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Abstract: There is a new type of nanofluid called ternary hybrid nanofluid that can be used to 

improve heat flow. This study investigates effects of magnetic field, mass suction with ohmic 

heating towards stagnation region of stretching/shrinking cylinder of polymer based ternary 

hybrid nanofluid flows in two dimensions with different shapes aspect. Under the imposed 

assumptions, equations governing the flow will be modelled. It is feasible to convert nonlinear 

partial differential equations that are not exactly solvable via similarity transformation to a 

system of ordinary differential equations, which are solved numerically. The combination of 

Runge–Kutta-IV and shooting method in Mathematica has been shown to have a substantial 

impact on the prevalence of heat exchange and the mobility parameters of ternary hybrid 

nanofluids. The number of nanoparticles with suction enhances heat transfer and skin friction 

coefficient. Graphs and tables demonstrated the influence of many factors such as suction, 

Reynold number, nanoparticles volume fraction, magnetic field, Eckert number, 

stretching/shrinking on temperature, velocity, skin friction and local heat transfer rate 

coefficients curves. To verify the findings, a contrast study was undertaken between the current 

research and previously published results for a specific instance, and excellent agreement was 

discovered. 

Keywords: Suction; stagnation point; magnetic field, Ternary hybrid nanofluid; cylinder; 

numerical solution 

1. Introduction 

Stretching/shrinking surfaces are used to research heat transfer and flow, the upshot of which 

is a diverse variety of valuable engineering uses, including heat retention, the production of 

complex synthetic structures, the production of crystal and other types of subterranean 

transportation systems. Industrial applications of heat transfer and flow exploration are critical 

since the quality of a finished product is affected by how quickly heat exchange occurs and 
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how quickly velocity gradients change [1], [2]. Hybrid nanofluid is a novel kind of heat transfer 

fluid that has the potential to outperform both standard cooling fluids (water and ethylene 

glycol) and nanofluids (single nanoparticle) in terms of heat transfer performance. It is well 

documented that hybrid nanoparticles are important in several manufacturing and technological 

regions and that the synthesis and constancy of hybrid nanoparticles have been studied in 

numerous review studies [3]–[6]. When it comes to creating a durable hybrid nanofluid, one of 

the most important elements to consider is choosing an appropriate blend of nanoparticles. 

Metal nanoparticles(𝐶𝑢, 𝐴𝑔), metal oxides(𝐴𝑙2𝑂3, 𝐶𝑢𝑂, 𝐹𝑒2𝑂3), carbon materials (graphite, 

MWCNTs, CNTs), metal carbide and metal nitride were the most regularly encountered types 

of nanoparticles. In addition, the size, shape, and solid volume fractions of the nanoparticles 

are all essential aspects in optimizing the thermal conductivity of the hybrid nanofluid, as is 

the composition of the nanoparticles. In the description of boundary layer flow in nanofluid, 

the mathematical models of Buongiorno [7] and Tiwari and Das [8] are often utilized. 

Stretching flow using the Buongiorno model has been the subject of further studies, including 

[9]–[11]. Tiwari and Das model were updated to include the thermophysical features of hybrid 

nanofluids described by Devi and Devi [12]. Under magnetic field conditions and low suction 

strength(0 ≤ 𝑆 ≤ 1.5), the heat transfer rate of 𝐶𝑢 − 𝐴𝑙2𝑂3/𝐻2𝑂 hybrid nanofluid was larger 

than that of Cu-water nanofluid. 

It is necessary to include consequences in the flow to determine if the impact contributes to the 

flow providing a good relevance. Suction is one of the effects that researchers are interested in 

examining more extensively. External flows or energy losses may be reduced by controlling 

the boundary layers by suction. Boundary layer separation may be prevented or hindered by 

this technique. The surface must have flaws, crevices, apertures, porosity regions, or perforated 

in order to provide the suction impact. Use these funnels to draw air from the boundary layer 

that moves at a slower rate near the wall. A result of this filling is a complete and strong 

boundary layer velocity curve when separated. For boundary layer management, Hartnett [13] 

identified the need of suction or injection. Reduce drag and attain high elevation values are 

generally achieved by swiftly impeding boundary-layer separation. Because of this, suction or 

injection of fluid via a surface may drastically alter the flow field, including in mass transfer 

cooling Several academics have played an active role in investigations on the effects of suction 

because of this amazing concept [14], [15] have examined the impact of suction on a variety 

of surfaces and fluids. 

Stagnation point flow is a term used to describe the flow that separates when it comes into 

contact with a solid surface. At the manufacturing and technological sectors, this kind of flow 



has been widely used because it has the best heat transmission, fluid pressure, and mass 

deposition rate in the stagnation point zone. Stagnation point flow was first described in 

classical works by Hiemenz [16] and Homann [17]. Chiam [18] was the first to investigate the 

stagnation point flow caused by a stretched flat plate, whereas Wang [19] studied a contracting 

sheet and found two solutions. The experiments on the stagnation point flow near deformable 

flat plate were afterwards undertaken by [20], [21] employing standard and hybrid nanofluids, 

correspondingly. Disc, wedge, and cylinder fluid flow have all been studied more thoroughly 

in recent years because to technological and industrial advancements. Wang [22] did some 

early work on fluid flow toward a stretching cylinder. Ishak and Nazar [23] found a solution 

for laminar boundary layer flow of a viscous fluid along a stretching cylinder that was similar 

to Wang's work. MHD slip flow with heat production and outward velocity was investigated 

by Vinita and Poply [24] using Buongiorno's nanofluids model. When it comes to viscous fluid, 

Najib et al [25] and Omar et al [26] looked at the stagnation point flow toward an 

expanding/contracting cylinder. It has recently been shown that [27] the stagnation point flow 

over a static cylinder may be analyzed in three dimensions and two solutions have been 

established [27]. 𝐶𝑢 − 𝐴𝑙2𝑂3/𝐻2𝑂 hybrid nanofluid has a higher heat transfer rate than Cu-

water nanofluid. Iskandar Waini [28] studied the flow of hybrid nanofluids toward a stagnation 

point on a stretching/shrinking cylinder. 

The MHD fluid flow is greatly influenced by Joule or ohmic heating, which has been one of 

the most intriguing effects to be imposed. Joule heating, also known as Ohmic heating, is a 

technique of converting electric energy into thermal energy that creates heat via resistive losses 

in a material throughout the conversion process. The Joule heating effect, on the other hand, is 

extensively and effectively exploited in the majority of electrical and electric equipment 

nowadays. Using a 𝐶𝑢 − 𝐴𝑙2𝑂3/𝐻2𝑂 hybrid nanofluid, Maskeen et al [29] studied the flow 

through a vertical stretched cylinder in MHD. In nanofluid flow with compliant walls, Reddy 

and Reddy [30] found that Joule heating had an impact. Joule heating may raise the 

temperature, according to the researchers, who explained this further. In the existence of Joule 

heating, Sajid et al [31]reported a numerical solution for MHD ferrofluid flow in a semi-porous 

curved channel. Stretching flow in nanofluids performing electrical MHD with Joule heating 

was studied by Daniel et al [32]. One of the two solutions to the MHD flow of copper 

alumina/water nanofluid via a permeable exponentially diminishing surface was discovered by 

Yan et al.[33]. 

Nanofluids have been the subject of a decade of study that has shown their ability to transmit 

heat effectively. While it is possible to improve the characteristics of mono nanofluids by 



altering the volume concentration of the nanoparticle, this is limited by the difficulty in 

balancing the net negative of viscosity rise against the net positive of viscosity decrease. 

Researchers have developed hybrid nanofluids to overcome this constraint and exploit the 

unique features of several kinds of nanoparticles. A novel class of working fluids has been 

found and widely researched in recent years, consisting of three solid nanoparticles distributed 

in a normal fluid. This is a departure from early hybrid nanofluid experiments, which used two-

particle nanofluids. 'Trihybrid nanofluids', 'ternary nanofluids', and 'trihybrid nanofluids' are all 

terms used to describe these fluids. Since this research was motivated by previous studies on 

ternary hybrid nanofluid and MHD flow into a stretching/shrinking cylinder with mass suction 

and either Joule or ohmic heating, the current investigation is theoretical. Due to the substantial 

literature on copper nanoparticles, it has been selected as an example of ternary hybrid 

nanofluid, and we propose to investigate the impact of the combination of copper nanoparticles 

(𝐶𝑢), iron oxide(𝐹𝑒3𝑂4), and silicon dioxide (𝑆𝑖𝑂2) with polymer as the base fluid. 

Additionally, the model exhibits the innovative and adaptable characteristics of mass suction, 

magnetic field, and ohmic heating, among others. Also, the form properties of the nanoparticles 

are examined. The shooting method is used to do numerical calculations once the modelling 

and simulations have been completed. The characteristics, form structures, and thermal traits 

of nanoparticles are graphically and tabulated analyzed in a comprehensive manner. This may 

be useful in future studies to increase heat transfer efficiency in modern industrial 

environments. All the authors are certain that the current study has not been previously reported 

in other publications. 

2. Description of the problem 

The current work considers steady, two-dimensional, magnetic field stagnation point flow of 

incompressible ternary hybrid nanofluid formed by suspended 𝐶𝑢, 𝐹𝑒3𝑂4 and 𝑇𝑖𝑂2 in polymer 

as base fluid. Grasp Fig. 1 for an illustration of a flow innovator. In this case, the permeable 

stretching/shrinking cylinder is defined by radius 𝑎, mass suction  𝑢𝑤, and joule heating is 

calculated around the cylindrical polar coordinates (𝑧, 𝑟), where 𝑧 is the axial and 𝑟 is the radial 

length synchronize along the flow direction, correspondingly. It is also presumed that the mass 

transfer velocity is  𝑢𝑤, where 𝑢𝑤 > 0 denotes suction and the magnetic field strength is 

denoted by 𝐵0, correspondingly. The flow is presumed to be symmetric around the 𝑧 = 0 plane 

and axisymmetric about the 𝑧 −axis, with the stagnation line is at 𝑧 = 0 and 𝑟 = 𝑎. The surface 

velocity of the cylinder is given as 𝑣𝑤(𝑧) = 2𝑏𝑧, where the static cylinder is indicated by 𝑏 =

0, whereas the cylinder is stretched or shrunk when𝑏 > 0 or𝑏 < 0, correspondingly. In the 



meantime, the free stream velocity is taken as we(z) = 2cz, where𝑐 > 0. Moreover, the surface 

temperature 𝑇𝑤 and the ambient temperature 𝑇∞ are constant, where 𝑇𝑤 >  𝑇∞. The equations 

can be simplified by reducing their similarity by using the predetermined surface temperature. 

While analyzing ternary nanofluids, several assumptions are made about the physical model. 

In addition, it is assumed that the nanoparticle's shape is cylindrical and that its size is 

homogeneous, while agglomeration is neglected since the ternary hybrid nanofluid is created 

as a stable composite and so does not agglomerate. Therefore, the equations that govern the 

ternary hybrid nanofluid flow are [28], [34]: 

 

Figure 1 Flow configuration model of cylinder 
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𝑢 and 𝑤 symbolizes the velocity component beside the 𝑟-and 𝑧-directions respectively. Next, 

the boundary conditions are: 

𝑢 = 𝑢𝑤, 𝑤 = 𝑤𝑤, 𝑇 = 𝑇𝑤 at 𝑟 = 𝑎,       

𝑤 → 𝑤𝑒 , 𝑇 → 𝑇∞ as 𝑟 → ∞.        (4) 

Temperature of the ternary hybrid nanofluid is 𝑇, the dynamic viscosity is 𝜇𝑚𝑛𝑓, the density is 

𝜌𝑚𝑛𝑓, the thermal conductivity is 𝑘𝑚𝑛𝑓 and the heat capacity (𝜌𝐶𝑝)
𝑚𝑛𝑓

. 



 

 

Figure 2 Model Simulation 

The Table 1 provides several thermophysical properties for copper, iron oxide, silicon dioxide 

and polymer as the base fluid. Tables [2-4] provides a mathematical representation of the 

thermal characteristics of nanofluid, hybrid nanofluid and ternary hybrid nanofluid. 

Furthermore, Table 5 shows the numerical values for different form factors based on the shape 

characteristics 𝑚. In Table 1 𝜙1is volume fraction of 𝐶𝑢, 𝜙2 is volume fraction of𝐹𝑒3𝑂4 and 

𝜙3 is volume fraction of 𝑆𝑖𝑂2 nanoparticles. Subscripts 𝑠1, 𝑠2, and𝑠3 stands for denoting the 

properties of 𝐶𝑢, 𝐹𝑒3𝑂4, and 𝑆𝑖𝑂2 nanoparticles. 
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Table 1 Numerical values of polymer base and ternary hybrid nanoparticles [35]–[37] 

Properties 𝐶𝑢 (𝜙1)  𝐹𝑒3𝑂4(𝜙2) 𝑆𝑖𝑂2(𝜙3)  𝑝𝑜𝑙𝑦𝑚𝑒𝑟 

𝜌 (𝑘𝑔/𝑚3) 8933  5180 2650  1060 

𝐶𝑝 (𝐽/𝑘𝑔𝐾) 385  670 730  3770 

𝑘 (𝑊/𝑚𝐾) 401  9.7 1.5  0.429 

𝜎(Ω𝑚)−1 5.96 × 107  2.5 × 10−4 1.0 × 10−18  4.3 × 10−5 

𝑃𝑟      6.2 

Table 2 Thermo-physical property of Nanofluid [28] 

Density 𝝆𝒏𝒇 = (𝟏 − 𝝓𝟏)𝝆𝒇 + 𝝓𝝆𝒔𝟏 

Viscosity 𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙1)2.5
 

Heat capacity (𝜌𝐶𝑝)
𝑛𝑓

= (1 − 𝜙1)(𝜌𝐶𝑝)
𝑓

+ 𝜙(𝜌𝐶𝑝)
𝑠1

 

Thermal conductivity 𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝑠1 + 2𝑘𝑓 − 2𝜙1(𝑘𝑓 − 𝑘𝑠1)

𝑘𝑠1 + 2𝑘𝑓 + 𝜙1(𝑘𝑓 − 𝑘𝑠1)
 

Table 3 Thermo-physical property of Hybrid nanofluid [28] 

Density 𝝆𝒉𝒏𝒇 = (𝟏 − 𝝓𝟐)[(𝟏 − 𝝓𝟏)𝝆𝒇 + 𝝓𝟏𝝆𝒔𝟏] + 𝝓𝟐𝝆𝒔𝟐  

Viscosity 𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙1)2.5(1 − 𝜙2)2.5
 

Heat capacity (𝜌𝐶𝑝)
ℎ𝑛𝑓

= (1 − 𝜙2) [(1 − 𝜙1)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)
𝑠1

] +

𝜙2(𝜌𝐶𝑝)
𝑠2

  

Thermal conductivity 𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
=

𝑘𝑠2+2𝑘𝑛𝑓−2𝜙2(𝑘𝑛𝑓−𝑘𝑠2)

𝑘𝑠2+2𝑘𝑛𝑓+𝜙2(𝑘𝑛𝑓−𝑘𝑠2)
, where 

𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝑠1 + 2𝑘𝑓 − 2𝜙1(𝑘𝑓 − 𝑘𝑠1)

𝑘𝑠1 + 2𝑘𝑓 + 𝜙1(𝑘𝑓 − 𝑘𝑠1)
 

Table 4 Thermal property of Ternary hybrid nanofluid [38]. 

Properties Ternary Hybrid nanofluid  

Density 𝜌𝑚𝑛𝑓 = (1 − 𝜙3) {(1 − 𝜙2) [(1 − 𝜙1)𝜌𝑓
+ 𝜙1𝜌𝑠1] + 𝜙2𝜌𝑠2} + 𝜙3𝜌𝑠3  

Dynamic 

Viscosity 
𝜇𝑚𝑛𝑓 =

𝜇𝑓

(1 − 𝜙3)2.5(1 − 𝜙2)2.5(1 − 𝜙1)2.5
 

Thermal 

Conductivity 

𝑘𝑚𝑛𝑓

𝑘ℎ𝑛𝑓
=

𝑘𝑠3+(𝑚−1)𝑘ℎ𝑛𝑓−(𝑚−1)𝜙3(𝑘ℎ𝑛𝑓−𝑘𝑠3)

𝑘𝑠3+(𝑚−1)𝑘ℎ𝑛𝑓+𝜙3(𝑘ℎ𝑛𝑓−𝑘𝑠3)
,Where 

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
=

𝑘𝑠2 + (𝑚 − 1)𝑘𝑛𝑓 − (𝑚 − 1)𝜙2(𝑘𝑛𝑓 − 𝑘𝑠2)

𝑘𝑠2 + (𝑚 − 1)𝑘𝑛𝑓 + 𝜙2(𝑘𝑛𝑓 − 𝑘𝑠2)
, 



and 
𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝑠1+(𝑚−1)𝑘𝑓−(𝑚−1)𝜙1(𝑘𝑓−𝑘𝑠1)

𝑘𝑠1+(𝑚−1)𝑘𝑓+𝜙1(𝑘𝑓−𝑘𝑠1)
. 

Heat Capacity (𝜌𝐶𝑝)
𝑚𝑛𝑓

= (1 − 𝜙3) {(1 − 𝜙2) [(1 − 𝜙1)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)
𝑠1

] +

𝜙2(𝜌𝐶𝑝)
𝑠2

} + 𝜙3(𝜌𝐶𝑝)
𝑠3

  

Table 5 Distinct nanoparticles have different form factors [38]. 

Forms of nanoparticles Numerical values 

Bricks 3.7 

Platelets 5.7 

Cylinders 4.9 

Blades 8.6 

As a consequence of following, [28] a similarity transformation is now suggested to arrive at 

similarity solutions: 

𝑢 =
𝑎𝑐𝑓(𝜂)

√𝜂
, 𝑤 = 2𝑐𝑧𝑓′(𝜂), 𝜃(𝜂) =   

𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜂 = (

𝑟

𝑎
)

2

. (5) 

Where prime indicates differentiation in relation to η. The following ordinary differential 

equations are drawn by including (1), (2), (3) and (5) in the steady-state equations. 

𝜇𝑚𝑛𝑓

𝜌𝑚𝑛𝑓
(𝜂𝑓′′′ + 𝑓′′) + 𝑅𝑒(𝑓𝑓′′ − 𝑓′2

+ 1) − 𝑀2 𝜎𝑚𝑛𝑓

𝜌𝑚𝑛𝑓
(𝑓′ − 1) = 0,   (6) 

1

𝑃𝑟

𝑘𝑚𝑛𝑓

(𝜌𝐶𝑝)
𝑚𝑛𝑓

(𝜂θ′′ + θ′) + 𝑅𝑒𝑓θ′ + 𝐸𝑐𝑀2 𝜎𝑚𝑛𝑓

𝜌𝑚𝑛𝑓
(𝑓′)2 = 0.    (7) 

Transformation of boundary conditions (4) into 

𝑓 (1) = 𝑆, 𝑓′(1) = 𝛿, 𝜃(1) =  1,       

𝑓′(𝜂)  →  1, 𝜃(𝜂)  →  0, 𝑎𝑠 𝜂 →  ∞.      (8) 

In the preceding equations,  Re =
𝑐𝑎2

2𝜐𝑓
 signifies the Reynold number and 𝑃𝑟 =

𝜇𝑓(𝐶𝑝𝑓)
𝑓

𝑘𝑓
 denotes 

the Prandtl number. 𝑆 = −
𝑢𝑤

√𝑎𝜈𝑓
 represents the steady mass flux parameter(𝑆 > 0 for suction. 

By 𝛿 =
𝑏

𝑐
, we mean the stretch/shrink parameter, where 𝛿 > 0 indicates a sheet that is stretched 

and 𝛿 < 0 represents a sheet that is shrinking. 𝑀 =
𝜎𝑓𝐵2

0

𝑎𝜌𝑓
 denotes magnetic parameter. 𝐸𝑐 =

𝑢2𝜌𝑓

(𝑇𝑓−𝑇∞)(𝜌𝐶𝑝)
𝑛𝑓

=
𝑎2𝜌𝑓

(𝜌𝐶𝑝)
𝑛𝑓

 is Eckert number. The friction coefficients 𝐶𝑓 in addition to local 

Nusselt number 𝑁𝑢, are of particular importance in this investigation. 



𝐶𝑓 =
2

𝜌𝑓𝑤𝑒
2 𝜇𝑚𝑛𝑓 (

𝜕𝑤

𝜕𝑟
)

𝑟=𝑎
, 𝑁𝑢 = −

𝑎

𝑘𝑓(𝑇𝑤−𝑇∞)
𝑘𝑚𝑛𝑓 (

𝜕𝑇

𝜕𝑟
)

𝑟=𝑎
.   (9) 

Equations (5) and (9) yield the following: 

(
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 =

𝜇𝑚𝑛𝑓

𝜇𝑓
𝑓′′(1), 𝑁𝑢 = −

2𝐾𝑚𝑛𝑓

𝑘𝑓
𝜃′′(1),    (10) 

3. Numerical Procedure for Solution 

The coupled nonlinear ordinary differential equations 6-7 and related boundary conditions 8 

are very complicated and nonlinear in nature. It would be better if a numerical scheme is applied 

to deal with these equations. Ternary hybrid nanofluid flow paths for various physical variables 

are captured by combining RK-IV and shooting methods. A few transformations are needed 

depending on the sequence in which the self-similar momentum and energy equations 6-7 

together with boundary domains contained in equations 8, are used to start the process. 

 

Figure 3 Schematic diagram for shooting method 

These changes reduced the model to a first-order initial value issue, which can then be solved 

as follows: 

Z1 = 𝑓, Z2 = 𝑓′, Z3 = 𝑓′′,Z4 = 𝜃, Z5 = 𝜃′      (11) 

Start

Boundary value 
problem (BVP) Eqs.(6-

7) with boundary 
conditions (8)

Initial value problem 
(IVP) with guess 
Initial conditions

Solving with Runge-
Kutta-IV Method

Does solution 
converge? 

Yes

End

No 

Initial guesses are modified 

by Newton’s method 



using the equation (11), 

Z′
1 = 𝑓′, Z′

2 = 𝑓′′, Z′
3 = 𝑓′′′, Z′

4 = 𝜃′, Z′
6 = 𝜃′′,     (12) 

Using equation (11, 12) in (6-8) and after rearranging equations, we get the following: 

Z′
3 = − (

𝜌𝑚𝑛𝑓/𝜌𝑓

𝜇𝑚𝑛𝑓/𝜇𝑓
)

1

𝜂
[Z3 + 𝑅𝑒(Z1Z3 − Z2

2 + 1) − 𝑀2 𝜎𝑚𝑛𝑓

𝜌𝑚𝑛𝑓
(Z2 − 1)],   (13) 

Z′
6 = −𝑃𝑟

(𝜌𝐶𝑝)
𝑚𝑛𝑓

𝑘𝑚𝑛𝑓

1

𝜂
[Z5 + 𝑅𝑒Z1Z5 + 𝐸𝑐𝑀2 𝜎𝑚𝑛𝑓

𝜌𝑚𝑛𝑓
(Z2)2],    (14) 

Z1 (1) = 𝑆, Z2(1) = 𝛿, Z4(1) =  1, Z3  →  1, Z5  →  0    (15) 

To solve the resulting initial value issue, we must include the values from equations 13-14 in 

equations 6-8, respectively. To get numerical solutions of (6-8), a highly capable computational 

software package called Mathematica 10 is utilized. It has a unique property that it classifies 

the governing system and applies the most suitable numerical procedure to provide accurate 

solutions for the system. 

4. Results and Discussion 

The shooting technique with RK-IV is used to solve Equations (6) to (8) in the computational 

software Mathematica which we discussed in previous section, figures and tables are used to 

illustrate the numerical findings. The boundary layer thickness 𝜂∞ = 20. and 𝑃𝑟 = 6.2 is fixed 

except for evaluation as seen in the tables and figures, control characteristics are varying. These 

values are determined by whether the far-field boundary requirements are met (8). Since nano, 

hybrid and  𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer ternary hybrid nanofluid is supported in this current 

work, a different set of 𝜙 values fraction is limited in between 0.005 ≤ 𝜙 ≤ 0.02. Other 

parameters, such as 2.0 ≤ 𝑆 ≤ 2.5 (suction), −1.0 ≤ 𝛿 ≤ 1 (stretching/shrinking), 10−6 ≤

𝑀 ≤ 5 ∗ 10−6 (magnetic parameter), 0.0 ≤ 𝑅𝑒 ≤ 1.0,(Reynold number) and 0.1 ≤ 𝐸𝑐 ≤

0.6(Eckret number) are selected grounded on the primary citations and the possibilities of 

results. 

In Fig. 1, the flow of a ternary hybrid nanofluid is shown as a physical model. Model simulation 

is represented by a flow chart in Fig. 2. Consequences for velocity, temperature, skin friction, 

and local heat transfer curves are presented in Figs. 4-23, which provide a comprehensive 

picture of the present condition for stretching and shrinking surface. In the coming section, 

graphical comparison of nanofluid, hybrid nanofluid and (𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) 

ternary hybrid nanofluids are discussed. 



4.1 Velocity 𝒇′(𝜼) and Temperature 𝜽(𝜼) Curves for Stretching and Shrinking 

Cylindrical Surface 

In this subsection we discussed in detail the impacts of different parameters such as: volume 

fraction(𝜙1, 𝜙2, 𝜙3), magnetic field 𝑀, suction 𝑆, stretching/shrinking 𝛿, Reynold number 𝑅𝑒 

and Eckert number EC on the axial velocity 𝑓′(𝜂) and temperature 𝜃(𝜂) curves of nanofluid, 

hybrid nanofluid and ternary hybrid nanofluid. For nanofluid (𝐶𝑢/polymer) case, we 

consider 𝜙1, for hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), we consider 𝜙1and 𝜙2, while for 

ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer), we take𝜙1,𝜙2 and𝜙3. 

As the cylinder shrinks, the velocity and temperature curves are affected by the volume 

fractions of copper 𝜙1, iron oxide 𝜙2, and silicon dioxide 𝜙3, as seen in Figures 4 and 5. There 

is greater space for improved heat conduction in nanofluids with higher volume fractions of 

nanoparticles, which are found in metal and metal oxide, in hybrid nanofluid, and in ternary 

hybrid nanofluids. Thus, the nanofluid, hybrid nanofluid, and ternary nanofluid all become 

hotter as can be shown in Figure 5. This implies that the device's heat absorption is boosted, 

ensuring an optimal temperature and a long service life for the appliance. A heat conductor 

with a photocatalytic nature like metal and metal oxide nanoparticles is more suited to use as a 

nanofluid or hybrid nanofluid or ternary hybrid nanofluid, since they are better at conducting 

heat than other types of nanoparticles. Nanofluid, hybrid nanofluid, and ternary hybrid 

nanofluid are all made more stable by their chemical inertness. As previously noted, reducing 

air pollution by employing this mixture as a coolant in automobiles is possible. Nanofluid, 

hybrid nanofluid, and ternary hybrid nanofluid lose density and flow more readily due to the 

increased heat conductivity of these nanoparticles. The fluid's flow velocity increases as a result 

of these less dense nanoparticles pulling it in the same direction as the fluid itself. Clearly, one 

can see that ternary hybrid nanofluid has higher temperature profiles ac compared to nano and 

hybrid nanofluid owing to the existence of more nanoparticles. 

Using the shrinking scenario as an example, Figures 6 and 7 show how the magnetic field 𝑀 

affects the velocity and temperature curves of the nanofluid, hybrid nanofluid, and tri-hybrid 

nanofluid. A force termed the Lorentz force opposes fluid flow when there is a magnetic field 

present. This force's magnitude is directly related to the magnitude of 𝑀. When a result, as 𝑀 

rises, the Lorentz force becomes stronger. With larger levels of  𝑀, the momentum of the fluid 

flow decreases as a result of this increased resistance. When flow velocity is reduced, more 

heat may be conducted by nanoparticles, resulting in higher temperatures. 



Figures 8-9 illustrates the consequence of suction constraint 𝑆 on velocity curve 𝑓′(𝜂) and 

temperature curve 𝜃(𝜂) for shrinking cylinder case of the nanofluid, hybrid nanofluid and 

ternary hybrid nanofluid flow. In Figs.8 velocity curve increase with the expanding values of 

the suction 𝑆. This is because the density has grown due to the addition of more particles. By 

lowering the thickness of the momentum barrier layer, suction improves the flow of the 

stretched and shrinking surface. Temperature variations with suction parameter 𝑆 are shown in 

Fig. 9 as a function of temperature. Temperature falls when the parameter 𝑆 increases in value. 

suction cools the boundary layer flow, which means that suction is also used in many industrial 

processes, as well as nuclear energy and MHD power plants. 

Nanofluid, hybrid nanofluid and ternary hybrid nanofluid velocity and temperature curves for 

stretching cylinder case 𝛿 > 0 are shown in Figure 10 and 11. When the velocity ratio 

parameter is increased, fluid velocity drops, but the temperature curve shows the opposite. It 

has a physical impact in that growing the rate of 𝛿 findings in a diminution in the thickness of 

the momentum boundary layers as time goes on. The thermal boundary layer thickens as a 

sheet shrinks, which is also important to notice. 

The effect of 𝑅𝑒 on𝑓′(𝜂) and 𝜃(𝜂) when𝜙1 = 𝜙2 = 𝜙3 = 0.005, 𝛿 = −0.5, 𝑆 = 2.0, 𝑀 =

10−6, 𝑚 = 4.9 and𝑃𝑟 = 6.2 for nanofluid, hybrid nanofluid and ternary hybrid nanofluid for 

shrinking cylinder case are exhibited in Figs. 12 and 13. Magnetic parameter supposedly 

reduces velocity due to Lorentz force, however in this case, the velocity rises due to the Lorentz 

force. When the Reynolds number Re is increased, the velocity𝑓′(𝜂) rises, and as a 

consequence, the temperature 𝜃(𝜂) drops after the thermal diffusion is overcome, as seen in 

the graph. A shrinking cylinder nanofluid, a hybrid nanofluid, and a ternary hybrid nanofluid 

are all shown in Figure 14 to show the effect of  𝐸𝑐 on the temperature curve 𝜃(𝜂). This value 

represents the rate at which heat is dissipated across the system. 

The temperature curve 𝜃(𝜂) of nanofluid, hybrid nanofluid and ternary hybrid nanofluids are 

shown in Fig. 14 under the impact of Eckert number 𝐸𝑐. When the Eckert number is raised 

along the stretching/shrinking cylinder, we see a spike in the temperature distribution curve 

with 𝐸𝑐 = 0.005, 0.1, 0.15, 0.2, 𝑆 = 2.0, 𝛿 = −0.5, 𝑅𝑒 = 0.5, 𝑀 = 10−6, 𝑚 = 4.9, 𝜙1 =

𝜙2 = 𝜙3 = 0.005 and 𝑃𝑟 = 6.2. 𝐸𝑐 is obtained mostly from the relationship between 

advective transport and heat dissipation potential. An increase in 𝐸𝑐 parameter values increases 

𝜃(𝜂) and the thickness of the associated layer. The boundary layer at the surface of the 

decreasing cylinder may induce a thermal reversal mechanism that causes this occurrence. The 

higher the temperature of the nanofluid, hybrid nanofluid, or ternary hybrid nanofluid, the more 



kinetic energy is converted to heat energy. A rise in the Eckert number, which measures the 

kinetic energy and enthalpy ratio, causes an increase in the thermal state of the nanofluid, a 

hybrid nanofluid, and a ternary hybrid nanofluid, as shown in the temperature distribution 

profile. This causes the thermal boundary layer to rise, which reduces heat transfer, as shown 

in the temperature distribution. 

It can be shown from these figures that ternary hybrid nanoparticles have a considerable effect 

on thermal performance when compared to other nanoparticles. It is ternary hybrid 

nanoparticles that create the greatest amount of thermal energy, rather than hybrid 

nanoparticles and simple nanoparticles. 

 

Figure 4 Change in f′(𝜂) with 

 (𝜙1, 𝜙2, 𝜙3) = 0.005,0.01,0.015,0.02. 

 

Figure 5 Variation in 𝜃(𝜂) with 

 (𝜙1, 𝜙2, 𝜙3) = 0.005,0.01,0.015,0.02. 

 

Figure 6 Variation in 𝑓′(𝜂) with 𝑀 =
10−6, 2 ∗ 10−6, 3 ∗ 10−6, 4 ∗ 10−6. 

 

Figure 7 Variation in 𝜃(𝜂) with 𝑀 =
10−6, 2 ∗ 10−6, 3 ∗ 10−6, 4 ∗ 10−6. 



 

Figure 8 Variation in 𝑓′(𝜂) with 𝑆 =
2.1,2.2,2.3,2.4. 

 

Figure 9 Variation in 𝜃(𝜂) with 𝑆 =
2.1,2.2,2.3,2.4. 

 

Figure 10 Variation in 𝑓′(𝜂) with 𝛿 =
0.2,0.4,0.6,0.8. 

 

Figure 11 Variation in 𝜃(𝜂) with 𝛿 =
0.2,0.4,0.6,0.8. 

 

Figure 12 Variation in 𝑓′(𝜂) with 𝑅𝑒 =
0.3,0.4,0.5,0.6. 

 

Figure 13 Variation in 𝜃(𝜂) with 𝑅𝑒 =
0.3,0.4,0.5,0.6. 

 

Figure 14 Variation in 𝜃(𝜂) with 𝐸𝑐 = 0.2,0.3,0.4,0.5. 



4.3 Skin Friction and Heat Transfer 

This subsection highlights impression of different parameters against physical measures such 

as skin friction and local heat transfer rate. The local heat transfer rate 𝑁𝑢 and skin friction 

(
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 are critical industrial parameters. Due to industrial uses, the importance of these 

numbers cannot be disputed. Skin friction coefficients(
𝑅𝑒𝑧

𝑎
) 𝐶𝑓and local heat transfer rate 𝑁𝑢 

vary according to changes in parameters. 

Figures 15 and 16 illustrate the increasing effect of stretching and shrinking parameters 𝛿 

towards volume fraction (𝜙1, 𝜙2, 𝜙3) on the (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and local heat transfer rate 𝑁𝑢of nano, 

hybrid, and ternary hybrid nanofluid when 𝑆 = 2.0, 𝑀 = 10−6, 𝑚 = 4.9, 𝑅𝑒 = 0.5, 𝐸𝑐 = 0.2 

and 𝑃𝑟 = 6.2. The positive values of 𝛿 provides stretching and negative values of 𝛿 provides 

shrinking of the cylinder. It is demonstrated in Figs.15 and 16 by various values of 𝛿 

with (𝜙1, 𝜙2, 𝜙3)decreasing the (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and increases 𝑁𝑢. Specifically, larger concentrations 

of nanoparticles create more kinetic energy than lower concentrations, which increases the heat 

transmission of fluid particles by increasing their kinetic energy. 

Figures 17 and 18 show the impact of 𝑆 with (𝜙1, 𝜙2, 𝜙3)  against skin friction 

coefficient (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and (𝑁𝑢) of nano, hybrid, and ternary hybrid nanofluid for shrinking 

cylinder case. For all values of𝑆 = 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, when 𝛿 = −0.5, 𝑀 = 10−6, 𝑚 =

4.9, 𝑅𝑒 = 0.5, 𝐸𝑐 = 0.2 and 𝑃𝑟 = 6.2. Solutions for extending surfaces, flows may be 

established without the use of suction. In order to improve (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and (𝑁𝑢), suction is 

necessary. Suction, on the other hand, is useful in the enhancement of both the skin fraction 

and the local heat transfer rate. When hot fluid particles are suctioned toward a surface, they 

move faster and more efficiently, increasing heat transfer. 

The effect of magnetic field parameter 𝑀 towards  (𝜙1, 𝜙2, 𝜙3)  on the (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and (𝑁𝑢) can 

be illustrated from Figure 19 and 20 for shrinking cylinder of nanofluid, hybrid nanofluid and 

ternary hybrid nanofluid. For all values of𝑀 = 10−6, 1 ∗ 10−6, 2 ∗ 10−6, 3 ∗ 10−6, 4 ∗

10−6, 5 ∗ 10−6, when 𝛿 = −0.5, 𝑆 = 2.0, 𝑚 = 4.9, 𝑅𝑒 = 0.5, 𝐸𝑐 = 0.2 and 𝑃𝑟 = 6.2. It is 

clear from these results that raising  𝑀, the (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and (𝑁𝑢) boosts. For this reason, an 

additional amount of energy is transferred into the boundary layer as the Lorentz force grows 

over time. 



Variations in the skin friction coefficient (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 and the Nusselt number 𝑁𝑢 may be seen in 

Figures 21 and 22 versus (𝜙1, 𝜙2, 𝜙3) .  Intended for all estimates of 𝑅𝑒 =

0.2, 0.4, 0.6, 0.8, 1.0, when 𝛿 = −0.5, 𝑀 = 10−6, 𝑆 = 2.0, 𝑚 = 4.9, 𝐸𝑐 = 0.2 and 𝑃𝑟 = 6.2. 

An increase in 𝑅𝑒 has a comparable impact as a decrease in nanoparticles, hybrid nanoparticles 

and ternary hybrid nanoparticles on the skin friction (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓. Reynolds number 𝑅𝑒 is a 

physical indicator of the relative importance of the inertial forces relative to the viscous forces. 

For rising Reynolds numbers, the skin friction coefficient (surface shear-stress) increases. The 

Nusselt number 𝑁𝑢 is boosted by the rise of 𝑅𝑒. In addition, it has been observed that the 

increase is more prominent in the stretching situation. 

Figure 23 depict the variation of the Nusselt number 𝑁𝑢 against (𝜙1, 𝜙2, 𝜙3)   For all values 

of 𝐸𝑐 = 0.1, 0.2, 0.3, 0.4, 05, when 𝛿 = −0.5, 𝑀 = 10−6, 𝑆 = 2.0, 𝑚 = 4.9, 𝑅𝑒 = 0.5 and 

𝑃𝑟 = 6.2 for shrinking cylinder of nanofluid, hybrid nanofluid and ternary hybrid nanofluid. 

As expected, the coefficient of heat transfer reduced with increment of Eckert number. 

 

Figure 15 Variation in (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 in contract to 

𝛿 towards  (𝜙1, 𝜙2, 𝜙3). 

 

Figure 16 Variation in 𝑁𝑢 in contract to 𝛿 

towards  (𝜙1, 𝜙2, 𝜙3). 

 

Figure 17 Variation in(
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 in contract 

to 𝑆 towards (𝜙1, 𝜙2, 𝜙3) 

 

Figure 18 Variation in 𝑁𝑢in contract to 𝑆 

towards  (𝜙1, 𝜙2, 𝜙3) 



 

Figure 19 Variation in (
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 in contract 

to 𝑀 towards (𝜙1, 𝜙2, 𝜙3). 

 

Figure 20 Variation in 𝑁𝑢in contract 

to 𝑀towards  (𝜙1, 𝜙2, 𝜙3) 

 

Figure 21 Variation in(
𝑅𝑒𝑧

𝑎
) 𝐶𝑓 in contract to 

𝑅𝑒 towards  (𝜙1, 𝜙2, 𝜙3) 

 

Figure 22 Variation in 𝑁𝑢 in contract to 𝑅𝑒 

towards  (𝜙1, 𝜙2, 𝜙3) 

 

Figure 23 Variation in 𝑁𝑢in contract to 𝐸𝑐 towards  (𝜙1, 𝜙2, 𝜙3) 

4.4 Table Discussion 

The comparisons of result in Table 6 are presented to validate the numerical procedure of the 

current study with the numerical results from [28] for a different value of 𝑅𝑒 for regular fluid 

when 𝜙1 = 𝜙2 = 𝜙3 = 𝛿 = 𝑀 = 𝑆 = 0. The previous studies by [28] tackled the hybrid 

nanofluid fluid problem, while the present study implemented the ternary hybrid nanofluid. 

Further, [28] used bvpc4c in MATLAB while this study applied the shooting with Runge-

Kutta-IV procedure in the Mathematica. These findings are found to be in accord with the 



previously found; thus, this gives us confidence that the computational structure to scrutinize 

the ternary hybrid nanofluid flow behaviors and heat transfer in this study can be employed 

with significant assurance. The arrangement of suitable single/hybrid and ternary nanofluids is 

the most important factor in defining nanofluid flow behavior and heat transfer efficiency. 

Table 6 Estimates of𝑓′′(1) and −2𝜃′(1) produces results for specific values of 𝑅𝑒 

𝑅𝑒 Present Waini [28] Present Waini [28] 

 𝑓′′(1) 𝑓′′(1) −2𝜃′(1) −2𝜃′(1) 

0.2 0.95206 0.786042 1.61109 1.508635 

1 1.50033 1.484183 2.80286 2.793424 

10 4.16412 4.162920 8.2772 7.701472 

5. Conclusion: 

The major result of the current research is that the rate of heat transfer may be increased. 

Polymer based nanofluid(𝐶𝑢/polymer), hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and 

ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) nanoparticles with cylindrical shape 

features has been utilized to flow across a permeable stretching/shrinking cylindrical surface 

with mass suction, Lorentz force and ohmic heating to find a two-dimensional Stagnation point. 

The thermophysical characteristics have been taken from the available literature and used in 

this experiment. To increase the heat transmission rate, it is necessary to consider the suction 

with nanoparticles volume fraction. Partial differential equations (PDEs) were used to represent 

fundamental governance equations, which were then converted into a set of ordinary 

differential equations (ODEs) that could be used for transformations and optimizations. The 

best strategy shooting techniques with Runge Kutta-IV in computational software Mathematica 

was used to find solution. Graphs depict the impact of different variables on velocity and 

temperature curves. Graphical representations are also used to show the main properties such 

as skin friction coefficient and local heat transfer rate. We can deduce the following from the 

data shown above: 

• Both magnetic parameter 𝑀 and nanoparticles concentration 𝜙 have similar effect on fluid 

velocity𝑓′(𝜂) and temperature 𝜃(𝜂) curves of nanofluid(𝐶𝑢/polymer), hybrid nanofluid 

(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) for 

shrinking cylinder. 



• Variation in suction parameter increases velocity profiles and opposite behavior shown in 

temperature profile of nanofluid(𝐶𝑢/polymer), hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), 

and ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) for shrinking cylinder. 

• Both velocity field 𝑓′(𝜂) and temperature field 𝜃(𝜂) of nanofluid(𝐶𝑢/polymer), hybrid 

nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/

polymer) for shrinking cylinder have opposite impacts for larger values of  𝑅𝑒. 

• Both skin friction and heat transfer rat coefficients boosts due to the augmentation of 

both 𝑀 and 𝜙 of nanofluid(𝐶𝑢/polymer), hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and 

ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) for shrinking cylinder case. 

• The augmentation in nanoparticle volume concentration with stretching/shrinking increases 

both skin fraction and local heat transfer coefficients of nanofluid(𝐶𝑢/polymer), hybrid 

nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/

polymer) for this problem. 

• An improvement in the suction constraint intensity can boost both the local skin fraction 

and heat transfer rate of the nanofluid(𝐶𝑢/polymer), hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/

polymer), and ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) for shrinking 

cylinder.  

• As the stretching/shrinking parameter is increased, the velocity of the nanofluid(𝐶𝑢/

polymer), hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and ternary hybrid nanofluid(𝐶𝑢 −

𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) decreased whereas temperature increased. 

• Increasing values of 𝑅𝑒 with   (𝜙1, 𝜙2, 𝜙3) surge up both the curves for skin fraction and 

local heat transfer rate coefficients of the nanofluid(𝐶𝑢/polymer), hybrid nanofluid(𝐶𝑢 −

𝐹𝑒3𝑂4/polymer), and ternary hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) for 

shrinking cylinder case. 

• Increasing values of Ec with  𝜙 decline the curve of local heat transfer rate of the 

nanofluid(𝐶𝑢/polymer), hybrid nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4/polymer), and ternary hybrid 

nanofluid(𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) for shrinking cylinder case. 

To get the desired outcome, it is important to manage the amplitude of the essential factors. 
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