, we discuss the covering number of VI]{V ;3* with respect to the norm || - || oo (gay.-
Let S be a metric space and 1 > 0, the covering number N (S, n) is defined to be the minimal

integer m € N such that there exist m disks with radius n covering S.



Lemma 3.1 ([7]) Suppose E is a finite dimensional Banach space with dimE = s. Let B :=
{x € E: ||z|| <€} be the closed ball of radius € centered at the origin. Then

N(B.,n) < (2;+1)s.

Note that

dim(V,) <t{A€A: A€ [-N,N})*} < (Z;OV +1)% (3.1)

Then by Lemma 3.1, we have the following result.

Lemma 3.2 Let Vgg be defined by (2.10). Then for any n > 0, the covering number of Vlj{\fg

concerning the norm || - || 1z ray is bounded by

" 2N 2
J\/(VI]{V;) ,77) < exp (( + 1)dln (* + 1))
’ 9o n
Lemma 3.3 Suppose that K satisfies the assumptions (1.7) and (1.8). Then for every f €

Vi p, we have
[ £l pge ey < CTN fl o ey (3.2)

where
C* = B,Cody/* a K, Il K- 3.3
oty (s ) Kl K (33)
Proof Suppose that f € Vi, then it follows from Definition 2.1, Definition 2.2 and Lemma
2.3 that f = 3 (f,dx)dx. Moreover, we can obtain from (2.17) that
AEA

1f 1l e ey < sup > I(f: E3) (@)l (=)

z€R4 AEA

< Cosup Y [(f, o0\ - [oa(@)w(z — V)

xERA AEA

—d/p oy
< Cosy (s o)) 1Ko I DI {06 00 e

—d/p
< ByCoy (| mx () w2

&

Lemma 3.4 Suppose that K satisfies the assumptions (1.7) and (1.8), then the covering num-
ber of VIJ(VZ with respect to || - || oo (ray is bounded by

« 2N 20
N(V[](\;’o,n) < exp ((6()4-1)0!111( 0 —i—l)).

Proof By Lemma 3.2, the covering number of V[]{V ;)* with respect to || - || 5 (gay satisfies

N(Vgg,%) < exp ((2;:—%1)[1111(22* +1>>. (3.4)

7



Let F be the corresponding -2 c=-net for V . It means that for every f € V ™ there exists a
f € F such that [|f — fHLp (rd) < &+ By Lemma 3.3, we have

1f = fllLoeray < C*If = fllzemay < n-
Therefore, F is also a 7-net of V[]g ;k with respect to the norm || - [| oo (gay. Since
2N d 20C*
F) < —+1)71 1
#( )_exp<(50+) n<77 +)),

the desired result is proved.

4 Random sampling inequality of Vi ,(R,0)

Let X = {x; : j € N} be a sequence of independent random variables that are drawn from
a general probability distribution over R? with density function p satisfying (1.2). Then for

any f € Vi ,, we introduce the random variables

Xi(f) = !f(fvj)V(fL’j)l”—/de(ﬂf)!f(w)V(ﬂﬂ)pdw‘ (4.1)

It is easy to see that X;(f) is a sequence of independent random variables with expectation
E[X;(f)] = 0. Next, we will give some estimates for X;(f).

Lemma 4.1 Let p(x) be a probability density function over R? satisfying (1.2). Then for any
f19 € Vi p, the following inequalities hold:

(D) 15 (N llere < NI o0 (gay-

-1
(2) 1%,/ = X5l < 2p(max {1 F 1L cge ey, Noll geceen ) 17 = 9l ey
(3) Var(X;(£)) < Coll e 12 gy

p—1
1) Var(X;(f) = X;(9)) < pCp(max {[|fllge ey Il @er}) 1S = gllugeceey (17 1p ey +

||g||Lg(Rd)).
)

Proof (1) Direct computation obtains

176 () le= < sup max{mx)u(x)p, /. p(w)lf(x)V(ar)!pdm} < IIB s gy

z€Rd

(2) By mean value theorem, one has

1) = X;(g)lle= < sup ()\f(x)v( ~ @ @P|+ [ p@lr@rap o) |p]dx>

z€ER
@) - |g<w>u<x>|p{

< 2sup
zcRd

p—1
= 2p<maX{Hf||L3°(Rd)aHgHL;;O(Rd)}) 1f = gl Loe (ra)-

8



(3) Since E[X;(f)] = 0, then
Var(X;(f) = E[(X;()%
2
B[l a(e)) = ([ s@lf@pio)li)
[ p@ls@p@)Prds
R4
¢ Hf”poo (R4) ”fHLP R4)

IA

IN

(4) Using the similar method as (3), we have

Var(X( f)— (g)
= E[X(f)—Xj(g))g]

< 6 [ (r@ra@p - sap@r) d

<qf ]|f<x>u<x>\p ~ lg(@(@) | (1 @@ + (@)@ )da

< Gy sup [If @@ = lo@w @ | (11 ) + 1907 )

< 9, (max {1l geqgoy- Nolzeen ) 15 = gl (171 gy + N1 gy )

In the following lemma, we will show that a uniform large deviation inequality holds for

functions in V[]{V : by Bernstein’s inequality.

Lemma 4.2 (Bernstein’s inequality)([5]) Let X1, Xa, ..., X, be independent random variables
with expected values E(X;) =0 for j =1,2,...,n. Assume that Var(X;) < o? and |X;| < My
almost surely for all j. Then for any A > 0,

Prob X|>2) <2 N
m(; i| = )— eXp( 2n02+§M0)\)

Lemma 4.3 Let {z; : j € N} be a sequence of independent random variables that are drawn

from a general probability distribution over RY with density function p satisfying (1.2). If
fe VI]{V;, then forn € N and A > 0,

n

ZXj(f)‘ > >\> < AeXp<—B)\2>,

Prob
" ( e | 4 12nC,, + 2\
J=1

N ,*
Fe€Vk),

where A is of order exp(CN?) with C depending on A and K, and B = min{ 2592pg*)p_1 ) 2(03*)1) }.

Proof For given ¢ € N, we construct a 2~ ¢-covering for VIJ(V; with respect to the norm

| - | oo (ra)- Let C¢ be the corresponding 2 et for £ = 1,2,.... Then,
1C) <N (Ve 27").

9



For given f € VI](V ;0*’ let fy be the function in Cy that is closest to f with respect to the norm

|+ | oo (may- Then, || f = foll oo (ray < 27¢ — 0 when ¢ — co. Moreover, by Lemma 3.3 and the
item (2) of Lemma 4.1, we have

Xi(f) = X;(f1) + (X;(f2) = X;(f1) + (X (fa) = X;(f2)) + -+

If sup | > Xj(f)’ > A, the event wy must hold for some ¢ > 1, where
JeVicy I

wp = {there exists fi1 € C1 such that

and for ¢ > 2,

wy :{there exist fy € Cp and fy_1 € Cp—1 with ||f; — fg_luLgo(Rd) <3- 273,

n

such that |y (X;(fe) — X;(fe-1)) A }

>
; — 202
J=1

If this is not the case, then with fo = 0, we have

n

e N D)
D (X5(fe) - Xj(fe—1))‘ <Y = <A

— <
= = 20 12

ZXj(f)‘ <>
(=1

Jj=1

Next, we estimate the probability of each wy. By Lemma 3.3, Lemma 4.1 and Lemma 4.2, for
every fixed f € Cy,

Prob(

- A
;Xj(f)‘ = 2) s Zexp ( B 2n||Var(

A

(5)° >
Xi()llese + 21X5()lle - 5

)\2
< 2 — .
= S ( 8$nC,(C*)P + §>\(O*)P>

By Lemma 3.4, there are at most

o 1 2N d X
/\/(V;{VJ;,Q < exp ((50+1) In(4C +1))

functions in C;. Thus, the probability of w; is bounded by

)\2
Prob(wy) < 2exp <(25]0V + 1)d1n(4C* + 1)> exp ( - $nC,(CP + g)\(C*)P>
2N d N A2
= 2exp <(50 + 1) In(4C* + 1)> exp < - 2(Cyp(12nC, + 2)\)). (4.2)

10



For ¢ > 2, we estimate the probability of wy in a similar way. For f € Cp, g € Cy_1 and
1f = gllLoe(ray <3+ 27¢ it follows from Lemma 3.3, Lemma 4.1 and Lemma 4.2 that

> - X500 = 573

2 exp ( (ﬁy >
- 2n||Var(X;(f) — X;(9) e + 31 X5(F) = Xj(9) e - 532

v2t
< 2exp — )
N,x 9— g+1)

2 —
where v = 4p(C*)p71)(‘12nCp+2/\) There are at most N( Kp ,2 ) functions in C; and /\/( Kpo

functions in Cy_1. Therefore, we have

Prob(fng) < ZN Vva N(VKp,2 H1)2exp<—vf?j>

=2
* 2N ’U2€
< 2(2C —I—l Zexp(2ln2 570—1_1)6 €4>
) > 2t
=. Cl §exp CQE — 674

00 £
= Clzexp(qﬂg (25; C%)),
=2 ¢ 22v

d
where C} = 2(2C* + 1)2(%“) and Cy = (2In2) (3 + 1)".

<\

Let C5 = mln Z4 = 3% and Cy = max SC) 2 6+/2p(C*)P~11In2. Then

>3 2%
21 Oyt _ 25 8p(C (B + 1)%(12nC, + 2A) In 2
¢ 95y o 25 \2
d
S Ca(3 +1) (12nCp+2)\).
= 324 A2

We first consider the case that

1 (B 0120, +2)) 1

11



Since Z epa’
(=2

for p,a > 0([18]), then

- palna

L ca(241) (a2nc,420)
Crexp | — V2vu( 533 — —
d
Ca(3+1) (12nCp+22
\/ﬁlnﬂv<3%4_ 4(50 ))\i nCp ))

d
2(2C* + 1)2(%“)
Ca (22 41) (1200, 422
VB gy - L)

Ci(2 +1)?(12nC, + 22)
Xexp< fU(m— )\2 )>

s UJur) =

(=2

Under the condition (4.3), we have

d
1 Ca(3+1)°(12nC, +2))
V2Inv2 v <34 2 >
. flnxf04(5—N+ )
- 4p(C)p~=1
> 31n\f21n2.

This together with the probability of wy in (4.2) obtains

o0

n A2
) > <P <A —B— ).
Prob( Sug’* g X;(N)| = /\> = rob( U wg) = ACXp < 12nC, + 2)\)

fEVKyp j=1 =1

Here, A is of order exp (CNd) with C' = 2d+1(1+5 ) In(2C*+1) and B = mln{2592 ‘g*)p . 2(5’ 7 }

Finally, we consider the case that

d
1 Ca(3F +1)°(12nC, + 2) L
324 A2 ~ 648"

In this case, we can choose C' > 64804B2d(1 + %)d such that A exp (— ané\;”\) > 1. This

completes the proof.

Lemma 4.4 Let X = {x; : j € N} be a sequence of independent random variables that are
drawn from a general probability distribution over R? with density function p satisfying (1.2).

Then for any v > 0, the inequality

o () =M ) < Sl <nle + Cl g (19

12



holds for function f € V[](\fp with probability at least

2., 2
¥ ne
1-A -B—f
P ( 12C, + 2’ycp>7

where A and B are as in Lemma 4.35.

Proof 1t is obvious that every f € VZ , satisfies the inequality (4.4) if and only if f/[|f|| 1z (re)
does. So we assume that || f||zrrs) =1, then f € VI](V;. The event

n

01 )

D= { sup
j=1

N, *
feVg),

is the complement of

D :{n/Rd p()| f () (x)Pde — yne, <Y |f(a;)v(a;)|P

=1

<yt [ p@lfm@pds, v vy )
ey (1130, = g ) < 15
j=1

<y + )1y ey VF € vgp} _D.

Using Lemma 4.3, the sampling inequality (4.4) holds for all f € VI](Y , with probability

2,2

— ~ v ne
P D)>P D)=1-P D)Y>1-A -B——Ff ).
rob(D) rob(D) rob(D) exp ( 120, 2’ycp>

In the following, we will show that if the sampling size is sufficiently large, the sampling

inequality holds with overwhelming probability for functions in Vx ,(R,¢).

Theorem 4.5 Let X = {z; : j € N} be a sequence of independent random variables that
are drawn from a general probability distribution over R with density function p satisfying
(1.2). Suppose that M > R is a constant such that {xj: j =1,2,--- ,n} C Cy, then for any
0 < e,v <1 which satisfy

€ p—1 €
2M /P > (2M)d/p

L(e,y) =: cp<1 — 0 —p(14e)P e - ’y(BpC’K)p) — p(C’* + ( >0, (4.5)

the sampling inequality
nL(e NI Ip gay < Zlf w)v(@p)lP < nU (e, DIz gy (4.6)

holds for function f € Vi p(R,0) with probability at least

2, .2

ne
1— Aexp —B# .
12C, + 2v¢,

13



p—1
Here, U(e,7) = (cyy + Cp) (BpCrk )’ —i—p(C* (2M)d/10> (2M€)d/P’ A and B are the constants

in Lemma 4.8 corresponding to N = N (g, M) in Lemma 2.4.

Proof It is obvious that every f € Vi ,(R,0) satisfies the inequality (4.6) if and only if
F/Ifll e (may does. Hence, we assume that || f||;pga) = 1.

For ¢ > 0 satisfying (4.5), it follows from Lemma 2.4 that there exist positive integer
N = N(e,M) and fy € V]](\fp such that

£
1f = Inllzeen) S W= Inllizeny <€ and |[f = falls o) < M) (4.7)
This together with mean value theorem and Lemma 3.3 obtains
12 0y = 18I | < P+ 2)P (4.8)
and
£ ) (@)l = | ()l
< p(max {| fegwtag)| napwanl}) Fa) — vl o)
. € p—1 €
<p(C+ (2M)d/p) O (4.9)
It follows from (4.9) that
3 A NP * < P
D 1Fn (i) np(C* + (QMW) SR S Z [Fa)v
‘7:
P N € p—1 €
< Z |fn(z5)v(xj)] +np<C’ (2M)d/1’) QAN (4.10)

For the above fy € VK,p’ we know from Lemma 4.4 that

ncp<HfNHLP (Cr) "YHfNHLP Rd)) Z | (zj)v(z;) P < n(cp’Y"‘ ¢ )HfN”LP(Rd (4.11)
holds with probability at least

1-A B 72ncl27 4.12
CASP T 12C, + 2v¢, ) (4.12)

Then, it follows from (4.8), (4.10) and (4.11) that

_ N € p—1 €
nc”(”"f”iﬁ(cm —p(he)e VHfN”]Zz(Rd)) - "p(c " (2M)d/p) (2M)d/p

~1
< Z | f(zj)v P < n(cp'y +C )||fNHLp ®Y) T np(C + (2]\;)d/p)p (2]\;)d/p (4.13)
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holds with the same probability as (4.12). Since f € Vi ,(R, ), we have

(1= O pgay S W Np ey (4.14)

Moreover, we know from (2.12) and Lemma 2.5 that

HfNHL’J(Rd) < CKH (<f’ g)‘»)\eAHZ,’j < BPCKHfHLﬁ(Rdy (4.15)

Note that | f|[p®e) = 1. Then the sampling inequality (4.6) follows from (4.13)-(4.15).
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