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Abstract. In this paper, we define the Horadam polynomials and hybrinomi-

als with two variables x and y, called the bivariate Horadam polynomials and

hybrinomials, respectively. Also, we obtain Binet formula, generating func-
tion and some properties for the bivariate Horadam hybrinomials. Moreover,

we get Catalan, Cassini and d’Ocagne identities for these hybrinomials. Fi-

nally, the matrix representations of the bivariate Horadam hybrinomials were
introduced.

1. Introduction

Integer sequences have a great interest for researchers in many fields of science.
Horadam defined the sequence Wn recursively by

Wn = pWn−1 + qWn−2

for n ≥ 2 and a, b, p, q ∈ Z with initial values W0 = a, W1 = b.
This sequence Wn is called Horadam sequence as a generalization of many integer

sequences.
After that, Horzum and Kocer defined the Horadam polynomials recursively by

hn(x) = pxhn−1(x) + qhn−2(x), n ≥ 3

with h1(x) = a and h2(x) = bx [10].
Moreover, some authors worked on some properties of this sequence [9, 11, 12].
A new generalization of complex, hyperbolic and dual numbers called hybrid

numbers were introduced by Özdemir [1]. The set of hybrid numbers is

K = {a+ bi + cε+ dh : a, b, c, d ∈ R} .
Let Z1 = a+ bi + cε+ dh and Z2 = e+ f i + gε+hh be any two hybrid numbers.

Then the main operations on hybrid numbers are defined as follows:
Z1 = Z2 if and only if a = e, b = f, c = g, d = h

Z1 + Z2 = (a+ e) + (b+ f) i + (c+ g) ε+ (d+ h) h

Z1 − Z2 = (a− e) + (b− f) i + (c− g) ε+ (d− h) h

sZ1 = sa+ sbi + scε+ sdh, where s ∈ R.

Date: January 21, 2020.
2000 Mathematics Subject Classification. Primary 11B37, 11B39.
Key words and phrases. Hybrid numbers, Horadam polynomials, hybrinomials, recurrence

relation.
This paper is in final form and no version of it will be submitted for publication elsewhere.

1



2 EMRE SEVGI

Any two hybrid numbers can be multiplied by using the following multiplication
table:

· 1 i ε h
1 1 i ε h
i i −1 1− h ε+ i
ε ε h + 1 0 −ε
h h −ε− i ε 1

Inspired by the definition of hybrid numbers, many authors worked on new kinds
of hybrid numbers [2, 4, 5, 6, 7, 8]. As a generalization of these hybrid numbers,
Horadam hybrid numbers were defined in [3] as

Hn = Wn + iWn+1 + εWn+2 + hWn+3.

After that, for n ≥ 1 Kızılateş defined the Horadam hybrinomials as

Hn(x) = hn(x) + ihn+1(x) + εhn+2(x) + hhn+3(x)

where hn(x) is the nth Horadam polynomial [13].

2. Main Results

Definition 1. The bivariate Horadam polynomials wn(x, y) are defined by the re-
currence ralation

wn(x, y) = xpwn−1(x, y) + yqwn−2(x, y), n ≥ 3.

with the initial values w1(x, y) = a and w2(x, y) = bx.

The first few terms of this sequence are

n wn(x, y)
1 a

2 bx

3 bpx2 + aqy

4 bp2x3 + apqxy + bqxy

5 bp3x4 + ap2qx2y + 2bpqx2y + aq2y2

6 bp4x5 + ap3qx3y + 3bp2qx3y + 2apq2xy2 + bq2xy2

For simplicity, we will use wn instead of wn(x, y).
The characteristic equation of this sequence is

v2 − pxv − qy = 0

with the roots

(2.1) α =
px+

√
p2x2 + 4qy

2
, β =

px−
√
p2x2 + 4qy

2
.

Lemma 1. For n ≥ 0 the Binet formula for the generalized Fibonacci polynomials
is

wn = Aαn−1 +Bβn−1
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where A =
bx− aβ√
p2x2 + 4qy

and B =
aα− bx√
p2x2 + 4qy

.

Lemma 2. The roots α and β defined in (2.1) satisfy the following properties

• α+ β = px

• α− β =
√
p2x2 + 4qy

• αβ = −qy
• A (1− β) +B (1− α) = a+ bx− apx

Definition 2. For n ≥ 1 the Horadam hybrinomials with two variables x and y,
called the bivariate Horadam hybrinomials defined by

BHn(x, y) = wn + iwn+1 + εwn+2 + hwn+3

where wnis the nth bivariate Horadam polynomial.

For simplicity, we will use BHn instead of BHn(x, y).

Theorem 1. The bivariate Horadam hybrinomials provides the recurrence relation

BHn = pxBHn−1 + qyBHn−2, n ≥ 2

with the initial conditions

BH1 = a+ ibx+ ε(bpx2 + aqy) + h(bp2x3 + apqxy + bqxy)

BH2 = bx+ i(bpx2 + aqy) + ε(bp2x3 + apqxy + bqxy)

+h(bp3x4 + ap2qx2y + 2bpqx2y + aq2y2).

Proof. For n = 3,we get

BH3 = pxBH2 + qyBH1

= px
[
bx+ i(bpx2 + aqy) + ε(bp2x3 + apqxy + bqxy)

+h(bp3x4 + ap2qx2y + 2bpqx2y + aq2y2)
]

+qy
[
a+ ibx+ ε(bpx2 + aqy) + h(bp2x3 + apqxy + bqxy)

]
= bpx2 + aqy + i(bp2x3 + apqxy + bqxy) + ε(bp3x4 + ap2qx2y + 2bpqx2y + aq2y2)

+h(bp4x5 + ap3qx3y + 3bp2qx3y + 2apq2xy2 + bq2xy2)

= w3 + iw4 + εw5 + hw6.

For n > 3, using the definition of the bivariate Horadam polynomials, we obtain

BHn = wn + iwn+1 + εwn+2 + hwn+3

= (pxwn−1 + qywn−2) + i(pxwn + qywn−1)

+ε (pxwn+1 + qywn) + h (pxwn+2 + qywn+1)

= px (wn−1 + iwn + εwn+1 + hwn+2) + qy (wn−2 + iwn−1 + εwn + hwn+1)

= pxBHn−1 + qyBHn−2.

So, the proof is completed. �

Theorem 2. For any integer n ≥ 0, the Binet formula for the bivariate Horadam
hybrinomials is defined as

BHn = Aαn−1(1 + iα+ εα2 + hα3) +Bβn−1(1 + iβ + εβ2 + hβ3)
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where α =
px+

√
p2x2 + 4qy

2
and β =

px−
√
p2x2 + 4qy

2
.

Proof. Using the definition of the bivariate Horadam hybrinomials and the Binet
formula for the bivariate Horadam polynomials, we get

BHn = wn + iwn+1 + εwn+2 + hwn+3

= Aαn−1 +Bβn−1 + i (Aαn +Bβn) + ε
(
Aαn+1 +Bβn+1

)
+h
(
Aαn+2 +Bβn+2

)
= Aαn−1(1 + iα+ εα2 + hα3) +Bβn−1(1 + iβ + εβ2 + hβ3).

�

For expressing the notations simply, let

α̂ = 1 + iα+ εα2 + hα3

β̂ = 1 + iβ + εβ2 + hβ3.

Then, we can write the Binet formula for the bivariate Horadam hybrinomials
as

BHn = Aαn−1α̂+Bβn−1β̂.

Theorem 3. The generating function for the bivariate Horadam hybrinomials is

∞∑
n=0

BHnt
n =

BH0 + (BH1 − pxBH0)t

1− pxt− qyt2
.

Proof. Suppose that the formal power series representation of the generating func-
tion for the bivariate Horadam hybrinomials is

(2.2) G(t) =

∞∑
n=0

BHnt
n = BH0 + BH1t+ BH2t

2 + · · ·

Then, multiplying the equation (2.2) by −pxt and −qyt2 respectively, we have
−G(t)pxt = −BH0pxt− BH1pxt

2 − BH2pxt
3 − · · ·

and
−G(t)qyt2 = −BH0qyt

2 − BH1qyt
3 − BH2qyt

4 − · · ·
By using the above equations and the fact that for n ≥ 2 the coefficients of tn are

zero by the recurrence relation of the bivariate Horadam hybrinomials, we obtain

(2.3) G(t)
(
1− pxt− qyt2

)
= BH0 + (BH1 − pxBH0)t.

Finally, by substituting BH0 and BH1 in the equation (2.3) , we get

G(t) =
BH0 + (BH1 − pxBH0)t

1− pxt− qyt2
.

�

Lemma 3. For any integer n ≥ 2, the bivariate Horadam polynomials provides the
summation formula

n−1∑
m=1

wm =
wn + qywn−1 − w1 − qyw0

px+ qy − 1
.
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Proof. By using the Binet formula for the bivariate Horadam polynomials, we get
n−1∑
m=1

wm =
n−1∑
m=1

Aαm−1 +Bβm−1

= A

(
1− αn−1

1− α

)
+B

(
1− βn−1

1− β

)
=

1

1− px− qy
[
A (1− β)

(
1− αn−1)+B (1− α)

(
1− βn−1)]

=
1

1− px− qy
[
−
(
Aαn−1 +Bβn−1)+Aβαn−1 +Bαβn−1

+A (1− β) +B (1− α)]

=
1

1− px− qy
[
−
(
Aαn−1 +Bβn−1)− qy (Aαn−2 +Bβn−2)

+ (A+B)− (Aβ +Bα)]

=
wn + qywn−1 − w1 − qyw0

px+ qy − 1
.

�

Theorem 4. For any integer n ≥ 2, the bivariate Horadam hybrinomials provides
the summation formula

n−1∑
m=1

BHm =
BHn + qyBHn−1 − BH1 − qyBH0

px+ qy − 1
.

Proof. By using the definition of the bivariate Horadam hybrinomials, we have
n−1∑
m=1

BHm =
n−1∑
m=1

Aα̂αm−1 +Bβ̂βm−1

= Aα̂

(
1− αn−1

1− α

)
+Bβ̂

(
1− βn−1

1− β

)
=

1

1− px− qy

[
Aα̂ (1− β)

(
1− αn−1)+Bβ̂ (1− α)

(
1− βn−1)]

=
1

1− px− qy

[
−
(
Aα̂αn−1 +Bβ̂βn−1

)
+Aα̂βαn−1 +Bβ̂αβn−1

+Aα̂ (1− β) +Bβ̂ (1− α)
]

=
1

1− px− qy

[
−
(
Aα̂αn−1 +Bβ̂βn−1

)
− qy

(
Aα̂αn−2 +Bβ̂βn−2

)
+
(
Aα̂+Bβ̂

)
−
(
Aα̂β +Bβ̂α

)]
=

BHn + qyBHn−1 − BH1 − qyBH0

px+ qy − 1
.

�

Theorem 5 (Catalan Identity). For the nonnegative integers n and r with n ≥ r,
we have

BHn−rBHn+r − (BHn)
2

= (−qy)
n−1

AB

[
α̂β̂

(
βr

αr
− 1

)
+ β̂α̂

(
αr

βr
− 1

)]
.
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Proof. By using the Binet formula for the bivariate Horadam hybrinomials, we have
BHn−rBHn+r − (BHn)

2

=
(
Aαn−r−1α̂+Bβn−r−1β̂

)(
Aαn+r−1α̂+Bβn+r−1β̂

)
−
(
Aαn−1α̂+Bβn−1β̂

)(
Aαn−1α̂+Bβn−1β̂

)
= ABαn−r−1βn+r−1α̂β̂ +ABαn+r−1βn−r−1β̂α̂

−ABαn−1βn−1α̂β̂ −ABαn−1βn−1β̂α̂

= ABαn−1βn−1α̂β̂

(
βr

αr
− 1

)
+ABαn−1βn−1β̂α̂

(
αr

βr
− 1

)
= (−qy)

n−1
AB

[
α̂β̂

(
βr

αr
− 1

)
+ β̂α̂

(
αr

βr
− 1

)]
.

�

Theorem 6 (Cassini Identity). For any nonnegative integer n, we have

BHn−1BHn+1 − (BHn)
2

= (−qy)
n−1√

p2x2 + 4qyAB

[
β̂α̂

β
− α̂β̂

α

]
.

Proof. Since the Cassini identity is a special case of the Catalan identity, by taking
r = 1 in the Catalan identity theorem can be proved easily. �

Theorem 7 (d’Ocagne Identity). For the nonnegative integers m and n with m ≥
n, we have

BHmBHn+1 − BHm+1BHn = (−qy)
n−1√

p2x2 + 4qyAB
[
βm−nβ̂α̂− αm−nα̂β̂

]
.

Proof. By using the Binet formula for the bivariate Horadam hybrinomials, we have
BHmBHn+1 − BHm+1BHn

=
(
Aαm−1α̂+Bβm−1β̂

)(
Aαnα̂+Bβnβ̂

)
−
(
Aαmα̂+Bβmβ̂

)(
Aαn−1α̂+Bβn−1β̂

)
= ABαm−1βnα̂β̂ +ABαnβm−1β̂α̂

−ABαmβn−1α̂β̂ −ABαn−1βmβ̂α̂

= ABαmβnα̂β̂

(
1

α
− 1

β

)
+ABαnβmβ̂α̂

(
1

β
− 1

α

)
= (−qy)

n−1√
p2x2 + 4qyAB

[
βm−nβ̂α̂− αm−nα̂β̂

]
.

�

Theorem 8. For any nonnegative integer n ≥ 1, we have[
BHn+3 BHn+2

BHn+2 BHn+1

]
=

[
BH3 BH2

BH2 BH1

] [
px 1
qy 0

]n
.

Proof. We prove the theorem using induction method on n.
For n = 1, the result is obvious.
Assume that for any n ≥ 2 the theorem holds[

BHn+3 BHn+2

BHn+2 BHn+1

]
=

[
BH3 BH2

BH2 BH1

] [
px 1
qy 0

]n
.

We must show that for n+ 1 the theorem holds
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[
BHn+4 BHn+3

BHn+3 BHn+2

]
=

[
BH3 BH2

BH2 BH1

] [
px 1
qy 0

]n+1

.

By using the induction hypothesis, we have[
BH3 BH2

BH2 BH1

] [
px 1
qy 0

]n+1

=

[
BH3 BH2

BH2 BH1

] [
px 1
qy 0

]n [
px 1
qy 0

]
=

[
BHn+3 BHn+2

BHn+2 BHn+1

] [
px 1
qy 0

]
=

[
pxBHn+3 + qyBHn+2 BHn+3

pxBHn+2 + qyBHn+1 BHn+2

]
=

[
BHn+4 BHn+3

BHn+3 BHn+2

]
which completes the proof. �

3. Conclusion

In this research, we introduce the Horadam polynomial and hybrinomial with
two variables x and y, called the bivariate Horadam polynomial and hybrinomia,
respectively. Also, we obtain Binet formula, generating function and some prop-
erties for the bivariate Horadam hybrinomials. Moreover, we get Catalan, Cassini
and d’Ocagne identities for these hybrinomials. Finally, the matrix representations
of the bivariate Horadam hybrinomials were introduced.
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