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Abstract
By employing the Nikiforov-Uvarov functional analysis (NUFA) method, we solved the radial Schrodinger equation with the shifted Morse potential model. The analytical expressions of the energy eigenvalues, eigenfunctions and numerical results were determined for selected values of the potential parameters. Variations of different thermodynamic functions with temperature were discussed extensively. Different quantum information theories including Shannon entropy, Fisher information and Fisher-Shannon product of the shifted Morse potential were investigated numerically and graphically in position and momentum spaces for ground and first excited states. The quantum information theories considered satisfied their corresponding inequalities including Bialynicki–Birula–Mycielski, Stam–Cramer–Rao inequalities and the Fisher–Shannon product relation.
Keywords: Shifted Morse potential, Nikiforov-Uvarov functional analysis (NUFA) method, Partition function, Quantum information theory.
Corresponding authors Email: uduakobongokorie@aksu.edu.ng



1. Introduction

In quantum mechanics, it is complex to determine the Schrödinger, Klein- Gordon and Dirac equation with some physical potential systems [1]. It is also known that the analytic solutions of the Schrödinger, Klein- Gordon and Dirac equations are only possible in few cases when the angular momentum  for some well-known physical potential models [2-3]. Different researchers have studied the Schrödinger, klein-Gordon and Dirac equations for s-wave case [4-5]. Some of these  potentials include: Schioberg potential [6], improved  Rosen Morse potential  [7],  multiparameter potential [8 ], Kratzer potential  [9],  Poschl-Teller potential  [10], Woods-Saxon potential  [11], to mention but a few. Different methods such as the exact quantization rule [12], asymptotic iteration method [13], Nikiforov-Uvarov method [14], and the newly proposed Nikiforov-Uvarov functional analysis method (NUFA) [15] have been used by many authors to obtain the bound state solutions and scattering state solutions of these potential systems.  Ikot et al. [16] investigated the eigensolution, expectation values and thermodynamic properties of the screened Kratzer potential.  Jia et al. [17] obtained the thermodynamic properties for the Lithium dimer with the improved manning Rosen potential model. Ikot et al. [18] studied the Shannon entropy and fisher information-theoretic measures for Mobius square potential using the newly proposed NUFA method to obtain the energy eigenvalues and the corresponding wave function. Neves et al. [19] also investigated the thermodynamic properties for short-range interaction potentials.  Recently, Ikot et al. [20] by means of the Nikiforov-Uvarov functional analysis method obtained the approximate analytical solutions of the Klein-Gordon equation with generalized Morse potential. In this paper, we intend to investigate the thermal properties and the quantum information measures with the shifted Morse potential model. The shifted Morse potential is defined as [21-22]:

                                     		 (1)


where  is the dissociation energy,  is the screening parameter, A and  B are arbitrary constant.
This work is organized as follows: In Section 2, we present a brief review of the NUFA method. Section 3 is devoted to the solutions of the Schrodinger equation with the shifted Morse potential. In Section 4, the analytical expressions of different thermodynamic functions of shifted Morse potential are presented. We also give a brief description of the quantum information theories of shifted Morse potential in one dimension in Section 5. The various results obtained are discussed in Section 6. Finally, a brief concluding remarks is presented in Section 7.
2. A Brief Review of NUFA Method
The NUFA method was introduced for solving exponential type potential models using the idea of NU method [23], parametric NU method [24] and the functional analysis method [25]. A new approach of NUFA method is proposed for solving central potential models leading to confluent hypergeometric function. Given  the parametric form of NU proposed by Tezcan and Sever [26] of the form

		                                (2)






Where  and  are all parameters.  It can be noticed in equation (2) that the differential equation has two singularities at  and , but , the aim here is to create  a simple method for solving equation (2) when , if equation (2)  becomes

										(3)
Putting eq.(3) into eq.(2) leads to the following equation:

			(4)

Eq. (4) can be reduced to a confluent hypergeometric equation if we set  and we get

          				(5)


Eq. (5) becomes confluent hypergeometric function, if and only if the last two terms in   and  vanished.  That is,

										(6)

										(7)
Eq. (5) can now be written as [20]

				(8)


The values of  and  can be calculated by solving eqs. (7) and (8) explicitly as [20]

										(9)

								(10)
Eq. (8) is the confluent hypergeometric equation type of the form [25]

								(11)



Eq. (11) has a regular singularity at  and irregular singularity at . The energy eigenvalues is defined from eq. (8) as  which can be expressed explicitly as [20]

							(12)
The corresponding wave function is given by [25]

						(13)
Thus, the total wave function is written as [20]

				(14)

					
3. Solution of the Schrodinger equation with shifted Morse potential
The solution of Schrödinger equation in s-wave is given as [27].

                   						(15)





Where,  is the reduced mass,  is the energy spectrum,  is the reduced planck’s constant and  and  are the radial and orbital angular momentum quantum numbers respectively. Substituting eq. (1) into eq. (15) gives

 	(16)

Using a coordinate transformation of the form   , eq. (16) reduces to the differential equation

  					(17)
where

				(18)
Comparing eq. (17) with eq. (2) lead to the following parameters,

                      ,                             		(19)


Using eqs. (9) and (10), we obtained  and  as follows:

                  									(20)
Thus, the energy eigenvalues and the corresponding wave function using eqs. (12) and (14) are given as

         				(21)

             						(22)
In terms of Laguerre polynomial [25], we obtain the wave function as

								(23)

where  is the normalization constant. The normalization constants for both the ground state and the first excited state are respectively obtained as 

								(24)			

		(25)	


where,  is the . 
It is worthy to report here that we have considered only the ground state and first excited wavefunctions, due to the difficulty in obtaining higher excited state eigenfunctions, both analytically and numerically.

4. Thermodynamic Functions of Shifted Morse Potential
The partition function is the starting point usually employed in investigating different thermodynamic functions of a given system. The partition function is known to be a function of temperature, which is obtained via the expression [28-30]:


									(26)




Here,  is the Boltzmann’s constant,  is the maximum vibration quantum number,  is the absolute temperature and  represents the energy eigenvalues of the shifted Morse potential model.
By substituting eq. (21) into eq. (26), we obtain

								(27)
where

							(28).

With the help of a Mathematica software, the partition function of the shifted Morse Potential is obtained as


			(29).

Here  denotes the error function [31]. Other thermodynamic functions can be obtained using the following expressions [32]:

					(30).


5. Quantum Information Theory of Shifted Morse Potential
It is worthy to state generally here that the information entropy densities for position and momentum spaces are expressed respectively as [33]:

 							(31)

							(32)
Similarly, the Shannon entropies for position and momentum spaces are respectively given as [33]:

								(33)

								(34)
The sum of the Shannon entropies for both position and momentum spaces must be seen to satisfy the Bialynicki-Birula-Mycielski (BBM) inequality [34]. The BBM inequality is defined as

									(35)

In addition, the Fisher information is known to be the gradient function of the probability density of a given system. It is defined in position and momentum spaces as [35]:

										(36)

										(37)




Here,  is the probability density in position space,  is the probability density in the momentum space, where is obtained using Fourier transform. The product of the Fisher information in both spaces must be seen to satisfy the Stam-Cramer-Rao inequality relations [36], which is given as .
The Shannon entropy power can be expressed as [37]

								(38),


where  are the respective Shannon entropy powers for position and momentum spaces, and  are the Shannon entropy for position and momentum spaces, respectively. Similarly, the Fisher-Shannon product expressions for both position and momentum spaces are given as [37]

									(39).

Here,  represent Fisher information on both spaces. 

6. Results and Discussions






In this study, the analytical expressions for the energy eigenvalues and wave functions of the shifted Morse potential are given in eqs. (21) and (22), respectively. Numerical results of the energies of the shifted Morse potential are presented in Tables 1 and 2. It is worthy to mention here that the following parameters are employed for both our numerical and graphical analysis throughout this work: . The energy eigenvalues of the shifted Morse potential is seen to decrease with increase in the principal quantum number, . It is also seen in Table 1 that for a specific principal quantum number, the energy eigenvalues decreases slowly with increase in the parameter , as the parameter  is kept constant. Similarly, Table 2 shows energy increase with a slow increase in parameter , at constant values of .


Table 1: Numerical values of energy eigenvalues of shifted Morse Potential, where 
	

	

	

	


	0
	0.02396851613
	0.02912952290
	0.03235477070

	1
	0.5922741755
	0.6103990945
	0.6214088670

	2
	1.800579835
	1.831668666
	1.850462963

	3
	3.648885494
	3.692938237
	3.719517059

	4
	6.137191155
	6.194207810
	6.228571155

	5
	9.265496815
	9.335477380
	9.377625250

	6
	13.03380248
	13.11674696
	13.16667934

	7
	17.44210813
	17.53801652
	17.59573344

	8
	22.49041379
	22.59928610
	22.66478754

	9
	28.17871946
	28.30055567
	28.37384164

	10
	34.50702509
	34.64182528
	34.72289571





Table 2: Numerical values of energy eigenvalues of shifted Morse Potential, where 
	

	

	

	


	0
	0.02396851613
	- 0.003534452900
	- 0.04620728179

	1
	0.5922741755
	0.5468476220
	0.4817703120

	2
	1.800579835
	1.737229697
	1.649747906

	3
	3.648885494
	3.567611773
	3.457725498

	4
	6.137191155
	6.037993845
	5.905703090

	5
	9.265496815
	9.148375925
	8.993680685

	6
	13.03380248
	12.89875800
	12.72165828

	7
	17.44210813
	17.28914007
	17.08963587

	8
	22.49041379
	22.31952214
	22.09761346

	9
	28.17871946
	27.98990422
	27.74559106

	10
	34.50702509
	34.30028627
	34.03356864




The numerical results of Shannon entropies of shifted Morse potential for both position and momentum spaces are presented in Tables 3 and 4 for the ground and first excited states. In Table 3, the Shannon entropy of shifted Morse potential increases with increase in the values of Parameter A (other parameters being kept constant), at the ground state for both position and momentum spaces. At the first excited state, the Shannon entropy decreases in position space and increases in the momentum space, as the values of the parameter A increases. 
Table 4 shows decrease in both ground and first excited states Shannon entropies of the shifted Morse potential for position space, as the values of Parameter B increase. For momentum space, we observe an increase in both ground and first excited states Shannon entropies. It has also been established here that the BBM inequality is statisfied at both ground and first excited states.
The numerical results of Fisher information of shifted Morse potential for both position and momentum spaces are presented in Tables 5 and 6 for the ground and first excited states. In Table 5, the Fisher information of shifted Morse potential increases with increase in the values of Parameter A, at the ground state for position space. At the first excited state of the position space, the Fisher information increases with increase in the values of parameter A. The Fisher information of shifted Morse potential for both ground state and first excited state for momentum space increase with increase in the values of the parameter A.  The product of the Fisher information in both spaces is seen to satisfy the Stam-Cramer-Rao inequality relations.
In Table 6, it is seen that the exist increase in both ground state’s Fisher information and first excited state’s Fisher information values inbothe position and momentum spaces, as the values of the parameter B increase. Also, the Stam-Cramer-Rao inequality relations have been satisfied.

Table 7 shows the numerical results of both Shannon entropy power and Fisher-Shannon product of shifted Morse potential for position and momentum spaces at the ground state. For increasing values of the parameter A, the Shannon entropy power, the Fisher-Shannon product and the multiplication of the Fisher-Shannon product all increase. The results of the multiplication of the Fisher-Shannon product as shown in Table 7 satisfies the relation .   
Table 8 shows the numerical results of both Shannon entropy power and Fisher-Shannon product of shifted Morse potential for position and momentum spaces at the first excited state. For increasing values of the parameter A, the Shannon entropy power and the Fisher-Shannon product for position space decreases. Conversely, the Shannon entropy power and the Fisher-Shannon product for first excited space and the multiplication of the Fisher-Shannon product all increase. Here, multiplication of the Fisher-Shannon product of both position and momentum spaces also satisfy the relation as seen in Table 7.
Table 9 shows the numerical results of both Shannon entropy power and Fisher-Shannon product of shifted Morse potential for position and momentum spaces at the ground state, for varying values of the parameter B. For increasing values of the parameter B, the Shannon entropy power and the Fisher-Shannon product for position space decreases. In addition, the Shannon entropy power and the Fisher-Shannon product for momentum space and the multiplication of the Fisher-Shannon product all increase.
In Table 10, the numerical results of both Shannon entropy power and Fisher-Shannon product of shifted Morse potential for position and momentum spaces at the first excited state, for varying values of the parameter B are shown. It is also seen that the Shannon entropy power and the Fisher-Shannon product for position space decreases, as the values of the parameter B increases. But, the Shannon entropy power, the Fisher-Shannon product for momentum space and the multiplication of the Fisher-Shannon product increase as the values of the parameter B increases. The results of the multiplication of the Fisher-Shannon product of both position and momentum spaces satisfy the relation as seen in Tables 9 - 10.





Table 3: Numerical Values of Shannon  Entropy for position and  momentum space for ground state and first excited state of shifted Morse Potential with .
	






                                    

	






                                            













Table 4: Numerical Values of Shannon  Entropy for position and  momentum space for ground state and first excited state of shifted Morse Potential with .
	






                                     

	






                                        



Table 5: Numerical values of Fisher information for position and  momentum space for ground state and first excited state of shifted Morse Potential with .
	






                                         

	






                                             



Table 6: Numerical values of Fisher Infomation for position and  momentum space for ground state and first excited state of shifted Morse Potential with .
	






                                         

	






                                        



Table 7: Numerical values of Fisher Shannon Product for position and  momentum spaces for ground state  of shifted Morse Potential with 
	





                                                                 

	





                                 



Table 8: Numerical values of Fisher Shannon Product for position and  momentum space for first excited state of shifted Morse Potential with 
	





                                                                  

	





                                      




Table 9: Numerical values of Fisher Shannon Product for position and  momentum space for ground excited state of shifted Morse Potential with 
	





                                                                  

	





                                     



Table 10: Numerical values of Fisher Shannon Product for position and  momentum space for first excited state of shifted Morse Potential with 
	





                                                                  

	





                                    




The variation of the wave functions of shifted Morse potential with respect to position and momentum is shown in Figure 1 for ground, first and second excited states. As can be observed, the nodes of the wave functions increase with increase in position and momentum. Specifically, the quantum state increases in the position space as the nodes of the wave functions increase. But, increase in the nodes of the wave functions of momentum space corresponds to a decrease in the quantum state. It is seen here that wave functions does not pick from the origin.
Figure 2 shows the variation of the probability density of shifted Morse potential with respect to position and momentum for ground, first and second excited states. The highest node of the probability density corresponds to the first excited state, followed by the second excited state, before the ground state in the position space. Our analysis showed that the nodes were peaked at the origin, and it gets broader as the value increases. Also, the nodes of the probability density decrease as the position increases. It is observed that there exists a sharp decrease in the node of probability density corresponding to the ground state in the momentum space. The nodes of the excited states of the probability density of shifted Morse potential in the momentum space drastically reduces and all the nodes tend to remain constant as the momentum continually increases. As the values of n increase, localization increases in the position space and decreases (localization) in the momentum space.
[image: ] [image: ]
Figure 1: Wavefunction of the Position and Momentum spaces of shifted Morse Potential for ground, first and second excited states.
 [image: ] [image: ]
Figure 2: Probability density of the Position and Momentum spaces of shifted Morse Potential for ground, first and second excited states.
In Figure 3, we investigate the position and momentum space graphically for ground and excited states for Shannon entropy. We see that more fluctuation occurred in the negative region than the positive as the quantum state increases. Shannon entropy quantifies uncertainty in a random process. Hence, events in the negative space will measure higher uncertainty than the positive region. 

Figure 4 shows the Fisher information in the position and momentum spaces for ground and first excited states. Here, fluctuation increases as quantum state increases in the position space. On the contrary, it decreases in the momentum space as quantum state increases. Increasing fluctuations is a consequence of growing localization for Fisher information of the system. 
	
	



[image: ] [image: ]
Figure 3: Shannon Entropy in position and Momentum Space of Shifted Morse Potential for ground state and first excited state
[image: ] [image: ]Figure 4: Fisher Information in position and momentum space of shifted Morse potenital for ground state and first excited state.

Various thermodynamic functions  of shifted Morse potential with respect to temperature were studied, as regards different values of parameter A and B, respectively. In Figures 5a and 5b, the partition function decreases with increase in temperature first. Later, the partion function of shifted Morse potential remains constant as the temperature is much enhanced, for the various values of parameter A and B. Figures 6a and 6b show monotonous increase in free energy as temperature is increased, for the selected values of parameter A and B, respectively. In Figure 7a, the internal energy plot for prameter A = 0.1 reduces montonously as temperature is enhanced. But, the internal energy plots for other parameters (A = 0.5, 1.0) increase with increase in temperature. In Figure 7b, the internal energy plots for the parameter values considered (B = 1.0, 1.5, 2.0) reduces with increase in temperature. Figures 8a and 8b show firstly, a sharp increase in entropy at unique temperature values to a certain value. Thereafter, further enhancement of the temperature produces a monotonous decrease in the entropy values for the selected values of the potential parameters A and B. The specific values of temperature that produces the peak entropy values for the potential parameter is known as Critical Temperature. Figures 9a and 9b show the variation of specific heat capacity with temperature for selected values of parameter A and B (A = 0.1, 0.5, 1.0; B = 1.0, 1.5, 2.0), respectively. Our observations are similar to the behaviours of entropy plots with temperature variation, as explained above.  
[image: ]
Figure 5a: Variation of partition function of shifted Morse potential with temperature for

          various values of .
[image: ]
Figure 5b: Variation of partition function of shifted Morse potential with temperature for

          various values of .

[image: ]
Figure 6a: Variation of free energy of shifted Morse potential with temperature for

          various values of .
[image: ]
Figure 6b: Variation of free energy of shifted Morse potential with temperature for

          various values of .

[image: ]
Figure 7a: Variation of internal energy of shifted Morse potential with temperature for

          various values of .
[image: ]
Figure 7b: Variation of internal energy of shifted Morse potential with temperature for

          various values of .
[image: ]
Figure 8a: Variation of entropy of shifted Morse potential with temperature for

          various values of .


[image: ]
Figure 8b: Variation of entropy of shifted Morse potential with temperature for

          various values of .
[image: ]
Figure 9a: Variation of specific heat capacity of shifted Morse potential with temperature for

          various values of .

[image: ]
Figure 9b: Variation of specific heat capacity of shifted Morse potential with temperature for

          various values of .
7. Concluding Remarks
In this work, the Nikiforov-Uvarov functional analysis (NUFA) method was employed to solve the radial Schrodinger equation for the shifted Morse potential model and their analytical expressions of energy eigenvalues and wave functions obtained. With the help of the energy eigenvalues, the expression for partition function and other thermodynamic properties expressions were obtained using the exact method. Also, the probability density, Shannon entropy, Fisher information, Fisher–Shannon product of the shifted Morse potential were obtained in position and momentum spaces, using the normalized wave functions. Numerical results of the energies for the shifted Morse potential have been presented for various values of the potential parameters. These energies depend on the variation of the principal quantum number. The numerical and graphical studies of the different quantum information theories have been discussed for the ground and first excited states, in position and momentum spaces. Our results presented show that the Shannon entropy of the shifted Morse potential satisfies the BBM inequality both at the ground and first excited states. The product of the Fisher information in both spaces also satisfies the Stam-Cramer-Rao inequality relations. Also, the results of the multiplication of the Fisher-Shannon product is greater unity, as expected. The energy eigenvalues expression of the shifted Morse potential have been employed to evaluate different thermodynamic functions and their variations with temperature. Specific result seen here is the existence of the critical temperature that produces the peak entropy values for the potential parameters considered. This work promises to be a guide in application to different areas of studies [38-40].


References
1. S. H. Dong, J. Garcia-Ravelo, Phys. Scr. 75, 307 (2007).
2. X. Zau, L. Z. Yi, C. S. Jia, Phys. Lett. A, 346, 54 (2005). 
3. Y. F. Diao, L. Z. Yi, C. S. Jia, Phys. Lett. A, 332, 57 (2004).
4. C. Y. Chen, Phys. Lett. A, 339 283 (2005).
5. X. Q. Zhao, C. S. Jia, Q. B. Yang, Phys. Lett. A, 337,189 (2005).
6. T. T. Ibrahim, K. J. Oyewumi, S. M. Wyngaardt, Eur. Phys. J. Plus, 127, 100 (2012).
7. T. Chen, S. R. Lin, C. S. Jia, Eur. Phys. J. Plus, 128, 69 (2013).
8. A. N. Ikot, E. J. Ibanga, H. Hassanabadi, Int. J. Quant. Chem. 116, 81 (2016).
9. W. C. Qiang, Chin. Phys., 13, 571 (2004).
10. A. D. Aihaidarttrri, J. Phys. A, 34, 9827 (2001).
11. C. Berkdemir, A. Berkdemir, R. Sever, J. Phys. A: Math. Gen. 39, 13455 (2006).
12. S. M. Ikhdair, R. Sever, J. Math. Chem. 45, 1137 (2009).
13. O. Bayrak, I. Bozbosun, H. Ciftci, Int. J. Quant. Chem. 107, 540 (2007).
14. S. M. Ikhdair, B. J. Falaye, M. Hamzavi, Chin. Phys. Lett. 30, 020305 (2013).
15. A. N. Ikot, G. J. Rampho, P. O. Amadi, U. S. Okorie, M. J. Sithole, M. I. Lekala, Int. J. Quant. Chem. 120, e26410 (2020).
16. A. N. Ikot, U. S. Okorie, R. Sever, G. J. Rampho, Eur. Phys. J. Plus, 134, 386 (2019).
17. C. S. Jia, L. H. Zhang, C. W. Wang, Chem. Phys. Lett. 667, 211 (2017).
18. A. N. Ikot, G. J. Rampho, P. O. Amadi, M. J. Sithole, U. S. Okorie, M. I. Lekala, Eur. Phys. J. Plus, 135, 503 (2020).
19. M. I. Neves, E. M. C. Abreu, J. B. de oliveira, M. Kesseles, Int. J. Geo. Meth. Mod. Phys. 17, 2050193 (2020).
20. A. N. Ikot, U. S. Okorie, G. J. Rampho, P. O. Amadi, Int. J. Therm. Phys. 42,10 (2021).
21. M. Zarezadeh, M. K. Tavassoly, Chin. Phys. C, 37, 4 (2013).
22. M. Daoud, D. Popov, Int. J. Mod. Phys. B, 18, 325 (2004).
23. A. F. Nikiforov, V. B. Uvarov, Special Functions of Mathematical Physics (Birkhauser, Basel, 1988)
24. M. E. Udoh, U. S. Okorie, M. I. Ngwueke, E. E. Ituen, A. N. Ikot, J. Mol. Mod. 25, 170 (2019).
25. M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables (Dover, New York, 1972)
26. C. Tezcan, R. Sever, Int. J. Theor. Phys. 48, 337 (2008).
27. F. Scardigli, Phys. Lett. B 452, 39 (1999).
28. M. Servatkhah, R. Khordad, A. Ghanbari, Int. J. Thermophys. 41, 37 (2020).
29. R. Horchani, H. Jelassi, Chem. Phys. 532, 110692 (2020). 
30. R. Khordad, A. Ghanbari, J. Low Temp. Phys. 199, 1198 (2020).
31. A. N. Ikot, E. O. Chukwuocha, M. C. Onyeaju, C. A. Onate, B. I. Ita, M. E. Udoh,  Pramana J. Phys. 90, 22 (2018).
32. G. T. Osobonye, M. Adekanmbi, A. N. Ikot, U. S. Okorie, G. J. Rampho, Pramana J. Phys. 95, 98 (2021).
33. A. S. Pooja, R. Gupta, A. Kumar, Int. J. Quantum Chem. 117, e25368 (2017).
34. I. Bialynicki-Birula, J. Mycielski, Commun. Math. Phys. 44, 129 (1975).
35. M. Alipour, A. Mohajeri, Mol. Phys. 110, 403 (2012).
36. E. Romera, Mol. Phys. 35, 5181 (2002).
37. A. Abdel-Hady, I. Nasser, Appl. Math. Info. Sci. 12, 717 (2018).
38. Y. J. Shi, G. H. Sun, J. Jing, S. H. Dong, Lasser Phys. 27, 125201 (2017).
39. A. J. Torres-Arenas, Q. Dong, G. H. Sun, S. H. Dong, Phys. Lett. A 382, 1752 (2018).
40. Q. Dong, A. J. Torres-Arenas, G. H. Sun, S. H. Dong, Lasser Phys. Lett. 15, 115202 (2018).



1

image2.wmf
(

)

(

)

(

)

(

)

2

2

1223

xx

eee

VxDADAeDBe

aa

--

=+-+++


image47.wmf
(

)

(

)

(

)

2

22

2

223

1

1

22

2

e

ne

e

mDA

EDAn

m

mDB

a

a

éù

+

æö

êú

=+--+

ç÷

êú

èø

+

ëû

h

h


oleObject47.bin

image48.wmf
(

)

11

(,(12);2)

sv

sNeSFnvs

m

ym

-

=-+


oleObject48.bin

image49.wmf
(

)

(

)

2

2

svv

nn

rNesLs

s

ys

-

=


oleObject49.bin

image50.wmf
N


oleObject50.bin

image51.wmf
(

)

(

)

0

21

2

422

v

v

N

vE

u

a

mmm

---

-

=

G-


oleObject51.bin

oleObject2.bin

image52.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

2121

1

2

2

222,2

2323,2

21,221

21

21

vv

N

v

vv

vv

v

v

am

m

m

m

++

=

G+

G+-G+

-G+-++G+

+

+


oleObject52.bin

image53.wmf
(

)

2

2

v

E

m

-


oleObject53.bin

image54.wmf
(

)

ExpIntegralE-2v,2

m


oleObject54.bin

image55.wmf
(

)

0

1

,

n

E

n

B

Ze

kT

l

b

bb

-

=

==

å


oleObject55.bin

image56.wmf
B

k


oleObject56.bin

image3.wmf
e

D


image57.wmf
l


oleObject57.bin

image58.wmf
T


oleObject58.bin

image59.wmf
n

E


oleObject59.bin

image60.wmf
(

)

2

21

1

2

0

GHGn

n

Ze

b

l

b

éù

æö

æö

êú

---+

ç÷

ç÷

êú

èø

èø

ëû

=

=

å


oleObject60.bin

image61.wmf
(

)

(

)

(

)

22

1

2

21

223

;;

2

2

1

1;

2

e

e

e

mDA

HG

m

mDB

GDAG

a

a

l

+

ù

==

ú

+

ú

ú

ú

=+=-

û

h

h


oleObject61.bin

oleObject3.bin

image62.wmf
(

)

2

11

11

22

2

G

eErfHGErfHG

Z

H

b

pblb

b

b

-

æö

æöæö

æöæö

-+--

ç÷

ç÷ç÷

ç÷ç÷

èøèø

èøèø

èø

=


oleObject62.bin

image63.wmf
Erf


oleObject63.bin

image64.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

2

ln

1

ln,,

lnln

ln,

v

dZ

FZU

d

dZdZ

SZC

dd

b

bbb

bb

bb

bbbbb

bb

ù

=-=-

ú

ú

ú

=-=

ú

û


oleObject64.bin

image65.wmf
(

)

(

)

(

)

(

)

22

log

xxx

ryy

=


oleObject65.bin

image66.wmf
(

)

(

)

(

)

(

)

22

log

ppp

rff

=


oleObject66.bin

image4.wmf
a


image67.wmf
(

)

(

)

22

log

x

Sxxdx

yy

=-

ò


oleObject67.bin

image68.wmf
(

)

(

)

22

log

p

Sppdp

ff

=-

ò


oleObject68.bin

image69.wmf
(

)

(

)

1log

xp

SS

p

+³+


oleObject69.bin

image70.wmf
(

)

(

)

2

x

x

Idx

x

r

r

Ñ

=

ò


oleObject70.bin

image71.wmf
(

)

(

)

2

p

p

Idp

p

f

f

Ñ

=

ò


oleObject71.bin

oleObject4.bin

image72.wmf
(

)

(

)

2

xx

ry

=


oleObject72.bin

image73.wmf
(

)

(

)

2

pp

rf

=


oleObject73.bin

image74.wmf
(

)

p

f


oleObject74.bin

image75.wmf
36

xp

II

³


oleObject75.bin

image76.wmf
(

)

(

)

2

2

11

,

22

p

x

S

S

xp

JeJe

ee

pp

==


oleObject76.bin

image5.wmf
(

)

(

)

(

)

2

12

123

2

33

1

0

11

s

sss

ssss

aa

yyxxxy

aa

-

¢¢¢

éù

++-+-=

ëû

--


image77.wmf
,

xp

JJ


oleObject77.bin

image78.wmf
,

xp

SS


oleObject78.bin

image79.wmf
,

xxxppp

PIJPIJ

==


oleObject79.bin

image80.wmf
,

xp

II


oleObject80.bin

image81.wmf
0.1,1.0,0.02,0.8,1.0,1.0

e

ABDm

a

======

h


oleObject81.bin

oleObject5.bin

image82.wmf
n


oleObject82.bin

image83.wmf
B


oleObject83.bin

image84.wmf
A


oleObject84.bin

image85.wmf
A


oleObject85.bin

image86.wmf
and

Bn


oleObject86.bin

image6.wmf
i

a


image87.wmf
()

n

E

-


oleObject87.bin

image88.wmf
0.1,0.02,0.8,1.0,1.0

e

ADm

a

=====

h


oleObject88.bin

image89.wmf
n


oleObject89.bin

image90.wmf
0.1,1.0

AB

==


oleObject90.bin

image91.wmf
0.1,1.5

AB

==


oleObject91.bin

oleObject6.bin

image92.wmf
0.1,2.0

AB

==


oleObject92.bin

oleObject93.bin

image93.wmf
1,0.02,0.8,1.0,1.0

e

BDm

a

=====

h


oleObject94.bin

oleObject95.bin

image94.wmf
1.0,0.1

BA

==


oleObject96.bin

image95.wmf
1.0,0.5

BA

==


oleObject97.bin

image7.wmf
(

)

1,2,3

i

i

x

=


image96.wmf
1.0,1.0

BA

==


oleObject98.bin

image97.wmf
1

xp

PP

>


oleObject99.bin

image98.wmf
0.8,0.02,0.8

e

BD

a

===


oleObject100.bin

image99.wmf
A


oleObject101.bin

image100.wmf
(

)

0

Sx


oleObject102.bin

oleObject7.bin

image101.wmf
(

)

0

Sp


oleObject103.bin

image102.wmf
(

)

(

)

00

SxSp

+


oleObject104.bin

image103.wmf
(

)

1

Sx


oleObject105.bin

image104.wmf
(

)

1

Sp


oleObject106.bin

image105.wmf
(

)

(

)

11

SxSp

+


oleObject107.bin

image8.wmf
0

s

®


image106.wmf
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0


oleObject108.bin

image107.wmf
1.96587

1.98244

1.99932

2.01652

2.03405

2.05192

2.07015

2.08875

2.10774

2.12714


oleObject109.bin

image108.wmf
1.85745

1.90525

1.95472

2.00595

2.05901

2.11404

2.17115

2.23043

2.29205

2.35614


oleObject110.bin

image109.wmf
3.82332

3.88770

3.95404

4.02247

4.09306

4.16596

4.24130

4.31918

4.39979

4.48327


oleObject111.bin

image110.wmf
0.772969

0.768402

0.763635

0.758666

0.753490

0.748104

0.742504

0.736686

0.730647

0.724382


oleObject112.bin

oleObject8.bin

image111.wmf
1.50435

1.52904

1.55404

1.57936

1.60499

1.63095

1.65722

1.68381

1.71074

1.73800


oleObject113.bin

image112.wmf
2.27732

2.29745

2.31768

2.33803

2.35848

2.37905

2.39972

2.42050

2.44139

2.46238


oleObject114.bin

image113.wmf
0.1,0.02,0.8

e

AD

a

===


oleObject115.bin

image114.wmf
B


oleObject116.bin

oleObject117.bin

oleObject118.bin

image9.wmf
3

1

s

a

®


oleObject119.bin

oleObject120.bin

oleObject121.bin

oleObject122.bin

image115.wmf
1.0

1.1

1.2

1.3

1.4

0.5

1.6

1.7

1.8

1.9

2.0


oleObject123.bin

image116.wmf
1.723420

1.606150

1.490320

1.375440

1.261170

1.147320

1.033750

0.920354

0.807094

0.693934

0.580859


oleObject124.bin

image117.wmf
2.21684

2.39050

2.56028

2.72633

2.88877

3.04774

3.20338

3.35582

3.50519

3.65159

3.79515


oleObject125.bin

oleObject9.bin

image118.wmf
3.94026

3.99665

4.05060

4.10176

4.14994

4.19507

4.23713

4.27618

4.31228

4.34553

4.37601


oleObject126.bin

image119.wmf
0.51348600

0.37468100

0.23498200

0.09816670

-0.0323057

-0.1534820

-0.2630450

-0.3593720

-0.4415400

-0.5092690

-0.5628290


oleObject127.bin

image120.wmf
2.01812

2.25535

2.47387

2.67138

2.84698

3.00003

3.13045

3.23866

3.32554

3.39233

3.44062


oleObject128.bin

image121.wmf
2.53160

2.63003

2.70885

2.76954

2.81467

2.84655

2.86741

2.87928

2.88400

2.88306

2.87779


oleObject129.bin

oleObject130.bin

oleObject131.bin

image10.wmf
3

0

a

®


image122.wmf
(

)

0

Ix


oleObject132.bin

image123.wmf
(

)

0

Ip


oleObject133.bin

image124.wmf
(

)

(

)

00

IxIp


oleObject134.bin

image125.wmf
(

)

1

Ix


oleObject135.bin

image126.wmf
(

)

1

Ip


oleObject136.bin

oleObject10.bin

image127.wmf
(

)

(

)

11

IxIp


oleObject137.bin

oleObject138.bin

image128.wmf
2.35347

2.34697

2.34056

2.33425

2.32803

2.32191

2.31589

2.30995

2.30411

2.29836


oleObject139.bin

image129.wmf
15.7001

15.9783

16.2671

16.5672

16.8793

17.2041

17.5424

17.8950

18.2629

18.6471


oleObject140.bin

image130.wmf
36.9496

37.5004

38.0741

38.6721

39.2957

39.9464

40.6261

41.3365

42.0797

42.8579


oleObject141.bin

image131.wmf
16.8883

16.8885

16.8893

16.8908

16.8930

16.8958

16.8992

16.9032

16.9079

16.9131


image11.wmf
3

0

a

®


oleObject142.bin

image132.wmf
42.1486

43.0226

43.9158

44.8287

45.7617

46.7156

47.6907

48.6878

49.7074

50.7500


oleObject143.bin

image133.wmf
711.818

726.586

741.708

757.193

773.052

789.296

805.935

822.981

840.446

858.342


oleObject144.bin

oleObject145.bin

oleObject146.bin

oleObject147.bin

oleObject148.bin

oleObject149.bin

oleObject11.bin

oleObject150.bin

oleObject151.bin

oleObject152.bin

image134.wmf
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0


oleObject153.bin

image135.wmf
2.53501

2.62171

2.70615

2.78857

2.86914

2.94801

3.02531

3.10113

3.17556

3.24868

3.32056


oleObject154.bin

image136.wmf
784.593

783.446

784.396

786.872

790.478

794.935

800.037

805.633

811.609

817.876

824.367


oleObject155.bin

image137.wmf
1988.95

2053.97

2122.69

2194.24

2267.99

2343.48

2420.36

2498.37

2577.31

2657.02

2737.36


image12.wmf
(

)

(

)

sv

sesfs

m

y

-

=


oleObject156.bin

image138.wmf
18.6561

19.5319

20.3758

21.1718

21.9071

22.5724

23.1617

23.6718

24.1026

24.4562

24.7364


oleObject157.bin

image139.wmf
49.7397

53.3691

56.8696

60.2268

63.4280

66.4628

69.3243

72.0088

74.5163

76.8497

79.0147


oleObject158.bin

image140.wmf
927.947

1042.40

1158.76

1275.11

1389.52

1500.23

1605.67

1704.58

1796.04

1879.45

1954.54


oleObject159.bin

oleObject160.bin

oleObject161.bin

image141.wmf
x

J


oleObject12.bin

oleObject162.bin

image142.wmf
p

J


oleObject163.bin

image143.wmf
x

P


oleObject164.bin

image144.wmf
p

P


oleObject165.bin

image145.wmf
xp

PP


oleObject166.bin

oleObject167.bin

image13.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

12122

13

2

21

222

1

0

sfsvsfsvvfs

vvv

fssfs

s

amamamax

ax

mamx

¢¢¢

éù

++-+-++-

ëû

éù

-+-

éù

+++-=

êú

ëû

ëû


image146.wmf
2.98578

3.0864

3.19237

3.30408

3.42197

3.54649

3.67818

3.81761

3.96539

4.12225


oleObject168.bin

image147.wmf
2.40374

2.6449

2.91995

3.23497

3.59719

4.01568

4.50158

5.06823

5.73291

6.51688


oleObject169.bin

image148.wmf
7.02694

7.24368

7.47194

7.71255

7.96645

8.23465

8.51826

8.81849

9.13671

9.47441


oleObject170.bin

image149.wmf
37.7389

42.2608

47.4991

53.5945

60.7181

69.0862

78.9683

90.6958

104.699

121.521


oleObject171.bin

image150.wmf
265.189

306.124

354.910

413.350

483.708

568.901

672.672

799.801

956.608

1151.34


oleObject172.bin

oleObject13.bin

oleObject173.bin

oleObject174.bin

image151.wmf
x

J


oleObject175.bin

image152.wmf
p

J


oleObject176.bin

image153.wmf
x

P


oleObject177.bin

image154.wmf
p

P


oleObject178.bin

image14.wmf
(

)

2

2

ys

ma

=+


image155.wmf
xp

PP


oleObject179.bin

oleObject180.bin

image156.wmf
0.274738

0.272239

0.269656

0.266990

0.264240

0.261409

0.258498

0.255507

0.252440

0.249296


oleObject181.bin

image157.wmf
1.18628

1.24634

1.31024

1.37829

1.45079

1.52808

1.61052

1.69851

1.79249

1.89291


oleObject182.bin

image158.wmf
4.63985

4.59771

4.55431

4.50967

4.4638

4.4167

4.3684

4.3189

4.26822

4.21638


oleObject183.bin

image159.wmf
50.0002

53.6208

57.5404

61.7868

66.3907

71.3852

76.8071

82.6968

89.0997

96.0651


oleObject14.bin

oleObject184.bin

image160.wmf
231.993

246.533

262.057

278.638

296.355

315.287

335.524

357.159

380.297

405.047


oleObject185.bin

image161.wmf
0.1,0.02,0.8

e

AD

a

===


oleObject186.bin

image162.wmf
B


oleObject187.bin

image163.wmf
x

J


oleObject188.bin

image164.wmf
p

J


image15.wmf
(

)

[

]

(

)

(

)

(

)

(

)

(

)

(

)

(

)

122

1

2

2

13

21

2

2

2

2

2

1

0

2

vv

yfyvyfyfy

vvv

fyyfy

y

mamax

a

ma

ax

mamx

ma

++-

¢¢

++--

+

éù

éù

-+-

+-

++=

êú

êú

+

êú

ëû

ëû


oleObject189.bin

image165.wmf
x

P


oleObject190.bin

image166.wmf
p

P


oleObject191.bin

image167.wmf
xp

PP


oleObject192.bin

image168.wmf
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0


oleObject193.bin

image169.wmf
1.838520

1.454150

1.153460

0.916673

0.729404

0.580869

0.462835

0.368922

0.294143

0.234568

0.187091


oleObject15.bin

oleObject194.bin

image170.wmf
4.93228

6.98052

9.80300

13.6642

18.9094

25.9874

35.4771

48.1234

64.8775

86.9481

115.865


oleObject195.bin

image171.wmf
4.660680

3.812360

3.121430

2.556200

2.092760

1.712410

1.400220

1.144080

0.934068

0.762037

0.621247


oleObject196.bin

image172.wmf
3869.83

5468.86

7689.43

10751.9

14947.5

20658.3

28383.0

38769.8

52655.1

71112.7

95515.5


oleObject197.bin

image173.wmf
18036.1

20849.2

24002.0

27484.1

31281.5

35375.4

39742.3

44355.6

49183.5

54190.5

59338.7


oleObject198.bin

oleObject199.bin

image16.wmf
1

y


oleObject200.bin

image174.wmf
x

J


oleObject201.bin

image175.wmf
p

J


oleObject202.bin

image176.wmf
x

P


oleObject203.bin

image177.wmf
p

P


oleObject204.bin

image178.wmf
xp

PP


oleObject16.bin

oleObject205.bin

image179.wmf
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0


oleObject206.bin

image180.wmf
0.1635060

0.1238710

0.0936759

0.0712512

0.0548865

0.0430738

0.0345977

0.0285351

0.0242108

0.0211437

0.0189958


oleObject207.bin

image181.wmf
3.31466

5.32720

8.24709

12.2421

17.3933

23.6223

30.6621

38.0703

45.2949

51.7686

57.0181


oleObject208.bin

image182.wmf
34.2996

28.4023

23.5026

19.4076

15.9791

13.1116

10.7200

8.73307

7.08962

5.73664

4.62796


oleObject209.bin

image183.wmf
164.871

284.308

469.009

737.302

1103.22

1570.01

2125.63

2741.39

3375.21

3978.40

4505.27


image17.wmf
y


oleObject210.bin

image184.wmf
5655.00

8074.99

11022.9

14309.3

17628.5

20585.4

22786.8

23940.8

23928.9

22822.7

20850.2


oleObject211.bin

image185.png




image186.png




image187.png




image188.png
Ko Y e W Y e

(d)2

00 05 10 15

-05

-15




image189.png




image190.png
=0
n=1

10

© o

(d)s

-5

El

-2




image191.png




oleObject17.bin

image192.png
(dn




image193.emf
A 0.1

A 0.5

A 1.0

0 2 4 6 8 10

0.40

0.35

0.30

0.25

0.20

T K

Z


image194.wmf
A


oleObject212.bin

image195.emf
B 1.0

B 1.5

B 2.0

0 2 4 6 8 10

0.42

0.41

0.40

0.39

0.38

0.37

0.36

T K

Z


image196.wmf
B


oleObject213.bin

image197.emf
A 0.1

A 0.5

A 1.0

0.00 0.01 0.02 0.03 0.04 0.05

0.00

0.02

0.04

0.06

0.08

0.10

T K

F


image198.wmf
A


oleObject214.bin

image18.wmf
(

)

13

10

vvv

ax

-+-=


image199.emf
B 1.0

B 1.5

B 2.0

0.00 0.02 0.04 0.06 0.08 0.10

0.00

0.02

0.04

0.06

0.08

0.10

T K

F


oleObject215.bin

image200.emf
A 0.1

A 0.5

A 1.0

0.00 0.01 0.02 0.03 0.04 0.05

400

200

0

200

T K

U


image201.wmf
A


oleObject216.bin

image202.emf
B 1.0

B 1.5

B 2.0

0.00 0.01 0.02 0.03 0.04 0.05

0

100

200

300

400

500

600

T K

U


oleObject217.bin

image203.emf
A 0.1

A 0.5

A 1.0

0.00 0.05 0.10 0.15 0.20 0.25 0.30

100

0

100

200

T K

S


image204.wmf
A


oleObject218.bin

oleObject18.bin

image205.emf
B 1.0

B 1.5

B 2.0

0.00 0.05 0.10 0.15 0.20 0.25 0.30

4

2

0

2

4

6

T K

S


oleObject219.bin

image206.emf
A 0.1

A 0.5

A 1.0

0.0 0.2 0.4 0.6 0.8 1.0

0

10

20

30

40

50

T K

C

v


image207.wmf
A


oleObject220.bin

image208.emf
B 1.0

B 1.5

B 2.0

0.00 0.05 0.10 0.15 0.20 0.25 0.30

0

5

10

15

20

T K

C

v


oleObject221.bin

image19.wmf
(

)

2

21

2

2

0

2

mamx

ma

éù

+-

=

êú

+

êú

ëû


oleObject19.bin

image20.wmf
(

)

[

]

(

)

(

)

(

)

122

1

2

2

20

2

vv

yfyvyfyfy

mamax

a

ma

++-

¢¢¢

++--=

+


oleObject20.bin

image21.wmf
m


oleObject21.bin

image22.wmf
v


oleObject22.bin

image23.wmf
2

221

4

2

aax

m

-±+

=


oleObject23.bin

image24.wmf
(

)

(

)

2

113

114

2

v

aax

--±-+

=


oleObject24.bin

image25.wmf
(

)

[

]

(

)

(

)

0

xfxcxfxafx

¢¢¢

+--=


oleObject25.bin

image26.wmf
0

x

=


oleObject26.bin

image27.wmf
x

=¥


oleObject27.bin

image28.wmf
(

)

122

2

2

2

vv

n

mamax

ma

++-

=-

+


oleObject28.bin

image29.wmf
(

)

(

)

1222

220

vvn

mamaxma

++-++=


oleObject29.bin

image30.wmf
(

)

(

)

(

)

(

)

2

11

1

;;1....

1!12!

aa

ayy

fyFacs

ccc

+

==+++

+


oleObject30.bin

image31.wmf
(

)

(

)

(

)

(

)

1112

,2;2

sv

sNesFnvs

m

yaam

-

=-++


oleObject31.bin

image32.wmf

oleObject32.bin

image33.wmf
(

)

(

)

(

)

2

22

2

0

dRx

m

EVxRx

dx

éù

+-=

ëû

h


oleObject33.bin

image34.wmf
m


oleObject34.bin

image35.wmf
n

E

l


oleObject35.bin

image36.wmf
h


oleObject36.bin

image1.wmf
0

=

l


image37.wmf
n


oleObject37.bin

image38.wmf
l


oleObject38.bin

image39.wmf
(

)

(

)

(

)

(

)

(

)

2

2

2

22222

224

2

1230

xx

nee

e

dRx

mEmDmD

m

AAeDBeRx

dx

aa

--

éù

+-+++-+=

êú

ëû

l

hhhh


oleObject39.bin

image40.wmf
x

se

a

-

=


oleObject40.bin

image41.wmf
(

)

(

)

(

)

2

22

22

11

0

n

dRs

dRs

ssRs

dssdss

gfe

éù

+++-=

ëû

l


oleObject41.bin

oleObject1.bin

image42.wmf
(

)

(

)

(

)

2

2

22222222

242321

2

;;

eee

mDBmDAmDA

mE

gfe

aaaa

+++

===-

hhhh


oleObject42.bin

image43.wmf
2

123123

1,0,,,

aaaxgxfxe

======


oleObject43.bin

image44.wmf
m


oleObject44.bin

image45.wmf
v


oleObject45.bin

image46.wmf
;

v

mge

==


oleObject46.bin

