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Abstract: In this paper, we are concerned with a kinds of tempered fractional
differential equation Riemann-Stieltjes integral boundary values problem involving
p—Laplacian operator. By means of the sum-type mixed monotone operators
fixed point theorem based on the cone Py, not only the local existence of unique
positive solution is obtained, but also two successively monotone iterative
sequences are constructed for approximating the unique positive solution. Finally,
we present an example to illustrate our main results.
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1 Introduction
In this paper, we devoted to study the nonlinear tempered fractional differential
equation involving p—Laplacian operator as follows:

5D} (10 (FD) M u(t) ) = F(tu(t), 0< ¢ <1;

u(0) = §D; " u(0) = 0;

B M u(1) = [T a(s)BD)  u(s)dA(s);

e (FD]u) (0) = FD] (0, (D)) (0) = 05

D7 (e (D7) (1) = ' a0y (D7 u(s) | dA(s);

(1.1)

where 2 < a < 3,0 < B2 < B < a—-1,1 < a—7v < 2, F(t,ult)) =
f(tu(t),u)) + g(t,u(t)), a € C(0,1) and ¢, is p—Laplacian operator. (’)%]Df’/\u,
é%]D)Z"Au and é%Dfi’Au(i = 1,2) are tempered fractional derivatives defined by

B u(t) = e MED (eMu(t), A > 0.

Here, {!D{* is the standard Riemann-Liouville fractional derivative defined by

n

o Diu(t) = T

(017" “u(t)),

where OIf is B-order fractional integral operator defined by:

1

Py = — t —5)P 71 (s)ds.
00 = g | = s
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A is a function of bounded variation, fol a(s)ngQU(s)dA(s) denote Riemann-
Stieltjes integral with respect to A. By using the sum-type mixed monotone fixed
point theorem based on cone P}, we investigate the existence-uniqueness and mono-
tone iteration of positive solutions for p—Laplacian differential system (1.1).

In the past decades, fractional calculus and all kinds of fractional differential e-
quations have been proved to be power tools in the modeling of various phenomena
in a great deal of fields of science and engineering, such as chemical physics, fluid
mechanics, heat conduction, control theory, economics, etc.; see[1-4] for example. In
fact, a standard Riemann-Liouville (or Caputo) fractional derivative is a convolu-
tion with a power law, so does fractional integration, the difference between the two
fractional derivatives only lies in the order of derivation and integration. Moreover,
based on the definition of classical fractional derivative, the tempered fractional
derivative multiplies the power law kernel by exponential factor, and the various
differential equation models based on tempered fractional derivative open up a new
possibility for robust mathematical modeling of anomalous phenomena and complex
multi-scal problems, readers can refer to [5-9]. In [9], we studied two kinds of tem-
pered fractional differential systems involving Riemann-Stieltjes integral boundary

values condtions as follows:

BDY () + f(t,u(t), u(t)) + gt u(t) =0, ¢ € (0,1),
u(0) = FD]" u(0) = FD]* u(0) = - - = D" u(0) = 0, (1.2)
RO (1) = [ b(s)ED  u(s)dA(s) + [y a(s)ED) M u(s)dA(s)

and
DM u(t) + 1t u(t) = ¢, te (0,1),
u(0) = D) u(0) = D7 u(0) = - - = D) u(0) = 0, (1.3)
A A 1 A
B (1) = [70(s)ED M u(s)dA(s) + [ a(s)ED M u(s)dA(s),
R [N R Vi s A R BisA .
where ¢'D, "u, ¢'D,""u(k = 1,2,- - -,n — 2) and §'D, " u(i = 1,2, 3) are the tem-

pered fractional derivatives. By using a class of sum-type mixed monotone opera-
tors fixed point theorems and increasing ¢ — (h, o0)—concave operators fixed point
theorems, respectively, we constructed the sufficient conditions to guarantee the
existence-uniqueness of positive solutions for Riemann-Stieltjes integral boundary
value problems (1.2) and (1.3), respectively.

It is well known that p-Laplacian operator is used in analyzing various complex
problems in physics, mechanics and the related fields of mathematical modeling,
see[10-14]. In [10], for studying the turbulent flow in a kind of porous media, Leiben-

son introduced the p-Laplacian differential equation as follow:

(o0 (1)) = F(tu(t), (1), € (0,1), (1.4)

where ¢,(s) = [s[P72s, p > 1. Motivated by the Leibenson’s work in [10], Ren,

Li and Zhang [11] studied the existence of maximum and minimum solutions for
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nonlocal p-Laplacian fractional differential systems as follows:

—-D;? (cppl Dalxl ) t)y=f (:1:1 t), o
foz (‘sz — Dz 2)) (t) = fo (:1:1 t), zo
21(0) =0, D{*x1(0) = Dy
22(0) =0, Di?x4(0) = Do

where ¢, denotes p-Laplacian operator, D;“,Df ¢ are all the standard Riemann-
Liouville derivatives, which satisfies 1 < «;,; < 2, fol x;(t)dA;(t) denotes the
Riemann-Stieltjes integral, A; is a function of bounded variation. By employing
the cone theory and monotone iterative technique, some new existence results on
maximal and minimal solutions were established. Furthermore, the estimation of
the bounds of maximum and minimum solutions was derived.

In [13], we investigated the existence results of multiple positive solutions for p-
Laplacian fractional differential equations two points boundary value problems as
follows:

(})%D? (‘Pp((l)%D?u(t))) — f(tvu(t),oRD?u(t))’ 0<t<1:
u®(0) =0, [p(EDfu)]D(0) =0, i=0,1,2,....,n—2;
ED u(t)ie =0, 0< < a—1;

{(?Dtﬂ (@p (oRD?u(t)))L:1 —0;

where n—1 < a < n, é{D? is standard Riemann-Liouville fractional derivative, ¢, is
p—Laplacian operator. By employing functional-type cone expansion-compression
fixed point theorem and Leggett-Williams fixed point theorem, we obtained some
existence conclusions of multiple positive solutions for p-Laplacian differential sys-
tems(1.7).

Inspired by the above references, in this paper, we investigate the p-Laplacian
fractional differential equation with integral boundary value conditions (1.1). So far,
this kind of Riemann-Stieltjes integral boundary value problem involving p-Lalacian
operator has seldom been researched. Comparing with the previous references, this
article has the following characteristics, firstly, the tempered fractional derivative
R]D)(X’A is a more general definition than the standard Riemann-Liouvill fractional
derivative §'D;', for instance, let A\ = 0, it is clear to see the operator {D; i
equivalent to g Dt . Secondly, the Riemann-Stieltjes integral boundary condltlons
are more general cases, which covers the common integral boundary conditions as
special cases. Finally, comparing with p-Laplacin differential systems (1.6) and (1.7),
the integral operator in this paper need not be completely continuous or compact.
Furthermore, we can not only obtain sufficient conditions for the existence of the
unique positive solution, but also construct a Cauchy sequences to approximate the
unique positive solution.

The organization of the article is as follow. In Section 2, we list some concepts,
symbols, definitions and lemmas in the abstract Banach spaces, which need to be
used in the subsequent proof process. In Section 3, by employing the sum-type
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mixed monotone operators fixed point theorem based on cone P}, we show that the
existence-uniqueness and monotone iteration of positive solutions for p—Laplacian
differential equation two points boundary value problems (1.1). In Section 4, we
present an example to demonstrate our main results.

2 Preliminaries
Definition 2.1 ([17]) A: P — P is said to be sub-homogeneous if it satisfies

A(tx) > tAz, Vte (0,1), x€P.
Definition 2.2 ([18]) An operator A : P x P — P is said to be a mized monotone
operator if A(x,y) is increasing in x and decreasing in y, i.e., u;,v;(i =1,2) € P,
uy < ug, vy > vy imply A(ui,v1) < A(ug,ve). Element x € P is called a fizxed point
of A if A(xz,x) = .
Definition 2.3 ([10]) Let p > 1, the p— Laplacian operator is given by

pp(2) = |2[P7%z, and ¢, = @q, 5+ 1 =1

Q=

Lemma 2.1 (/9]) Let h(t) € C[0,1]L'[0,1], @ > 0, then
oIPEDIR(t) = h(t) + 1t 4+ cot® 2 4o et
where ¢; € R, 1 =1,2,3,....,n(n = [a] +1).

Lemma 2.2 ([13])
(1) Ifue L'(0,1),a > 8> 0, then

a 8 a— B
oI oI u(t) = oI Pu(t), §'D, oIfu(t) =0 I}~ ult), §Dy oI} u(t) = u(t);

(2) If p> 0,1 >0, then

(I)%thufl _ ['(p) —p—1
L —p)

Lemma 2.3 Given g € C(0,1), then, the unique solution of

ED () + g(t) =0, 2< a <3, t e (0,1),

u(0) = &D]u(0) = 0, (2.1)
11>\ 2,/\

ED] (1) = [T a(s)BD) M u(s)dA(s),

u(t):/o G(t, s)g(s)ds, t e [0,1], (2.2)

where

ta—le—)\t

Glt.5) = G (t.3) + Frrz 5 /O T a(t)Galt, $)dA(1), (2.3)
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in which
e~ 0 n
A= — , 0 :/ e M2 P10 (5)dA(s),
Ta—B) Ta-f) g (e)adie)
G(t)—-&@4) (I—s)r et —(t—s)*7!, 0<s <t <1,
T T a) (1—s)ePlge-l g<t<s<1,
Gt ) = eA(s—t) (1- s)afﬁrltafﬁzfl —(t - 5)6%52*1’ 0<s<t<l,
S ) (1—s)aPrlga=Prl <t <5<,

Proof For the system (2.1), by means of Lemma 2.1, we have

t a—1
t —
eMu(t) = —/ ﬂexsg(s)ds et 4ot et 3, (2.4)
0 I'(a)
From u(0) = 0, we get ¢3 = 0, hence,
u(t) = —e MoI%eMg(t) + cre Mt 4 cpe M2, (2.5)

By using the tempered fractional-order derivative operator OR]D)Z’/\ on both sides of
(2.5), we obtain

A A _ — — — _
D) u(t) = Fo,] (— e MoIf (eMg(t)) + cre” Mt 4 ce Mt 2)
= (”ffDZ( — oIy (eMg(t)) + et + czta’2>
— _6—/\7501';1*7 (eAtg(t)) + Cle—/\t(})%DZta—l + 626—/\t(})?,DZta—2

t _ oa—v—1_A(s—t) —At
(t—s)27"Le I'(a) —1-
— g(s)ds + ¢y ——t“ 77
A [ =) ) "T(a—v)
Dla—1)e ™ o
= gem2
"o 1)

From gfID)Z’/\u(O) =0and 1 < a—v <2, we know that c; = 0. Hence, the equation
(2.5) can be reduced as following

_ S)ocfle)\s

g(s)ds + cre™ ML, (2.6)

Once again, applying tempered fractional derivative operator (I)%Dtﬁ “* on the both
sides of (2.6), we have

BirA BisA ([ _ a BisA; _At,o—
FD) () =~ (g (Mg(0) ) + eaff D) e e
- Bi « _ Bi/,o—
=—e D, (OI75 (e’“g(t))) +ere MED] (27

o a ; 2.7

= —e’MoI? Bi (eAtg(t)) +Cll"(a(iy)ﬁi)e)\ttalﬁl ( )
o ya—Bi—1,A(s—t)

= _/0 (t S%(aﬂs g(S)d8+Clrme—ktta—1_gi.

Page 5 of 16
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From (2.7), it is clear to see that

R B2, a—f 5— P(a)e a— B
ODtQ u(t) = T ﬂ2 fo (t—s) 2=1eA(s—1) g(s)ds + a1 r((a) B2 )t 1=Pz2,
(2.8)

A a— s— o _
{(’fol “0 = jp (0= 5) A s)ds 4 ey

Substituting (2.8) into 5&@?17 = [, a( R]D)’Bz’ u(s)dA(s), we obtain

(] _ g)a—Bi—1A(s—1)
o =Ir@at{ [ 1 }(a_ (s

n tg _ g)a—B2—1gA(s—1)
7/0 a(t)dA(t)/O ¢ %(a_&) g(s)ds}-

Finally, combining (2.9) with (2.6), we obtain

B v t (t o S)afle)\s efAttafl 1 (1 o S)afﬁlflef)\ .
u(t) = —e=* /0 T YWt Toa {/0 o= B e**g(s)ds

n t _s a—ﬂg—le)\(s—t)
_/0 a(t)dA(t)/o U %(aﬂz) g(s)ds |
t — g a—1 )\(s t) —Atpa—1 1
= 7/0 (t )F g(s)ds + 7t/0 (1 — ) Prtersg(s)ds

(2.9)

NG
—)\tt(y 16
) a—ﬂzA/ (1= 9B g(s)ds
- )\;ta; / /(tis)afﬁQ—le/\(sft)g(s)dS
2)

a— 16—)\t

- /0 Gt s)ateids + g5 | " o(s)ds /O Go(t, s)a(t)dA(L)

1
= / G(t,s)g(s)ds
0

where G(t, s) is Green function of systems (2.1). The proof is complete. O

Lemma 2.4 Suppose that
(H) NGRS Bl)eA(; < T'(a = pB2),

then, for all (t,s) € [0,1] x [0,1], G(t,s), G1(t,s) and Ga(t,s) satisfies

(A1) G(t,s), Gi(t,s) and Ga(t,s) are all continuous in (t,s) € [0,1] x [0,1];
(A2) G (t $)>0(i=12), andG(t s) > 0;

(Ay) MO 2 00" digat < Gy (1) < CI070 TN oarpant,
(As)

(45)

(a) T(a)
As 0 ﬁlr(oz_)(I_S)CHBTI]e—/\tta_ﬁz_1 < Gaolt,s) < %6_)\%&_[32_1;
As) m(s)e Mt < G(t,s) < M(s)e Mt~ L, where
- 5
I(a) AT (a)T(a - B2)

M(s) = | JeXs(1 — st
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and

eAs[(l — S)a,&,l _ (1 _ s)afl] N (56>‘8[(1 _ S)a,&,l _ (1 _ s)afﬁsz
te) AT(@)l (o~ f2)

m(s) =

Proof Firstly, for (¢,s) € [0,1]x[0, 1], it is obvious that G(¢, s) and G, (¢, s)(i = 1,2)
are continuous.

Secondly, for G;(t,s)(i = 1,2) in (As) and (A4), it is evident that the right sides
of the inequalities hold, so we only need to prove the left sides of the inequalities.
IfO<s<t<l itseasytosee 0 <t—s<t—ts=(1—s)t thus (t —s)* ! <
(1 —s)*"1t*~1. So we get

Ciltys) = S 11 = gy _ (1 = gty
T T
As _ g\a—pB1—1 _ _ Ja—1
_ € [(1—s) (1—s) ]e—/\ttoz—l.

I(a)

If 0 <t < s <1, evidently, Gi(t,s) > exs[(l_s)aiil(;)l_(1_‘9)%1]e_)‘tto‘_l holds.

Furthermore, from (1 — s)*~ A=t > (1 — )21 we get Gy(t,s) > 0 for V(¢,s) €
[0,1] x [0,1]. In the same way, we can know that Ga(t,s) > 0 and the inequality
(A4) holds.

Finally, from (A3) and (A4), we can know that m(s)e Mt®~! < G(t,s) <
M (s)e=*t*~1 In, addition, from the condition (H), we can deduce that A > 0.
Combining (1 — s)* A1~ > (1 — 5)*~ 1 with A > 0 together, we obtain m(s) > 0,
that is, G(s,t) > 0 for ¥(¢,s) € [0,1] x [0, 1]. So, the proof is over. O

Lemma 2.5 ([18/) Let € € (0,1), A: P x P — P is a mized monotone operator

and satisfies
Altr,t7'y) > t°A(z,y), Vte(0,1), z,y€P. (2.10)
B : P — P is increasing sub-homogeneous operator. Assume that
(I) there exists hg € Py, such that A(hg, ho) € Py, and Bhg € Py;
(II) there exists a constant o > 0 such that A(x,y) > doBzx, Yx,y € P;
Then,

(1) A:PhXPh—>P}L, BZP}L—>Ph,'
(2) there exists ug,vo € Py, and r € (0,1) such that

rvg < ug < vo, g < Alug,vo) + Bug < A(vg,ug) + B(vg) < vo;

(3) the operator equation A(x,x) + Bx = x has a unique solution x* in Py ;
(4) for any initial values xo,yo € P, constructing successively the sequences

Tn :A(mn—lvyn—1)+an—17 Yn :A(yn—laxn—l)+Byn—1a n=12--

we have x, — =* and y, — =¥ as n — oo.
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3 Main results
Lemma 3.1 Ifg € C[0,1] is given, then the p—Laplacian tempered fractional

differential system

D7 (o (D7 u(0) ) = 3(1), 2<a <3, 0<t< L

u(0) = ED) u(0) = 0,

Pp ((?DQ’AU(O)) = fp)* (%(RD?’AU(O))) =0, (3.1)
5D u( = Jq ol ()7 u(s)dA(s)

(})%Dfl’ (<pp (R]D )) fo RDBQ’ [ p(ORID?’Au(S))}dA(s)

has a unique integral formal solution

ity = [ s (/ Gls,7)7 )ds, (3.2)

where G(t, s) is given in (2.3).

Proof Firstly, applying the fractional integral operator oI;* on both sides of the
first equation of p—Laplacian differential equation integral boundary value problems
(3.1), we have

a,\ ~
Mo, (D) u(t)) = oI¢ (MG(t)) + dit®™ ! 4 dot®™2 + dgt™ 3

Ft=—9) aes 1 —2 -3
= / T(l)e Sg(s)ds + dlta7 + tha + dgta .
0

From ¢,(; ]D)a’)\u)(O) = 0, we can deduce that d3 = 0. So,

a,\ — « ~ — a— —Atpa—
gop(é%]D)t u(t)) = e Mol (e”g(t)) +dye M o dye M2, (3.3)

Furthermore, applying the tempered fractional derivative operator g ]D)ﬂ{ on both
sides of (3.3), we have

(I)Q]D);)ﬁ)\ (gﬁp(é%D?AU(t))) _ (])QD;Y,A (67)\t01a( )\tg( )) + dlef)\ttafl + d267)\ttoc72)
= e MoIy T (eMG(t)) + dieMED] 27 4 dpeMED] 122

t _ o\a—y—1_X(s—t) r —At
:/ (t S) € E(S)d5+d1 (Ol)e toﬁlfv
0

L(a—17) I'(a—7)
Dla—1)e ™
dy—r 0% ja—2-7
R CE—

From g ]D)'Y’ ( p(é%D?’)\u))(O) =0and 1 < o — 7y < 2, we deduce that dy = 0, that

is,

op (D] u(t)) = e MoIP (MG(H)) + dre Mo, (3.4)

Page 8 of 16
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Secondly, applying tempered fractional derivative operator (If]D)fi’A(i = 1,2) on both
sides of (3.4), we get

BisA a,A BisA ( _ ~ BisA, _ _
D7 (o (FD) () ) = D7 (70 7 (M(1)) ) + Dy (e M)

_ a—B; ~ — Bi s 0—
=e /\tOIt g (eAtg(t)) +die )\t(IJ%Dt ) (3.5)
t a—FB;—1_ A(s—t
(t— ) Firtleds=t) Lla)  xa-1-8
= s)ds + dy ——————e~ ""t®
[ ramar e g

From (3.5), it is clear to see that

B1,A o, 1 (1—g)@—B1—1A(s—1) _ o _
oD, (‘Pp(gth u(l))) = [y U=t g(s)ds + d; (o) A

=Jo T(a—F1) Tla—p) ¢
B2,A a,A t (t—s)@ P2—leAls—t) | '« _ a—1—
0D} (@p((l)%Dt u(t))) :fo & )p(a,[h) g(s)ds + d p(a(,gh)e Atgo—1=Fa,
(3.6)

Combining (3.6) with the Riemann-Stieltjes integral boundary value condition
B1,A o, A B2,A a,A .
&oyt (gop(OR]D)t u))(l) = fon a(s)fD;* [gop (OR]D)t u(s))]dA(s), we obtain

o (1 — s)a—BimleAs—1) e
t= sl Taop I 5
n NdAf t (t _ S)Q*ﬁzfle)\(sft)Fv p '
- [ ataae) [ = —tsas).
Substituting (3.7) into (3.4), we obtain
1
op (DS u(t)) = — /0 G(t, 5)§(s)ds. (3.8)

Furthermore, applying the p—Laplacian operator ¢, on both sides of (3.8), we get
a,\ !
50+ ¢ ([ Gt 9ios) = (39)
0

Finally, letting g(t) :2 cpq(fol G(t,s)g(s)ds). It’s easy to see that the p—Laplacin
fractional differential equation (3.1) is equivalent to the fraction differential system
as following:

DM u(t) + g(t) =0, t € (0,1), 2 < o < 3;

u(0) = §D; " u(0) = 0, (3.10)
B1,A B2,A

D u(1) = [ a(s)FDy " u(s)dA(s).

By means of Lemma 2.3, we know that the p—Lalacian tempered fractional differ-
ential systems (3.10) has a unique integral solution

u(t) = /O G(t, 5)g(s)ds

:/0 G(t, s)pq </01 G(s,7)§(7)d7> ds.

Page 9 of 16
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This constitutes the complete proof. O

From Lemma 3.1, we can deduce that the systems (1.1) is equivalent to integral
formulation given by

u(t)z/olc;(t,s)@q(/ola(m) [f(T,u(T),u(T))+g(7,u(T))}dT)ds. (3.11)

For the convenience of further research, we define the operator T by

T(u,v)(t) = /01 G(t,s)apq(/o1 G(s, 1) [f(T,u(T),’U(T)) —‘rg(T,u(T))}dT) ds. (3.12)

It’s obvious that u* is a solution of (1.1) if and only if T'(u*, u*) = u*.

Theorem 3.1  Suppose that the condition (H) in lemma 2.4 is true, a(t) : [0,1] —

R*, f(t,u,v) :[0,1] x [0,+00) x [0, +00) — [0, +00) and g(t,u) : [0,1] X [0, +00) —

[0,400) are all continuous functions with g(t,u) £ 0, and the following conditions

are satisfied:

(Hy) for fized t € [0,1], f(t,u,v) is increasing in u € [0,+00) and decreasing
inv € [0,400). In addition, for ¥y € (0,1), u,v € [0,400), there exists a
constant € € (0,1) such that

Flt,yu, v 0) > @59 f(tu,v); (3.13)

(H3) for fized t € [0,1], g(t,u) is increasing in u € [0,+00). In addition, for Vt €
[0,1], v € (0,1), u € [0, +00),

g(t,yu) > @p(7)g(t, u); (3.14)

(H3) for Yu,v € [0,+00), there exists a constant 5o > 0 such that

f(t,u,v) > p(do)g(t,u), te][0,1]. (3.15)

Then, we have:

(I) the p—Laplacian tempered fractional differential equation Riemann-Stieltjes in-
tegral boundary value problem (1.1) has a unique positive solution u* € Py,
where h(t) = e~ e~ + € [0,1];

(I1) for ¥t € [0,1], there exist ug,vo € Py, and r € (0,1) such that rvy < up < v
and

1
0

ug(t) < /01 G(t,s)goq(/ G(s,T) [f(T, uo(T),vo(T)) —|—g(T, ’U{)(T))}dT)dS
vo(t) > /01 G(t,s)gaq(/o1 G(s, 1) [f(T, vo(7), uo (7)) + g(, U()(T))}dT)dS;

3

Page 10 of 16
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(III) for any initial values xo,yo € Py, making successively the sequences

2, = /01 Glt. 9% /01 G5, )£ (120 -1(7), 91 (1)) + (7,201 (r)) | dr ) ds,

. /01 G(t, s)qu(/ol G(s,7) {f(q-, Yn—1(7),2n-1(7)) + g(7, yn,l(r))}dT)ds,
n=20,1,2, ..,

we obtain T, — u* and y, — u* as n — oo.

Proof To begin with, we define two operators A: P x P — FE and B: P — E by

Alu, v)(t) = /01 Gt s)goq(/ol G(s,7)f (7, u(r), U(T))dT) ds, (3.16)
Bu)(t) = /01 G(t,s)goq(/ol G(s.7)g (7. u(r))dr ) ds. (3.17)

So, we have T'(u,v) = A(u,v) + B(u), it’s evident that u* is the solution of the
systems (1.1) if and only if A(u*,u*) + B(u*) = u*. From Lemma 2.4, we get
A:PxP— Pand B: P — P. Furthermore, it follows from (H;) and (Hz) that
A is a mixed monotone operator and B is an increasing operator. For Vv € (0,1)
and u,v € P, from (3.13), we obtain

Alyu,yMo)(t) = /01 G(t,8)<ﬂq</01 G(s,7)f (T, ’YU(T)v'YU(T))dT>dS
= /OlG(t, S)wq(wi(v) /01 G(s,T)f(T,u(T),U(T))dT)dS (3.18)

= 75 Au, v)(t).

Hence, the mixed monotone operator A satisfies the condition (2.10) in Lemma 2.5.
In addition, for Vy € (0,1) and u € P, from (3.14) we have

B(yu)(t) = /01 G(Ls)goq(/ol G(S,T)g(T, Wu(T))dT)ds

= wq(%’(v)) /01 G(tvs)ﬁoq(/o G(SaT)g(TvU(T))dT)ds (3.19)

— yB()(2).

So, the operator B is a sub-homogeneous operator.
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Next, we show that A(h,h) € Py, and Bh € Py,. From Lemma 2.4, we have

t) = /01 G(t,s)goq</01 G(s,T)f(T,h(T),h(T))dT)ds
< /01 G(t, 8)(,0,1(/01 M(r)e s f (7, h(T), h(T))dT)dS
< /1 M(s)e Mt Ly, /1 M(r)e s f (7, h(r), h(T))dT) ds

M (s )ste—hla=1)
(/ i(q 5 / M(r hmaz, )dT)dS) e et
e S

and

1

A i = |6t s)%( G5 7 (r.h(m). bl ))dr)ds
/ G(t, s)pq / m(r e M5 1f(Th() ())dr)ds
2/ m(s)e*/\tto‘*lcpq / m(T)e*AS.so‘*lf(T,h(T),h(T))dT)ds

(a—1)(g—1)
</ m( /\ (q 5 / m(T 7' O,hmam)d7'>ds) e Mgl
e S

where hpyax = max{h(t) : t € [0,1]}. Letting

M{(s)sta=Da=1)
/ eAs(q ) ‘0‘1 / M) (7 Pma, )dT>dS’

m( )a—1)
llf/ e>‘9(‘1 ) Pq / m(T 7' 0, hmaz)dT)dS.

It is clear to see that Ly > I3 > 0. Hence, l1h(t) < A(h,h) < Lih(t), that is,
A(h,h) € Py. Similarly, for the sub-homogenous operator B, from Lemma 2.4, we
get

:/1G<t78)90q /1G(s,7‘)g(7—’h(7))d7)d8
(/ M(s eAS(q 0 - 1)% / M(7)g(r, hmam)d’i—)d8>e Apa—1

and

/Gtsapq /GST (. h( ))dT)ds
m(s 5(04 (q—1) o
(/ e,\s(q ) ‘Pq(/o m(1)g(r, O)dT)ds> e Mgl
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Letting
M (s)s(@=Dla=1)
e [ MO i

(a-1(a-1)
z_/mei(ql) (pq/m g(r,0)dr ) ds.

From Ly > Iy > 0 and lsh(t) < B(h) < Loh(t), we get Bh € Pj,. Since h € P,
letting ho = h, then the condition (I7) of Lemma 2.5 is satisfied.

At last, we show that the condition (I3) of Lemma 2.5 is also satisfied. For Vu, v €
P, from (3.15), we obtain

:/1G(ts / G(s,7)f(r,u(r), (T))d7'>ds
/ Glt,5)¢q /0 ep(00)G(s,7)g (T, u (T))dT)ds (3.20)
= oB(u)(t)t

that is, A(u,v) > dpBu. Now, all the conditions of Lemma 2.5 are satisfied. Hence,
the conclusions of Theorem 3.1 follows from Lemma2.5. O

Corollary 3.1 Assume that the condition (H) holds and

(Hy) a(t):[0,1] — RT and f(t,u,v) : [0,1] x [0, 400) X [0, +00) — [0, +00) are all
continuous functions.

(HY) for fixzed t € [0,1], f(t,u,v) is increasing in u € [0,400) and decreasing in
v € [0,+00), respectively;

(HS) for Yu,v € [0,400), v € (0,1), there exists a constant & € (0,1) such that

Ftyu, v~ ) = @50 f(tu,0), te0,1]. (3.21)

Then we have:

(I) the p-Laplacian differential equation Riemann-Stieltjes integral boundary value
problem

D7 (0 (P () ) = F(tu(t),u(t), 0< < 1;

u(0) = #D]u © =0

B u(1) = f3 a(s)ED; u(s)dA(s);

ep (FD]u(0)) = RD“(%(RD“ (0)) =0;

B0 (i (D7 (1)) ) = [y al)FD)™ [y (D] u(s)) | dA(s)

has a unique positive solution u* € Py, where h(t) = e~ ™1,
(II) there exist ug,vo € P, and r € (0,1) such that rvg < ug < vy and

t) < /01 G(t,s)goq(/ol G(s,T)f(T, uo(r),vg(T))dT)ds,
t) > /01 G(t,s)gaq(/o1 G(s,7)f (T, v0(7)7u0(7))d7'>ds;

Page 13 of 16
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(III) for any initial values xo,yo € Py, making successively the sequences

£, = /OlG(t, S)cpq</01(;'(s77)f(7,xn1(7)7yn1(7))d7>d8’
1 1
yn:/o G(t,S)sﬁq(/O G(S,T)f(T,yn_l(T),:lin_l(T))dT)d&

n=20,1,2,...,
we obtain x, — u* and y, — u* as n — oo.
Proof Setting g(t,u(t)) = 0, by means of Theorem 3.1, we get the conclusions. [

4 Applications
Example 4.1 we consider the following tempered fractional differential systems
involving p-Laplacian operator:

D (s (D () ) = Pt u(t), 0<t <1,
u(O) :{m%’l (0) = 0;
= [ a(s)fD}  u(s)dA(s); (4.1)
¢3(§D2 u(0)) = Dy ( (ED7 (o ))) =0;
5Dy (s (D7 u(1))) = fo D7 s (D7 u(s)) | dA(s)

where F'(t,u(t)) = f(t u( ), u(t))+g(t, u(t)), and f(t, u,v) = (1—t) 3t 3us+v3,

g(t,u) = (1—t) 5t sus,p=3, A\=1>0, n=1and A(t) = L. For any ¢ € (0, 1),

u>Oandv>Oandvveseethataz%7 51 =1, 62:%, fy:%, a(t) =1 in the

systems (4.1).

Let us check that all the required conditions of Theorem 3.1 are satisfied.

(1) From § = [ e s P27 1q(s)dA(s) = 0.1432, we can know I'(ov — fBy)e?s =
0.345 < 0.9534 = I'(av — fB2), clearly, the condition (H) is satisfied.

(2) From the expressions of f and g, it is evidently that f(¢,u,v) : (0,1) x Rt x
R™ — RT and g(t,u) : (0,1) x RY — RT are continuous. Furthermore,
f(t,u,v) is increasing in u for fixed ¢ € (0,1) and v € RT, decreasing in v
for fixed t € (0,1) and v € R™; in addition, for fixed ¢t € (0,1), g(t,u) is
increasing in w.

(3) For any 7 € (0,1), t € (0,1), u,v > 0, taking £ = 1 € (0,1), we have

Flt,yu,y o) = (1 — 1) 7575 (yu)

and
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(4) Taking 8y = 1, for V¢ € (0,1) and u,v € [0, +00), we have

flt,u,v) =(1— t)*%t*%u% +o7s
1
> 11— )75 dud]

= ¢p(d0)g(t,u).

From the above conclusions, obviously, Theorem 3.1 implies that the tempered
fractional differential equation integral boundary value problem (4.1) has a unique
positive solution u* € Py, where h(t) = e 't3.
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