THE BIVARIATE HORADAM POLYNOMIALS AND
HYBRINOMIALS

EMRE SEVGI

ABSTRACT. In this paper, we define the Horadam polynomials and hybrinomi-
als with two variables x and vy, called the bivariate Horadam polynomials and
hybrinomials, respectively. Also, we obtain Binet formula, generating func-
tion and some properties for the bivariate Horadam hybrinomials. Moreover,
we get Catalan, Cassini and d’Ocagne identities for these hybrinomials. Fi-
nally, the matrix representations of the bivariate Horadam hybrinomials were
introduced.

1. INTRODUCTION

Integer sequences have a great interest for researchers in many fields of science.
Horadam defined the sequence W, recursively by

Wy, = an—l + an—2
for n > 2 and a, b, p, q € Z with initial values Wy = a, W1 = b.
This sequence W, is called Horadam sequence as a generalization of many integer
sequences.
After that, Horzum and Kocer defined the Horadam polynomials recursively by

hn(x) = prhp_1(x) + ¢hp—2(z), n >3
with hy(z) = a and he(z) = bz [10].
Moreover, some authors worked on some properties of this sequence [9, 11, 12].
A new generalization of complex, hyperbolic and dual numbers called hybrid
numbers were introduced by Ozdemir [1]. The set of hybrid numbers is

K={a+bi+ce+dh: abc,decR}.
Let Z1 = a+bi+ ce+ dh and Zs = e+ fi+ ge+hh be any two hybrid numbers.

Then the main operations on hybrid numbers are defined as follows:
Z1=Zyifand only ifa=e,b= f,c=g,d=h

Zi+Zy=(a+e)+ b+ fli+(c+g)e+(d+h)h
Zy—Zy=(a—e)+(b—f)i+(c—g)e+(d—h)h
sZ1 = sa + sbi + sce + sdh, where s € R.
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Any two hybrid numbers can be multiplied by using the following multiplication
table:

-1 i € h
11 i € h
ili -1 1—-h|e+i
ele| h+1 0 —€
h|h|—-€e—i € 1

Inspired by the definition of hybrid numbers, many authors worked on new kinds
of hybrid numbers [2, 4, 5, 6, 7, 8]. As a generalization of these hybrid numbers,
Horadam hybrid numbers were defined in [3] as

Hn = Wn + iWn+1 + eI/Vn+2 + hWn+3-
After that, for n > 1 Kizilates defined the Horadam hybrinomials as

H,, () = hp(x) + ihpi1(x) + €hppz(x) + hhys(x)
where h,,(x) is the nth Horadam polynomial [13].
2. MAIN REsSULTS

Definition 1. The bivariate Horadam polynomials wy,(z,y) are defined by the re-
currence ralation

wy(2,y) = zpwn—1(7,y) + yqun—2(z,y), n > 3.
with the initial values wy(z,y) = a and wa(z,y) = bx.

The first few terms of this sequence are

n wn(z,y)

1 a

2 bx

3 bpx? + aqy

4 bp2x3 + apgxy + bgry

5 bp2z* + ap’qr’y + 2bpgxr*y + aq?y?

6 bptx® + ap3qay + 3bp?qaiy + 2apgay? + bglry?

For simplicity, we will use w,, instead of w,,(z,y).
The characteristic equation of this sequence is

v2 —prv—qy =0
with the roots

2.1) oo bt Vp2a? 4 4qy pr — /p?x? + 4qy
) = 5 .

8= -

Lemma 1. Forn > 0 the Binet formula for the generalized Fibonacci polynomials
18

w, = Aa™"' + Bp"!
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bx — af and B — ac — b

N VPPa? +4qy

Lemma 2. The roots a and B defined in (2.1) satisfy the following properties
e a+f=px

a— B =/p?r? +4qy

af = —qy

Al1-pB)+B(l—a)=a+bx —apx

where A =

Definition 2. For n > 1 the Horadam hybrinomials with two variables x and y,
called the bivariate Horadam hybrinomials defined by

BH,, (z,y) = wp + iw,y1 + €wpao + hwpis
where wyis the nth bivariate Horadam polynomial.

For simplicity, we will use BH,, instead of BH,,(x,y).

Theorem 1. The bivariate Horadam hybrinomials provides the recurrence relation

BH,, = pxBH,,_1 + qyBH,,—2, n > 2
with the initial conditions
BH; = a -+ ibx + e(bpz? + aqy) + h(bp?z3 + apqzry + bgzy)
BHy = bx + i(bpz? + aqy) + e(bp®z> + apgry + bqry)
+h(bp’a? + ap®qr’y + 2bpgr’y + ag®y?).
Proof. For n = 3,we get
BH;3; = pzBH; + qyBH,
= px [bx + i(bpz? + aqy) + e(bp*x® + apqry + bqzy)
+h(bp*z* + ap?qz?y + 2bpgay + ag?y?)]
+qy [a + ibx + e(bpz® + aqy) + h(bp*a® + apgzy + bgzy)]
= bpx® + aqy + i(bp?z® + apqay + bgry) + e(bp®z* + ap*qa®y + 2bpgx®y + ag®y?)
+h(bp*a® + ap®qry + 3bp* g3y + 2apgry® + bgPxy?)
= ws + iwy4 + ews + hwg.
For n > 3, using the definition of the bivariate Horadam polynomials, we obtain
BH, = w,+iw,41+ €wpio+ hw,ys
= (pPrwWn—1+ qywn—2) + i(prw, + qywn_1)
+€ (prwni1 + qywn) + h (prwnt2 + qywny1)
= px (Wn—1 + 1wy + €wpy1 + hwny2) + qy (W2 + iwp—1 + ewy, + hwp i)
= pxBH,,_1 + qyBH,, 5.
So, the proof is completed. [

Theorem 2. For any integer n > 0, the Binet formula for the bivariate Horadam
hybrinomials is defined as

BH,, = Aa" (1 + ia + ea® + ha®) + B 1 (1 +if + 6% + h3?)
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px + /p2a? + 4qy and § = pr — \/p?z? + 4qy
5 .

2

Proof. Using the definition of the bivariate Horadam hybrinomials and the Binet
formula for the bivariate Horadam polynomials, we get
BH, = w,+iwp41+ €Wnpto +hw,is

= Aa""' + Bp"! +i(Aa" + BB") + € (Aa"T! + BB
+h (Aan—i-2 + Bﬁn+2)
= Aa" (1 +ia+ea® + ha®) + B (1 +iB + €52 + hj3?).

where o =

For expressing the notations simply, let

~

a =1+ia+e?+ho?
B =14+iB+ €8% +hp3.
Then, we can write the Binet formula for the bivariate Horadam hybrinomials
as

BH,, = Aa™"'& + BB 1.

Theorem 3. The generating function for the bivariate Horadam hybrinomials is

> BH, + (BH; — pzBH,)¢
S B, = Do~ (B — prBHy )t
= 1 —pxt —qut

Proof. Suppose that the formal power series representation of the generating func-
tion for the bivariate Horadam hybrinomials is

(2.2) G(t) = BH,t" = BHy + BHy¢ + BHt* + - - -
n=0

Then, multiplying the equation (2.2) by —pxt and —qyt? respectively, we have

—G(t)prt = —BHopat — BH;prt? — BHopxt3 — - - -

and

—G(t)qyt*> = —BHoqyt* — BH,qyt® — BHaqyt* — - - -

By using the above equations and the fact that for n > 2 the coefficients of t" are
zero by the recurrence relation of the bivariate Horadam hybrinomials, we obtain

(2.3) G(t) (1 — pat — qyt2) = BH, + (BH; — paBHj)t.
Finally, by substituting BHy and BH; in the equation (2.3), we get

o BHO + (BHl — pl’BHo)t

G(t
®) 1 — pxt — qyt?

O

Lemma 3. For any integer n > 2, the bivariate Horadam polynomials provides the
summation formula

Zw _ Wy, + qYWp—1 — W1 — qYWo
" pr+qy—1 '
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Proof. By using the Binet formula for the bivariate Horadam polynomials, we get

n—1 —1
Sw, = > Aa™t 4+ BTt
m=1

n
m=1

1—0&“71 1_577,71
(55) e (55

1 n— n—
"o A0 A0 B -5
= m [— (A()én_l + Bﬁn_l) + Aﬁa"‘l + Ba,B”_l 0
+A(1=p)+B(1-a)
1 n— n— n— n—
T1—pr—q [— (A"~ ' + Bp" ) —qy (A" 2 + BB"?)

+(A+ B) — (A8 + Ba)]
Wy + qQYWp_1 — W1 — qYwo
pr+qy—1

Theorem 4. For any integer n > 2, the bivariate Horadam hybrinomials provides
the summation formula

’SBH _ BH, + qyBH,_, — BH, — qyBHj
= pr+qy — 1 '

Proof. By using the definition of the bivariate Horadam hybrinomials, we have

n—1 n—1 Y
> BH,, = Y Aaa™ !+ BBgm!
m=1

m=1

R 1_an—1 N 1_671—1
(o) o (5 55)

- 11’1% 48 (1= 8) (1=a") + BB (L—a) (1= 5"
= 7= | (480" 4 BBE ) + AGB ! 4 Bag!
—pr—qy

+Aa(1—-B)+BB(1— a)}
- pi 0 |~ (4dan=1 + BAg 1) - qy (AGam~2 + BBs"2)
+ (Aa n BB) _ (Aaﬁ n Béa)}
_ BH, + gyBH,_; — BH; — qyBH,
pr+qy—1 '

(]

Theorem 5 (Catalan Identity). For the nonnegative integers n and r with n > r,
we have

BH,,—,BH,,+, — (BH,,)" = (—qy)" "' AB [aB ( - 1) +Ba (O‘T - 1)} .
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Proof. By using the Binet formula for the bivariate Horadam hybrinomials, we have
BH,,_, BH,,;, — (BH,,)*

— (Aanfrfla_FBﬂnfrle) ( n+r 1A+Bﬂn+r 1,6)
_(Aan lA—i-Bﬁ" 1ﬁ>< n— 1/\+BI8n 1,8)
:ABan—r—15n+r—1aﬂ+ABan—kT—an—r—lBa |:|
—~ABa" 771G — ABam g1 Ba
= ABa"ilﬂ"’laB <6T > + ABa" 1~ 1Boz < 1>

G
= (—qy)""" AB {aﬁ (ﬂr —1> +Ba (gr - 1)]

Theorem 6 (Cassini Identity). For any nonnegative integer n, we have

BH,_,BH,.,, — (BH,)> = 1 /p2a? + dqyAB ﬁa 0‘51

Proof. Since the Cassini identity is a special case of the Catalan identity, by taking
r =1 in the Catalan identity theorem can be proved easily. ]

Theorem 7 (d’Ocagne Identity). For the nonnegative integers m and n with m >
n, we have

BH,,BH,, ., — BH,.,BH, = —1\/p22? t 4quAB [ﬂm "Ba — o™ "ap) .

Proof. By using the Binet formula for the bivariate Horadam hybrinomials, we have
BH,,,BH,, 1 — BH,,, 1 BH,

- (Aam 14 + Bp™- 15) (Aa"a+35nﬁ)
~ (4am@ + BpmB) (Aan1a+ BE"15)

— ABa™ 18" + ABa" ™ Ba O
—ABa™B"1aB — ABa™"18mBa
~ (1 1 ~ 1 1
= ABa™B"aB (= — = ) + ABa"B™Ba | = — —
a p 8«

= (- y)"_l \/p2x2 + 4qyAB {ﬁm*"Ba - am*"aé} )
Theorem 8. For any nonnegative integer n > 1, we have

BH, 3 BH,..| [BH; BHy]| [pz 1]"
BH, > BH,;| |BHy BH:| ¢y 0

Proof. We prove the theorem using induction method on n.
For n = 1, the result is obvious.
Assume that for any n > 2 the theorem holds

BH, .3 BH, 2] [BH; BH]| [pz 1]"
BHn+2 BHn+1 N BHQ BHl qy 0

We must show that for n + 1 the theorem holds
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EHn+3 BHn+2 BHQ BHl qy 0
By using the induction hypothesis, we have
{IB%]HIg BHQ] [pac 1} et

{IB%H,IH BHn+3] B [IB%Hg BHQ} [pa: 1}”*1

BHQ BHl qy 0
_ [BH; BH,| [pz 1" [pz 1
- |BHy BH,| |qy O] |qy O

_ -BHn+3 BHn+2 px 1
_BHn+2 BHn+l qy 0

_ [paBHny3 + qyBH, 2 BH, 43
_px]B%Hn+2 + qyBH, 11 BH, 12

_ -BHn-‘rél IBSIHIn-"-3
_BHn+3 IBI[']In-‘,-2
which completes the proof. (I

3. CONCLUSION

In this research, we introduce the Horadam polynomial and hybrinomial with

two variables x and y, called the bivariate Horadam polynomial and hybrinomia,

res
ert

pectively. Also, we obtain Binet formula, generating function and some prop-
ies for the bivariate Horadam hybrinomials. Moreover, we get Catalan, Cassini

and d’Ocagne identities for these hybrinomials. Finally, the matrix representations
of the bivariate Horadam hybrinomials were introduced.
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