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Abstract

In this paper, we consider the following fourth-order elliptic equations of Kirchhoff type
with critical growth in RV:

A%y — (1 + b/ |Vu]2dx> Au+V(z)u= Af(u) + |uf* 2u, zcRY,
RN

where A2u is the biharmonic operator, 2** = 2N/(N — 4) is the critical Sobolev exponent
with N > 5, b and \ are two positive parameters, and V (z) is the potential. By using a
main tool of constrained minimization in Nehari manifold, we establish sufficient conditions
for the existence result of nodal (that is, sign-changing) solutions.

Keywords: Fourth-order elliptic equation; Kirchhoff problem; Critical exponent; Variational methods; Nodal
solutions.

1 Introduction and main result

This paper concerns with the existence of nodal (that is, sign-changing) solutions for fourth-order elliptic equations
of Kirchhoff type with critical growth in RV :

A%y — (1 + b/ |Vu|2dx) Au+V(x)u = Af(u) +|u* 2u, zeRV, (1.1)
RN

where A2 is the biharmonic operator, 2** = 2N/(N — 4) is the critical Sobolev exponent with N > 5, b and A
are two positive parameters. The continuous functions V(z) and f(u) satisfy the following conditions:

(V) V € C(RY,R) satisfies IiergNV(x) > Vy > 0, with V) being a positive constant. Moreover, for any M > 0,
meas{z € RN : V(z) < M} < oo, where meas(-) denotes the Lebesgue measure in RY.

(1) f€C'RR) and f(u) = ofJul) as u — 0;

(f2) There exists p € (4,2**) such that lim,_..o £ = 0;
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(f3) limy oo Fu(f) = +00, where F(u) = fou f(t)dt;

(f4) The function % is a strictly increasing function of v € R\ {0}.

Problem (1.1) originates from the following Kirchhoff equations
- (a—i— b/ |Vu|2dx) Au= f(z,u) inQ, (1.2)
Q

where € RY is a bounded domain, a > 0, b > 0, and u satisfies some boundary conditions. The problem (1.2)
stems from a typical model proposed by Kirchhoff [13]

Ug — (a+ b/ |Vu|2d:c) Au = f(z,u), (1.3)
Q

which serves as a generalization of the classic D’Alembert wave equation

0%u po  E [F 2 0u
sz‘(n*uo de | 5pz = @)

Ju
ox

by taking into account the effects of the changes in the length of the strings during the vibrations. The nonlocal
term thus appears. See for example [7, 26] for more background on such problems. Thanks to the pioneering
work of Lions [21] on problem (1.3), a lot of attention has been drawn to these nonlocal problems during
the last decade. That was followed by some interesting results on the existence of various solutions to (1.2),
including positive solutions, multiple solutions, bound state solutions, multibump solutions, and semiclassical
state solutions, on both bounded domains and the whole space. More results on Kirchhoff-type equations, please
refer to [8, 12, 15, 16, 20, 25, 29] and the references therein. Problem (1.2) with critical nonlinearity, as we
notice, is seldom covered, mainly because of the challenge—lack of compactness—presented by the presence of
the critical Sobolev exponent. We also refer the interested readers to [1, 10, 18, 27, 35, 36, 37, 38] about fractional
Kirchhoff type problems.

Recently, various approaches have been adopted to consider the following fourth-order elliptic equations of
Kirchhoff type

A%u— (a+b [, |Vul*dz) Au = f(z,u), z €,
u=Au =0, x € 082,

where A%y is the biharmonic operator, under different hypotheses on the nonlinearity. For instance, Ma [23]
studied the existence and multiplicity of positive solutions for the fourth-order equation with the fixed point
theorems in cones of ordered Banach spaces. Wang et al. [32] applied the mountain pass and the truncation
method to get the existence of nontrivial solutions to fourth-order elliptic equations of Kirchhoff type with one
parameter A\. Liang and Zhang [17] used the variational methods to obtain the existence and multiplicity of
solutions to fourth-order elliptic equations of Kirchhoff type with critical growth in RYV.

The motivation of this paper comes from [28, 30, 31, 40]. In [28], the author proved the existence of one
least energy nodal solution wuy to problem (1.2), with its the energy strictly larger than the ground state energy.
Meanwhile, the asymptotic behavior of w; as the parameter b \, 0 was investigated as well. Later, under some
more weak assumptions on f (especially, Nehari type monotonicity condition been removed), Tang and Cheng
[30] improved and generalized some results obtained in [28] with some new analytical skills and Non-Nehari
manifold method. In [31], the authors obtained the existence of least energy nodal solutions to Kirchhoff-type
equation with critical growth in bounded domains by using the constraint variational method and the quantitative
deformation lemma. In [40], the authors the studied following fourth-order elliptic equation with Kirchhoff-type

A%u— (a+b [on |Vul?dz) Au+V(z)u = f(u), xeRY,

u € H3(RY),
where the constants @ > 0 and b > 0. By constraint variational method and quantitative deformation lemma,
they obtain that the problem possesses one least energy nodal solution. For more results on nodal solutions to



Kirchhoff-type equations, please refer to [9, 14, 22, 39] and the references therein. However, to the best of our
knowledge, there seems no such paper dealing with the existence of nodal solutions of the problem (1.1) involving
critical nonlinearities in the whole space.

The purpose of the present paper is to study the existence, energy estimate and the convergence property
of least energy nodal solutions for fourth-order elliptic equations of Kirchhoff type with critical growth in R
(1.1). The novelty of this article is that the problem (1.1) concerns critical case on the whole space. Based on
these facts, the problem turns out to be extremely complicated and more difficult than the one without critical
nonlinearities in bounded domains. Since problem (1.1) involves critical exponent in the nonlinearity, it is rather
difficult to show that the energy functional reaches a lower infimum on Nehari manifold because of the lack of
compactness caused by the critical term. As we will see later, this problem prevents us from using the way as in
[3, 28, 30, 40]. So we need some new ideas to overcome the above difficulties. Moreover, we will use the constraint
variational method, topological degree theory and the quantitative deformation lemma to prove our main results.
Thus, our main results generalize reference [3, 28, 30, 40] in several directions.

Before presenting our main results, first define

H?*(RY) := {u € L*R") : |Vu|, Au € L*(RN)},

endowed the norm

Nl

ol = ([ (B0 + (902 +02) )

In this article, we introduce the space

E = {u € H*(R") : / V(x)ulfde < oo}
RN

with the inner product

(u,v) = / (AulAv 4+ VuVo + V(z)uww) dz

RN
and the norm
lull = / (1Aul + [Vul® + V(@)]ul?) dr.
RN

When condition (V) holds, we know that the embedding E < H?(RY) < LP(RY) for p € (2,2**) is compact
and is continuous for p € [2,2**] (see [5]), then

Splulp < |ull, VYueE. (1.4)
In particular, if S is the best Sobolev constant for the embedding E < L (RY), then it is defined by

S:inf{/ |Au|2dgc:/ |u|2**dx:1}.
RN RN

For the weak solution, we mean the one satisfying the given definition.

Definition 1.1. We say that u € E is a weak solution to problem (1.1), if

/ (Aul$ + VuVe + V(z)ue) dr + b/ \Vu\Qda:/ VuVpdr = )\/ f(u)gpdz +/ [u>” " 2ugdx
RN RN RN RN RN

forany ¢ € E.

For convenience, we will omit the terminology weak throughout this paper. The corresponding energy func-
tional I} : E — R to problem(1.1) is defined by

1 b ?
I (u) =3 /RN (JAul® + [Vul®> + V(2)|ul?) dz + 1 </]RN |Vu2dz>

1
—)\/ F(u)dx — **/ |u
RN 2 RN

2 da. (1.5)




It is easily seen that I;* belongs to C1(E,R) and the critical points of I;* are the solutions to (1.1). Moreover, if
every u € F can be written as

ut(z) = max{u(z),0} and wu (z)= min{u(x),0}

for u € E, then every solution 4 € E to problem (1.1) with the property that u* # 0 is a nodal solution to
problem (1.1).

Our objective in this article is the least energy nodal solutions to problem (1.1). To our knowledge, there are
some interesting studies on the following typical semilinear equation, which is related to problem (1.1)(see [4, 5])

—Au+V(z)u= f(z,u) in RV, (1.6)
These methods, however, depend heavily upon the following decompositions
J(u) = J(u*) + J(u"), (L.7)

(J'(u),u™y = (J'(u"),u™) and (J'(u),u”)=(J'(u"),u"), (1.8)
where J is the energy functional of (1.6) given by
J(u) = 1/ (IVul® + V(z)u?)da —/ F(z,u)dz.
2 RN RN

However, if b > 0, the energy functional I? cannot be decomposed in the same way as it is done in (1.7) and
(1.8). In fact, we have

’\u:>‘u+ )‘u* 9 u+2x u*2x
R = R+ 1) +3 [ (9utPde [ v,
if ut™ £ 0,
(I () uty = (I (), ut) + b / IVt Pda / Vu Pdz > (1) (u™),u"),
ifu™ #£0,
M (w), ") = (I (v, u~ u”|%dz ut?dx M) u ).
(Y (@) = (B )} b [ Ve Pde [ (96t e > (1) () 0)

Therefore, the methods to obtain nodal solutions to the local problem (1.6) do not seem applicable to problem
(1.1). In this paper, we follow the approach in [6] by defining the following constrained set

N ={ue Blu* #0.((1) (u),u™) = 0} (1.9)

and considering a minimization problem of I, Zf‘ on Nb)‘. In fact, Shuai [28] proved Nb)‘ # (), in the absence of the
nonlocal term, by applying the parametric method and implicit theorem. However, it is the nonlocal terms in
problem (1.1), the biharmonic operator and the nonlocal term involved, that add to our difficulties. Roughly
speaking, compared to the general Kirchhoff type problem (1.2), decompositions (1.7) and (1.8) corresponding
to I} are much more complicated, which account for some technical difficulties during the proof of the nonempty
of NbA. Moreover, the parametric method and implicit theorem are not applicable to problem (1.1) due to the
complexity of the nonlocal problem there. Hence, inspired by [2], we follow a different path, specifically, resorting
to a modified Miranda’s theorem (see [24]). It is also feasible to prove that the minimizer of the constrained
problem is also a nodal solution via the quantitative deformation lemma and degree theory. We can now present
our first main result.

Theorem 1.1. Assume that (V) and (f1)-(f4) hold. Then, there exists \* > 0 such that for all X > X\*, problem
(1.1) has a least energy nodal solution uy, € N7 such that I} (up) = inf,, e IMu).

4



Another goal of this article is to establish the so-called energy doubling property (cf. [33]), i.e., the energy
of any nodal solution to problem (1.1) is strictly larger than twice the ground state energy. The conclusion is
trivial for the semilinear equation problem (1.6). When b > 0, a similar result was obtained by Shuai [28] in
a bounded domain 2. We are also interested in whether energy doubling property still holds true for problem
(1.1), to answer which question, we have the following result.

Theorem 1.2. Assume that (V) and (f1)-(f4) hold. Then, there exists \** > 0 such that for all X > X\**, the
¢* = inf, c I} (u) > 0 is achieved and I;)(u) > 2¢*, where My = {u € E\ {0} | ((I}})/(u),u) =0} and u is
the least energy nodal solution obtained in Theorem 1.1. In particular, ¢* > 0 is achieved either by a positive or
a negative function.

It is obvious that the energy of the nodal solution u; obtained in Theorem 1.1 depends on b. In the following,
we give a convergence property of up as b — 0, which reflects some relationship between b > 0 and b = 0 for
problem (1.1).

Theorem 1.3. Assume that (V)and (f1)-(fs) hold. For any sequence {b,} with b, — 0 as n — oo, there exists
a subsequence, still denoted by {b,}, such that {u,} converges to ug strongly in E as n — oo, where ug is a least
energy nodal solution to the following problem

A% — Au+V(z) = Af(u) + |u* ~2u in RN, (1.10)

The plan of this paper is as follows: Section 2 covers the proof of the achievement of least energy for the
constraint problem (1.1), and Section 3 is devoted to the proofs of our main theorems.

Throughout this paper, we use standard notations. For simplicity, we use “—” and “—” to denote the strong
and weak convergence in the related function space respectively. Denoted by C and C; various positive constants,
and by “=" definitions. To simplify the notation, we denote a subsequence of a sequence {uy}, as {u,}, unless
specified.

2 Some technical lemmas

As a start, fix u € E with u® # 0. Consider function ¢ : Ry x Ry — R and mapping W : R x R — R? where

o0, 8) = B (au* + Bu) (2.1)
and
W(a, ) = (1) (au™ + Bu™), aut), (1) (aut + pu™), Bu”)). (2.2)
Now for short, define the following quantity
At (u) = / |Vut|?de, A~ (u) = / |Vu~|?dz, B(u)= Aut Au~ da.
RN RN RN

Lemma 2.1. Assume that (V) and (f1)-(f1) hold. For any u € E with u* # 0, there is the unique mazimum
point pair of positive numbers (cu,, Bu) such that a,u™ + Byu™ € Nb/\,

Proof. Our proof shall progress through three claims.

Claim 1. There exists a pair of positive numbers (o, 8,) such that a,u™ + B,u™ € Nb)‘ for any u € E with
ut #0.

Note that

(I (au™ + Bu™), au™) = . Alau™ + Bu™)Aau™dx + /]RN |Vau™|?dr + /]RN V(x)|auT|?dx

+b/ |V(au++ﬁu_)|2d:r/ |Vau™t|?de
RN RN

—A f(au+)au+d:1:—/ laut|? dx
RN RN



and
(I} (au™t 4 Bu™), Bu~) = Alau™ + Bu™)ABu~dx —|—/ |VBu~|*dz + / V(2)|Bu”|?dx
RN RN RN
+ b/ |V(aut + ﬁu_)\Qda:/ |VBu~|2dz
RN RN
— /\/ f(Bu™)Budx — / |Bu~|?" da.
RN RN
We obtain from a direct computation that

(I (™ + Bu™), au™) = o?|lut||? + aBB(u) + o*F2bA* (u) A~ (u) + ab (fﬁ(u))2

- A f(aqu)aqudxf/ laut|? dx (2.3)
RN RN

and
(I (ot + Bu™), fu~) = Fllu”|? + aBB(u) + a?B2AT (w) A~ (w) + B (A (u))”

Y f(ﬁu_)ﬁu_dx—/ |Bu™ | d. (2.4)
RN RN

On the assumption (f1) and (f2), we have
flauT)auTdr < E/ lou™ |2dx + C’E/ lou™ |Pdz. (2.5)
RN RN RN

Choose € > 0 small enough such that (1 — AeC,) > 0, which along with (2.5) plus (2.3), enables
(I (au™ + Bu™), au™) > (1 — XeCL)a?||ut||> + a?B2bAT (w) A~ (u) + b (A"'(u))2

—)\CE/ |au+|pdgc—/ lout|? de.
RN RN

Since 2** > 4, we have {(I})'(cut + Bu~),aut) > 0 for a small enough and all 8 > 0.
Similarly, according to (2.5) and (2.4), we get (1)) (cut + Bu~), Bu~) > 0 for B small enough and all a > 0.
Hence, there exists r > 0 such that

(I (ru™ + pu™),ru™y >0 and  ((I}) (au™ +ru”),ru") >0 (2.6)

for all o, 3 > 0.
On the other hand, by (f2) and (f3), we have that

Ft)t>0,t£0; F(t)>0, teR. (2.7)
Now, choose R > r, with R sufficiently large, by (2.3), (2.4) and by (2.7), we have
(I (Rut 4 Bu~),Ru*) <0 and ((I})'(cut 4+ Ru™),Ru~) <0 (2.8)

for all a, 8 € [r, R).
In view of Miranda’s theorem [24], together with (2.6) and (2.8), there exists (o, 3,) € Ry x Ry such that
W (aw, Bu) = (0,0), ie., au™ + Buu™ € NP
Claim 2. The pair (ay, () is unique.
e Case u € N
If u € N}, then, we have
(1) (u),u*) =0 and (([})'(u),u”) =0,



that is,
luT||? + B(u) + bA™ (u) (A*(u) + Af(u))

=\ f(u+)u+dx+/ lut|? da
RN RN

and
[u™ |12 + B(u) + bA™ (u) (A* (u) + A~ (u))

=\ (uf)ufder/ ™| d.
RN RN

(2.10)

By Claim 1, we know that there exists at least one positive point pair (g, o) satisfying agu™ + Bou™ € Nb’\.
Now, we state in the following that (ag, 5p) = (1,1) is the unique pair of numbers. Without loss of generality,

let g < Sy, and it follows from (2.8) that
af ([ut]]® + B(x)) + aghA™ (u) (AT (u) + A (u))

=\ f(a0u+)aou+dx+/ lagut|* da.
RN RN

If ap < 1, then due to (2.9), (2.11) and (f4), we have that
0 < (o)™ = 1] (Ilu™I* + B(u))
< )\/ (f($7040u+) _ f(u+)> (U+)4d$(} + [(040)2**_4 _ 1]/ |’U/+|2**d$ <0,
RN RN

(aout)®  (ut)?

which is a contradiction. Hence, 1 < o < fy.
Adopting a similar approach, we have By < 1, which implies ag = By = 1.
o Case u ¢ N}

Assume there exist two other pairs of positive numbers (a1, 1) and (ag, 52) such that

o1 =out + fuT €NY and  op = agut + fouT € N

(3o (3) e () (B e

Since o1 € N}, it is clear that

Then

az o
_— = — = 1’
851 b1
which means oy = as, 81 = Fs.
Claim 3. The pair (ay, ) is the unique maximum point of the function ¢ on Ry x Ry.

(2.11)

(2.12)

We know from the above, («,,,) is the unique critical point of ¢ on Ry x R;. By definition and (2.5), we

have
o(o, B) = I} (au™ + Bu™)
2 2 4 4
= %Hu"‘HQ + ﬁ?Hu_H2 + afBB(u) + osz (A"’(u))2 + % (A_(u))2 +

o2 - g2
fA/ F(au*)da:f/\/ F(Bu™)dx — / |t * dz — / ™
RN RN 2 RN 2 RN

B

o253%b
2

2 2 4 2122
< Ot 24 D 1P s + S (4t ) + T2 (4 (w)? + DL At )4 )

4 2

*x

) -
- |ut)? da — p |w™
2% Jon 2% Jon

o
2 dx

AT () A™ (u)

2 dx



as [(a, 8)| — oo. It implies lim|(q,g)|—o0 P(@, ) = —00 due to the fact that 2** > 4. Hence, it is adequate to
claim that the maximum point cannot be achieved on the boundary of Ry x R..

We carry out our proof by contradiction. Assuming (0, 3) is the global maximum point of ¢ with 3 > 0, then
we have

B 2 32 _ 4b _4b 2_2b
ole.B) = Tt 1P+ 2 2+ aBBw) + 47 (4t () + 2 (am)” + T A ) a(w)

—
o I6) _
dx — o /RN |u

(e, B) = allu®|? + BB(w) + o®b (AT (u)” + aF?bAT (u) A~ (u)

—A flau™)utdr — a2**71/ lut > dx > 0,
RN RN

o
2 dx.

o
- F(au™)dz — X F(Bu™)dz — a / |ut
RN

RN RN 2%*

Hence, it is clear that

for a small enough. It means ¢ is an increasing function in respect of « if a is small enough, which is a
contradiction. With a similar method, we deduce that ¢ cannot achieve its global maximum at («,0) with a > 0.
Thus, we finish the proof. O

Lemma 2.2. Assume that (V) and (f1)-(f1) hold. For any u € E with u* # 0 such that ((I})'(u),u™) <0, the
unique mazximum point pair of ¢ on Ry x Ry satisfies 0 < oy, By < 1.

Proof. Without loss of generality, suppose o, > (3, > 0. Due to the fact that c,ut + B,u™ € ./\/'b’\, we have
Q2 [[ut|? + B B(u) + a2 B2bA* (u) A~ (u) + b (AT (u))”

=\ floguDa,utde + / laut|? d. (2.13)
RN RN

Furthermore, since ((I3')'(u),u™) < 0, we have
[ut |2 + B(u) +b (AT (u)” +bAT (WA~ (u) <A [ flut)utde +/ lut)?" da. (2.14)
RN RN

Based on (2.13) and (2.14), it follows that
<f(auu+) . f(u+)) (u+)4d3: + [(Oéu)Z**74 _ 1]/ |u+
R

(aqut)®  (ut)? N

Ydx.  (2.15)

[@0441HMHF+BtzA/

RN

Obviously, the left side of (2.15) is negative for «, > 1 while the right side is positive, which is a contradiction.
Accordingly, 0 < ay, By < 1. O

Lemma 2.3. Let cp = infuerx I}N(w), and we then have limy_ o ¢ = 0.

Proof. For every u € N}, we have ((I)'(u),u) = 0, that is,

[ut |2 + [Ju” |2 + 2B(u) +b (AT (u) + A~ (w))* = A (u)udz +/ lul>” da. (2.16)
RN RN
Then, by (2.5) and (2.16), we have
|ul|? < )\/ f(ui)uidx—f—/ luF? dx
RN RN
< )\E/ |ui|2daj—|—)\C€/ |ui\pdx+/ lu®)?" d. (2.17)
RN RN RN



Choose ¢ small enough to meet Ae [on [u*?dz < L[ju*||?, and then we can claim that there exists p > 0 such
that
|u®)? > p for all ue NP (2.18)

due to 4 < 2**. And by (fs), for t # 0, we have
F(t):=tf(t) —4F() >0

and F(t) is increasing when ¢ > 0 and decreasing when ¢ < 0.
Therefore

1) = I () — S (3 (), w)

P B - )\/

= gl G =) [ P et § [ ar) e

Lizs P

> Ll =2 >0, (219)

So we have I}(u) > 0 for all u € NV}, which means ¢; = inf, e I} (u) is well defined.
Fix v € E with u* # 0. According to Lemma 2.1, for each A > 0, there exist ay,[) > 0 such that
ayut + Byu~ € N, Therefore, we have

0< e = inf IX(w) < [aru® + B
ueNg

4

1 b

< o+ 4 2 ([ 191t + )P

RN
Ck2 2

= St 1+ B 2+ an8Bw) + B (4 w)? +

B2 (4 w)? + R A (),

To our end, we just prove that ay — 0 and 8y — 0, as A — oo.
Let
T = {(CV)\,ﬁ,\) S R+ X R+ : W(a)\,ﬁ)\) = (0,0)7)\ > 0},

where W is defined as (2.2). Then we have

ai**/ ‘u+|2**dx+ﬂ;*/ |u7|2**dx§0&**/ |u+|2**da:+ﬂ,\**/ =
RN RN RN RN

+A flaxu™)ayutdr + )\/ f(Bu™)Bru"dx
RN

RN
= lanut + Bau > + b (3 AT (u) + BFA™ (u))”.
Therefore, 7 is bounded since 4 < 2**. Let {\,} C (0,00) be such that A, — co as n — oo. Accordingly, there
exist ag and By such that (ay,, O, ) — (@0, 5o) as n — oo.

Now we claim ag = 8y = 0. Assume, by contradiction, that cg > 0 or By > 0. Since a, u™ + B\, u~ € ./\/'b’\",
then for any n € N, we have

s, u™ + Ba,u” |2 +b (a3, AT (u) + 53, A~ (u))

= An/ flan,ut + By, u”)(an,ut + B, u”)de + / lax, ut + By, u”|? da. (2.20)
RN ]RN

o
2" dx

Then, taking into consideration ay, ut — aou™, By, u~ — Bou~ in E and Lebesgue dominated convergence
theorem, we have

/ flan, u™ + By, u”)(ax, ut + By, u” )dx — / Flagu™ + Bou™ ) (aou™t + Bou™ )dx > 0
RN RN

as m — oo. It is in contradiction to (2.20), given A\, — oo as n — oo and {ay, u™ + B\, u~} bounded in F.
Therefore, ag = By = 0, which implies limy_, s cf,‘ = 0. O



Lemma 2.4. There exists \* > 0 such that the infimum c? is achieved for all X > \*.

Proof. According to the definition of ¢, there exists a sequence {u,} C N} such that lim, . I;)(u,) = cp.
Clearly, {u,} is bounded in E. By Lemma 2.1 and the properties of LP space, up to a subsequence, we have
uf —ut in E,
uf —wut in LP(RN) for p € [2,2"%),
£ 5ot ae in RV,
In view of Lemma 2.1, we also have
I o) + Buy,) < I (un)

for all a, 8 > 0. So, by Brézis-Lieb lemma, Fatou’s lemma and the weak lower semicontinuity of norm, we may
conclude
2 ,32
liminf [} (o) + Buy,) > —- Tim ([lu —a*|* + [Ju*||?) + o Jim ([l = w7+ Jlu” %)

Qg
n—oo 2 n—oo
at*b 2
+ — { lim / |V — Vu™ [2de —|—/ Vu+|2dx} - )\/ F(au™)dx
4 n—0oo JrRN RN RN

4 2
+ B0 i / \Vu,, — Vu’\2dx+/ \Vu~|?dz| — )\/ F(Bu™)dx
4 n—oo RN RN RN

g
_« { lim / luf — u+|2**d93 + lim / Ju™ 2**d33}
2%* | n—oo RN n—oo JrN
27" o
— {lim / lu;, —u”|? dr+ lim lu~|? dcc]
2** n—oo RN n—oo RN
2 Qb
L oB liminf/ |Vu:[|2dx/ \Vu |2dz
2 n—oo RN
2 b b >
Zfﬁ(au++ﬂu*)+a—A1+ < A2+LA3A+( ) - O;** 1
2 B4 52**
Ly AW B
where
Ay = lim [ub — ot Ay = Tim [lu, —u”|?,
Az = lim |V — Vu© [2dx Ay = lim Vu,, — Vu~[dz,
B; = lim lut — w2 da, By = lim luy, —u”|? da.
n—oo JpN n—0o0 JrRN
That is,
a? a’b a'b a?”
cp > IMou™ + Bu™) + fA1 + TAﬁ + TASAJr(U) o 1
) 1 o
+ A2+ —Ai ﬂ Ay AT (u) — g By (2.21)

for all o, 3 > 0.
First, we prove that u* # 0.
We carry out our proof by contradiction. Assume u™ = 0. Let 8 =0 in (2.21) and we have

o*b a?

“E A} = S Bi = 6(a) (2.22)

Cb Z 7A1 + ok
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for all o > 0.

Case 1: B; =0.

If A; =0, it means, u;f — u* in E. By (2.17), we get ||u®|| > 0, which is contradictory to our assumption. If
A1 >0, by (2.22), we have ¢; > %2141 for all @ > 0, which contradicts Lemma, 2.3.

Case 2: B; > 0.

Given the definition of S and Lemma 2.3, there exists \* > 0 such that

2
< NS*/N (2.23)

for all A > A*. According to Sobolev embedding and the fact that By > 0, we get 47 > 0. By (2.22), we have

2
ok SF*

2 gy o 2 [ AT o?, o’ o ath , a2 )
NUEN | e A R Tl (e R I A Ty (e

which is a contradiction. Hence, we conclude u™* # 0. Similarly, we have u~ # 0.

Secondly, we prove B; = By = 0.

Given that the proof of B, = 0 is analogous, we just prove B; = 0. By contradiction, assume B; > 0.

Case 1: By > 0.

Since By, B > 0, we get Ay, As > 0. Clearly, ¢(«) > 0 for « small enough, where ¢(«) is given by (2.22), and
¢(a) < 0 for « sufficiently large. Therefore, by continuity of ¢(«), there exists @ > 0 such that

&2 a*b 0_42** o2 b 042**
7A1+ 4A 72 BlI(ilil%({ A1+ 4A3Bl}

Similarly, there exists 3 > 0 such that

32 4b R2** 4b 2%
ﬂi 6 iy - p By = max ﬂAngﬁ A2 — p By .
2 Qe B>0 ek
In view of the compactness of [0, @] x [0, 3] and the continuity of ¢, there exists (a, 8,) € [0,a] x [0, 3] such that
q9((l1b,[3u) - max ((I’K3)7
(e,8)€[0,a] x[0,5]

where ¢ is defined as in Lemma 2.1.
Now we prove (au,, 3,) € (0,a&) x (0, 3).
In fact, it is noticeable that if 3 is small enough, we have

p(a,0) = Ij(aut) < Ij(au™) + I} (Bu”) < I (au® + fu”) = p(a, B)

for all @ € [0,a]. Thus, there exists By € [0,0] such that ¢(a,0) < ¢(a, ), for all a € [0,a). That is,
(o, Bu) € [0,a] x {0}. With similar method, we get (av, 8.) ¢ {0} x [0,

It is obvious that

pla
Bl.

2 a4b 4 2

b
A+ A2 AT - S B, >0, ac(0,a)], (2.24)
2 4 2 2%+
2 4 4 2%*
6 — Ay + 5—,44 + 5—A4A (u) — 62** By >0, Be(0,3]. (2.25)
Then, we obtain
2 4 ~2%* 2 4 2%*
;S 2/N<—A1+ 4bA O; Bl+O‘—A3A+( )+5 A2+—AZ ﬂbAA (u) — i By

11



and

2 o -
2 < g B 0 g Bl aiar o+ S+ Az P aar () - Sy

for all a € [0,a] and all 3 € [O,B].
Together with (2.21), we get ¢(a,
(aw, Bu) & {a} x [0, 5] and (0w, Bu) ¢ [
is a critical point of ¢.
So, aut + Buu~ € NP According to (2.21), we have

B) <0, p(a,3) < 0 for all @ € [0,a] and all 3 € [0,3]. Therefore,
0, @] x {3}, which means (ay, 3,) € (0,a) x (0,3). It follows that (cv, 3.)

by A + u ub ub + aizt**
¢y > I (u™ + Buu )+fA1+fA3+7AA() oer D1
4b 4b 2%*
+ “A +ﬂ“ A4+6u A4A ( ) ﬂ BQ>Ib(auu +ﬁu )ch/y\a

2**

which is a contradiction. Thus, B; = 0.
Case 2: By =0.
In this case, we can maximize in [0, @] X [0,00). It is possible to show that there exists 3y € [0, 00) satisfying

IMagut + B,u™) <0 for all (o, B) € [0,a] x [Bo, 00).

Therefore, there is (o, 5y) € [0, @] X [0,00) such that

@(auaﬁu) = (aaﬁ)-

ma
(e, B)€E[0, ]X[O OO)

Now, we claim (ay, Bu) € (0,a) x (0,00).

Indeed, ¢(,0) < @(a,3) for a € [0,a] and 8 small enough, while (0, 3) < ¢(«a,3) for 8 € [0,00) and «
sufficiently small, which implies (o, 8,) € [0,a] x {0} and (o, Bu) ¢ {0} x [0, 00).

However, it is noticeable that

2

2o o/N - 7A1 N ab &2** a*b 2 ﬁ4b
N

541)
4 A3 2 Bl + 7A3A+( ) + ?A2 +

AT+ T AAT (),
for every 3 € [0, c0).

Therefore, we have p(@, 3) < 0 for all § € [0, 00), which means (o, 8,) ¢ {@} x [0,00). Based on the above,
we get (ay,fu) € (0,a) x (0,00), that is, (o, y) is an inner maximizer of ¢ in [0,&] x [0,00). Therefore,
aut + Byu~ € NP, In that case, by (2.24), we have

74b = 2% 74b 4 4b
cp > IM(au™ + Buu™) + —Al + 7142 O; By + —A s At (u) + ik 5 A2+ ﬂ—AZ + 6—A4A (u)

> IMagut + Bu) > 2,

which is a contradiction. Hence, we have By = By = 0.

Finally, we prove that cb)‘ is achieved.

Given u® # 0, according to Lemma 2.1, there exists ay,, 3, > 0 such that 4 := a,ut + fB,u” € Nb’\. Moreover,
(1)) (u),u*r) < 0. By Lemma 2.2, we have 0 < v, 3, < 1.

Combining u,, € NV}* and Lemma 2.1, we obtain

Ib(auu + Buu )<Ib(u +u,)= Ig\(un).

12



Taking into consideration B; = Bs = 0 and the semicontinuity of the norm, we get

al?” 2 @)i — 4F ()] dx
)[R a3 [ @i arGd

- A
< I+ G =g [ WP e+ 3 [ 4P e

n—oo

< liminf {Iﬁ(un) - i<(1§)’(un),un>} <cp.

Hence, we conclude a,, = 3, = 1, and ¢} is achieved by up, :== u +u~ € N} O

3 Proof of Theorems

In this section, we prove our main results.

Proof of Theorem 1.1. In fact, thanks to Lemma 2.4, we just prove that the minimizer wu;, for cg\ is indeed a
nodal solution to problem (1.1).

Due to the fact that u, € N, we have (1)) (up),u)) = ((I}) (up),uy ) = 0. In view of Lemma 2.1, for
(a,8) € (Ry x Ry)\(1,1), we have

I awf + Buy) < I (uf +uy) = ¢ (3.1)

In the following, we proceed by an argument of contradiction. Suppose (I;)’(up) # 0, then there exist § > 0
and 6 > 0 such that
I(I}) ()] > 6  for all ||v—up|| < 3.

Choose 7 € (0, min{1/2, and define

)
ﬂ”“b”})’
D=(1-7114+7)x(1—-71,147),
g(a, B) == au; + Pu, for all (o, B) € D.

By (3.1), we have
Gy = I%aDX(IbA 0g) < cp. (3.2)

Let ¢ := min{ (¢} — &))/2,05/8} and S5 := B(up,d). According to Lemma 2.3 in [34], there exists a deformation
n € C([0,1] x D, D) such that

(a) n(l,v) =vifvé (I})"1([cp — 2¢,¢p + 22] N Sas),

(b) (1, (1) 01 85) < (1),

(¢) I}n(1,v)) < I}(v) for all v € E.

It is obvious that

Jox, I} n(1,9(a, B))) < cp- (3.3)

We then claim that (1, g(D)) N N # 0, which is contradictory to the definition of cp.
Define h(a, 8) := n(1, g(a, B)),

Do(a, ) = = (1) (9. B)), uf ). (1) (9(ex, ),y )
(1) (e + Buy ), uf ), (1)) (ol + By ),y ))

13



and
1

(07

1

B

In a similar approach to [19], using the degree theory, we can get deg(®g, D,0) = 1. We then, by (3.2), obtain
g(a, B) = h(e, ) on 0D,

as a result of which, we have deg(®1, D,0) = deg(®g, D,0) = 1. Hence, ®;(ayg, 5y) = 0 for some (ag, Fy) € D so
that

B1(a,B) = ( (B (e, B)), (h(os B)), <<13>’<h<a,m>,<h<a,ﬂ>>>) |

n(lag(a(hﬂo)) = h(OLOvﬂO) € Nb>\a

which contradicts (3.3). Hence, (I)’(up) = 0, which implies w, is a critical point of I;*. Thus, we deduce wu, is a
nodal solution to problem (1.1). O

By Theorem 1.1, we obtain a least energy nodal solution uy, to problem (1.1), contributing to the establishment
of Theorem 1.2, where, we prove that the energy of wu, is strictly larger than twice the ground state energy.

Proof of Theorem 1.2. As in the proof of Lemma 2.3, there exists A] > 0 such that for all A > Aj, and for
each b > 0, there exists v, € Mj such that I}(v,) = ¢* > 0. By standard arguments (see Corollary 2.13 in Ref.
[11]), the critical points of the functional I;* on Mj are critical points of I} in E, so we obtain (I})'(v;) = 0.
That is, v, is a ground state solution to (1.1).

As stated in Theorem 1.1, u; is known as a least energy nodal solution to problem (1.1), which changes sign
only once when A > \*.

Let \** = max{\*, \j} and assume uj = u;r +wu, . Adopting the same approach to Lemma 2.1, we claim there
exist Q> 0 and ﬁu; > 0 such that au;ru; € /\/lg‘ and ﬁu; u, € Mg‘. Then, through Lemma 2.2, we obtain
Oéuz-,ﬁub— S (0, ].)

Hence, thanks to Lemma 2.1, we have

2c* < I;f‘(au;ru,'f) + Ig‘(ﬂu;ub_) < I,f‘(ozulju;' + ﬁu;ub_) < IMuf +uy) = cp.
Therefore, it follows that ¢* > 0 cannot be achieved by a nodal function. O

Finally, we put an end to this section with the proof of Theorem 1.3. In the following, we regard b > 0 as a
parameter in problem (1.1).

Proof of Theorem 1.3. We shall analyse in stages the convergence property of u, as b — 0, where u; is the
least energy nodal solution obtained in Theorem 1.1.

Step 1. For any sequence {b,}, we prove {us, } is bounded in E, if b, \, 0.

Let a nonzero function x € C§°(RY) with x* # 0 fixed. Analogous to the process of Lemma 2.1, for any
b € [0,1], there exists a pair of positive numbers (A1, A2) independent of b, such that

() x4+ Xox ), Aix ™) <0 and (1) (Ax™ + Aax ), dex ™) <0.

Then according to Lemma 2.2, for any b € [0, 1], there exists a unique pair (o (b), 5y (b)) € (0,1] x (0,1] such
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that X := a, (D)A\ix* + By (D) A2x~ € N. Therefore, by (2.5), it follows that, for any b € [0, 1],
Iy (w) < I3(X) = (%) - (1) (X): %)

- IKP+ G5 [

R+ G50 [k

1 1 1 . A

ZH>\1X+H2+(** )/ AxT[? dferz/ (CLIMXTP + CoAixTIP) dae
RN RN

1 1

4 2**

4 2**

Vot g [ FOR 4P da

IN
i
=I

o A
ot [ (GNP + Colxl?) de
4 Jan

IN

1 - A
a2+ ) / Pax [ de + 2 / (Calax |2 + Caldax~|P) da
4 RN 4 RN

= C",
where C* > 0 is a constant independent of b. Thus, as n — oo, it follows that

1

X 1
C* +12> I (w,) = I, (us,) 4<(I?,L)’(Ubn)7uun> > <, 1%,

that is, {up, } is bounded in E.
Step 2. In this step, we prove problem (1.10) possesses one nodal solution ug.
Since {up, } is bounded in E, thanks to Step 1, up to a subsequence, there exists ug € F such that

up, —~up in E,
uy, —ug in  LP(RY)  for p € [2,2%%),

up, — ug  a.e. in RY, (3.4)

Given that {uy, } is a weak solution to (1.1) with b = b,,, we have
/ (Aulé + VuVe + V(z)ud) dz + bn/ |Vu|2dx/ VuVodr = A/ f(u)odz +/ lu> “2ugdz (3.5)
RN RN RN RN RN

for all ¢ € C§°(RY).
Combing (3.4), (3.5) and Step 1, we find that

/ (AugAg + VugVe + V(x)ugg) dz + by, / |Vug|?dx / VuoVedx
RN RN RN
=3 [ Swpods+ [l ugoda (3.6)

for all ¢ € C$°(RY), which in turn implies that ug is a weak solution to (1.10). Analogous to the process of
Lemma 2.3, we obtain that u(jf # 0. Thus, we complete the proof of this step.

Step 3. In this step, we prove problem (1.10) possesses a least energy nodal solution vy, and that there exists
a unique pair (ayp,,B,) € R x RT satisfying oy, v + B, vy € N\ . Moreover, we prove (as,, 3,) — (1,1) as
n — oo.

Similar to the proof of Theorem 1.1, we can reach a conclusion that problem (1.10) possesses a least energy
nodal solution vy, where I} (vg) = co and (13)(vg) = 0. Then, in view of Lemma 2.1, we can obtain with ease
the existence and uniqueness of the pair (s, , B, ) such that ap, vy + B, vy € ./\/b*ﬂ . Besides, we know a3, > 0
and By, > 0. To complete the proof, we just establish that (ay, , B, ) — (1,1) as n — oco. Actually, given that
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ap,v5 + By, vy €N, we have

o2 log I> + b, B, / A Avgd

—&-agnbn/ |Vog [da <a§"/ |Vu0+|2dx+ﬁ§n/ |Vv0|2d:c)
RN RN RN
= /\/ flaw, vf)aw, v dz +/ lag, v |2 da (3.7)
RN RN
and
5l 2+ an, By, [ Ao v do
RN
o [ VogPan (#, [ 190 Pdoead, [ (iPas)
RN - JRN RN
= )\/ F(Bo,vg )P, v dz —I—/ By, 05 |¥ da. (3.8)
]RN ]RN

Since b, \, 0, we conclude that the sequences {ay, } and {3, } are bounded. Assume, up to a subsequence,
ap, — ap and B, — Go. Then by (3.7) and (3.8), we have

adllvg ||? + aoﬁo/ Avf Avy dr = )\/ faovd )aovd d —|—/ lagud ¥ da (3.9)
RN RN RN
and
Ballvg 1% + 04050/ Avg Avg dz = /\/ f(Bovy ) Bovy da +/ Bovg |* da. (3.10)
RN RN RN

Noticing that vg is a nodal solution to problem (1.10), we then get

g |1 +/ Avgd Avg dr = )\/ fod)vgd dz —I—/ g |2 da (3.11)
RN RN RN
and

llvg |12 /]RN Avg Avg dx = )\/RN fvy vy dx + /]RN lug |2 d. (3.12)

Therefore, from (3.9)-(3.12), we can obtain with ease that (ag, 59) = (1,1), and thus Step 3 follows.
We can now give the proof of Theorem 1.3. We claim that uy obtained in Step 2 is a least energy solution to
problem (1.10). In fact, according to Step 3 and Lemma 2.1, we find that

I (vo) < Ij(uo) = lim I (up,) < lim I} (e, 0 + By, 05) = lim I3 (vg + ) = I (vo),

which yields Theorem 1.3. O
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