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ABSTRACT. In this paper, we considered the global regularity for the 2D incompressible
anisotropic magnetic Bénard system with fractional partial dissipation. More precisely,
we established the global existence and regularity for the 2D incompressible anisotropic
magnetic Bénard system with only vertical hyperdiffusion Agﬁ b1 and horizontal hyperdif-
fusion Afﬁ b2 and (—A)*0, where A; and A, are directional Fourier multiplier operators
with the symbols being |€1] and |€2|, respectively. We prove that, for 8 > 1and 0 < a < 1,
this system always possesses a unique global-in-time classical solution when the initial

data is sufficiently smooth.
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1. INTRODUCTION AND MAIN RESULTS

The 2D magnetic Bénard problem with full viscosity can be stated as

ou+u-Vu+Vr=puAu+b- Vb + fe,,

db+u-Vb=vAb+b- Vu,
(1.1)

0 +u-VO=rA0+u-eo,

V.u=0, V-b=0.

\

Where u = u(z,t)€ R? denotes the fluid velocity, b = b(z,t)€ R? the magnetic field,

7(z,t) the scalar pressure and 6(z,t) is the scalar temperature. The term ey = (0,1)7 is
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the vertical unit vector. The positive parameters u, v, x are the coefficients of dissipa-
tion, magnetic diffusion and thermal diffusivity. The forcing term fes in the momentum
equation describes the acting of the buoyancy force on fluid motion and u - e; models the

Rayleigh-Bénard convection in a heated inviscid fluid.

If we ignore the thermal effects in the fluid motion, i.e. § = 0, the 2D magnetic Bénard
problem (1.1) reduces to the well-known 2D magnetohydrodynamics (MHD) equations,

;

du+u-Vu+ Vr =puAu+b- Vb,

db+u-Vb=vAb+b-Vu, (1.2)

V-u=0, V-b=0.

which describes the motion of electrically conducting fluids such as plasmas, liquid metals,
and electrolytes. The global regularity issue for the 2D MHD system has attracted much
attention (see, e.g., [10, 11, 28, 45, 54, 55, 57]). Very recently, Dong-Li-Wu in [14] obtained
the global regularity for the 2D MHD equations with partial hyperresistivity. The global
regularity for the 2D MHD equations with fractional dissipation and partial magnetic
diffusion was established by Dong-Jia- Li-Wu in [13]. There have been significant recent
developments on the MHD equations with partial or fractional dissipation. One can refer
to (see, e.g, [2-4, 6, 7, 9, 15-19, 25-27, 31-33, 43, 48-53|) for details and the references

therein.

If we ignore the magnetic field, that is b = 0, the system (1.1) becomes the standard
Bénard system, which has widely used to deal with convective motions in a heated fluid
(see.e.g., [1, 8, 12, 22, 30, 37, 47]) and references therein.

If we ignore the Rayleigh-Bénard convection term u-ey and let b = 0, then the system

(1.1) reduces to the 2D anisotropic Boussinesq equations.
ou+u-Vu=—-Vr+ uAu+ fey,
90 4+ u- VO = kA8, (1.3)

V-u=0.

\

The Boussinesq equations, which model geophysical flows such as atmospheric fronts
and oceanic circulation, play an important role in the study of Raleigh-Bernard convec-
tion (see [34, 46] etc. for more details). Similar to the 2D incompressible Navier-Stokes
equations[34], one can obtain the global well-posedness for the 2D standard Boussinesq

equations . But the global regularity result is open to the 2D inviscid Boussinesq equations
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expect the thermal is zero. Recently, mathematicians began to study the 2D Boussinesq
system with fractional dissipations, please see [20, 23, 24, 38] and the references there-
in. When both b = 0 and # = 0, the system (1.1) is reduced to the 2D incompressible

Navier-Stokes equations which have been studied intensively.

The magnetic Bénard problem as a toy model comes from the convective motions in a
heated and incompressible fluid. As we know, in a homogeneous, viscous, and electrically
conducting fluid, the convection will occur if the temperature gradient passes a certain
critical threshold in two horizontal layers and the convection is permeated by an imposed
uniform magnetic field, normal to the layers, and heated from below. The magnetic Bénard
problem illuminates the heat convection phenomenon under the presence of the magnetic
field (see [21, 36, 41] for details). The magnetic Bénard problem couples the Boussinesq,
magnetic induction and thermal convection equations, and the system includes as particu-
lar cases the Navier-Stokes and magnetohydrodynamics equations. If the gradients of the
velocity, magnetic field and temperature remain bounded in all space, and the pressure
decreases at infinity at most like \:1:|_%, Miao[35] established the uniqueness theorems for
the unbounded classical solution of the magnetic Bénard system. By using the Galerkin
method, the regularity and analyticity of the solutions of the magnetic Bénard problem in
R"™(n = 2,3) were obtained by Nakamura[42]. There are more works on magnetic Bénard

problem in two dimension such as [58-60] and the reference therein.

Very recently, the global well-posedness of 2D magnetic Bénard problem without ther-
mal diffusivity and with vertical or horizontal magnetic diffusion and the global regularity
and some conditional regularity of strong solutions are obtained for 2D magnetic Bénard
problem with mixed partial viscosity were considered by Cheng-Du in[5]. Ye[58] studied
the global regularity of the 2D anisotropic magnetic Bénard system with vertical dissiption.
The global regularity of the 2D magnetic Bénard system with zero thermal conductivi-
ty obtained by Ye[59]. Yamazaki-Kazuo[56] established global regularity of generalized
magnetic Bénard problem. Ma[40] investigated the global regularity for the 2D magnetic

Bénard fluid system with mixed partial viscosity.
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In this paper, we focus on the 2D incompressible magnetic Bénard problem with only

partial fractional magnetic diffusion and thermal diffusivity as follows

;

ou+u-Vu=-Vr+b- Vb+ ey,
Ab1 +u- Vb, = —vAZb +b - Vuy,
Obg +u - Vby = —I/A%Bbg + b - Vus,
(1.4)
00 +u-Vl=—kA%0+u- ey,

V-u=0, V-b=0,

u(z,0) = up(z), b(z,0) =bo(x), 6(z,0) = O(x).

\

Where u = (uy, uz) denotes the velocity field and b = (b1, by) the magnetic feild. Here,

A] (i = 1,2) denote the directional fractional operators defined via the Fourier transform
AFE) =&l f(e), i=1,2.

Where £ = (&1, &2) and A = (—A)% denotes the Zygmund operator. In addition, we use
A®(s > 0) to denote the 2D fractional Laplace operator,

—

AsF(&) = |€°F(€).

For simplicity, we take v = k = 1.

The purpose of this paper is to establish the global well-posedness for the system (1.4)
with any sufficiently smooth initial data (ug, b, €p), when 5 > 1 and 0 < a < 1. More

precisely, the main results of this paper states as follows

Theorem 1.1. Consider the system (1.4) with > 1 and 0 < o < 1. Assume the initial
data (ug, bo, o) € H*(R?) with s >3 and V -uyg =V -bg = 0. Then system (1.4) has a
unique global solution (u, b, 6) satisfying, for any T > 0,

(u, b, 0) € L™(0, T; H*(R?), b e L*(0, T; H*P(R?), 6 € L*(0, T; H***(R?)).
(1.5)

The rest of this paper is constructed as follows. In section 2, we will give some notation
and preliminaries. In section 3, we will prove our main result. The proof of Theorem 1.1

will be divided into three subsections.
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2. NOTATION AND PRELIMINARIES

For convenience, we will give some notations before we prove our main result, which

are used throughout this paper. We denote

of
1A o2y = Fllp, 5~ = 6if,

)

/fdxdy = //R2 fdzdy,

s for oo fallFogey = 1113+ Lfll3 + - - - + L full3.

Next we will give some auxiliary lemmas. First we recall the classical commutator esti-
mate(See,e.g., [29]).

and

1 1 1 1 1
Lemma 2.1. Assume that s > 0. Letl <r < oo and — = - + - = — + — with

r b1 qq Po q9
q1,p2 € (1,00) and p1,qs € [1,00]. Then,

I1A®, flgller < CUV Fllze 1A glliza + A% Fllze2llglzen ) (2.1)

Where C is a constant depending on the indices s, r, p1, g1, p2 and gs.

The next lemma is very useful to establish the global bound of ||Vb||zs.

Lemma 2.2. Assume that 8 >0, t > 0. Considering the following equations,
atu + (_A)Bu = f7

u(z, 0) =ug(z).

Then the solution of it can be expressed as

u(z, t) = Ka(:, t)*u0+/0 Kg(-, t—7)* f(-, T)dr.

Where the kernel function is defined via the Fourier transform
Kg(z, t) = / e*t‘ﬂwem'édﬁ,

and Kg(x, t) satisfies the following properties:
(i)For any t > 0,
Kg(z, t) =t 9 Kg(at 25, 1).

(it)For any integer m >0, 1 <r < oo and any t > 0,

m

IV Kp (@, H)llprey < Ct 335070,
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In particular, when 8 = 1, K (z, t) is the classical heat equation kernel. One can refer
to [39] for the proof. We omit it here.

The following Hormander-Mikhlin multiplier lemma plays an important role in esti-

mating the global bound of the current density(see,e.g.,[44]).

Lemma 2.3. Let h be a bounded function on R™ which is smooth except at the origin. Let
k be a multi-index. Such that

VER©) < Clel ™™, 0 <k < 3 + 1. (23)
Then h is a LP multiplier for all 1 < p < oo, or the operator Tj, defined by
Tnf =hf, felL?nLP,
is bounded from L*> N LP to L* N LP.

3. GLOBAL REGULARITY FOR THE 2D INCOMPRESSIBLE MAGNETIC BENARD PROBLEM

In this section, we will prove Theorem 1.1. The Theorem 1.1 is proved through three
stages. The first step is to establish the H'-estimate, which relies on the equations of
the vorticity w = V X u and the current density j = V x b. Second we will prove the
global bound of [[Vbl|zecrr, [|Ab|L1ze, [lwl|rgerr and [[VO] e with any 2 < p < oo.
Finally, we will achieve the global bounds of ||Aj|zize, [[w|zgere and [[VO][Lere, and
then complete the proof of Theoreml.1.

Stepl. Global H' bound for (u, b, ).

Proposition 3.1. Assume that (ug, bg, 0y) satisfies the conditions stated in Theorem1.1.
Then system (1.4) has a global solution (u, b, 0) obeys the following bounds uniformly,
for any t >0,

t
lu, b, 63+ /0 IAZby, AZby, A®G|Zdt < C(lluo, bo, 6o3) -
3.1

t
o, 5. VI3 + [ IATVEL, A7Vba, AT 03 dt < C( o, b B0l
0
where C' > 0 is a constant, depending on t and the initial data.

Proof. Multiplying the equations (1.4)1.4 by u, b1, b2 and 6, respectively and taking
the L? inner product, integrating by parts, using the divergence-free conditions V- u = 0

and V - b = 0, adding the resulting equations together, yield that

1d
2dt
Where we have used the fact that

. b 613 + 4501, Alba, A0J3 =2 [ wbdody < Cllu, 03 (32

/b~Vb-udxdy+/b-Vu‘bdwdyzO.
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Applying the Gronwall’s inequality, we obtain the L? bound for u, b, 6 as follow

t
lu, b, 63 + / |AZby, AZby, A%6|3dt < C(Juo, bo, 6o3).
0

To establish the global H ! bound, we consider the equation of the vorticity w =V xu
and the current density j = V x b, combining the equation (1.4)4, which satisfy

dw+u-Vw=b-Vj+ 00,

Oj +u-Vj+ A01by — A295b, = b - Vw + Q(u, b), (3.3)

00 +u-VO=—A0+ us.

Where
Q(u, b) = 201b1 (81UQ + 62’LL1) — 201wy (81b2 + 82b1).

Dotting the equations (3.3)1~3 with w, j and A?0, respectively and integrating by parts
yield

1d
5 g7l Js AG|3 + A5V, A9Vby, AH10)3 = /alﬁwda:dy+/uQA29da:dy

- / [A, u- V]|OAO dzdy + / Q(u, b)j drdy (3.4)

=L+ 1+ I3+ 1.
Where we have used the fact
/b-Vj-wda:dy+/b-Vw~jdxdy—O.
Using Holder’s and Young’s inequality, the term I; can be bounded as
L = /619wdxdy < |lw, A8]3,

similarly,
I, = /u2A29d:Udy < ||w, AB|3.

Applying Hoélder’s, Young’s and Gagliardo-Nirenberg inequalities, we can estimate the

term I3 as follow
b=~ [1A u- VIoAodedy < [ [VullA6f? dody < Va0l
< e A3 + Cellw, AG|3 + Ce[I0]3.
Now we will estimate the term Iy, we rewrite it as

Iy =2 / O1b1(01uz + Oauq)j dxdy — 2 / O1u1(01ba + O2b1)j dxdy = 141 + Iyo.
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Applying Hélder’s, Young’s and Gagliardo-Nirenberg inequalities, we can find that
Iy 22/3151(31162 + dpur)j dedy < Cllwlla[lj17 < el Vi3 + Celldl3 w3,
furthermore,
3113 < Cllonba, dabil3 < C(B)[b, Agbr, Afball3.
And
IV4l13 < Cllong, D233 < Celljlls + el A5 Vb1, AYVbyf3.

Combining the above two estimates with I41, we infer that

Iy < e||ADVby, APVby|3 + Collb, ADby, APbo|3(1 + ||w|d). (3.5)

Similarly,

Lip < l|ASVDy, APVby|l2 + Colb, Alby, APby|2(1 + [lw]2). (3.6)

Inserting the estimates of I1 ~ I3 and (3.5) ~ (3.6), choosing ¢ small enough, we obtain
1d
2dt
Applying the Gronwall’s inequality leads to

e, j, AG|3+ [|ASVBr, AYVby, A®H1G)3 < Ccllb, ASby, APba, 0)13(1+ |lw, 4, AG|3).

t
lw, 7, veu%+/ IASVby, APVby, A®H10|3dt < C(|lug, b, Ool|31)-
0

In addition, according the above inequality, one can easily check that

t t
/ ||V9Hoodt§/ 16, A*Lg|2dt < C. (3.7)
0 0

Where C is a constant depending on t and the initial data.

Step2. Global bound for |[Vb||reerr, [|Ab|l11e, [lwlrerr and VO e with any
2 <p<oo.

In this section, we will establish global bound of [[Vb||rgerr, [|Ab|[ 1110, [w]lLserr and
VO geLr with any 2 < p < oo. The integral form of b; and b; will be used to establish

some a priori estimates. The process of this section is more complex.

Proposition 3.2. Assume that (ug, by, 0y) satisfies the conditions stated in Theorem1.1.
Then system (1.4) has a global solution (u, b, 0) obeys the following bounds, for any T > 0,

Vb € L>(0, T; LP(R?)), b€ L>(0, T; L>®(R?)),
0 € L=, T; L®(R?)), VO € L=(0, T; LP(R?)), (3.8)

w e L®(0, T; LP(R%),Vj e L'(0, T; LP(R?)).



GLOBAL REGULARITY FOR THE 2D MAGNETIC BENARD 9

Where 2 < p < 0.

Proof. To show this proposition, we will make full use of the special structure of the
nonlinear terms in the equation of b, which was previously considered in [13], we give

details for the completeness. We write the equations of b; and b in the integral form

t
by = Kj(t) *2 bt +/ K3(t—7)*2 (b Vuy —u-Vby)dr, (3.9)
0

t
by = K5(t) *1 boo +/ Kj(t—7) 1 (b Vug —u- Vby)dr, (3.10)
0

where Kg and Ké denote the 1D inverse Fourier transform of e~ 12"t and e~1€11*"t ;

respectively, namely
Kg(l'z, t) = /Rei“&e_'g?'wt déo, Ké(ml, t) = /Remlgle_m'wt déq,
and the convolution notations are defined as follow
Kj(t) %2 bor = /RKé(HUQ — Y2, t)bor(21, y2) dya,
Kj5(t) %1 bog = /RKE(JH —y1, Dbor(y1, @2)dy:.

If we know the bound of ||02b1]|, and [|01b2||,, by divergence free condition V -b = 0,
one can be easily to obtain the estimate for || Vb||,. Due to the divergence free conditions
V-u=0and V- -b =0, we find that

b- Vu1 —u- Vbl = 81 (blul) + 82(1)2711) — Bl(blul) — 82(11,2()1) = 82(b2u1 — U,le),
(3.11)

similarly,

b- VUQ —u- Vbz = (91 (b1u2 - bgul). (3'12)

By virtues of (3.9) and (3.11), one has
t
Ogb1 = 82<Kg(t) *9 b()l) + / 822K§(t — T) *9 (bgul — U2b1>(T) dr,
0

and then taking the LP norm with respect to x each side, we obtain

t
0261l < K3 () 11102601 |, + /0 1022 K3 (t = )|y, [|(bour — usb)(7) [p . (313)

According to lemma2.2, we have

1902 K5(t = 7)1, < C(t— 7)7F. (3.14)
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Where C is a constant depending only on #. Thanks to the Holder’s inequality and

Sobolev’s inequality, we deduce

[ (Baus — u2b) ()l < Cllullzplbllzp < CCullz + [wll2) (bl + ). (319)

Furthermore, inserting the estimates (3.14) and (3.15) into (3.13) yields

1-1 .
[0201]lp < Cl|02bo1lp + Ct 7 ([[uf|pgerz + |wllLger2) (bl zge 2 + (7] Lo 2)

(3.16)
<ot P4 C
Similarly,
101ball, < O F + C. (3.17)
Consequently, one has
1
IVbl, < C(|0ab1 ]l + [[01ball,) < CH 5 + C. (3.18)
Furthermore, thanks to the Sobolev’s inequality, we infer that,
Iblloe < C(Iblla + [ Vb],) < O+ 5 + €, (3.19)

for any p > 2. In addition, one can easily check that
_1
lillp < I1VBll, < C(|92b1]l, + [Brb2ll,) < CE 5 + C.
Next we will establish the bound for |||/ e . Multiplying the equation (1.4)4 by [6[F ~29

and integrating over R?, we obtain

1d B _ _ _
pdtll9|§§+//\2a9l9lp 20 dady = /wl@p 20 dwdy < Clluz[l[10]5~" < C(|lull2 + [lwll2) 1615~
(3.20)

One can refer to [dong-wu-xu-ye8] to find
/Aheyev?—?e dzdy > 0.
Applying the Gronwall’s inequality, we obtain
10]l, < C (%, 1o, bo, o).

Taking the limit as p — oo yields

10]loc < C(t, 10, bo, 0). (3.21)
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Applying the operator V to both sides of the equation (3.3)s, taking the inner product
with the resulting equating by |V8|P~2V6 and multiplying the equation (3.3); by |w|P~2w,

integrating over R? and adding them together, we obtain

1d

m”“” V0||£+/A2°‘V9|V0|p2veda:dy

= / Vus|VOP~2V0 dedy + / V(u-V6)|VOP2V0 dxdy
(3.22)

+/b - Vij|wlP~2w dedy + /810]w\p_2w dxdy
= Ji+ o+ J3+ Jy
Employing the Holder’s inequality, the term J; can be bounded as
Ji— /vuzyvew—?ve dzdy < O||Vua,| V6|2,
Integrating by parts, the term Js can be bounded as
Jo = / V(u-V)|VI[P~2V0 dxdy = / O (1;0;0)|VO[P~20,0 dxdy
= / O u;0;0|VOP~20,0 drdy + / u; 00| VO[P~ 2040 daxdy
= / Ohu;0;0|VO[P~2 0,0 dady
< IVOscl [Vl VO[5
According the estimate (3.19), we find that
Ja= [b- Vil dady < Oz, | Vil ]
Similar as Ji, one can easily check that
Ti= [ ot~ dudy < Clorl

Combining the estimate for Jy, J2, J3 and Jy with (3.7) and (3.22) , we have

d .
2l VOl < ClIVillp + Cllw, VOllp, (3.23)
where we have used the fact
/ A?*V0|VOP~2V0 dzdy > 0.

t
If / |V3(7)||pdr > 0, the Gronwall’s inequality implies the desired estimate. Next we will

0
establish the global bound for [|V;j(7)|| 1z». We are first to estimate [[02201]p. Applying
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the operator 022 to both sides of the equation (3.9) leads to
t
O9oby = 822[([23(15) %9 bo1 + / 822[(%(15 — T) *9 (b -Vui —u- bl) dr.
0

Similar as we handled for ||02b1||p, taking the LP-norm each side, we find that

1922011, = [|O22 K3 (t) %2 bou ||, + /Ot 1022 K5t = 7) | £3_ll(b - Vur — - byl dr.
Thanks to the Holder’s and Sobolev’s inequalities, we have
[(b- Vuy —a- Vo), < [[bllcollwlly + [[ull2p[[VOr]l2p < Cllwll, + Cllu, wi2[l7, Vill2-
By lemma2.2 and invoking (3.14), we deduce that
182261 | 1 o = 11022 K5 (8) %2 bo | 11 0 + Otl_%(HWHL%LP +1).
Thanks to the Young’s inequality for convolution, on has
1822 K3 (t) 2 bor || 3 1o < H322K§(t)HLgL;2H501||p < O bor .
Furthermore,
182251l 3 o < CE75 ([fbonllp + 1] 320 + 1). (3.24)

Similarly, applying the operator 011 to both sides of the equation (3.10), one can easily
check that

_1
101162l 110 < CE 3 (Ibo2llp + Il 2 o + 1). (3.25)

Using the similar methods to ds3b1, we can infer that
1O12ball e = 1O2KZ @) 22 101001 [lp + 1022 K5 (E = 7|y 1 (101 (s — waba)ll 1o

1 1
< Ct'7 2 || 9o ||, + Ctlfg(”wHL}Lp +1).
(3.26)
Similarly,

_ 1 _1
|012ball 1o < C 28 || 02bialp + CH B (|l 1 o + 1). (3.27)

According to (3.24) ~ (3.27) and the divergence free condition V - b = 0, we obtain

IVillzie < 102261l pape + 100b2llpipe + 101201l L1 po + [|O12b2| L1 1o
(3.28)

_ 1 _1
< OB 4 O (Jwll s + D).

Which together with (3.23) and the Gronwall’s inequality implies that

t
lw, VO, < C / IVillpdr +C. (3.29)
0
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Step3. Global bound for [[Vj|| 11 e, [lw|| e, and [[VO]| e, and the proof of Theorem1.1.

In this section, we will prove the crucial global bound for [|w||zs,, which make sure the
global bound of ||u, b, 0| .

Proposition 3.3. Assume that (ug, by, 0y) satisfies the conditions stated in Theorem1.1.

Then system (1.4) has a global solution (u, b, 0) obeys the following bounds, for any T > 0,

Vje LY0, T; L™®(R?), we L>®(0, T; L>®(R?)),VH c L>=(0, T; L>°(R?)).
(3.30)

Proof. We will use the special structure of the nonlinear terms in the equation of
b and the Hérmander-Mikhlin multiplier theorem to prove this proposition, which was

previously used in [13], for the completeness, we give the proof as follows.
We first to estimate [[Vj|| 1z. Thanks to the embedding inequality, for any o >

2
0, p > —, we have
o

IVilloo < C(IVill2 + A7V ] ). (3.31)
Therefore, it suffices to prove that for o > 0,

A7V Lrpe < oo

We are first to show ||AgD22b1 || rize < 0. Applying the operator A0 to the integral

form of b1, taking L%Lﬁ—norm, and using Young’s inequality for convolution, we find that
|AS Dot l| 11 < [[AZD0a KF () 13 o bo1 lp + A5 D02 KF ()| a2 b - Ve —w- Vba| 1 pp-
By lemma2.2, one has
_ot2
IS 2 K3 (t)l| 1 < Ct 27,
furthermore, for 0 < o < 2(8 — 1), we have
_o+2
IAS Do K3(t) ppa < Ot 28
Employing Hélder’s and Sobolev’s inequalities, we infer that
Ib- Vs —u-Voillp < bl lwlleyoz + ull gz llil Ly 20
< Cllwllpipe + Cl[ullpsere + [|wllger2) (il iz + Vil piz2)
<C.

Combining the above inequalities, we obtain

o+2
[AZO22b1 || L1 pp < Ct' %5 (3.32)
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Similarly,

[ATO1boll iy < (IATOUEE(O)]| 111 [bo2llp + [ATOU KGO 111 b - Vg —w- Vol 1

(3.33)
Next we will estimate the term [[AF012b1 || 1177 Using the similar methods to [|AS 02201 [ 11 1z,
we find that

1ASO1ab1 [l < IIASOLKZ(E) 12 o |01borlly + A5 D22 K (6) | 11 1 181 (b2un — b)) pp

1—gotl 1—9t2
<Ct 2 +Ct 2.
(3.34)

According to the special structure of the nonlinear terms in the equation of b, one has

[AfOrobol e < IIATOVK () 12 11 |92bo2lly + (AT O EE ()] 13 o 182 (brug — wrb2) | iy
1—gtl 1—gt2
<Ot 4ot

(3.35)

Next we will bound the difficult terms [|A7O12b1|p1zp, [ATO22b1( 1112, [|ASO12b2ll 12
and [[AZO11bs[pzp. These terms can not be handled as the above estimates. Taking
|| AT 2201 || Lize for example, when we apply the operator A0z to the integral form of by,
A7 has to be applied to b- Vu; —u- Vb;. However, we have no bound for A{Vu,. Fortu-
nately, we can resort to the Hormander- Mikhlin multiplier theorem stated in LemmaZ2.3.
We can define it as

= ; [61171€2?

Tnf(€) = h(§)f(§), h(&) = P
One can easily check that h(§) satisfies the conditions stated in lemma2.3. Then we can
handle the term ||A{022b1]|, as

|AT O22b1 ||p = | ThAS 02201 + ThAT 0122l < C(||AT 02201 |p + || AT O12b2][p)-

Combining the global bounds (3.32) and (3.35), we obtain

_o+t1 _ot2
AT Bzl py < CIASBaaball 1 o + 1AL Brabally ) < CH 5 0t~ %5 . (3:36)

Using the similar method to ||A]022b1 ||, and according to (3.33) and (3.34), one can easily
check that

o1 o2
||Ag@11b2||L%L£ < C(HAL{@HbQHL%Lg -+ \|A‘2’812b1||L%L5) < Ctl 28 4 Ctl 26, (3'37)
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Due to the divergence free condition V - b = 0, in a same manner as ||A{022b1 ||, we have

1A301bsll 3 2 < CUIAT Draball a1z + 1ASBaabill 1 pp) < CF ™ 4 o' =%7 . (3:38)
Similarly,
AT O12b1 |1z < CH = 4o (3.39)
Combining the estimates of (3.32) ~ (3.39), we obtain
IVillizee < CUIVillrre + A7Vl ige) < oo

Furthermore, taking the limit as p — oo in (3.29), one has

t
[w, VOloo < C/ IVjlloo dT + C < C. (3.40)
0

Where C is a constant depending on ¢ and the initial data. Finally, we will prove the
Theoreml1.1. Applying the operator A® to the equations of (1.4), dotting the resulting
equations with ASu, A®by, A®by and A®6 respectively and taking the L? inner product, we

obtain

Ld

5 g7 IA%0, A%b, 0|3+ [|ACASVEy, A®AYVby, ASFO0)3

= —/[As,u-V]uASudxdy—F/As(b . Vb)ASudardy—i-/AsHAguda:dy
- /[As, u - V)b A®by dedy + /As(b - Vu)A°b dzdy — /[As, u - V]baA®by dxdy

—/[AS, u'V]GASQde‘dy—i—/AsugA;H dzdy

(3.41)
To start with L, thanks to the lemma2.1, we find that

L= - / (A%, u - ViuA*udedy < C[[Vullsl| A%l < Cllwloc|A%ul3.

Due to the divergence free conditions V -u = V - b = 0, employing lemma2.1, we can

estimate the terms Lo and Ls together as
Lo+ Ls = /As(b - Vb)A’udzdy + /As(b - Vu)A®b dzdy
= /[AS, b - VIbA*udzdy + /[AS7 b - V]uA®b dzdy

< C|[Vb|loo[|A*b|[2][A%ull2 + C (| V]l [[A%ull2 + [[Vul[oo [|A%b|2) [ A°b|2
< C(1+ |wlloo) [A%u, A*b]3.
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Applying lemma2.1, we infer that

L4 = — /[AS, u - V]blAsbl da:dy

< C([IVulloo|[A%b1]l2 + [V [|oo [ A%ul|2) [ A%b1[|2
< C(1+ [|wlloo) [A*u, A*b]3.

Similarly,
Lg = — /[As, u - V]baA®bg dxdy
< C([IVullso [[A%b2]l2 + [[Vb2]loo | Aul|2) [ A%b2 2
< C(1+ [lwlloo) [A%a, A®BIJ3.
And

L; = — /[As, u - V]OA®0 dxdy
< C(IVullso[|A*8]l2 + [[VO|oo|[A%u|2) [ A*0]]2
< O(1+ [[wlloo)[[A%u, A%6]I3.

Using Holder’s inequality, the terms L3 and Lg can be bounded as
Lz = /AseAgudxdy < C||A%u, A%9)3,
and
Lz = /AsugAgﬁ dzdy < C||A%u, A®6]3.

Inserting the estimates of Ly ~ Lg into (3.41), combining the proposition3.1, proposi-

tiond.2 and proposition3.3 with the Gronwall’s inequality, we obtain, for any 7" > 0,

T
|A%u, Ab, A%0)2 + / IASASVby, ASAPVby, ASTO0|2dt < C. (3.42)
0

Where C' is a constant depending on ¢ and the initial data.

In addition, we infer that

IA**blla < AT b2 + A5 b2
(3.43)

< A5 b2 + AT P balo + [|AST7b1]l2 + | A5 bl
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Due to the estimates (3.1) and (3.42) and the divergence free condition V - b = 0, we find
that
IAT 70113 = AT 0uA b2 13 < [ATAT: |3 + [[ASAY Do 13
< O||A*ATb2)13 < O AT b2, ATIAT B3
< C||A by, A*APVby 3.
Similarly,
[AS by )13 < [ ASATBo||3 < C||ATb2, ASHIAT D] < C|| Ao, ASA VD, |3,
and
IS Pb1]13 < [A*ASBL]I3 < CIASDL, ASASV 3.
Applying the similar method to handle ||AS™b; |3, we have
1A5 b3 = [IA5 ™ 01 AL b (13 < [[ASAL b |13 + [[ASAS by |13
< C|IA*ALb1]13 < O A5br, ATIASD |3
< C||ASby, A*ASVby 3.

Inserting the above four estimates into (3.43), we obtain
T T
/ |[A*+PD]|y dt < c/ IASASVDy, ASAPVby|3dt +C < C.
0 0

Where C is a constant depending on t and the initial data. Which together with (3.42),

we complete the proof of Theorem1.1.
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