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Abstract

This research paper is concerned with developing, analyzing, and implementing an adaptive optimized one-step block
Nystrom method for solving second-order initial value problems of ODEs and time-dependent partial differential
equations. The new technique is developed through a collocation method with a new approach for selecting the
collocation points. An embedding-like procedure is used to estimate the error of the proposed optimized method. The
current approach has produced approximate solutions to real-world oscillatory, periodic and stiff application problems.
The numerical experiments demonstrate that the introduced error estimation and stepsize control strategy presented
in this manuscript has produced a good performance compared with some of the other existing numerical methods.

Keywords: Ordinary and time-dependent partial differential equations, optimized block Nystrom method, variable
stepsize formulation, error estimation and control, collocation method.

1. Introduction

Second-order ordinary differential equations (ODEs) are widely used to model real-world problems in engineering,
control theory, physics, economics, physical and social sciences, etc. In this article, we consider problems of the form

Y = fny(x),y (X)), (1)
y(a) = Yo, y,(a) = y(/)’x € [a’ b] - R’y’f € Rd,

where a = x( stands for the initial point, b, yo, y6 are given, and f is assumed to be a continuous function that fulfils
the Lipchitz’s condition that guarantees the existence and uniqueness theorem in [[1]. It is noteworthy to mention that a
Vander Pol, Kepler’s, Bessel, highly stiff oscillatory, simple harmonic and critically damped motion, and other similar
problems can be written in the form of (T).

Many existing numerical methods for solving the class of problem in (I)) have been analyzed; see for example [2] -
[12]. Those strategies include Runge-Kutta type, linear multistep, Numerov-type, P-stable Obrechkoff, or collocation
methods. One standard approach is to transform problem (I)) to an equivalent system of first-order ODEs. Then the
resulting system of equations is solved using suitable methods for first-order ODEs (see [13[] and [[14])).

In order to enhance the previously mentioned techniques, scholars like Kalogiratou et al. [15], Areo and Rufai ([16]),
Ramos and Rufai [17], Amodio and Brugnano [18], and Ramos et al. [19] have derived and implemented block
methods for solving the IVP (I directly. The advantage of block methods over the Runge-Kutta type and predictor-
corrector methods is that they can be less expensive regarding the number of functions evaluated and CPU time.

In this paper, we introduce a new optimized Runge-Kutta Nystrom method (ORKNM) with an associated embedded
method for error estimation, which makes it suitable for a variable stepsize implementation. The obtained adaptive
form of the ORKNM is applied to solve directly problems defined in (1)) and its special type in which the function f
does not depend on y’(x).
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2. Derivation of the method

Let 4 > 0 be the integration stepsize and x; = xy + h. Following the approach in [21], we assume that the exact
solution of the IVP in (I)) on [xo, x;], is approximated by a polynomial u(xq + sh), s € [0, 1] of degree seven, satisfying
the collocation conditions u”’(xo + ¢jh) = fe;, where co =0 < ¢1 <2 <3<y <cs5 =1, x; = x0 +¢;h, j = 1(1)4,
and fo; = f(xe;, u(xe,),u'(xc;)). In terms of the Lagrange basis polynomials L;(s) defined on the values xo + ¢;h,
j=0,...,5 u"(xo + sh) reads

5
W' (xo + sh) = Y fo, Li(s), @)
j=0

Integrating (Z) once and twice, respectively, and exploiting the initial conditions in s = 0 leads to the following
formulas

5
hy' (xo + sh) = hu'(xo + sh) = hyl + h? )" Bi(8) fuse,» 3)
7=0
5
Y(xo + 5h) = u(xo + sh) = yo + shyy + B " @(8) fuse,» @
=0

where a;(s) = ['(s — )Lj(r)dr and B(s) = [ L;j(r)dr. We then set y; = u(xo + h), y; = u'(xo + h), and iterate the
above procedure on subintervals [x,, x,+1],n =0,1,...,N — 1, of length A.

The proposed method is constructed by considering four intermediate points on [xg, x;]. A common procedure to
increase the order of a collocation method is to choose the intermediate points in order to have a higher truncation
error for the point x;. Here instead of looking for the higher possible truncation error, we choose the intermediate

points in order to rise by one the order of the local truncation error for y(x;), y'(x) and y(x,,). For simplicity we fixed
) = % and we look for the values of ¢y, c3, c4. The truncation errors are obtained through the expansion in powers of
h utilizing the Taylor series, resulting in

(=Tcic3cq + ¢ + ¢z + ¢ — DESY® (x0)

— 9
L[y(x1),h] = 604300 +O0(),
O (x) P, 0
L[y(xc;), h] = 604300 +O0),
—_6 — _ _ _ 7,,(8)
LG ] = (=6 = Tes(=1 +¢q) + 7c204;g(§ 1+c3+ca)hy® (x) +O(). )

with

P, =ct (03 (563 + (8ea +12) 3 = 2ley + T3 + 14cs) + c1 (8¢} — (1dcy +21) 63 + (42¢4 + 14) ¢ — 35c4)).

Equating the principal terms in (3)) to zero, we have
—Tciczeqa +c1+c3+c4—1=0
Pe, =0 (6)

-6 — Tes(=14+cq)+Teg —Tei(—1+c3+cy) = 0.

The optimal coefficients derived by this procedure satisfying 0 < ¢; < ¢3 < ¢4 < 1 are

(7 v21) (74 v21) 21+4V21
S VI VR
Substituting the values of the coefficients and evaluating the formulas in (3)) and (@) at s = 1, we get the approximations
of y(xo + h) and y'(xy + h), given as follows



Y1 =yo+hyy+

hy| = hy, +

1
180

— 2
360

—= I (9fy +49f,, +64f., +49f., +911).

(18f0+7<\/ﬁ+7)fcl +64ﬂ2—7(\/ﬁ—7)fc3),

@)

In order to implement the proposed optimized Runge-Kutta Nystréom method in block form, some additional
formulas must be considered. To do this, we take the values of u(xy + sh) in (E[) and hu'(xy + sh) in @) evaluated at
the collocation points s = ¢y, 3, ¢3, ¢4. In this way, we obtain a total of ten formulas that form the proposed optimized
block method.

3. Theoretical analysis

The obtained ORKNM can be formulated in matrix form as

RVy=hS V{+hTF,,

with R, §, T constant matrices containing the coefficients of the ORKNM, given by;

~
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and

.

VO = (yo,yCI’yvzvynyCwyl) )
! 7 ’ ’ ’ 7 7 T

VO = (yO’ycl’ycz’yC3’yc4’yl) ’
.

Fo = (for fors fern fen fein 1)

We define the operator I related to the ORKNM in (), assuming that y(x) has enough derivatives, as
Tly(oshl = > [@y (x4 jh) = hoyy (x+ jh) = W0y (x + jh)] (11

jel

where ©;, 6;, and ¥; are respectively vector columns of R, S and T, and I = {0, ¢y, ¢2, ¢3, ¢4, 1}.
Expanding y (xo + jh),y (xo + jh) and y” (xo + jh) in Taylor series about x, we have

[y(x); Al = Coy(x) + C1hy' (x) + Coh>y" (x) + -+ - + Chtyl(x) + ..., (12)
where
1 ) - -
Co = —|D 70i=a) /"0 —ala=1 ) 78, (13)
q: jel jel Jel
and g =0,1,2,3,4,.... The order of the local truncation error is determined by the first non-null vector C,.

We note that the resulting scheme is a Runge-Kutta Nystréom method based on direct collocation. According to [21],

if

Yo =y =0(RY), y(x) -y = 0(h*),
then the order of accuracy is defined as p = min{p;, p»}.
By Theorem 3.2 of [21] we know that the method has global step point order of at least p = 6 and locally, the order
of the y component is 7 and the order of the y’ component is one lower. We have increased the global step point order
with the special choice of the collocation points. Since Theorem 3.4 of [21] is satisfied with p = s+g=6+2 =8,
then the ORKNM has global step point order p = 8.

By substituting the elements of the matrices defined in (9)) and (T0) we get the orders and LTEs for each of the formulas
in (8), as given in Table

Table 1: Order(p) and local truncation errors (LTEs) for the formulas in (8)

Formula  Order local truncation errors
o 1 ~m + O)
o o7 ~ e + OU)
W7 R gy,
Ve 7 e+ O(h)
M 8 1;1797};;91%%)0 +O0(h'%)
Vel 6 - 812]:;§;:(\)% + 00
v, 6 Lo 1 O(hY)
v, 6 -l O
Y 6 Bl OY)
% 8 — IRl L Oh'0)

4



The stability properties of the method are studied by applying formula (§) to the following standard test equations

Y (x) = = y(x),

n>0,

y'(x) = =2vy'(x) = vV*y(x), n>0,

(14)

5)

where v stands for a complex parameter and the above equations have bounded solutions that go to zero as x tends to

infinity. Applying the ORKNM in (8) on (T3) we have

V1
Ve,
Yer
ey
ey

Y

Ve -1
Ye,—-1
Yes-1
Veus-1

Yo

where P and Q are square matrices of dimension ten whose entries are obtained by the coefficients of the formulas
given in (). By letting z = vh, we study the stability of the proposed ORKNM through the eigenvalues of the
amplification matrix (M(z) = P~'Q). Figures 1| - 2| display the stability regions of the proposed ORKNM using the

above test equations.
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Figure 1: Stability region in the complex z-plane using (T4).
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Figure 2: Stability region in the complex z-plane using (T3).

4. Error estimation and mesh selection

From a practical point of view, it might be unreasonable to solve the IVP with a constant stepsize, especially when
the true solution changes at very different rates in portions of the integration interval [xg, xy]. Thus, for the numerical
method (8) to be reliable and, of course, efficient, it must be suitable for a variable stepsize (VSS) implementation.
The approach of VSS is also known as adaptive since it adjusts the number and position of the steps utilized in the
numerical solution to ensure that the truncation error is kept inside a predefined bound. To achieve a robust estimation
of the local truncation error (LTE), we adopted a similar strategy as in Shampine, and Gordon [22].

The choice of a formula of a higher order that could be used for error estimation is not so simple. We use a strategy
that requires two more function evaluations in this work. Following the procedure described in [25] but starting from
the Hermite-Obreschkoff methods presented in [26]], we use a central finite difference approach to get the coefficients
for computing an approximation y* to y(x;). The derivatives of the Hermite-Obreschkoff method of order 10 are

approximated using a stencil of eight points with the previous computed function values f, i = 0,...,5 and two
additional function evaluation at the points cg = % - \/_227 and ¢7 = % - % The approximation of ycj,y;.j, j=6,7

needed for the evaluation of f are computed evaluating the collocation polynomial, requiring a linear combination of
the function values. The following multistep formula of order p = 9 is then obtained

. R (2343—16\/271)]‘0 (4x/ﬁ+21)ﬁ (573\/ﬁ+3731)ﬁ7]
Moo= Yot 51900 - 375 * 20880

(V2T +565) i, (197 -43V21) £
*h 3060 * 1800

(16)

e 3(4vV2r+21)fe 3£, 3(30854V21+141421) £,
* 1000 200 " 30512875 ’

with local truncation error LTE = %hmy(w) (x0) + O (h“).

The obtained error estimate provides the basis for choosing the stepsize for the next step. The mesh selection is
now made by computing an estimation of the relative mixed error as follows

i =

ATOL ’
(82 +Ib])
where y} and y; are the values obtained by the formula in and the method in (8), respectively, and ATOL and
RTOL are the user’s predefined tolerances. If EST < RTOL, then we accept the results and take the next step as
hpew = 2 X hgyg, that is, we double the stepsize to save the time and proceed the integration process with this £,
provided that %, < e < Hipax, Where hyy,;, and by, are the minimum and maximum stepsizes allowed respectively.

If EST > RTOL, then we reject the obtained results, decrease stepsize and repeat the calculations with the following
new step

EST =



1/p
RTOL) . a7

Npew = hy
"’( EST

According to Stoer and Bulirsch [27], page 491, many researchers recommend the inclusion of a safety factor u in
(T7) as follows:

RTOL\'"”
- - (18)
EST
where 0 < u < 1 is a suitable adjustment factor. In the numerical experiments section, we have used u = 0.95.
For comparison purposes, the implicit Lobatto III-A Runge-Kutta method of order eight has been implemented as
an embedded Runge-Kutta method in variable stepsize mode. The following multistep formula of order (p = 10)

Rnew = X hota (

h (182475f0 + 2064384}% + 2064384]‘% + 2097152f% + 2097152f%)

Y Yo 5953500
h (—2067261]‘6] + 14000001, — 2067261 f,, + 182475f1)
" 5953500 ’
with the local truncation error LTE = —mh“y(“) (x0) + O (hlz) has been used to estimate the local error

at each step and a similar strategy for mesh selection as given in (I8) with p = 10 has also been utilized with the
Runge-Kutta method.

5. Computational details

The new ORKNM is implemented in a step by step mode. We denote the obtained system from (§) as F(y) = 0
where the unknowns are

Y = 0 Ve Yers Yoo Yeus Vs Yeus Ve Y1 V1) -
Since the ORKNM is an implicit scheme, we use a Modified Newton’s method (MNM) to solve the obtained systems.
The i-th iteration of the MNM is given by
J6 (?i+1 _ ?l) — —Fi,

where J, f) represents the frozen jacobian matrix of F at the starting value. The starting values to be used by MNM for
solving the system on each iteration are taken as

(.]h)z ’ 7 ih =0.1.2 P—
Tﬁl’ yn+1_yn+(.] )f;lr n=4y,1, 7"'7N_1a J_CI7C27C3’C471~

Yn+j =Yn t (Jh)y:'l +
We can apply the ORKNM to solve systems of second-order IVPs by considering the following system of m equations:
Y =f,yy"), y@=yo, Y@=, a=x<x<b=x,
where y= (Yh oo ,}’d)T,y/ = (y’p oo ,YZ/)T’
fy",y") = Ay Ly D, faxy T,y )T,
and yo = (y1,0,--->Ya0) "> ¥y = (1,05 - - -»Ya0) " . In the case of d-dimensional IVPs, we get the algebraic system of 10d
equations, and we solved the obtained non-linear system using MNM, as in the scalar one-dimensional IVPs. The

stopping criterion and the maximum number of iterations used while executing the MNM are 2 X RTOL and 100,
respectively.



6. Numerical Experiments

Here, we report the numerical performance of the proposed ORKNM on the class of second-order problems of
the form (I). We note that the effectiveness and efficiency of the proposed strategy will rely on the VSS technique
presented in section[d] The criteria utilized as a measure of the accuracy are the maximum absolute error (MAE) and
the maximum relative error (MRE) on the integration interval, given respectively by the formulas

mAg = s Ipesy -l
. o=yl
50N | (ATOL ()
MAE,
ROC = —‘ng(MAEZh)’

where y(x;) is the exact solution, and y; is the computed result at each point x; of the discrete grid. The following
abbreviations are utilized in Tables:

ORKNM: The new optimized Runge-Kutta Nystrém method developed in this paper.

FMBS8P: The Falkner method of order eight (see [23]]).

FDMSP: The finite difference method of order eight (see [24, 128]).

FDMO9P-GFD: The finite difference method of order nine with generalized backward difference (see [24, [28])).
FDMO9P-GBD: The finite difference method of order nine with generalized forward difference (see [24} 28]]).

LOB-IITA8P: The implicit Lobatto III-A Runge-Kutta method of order eight formulated in variable stepsize
(see [29]).

NS : Number of steps.

MP : Mesh points.

NRS : Number of rejected steps.

NNI : Number of Newton iterations.

NJAC : Number of Jacobian evaluations.
ABE y(x) : Absolute error of the solution.
ABE y’(x) : Absolute error of the first derivative solution.
TNFE : Total number of function evaluations.
hin; : Initial stepsize.

Ryin © Minimum stepsize allowed.

Ny : Maximum stepsize allowed.

ATOL : Absolute Tolerance.

RTOL : Relative Tolerance.

CPU : Computational time in seconds.



6.1. Numerical Experiment I

To determine the numerical rate of convergence of the proposed ORKNM, we first consider the following Bessel
problem using fixed stepsize

22y (%) + xy' (x) + (x> = 0.25)y(x) = 0, (19)
_ 2. s 1« 2cos(1) —sin(1)
y(1) = \/;sm(l), y(1) = —\/ﬂ , 1<x<8,

whose exact solution is

y(x) = ﬂi sin(x).
X

Table 2: MAEs and order of convergence for test Problem (T9)
h_ Method MAE ROC

75 ORKNM  1.88947 x 107#

—_

L ORKNM 1.13901 x 10710 737

ORKNM  5.26579 x 1071 7.76

L ORKNM 227596 x 10715 7.85

Table 3: Comparison of the numerical results for Problem (T9) with h;y; = 1071

ATOL =RTOL Method NS TFE MP MAE y(x) MAE y'(x)
1076 ORKNM 6 48 49 575220 x 107%  2.68700 x 1078
FMS8P 65 74 66 4.58467x 1077  6.34613 x 107’
1077 ORKNM 7 56 56 3.46870x 1077 5.61510x 107°
FMS8P 82 91 83 500841 x10°% 2.047023 x 1077
1078 ORKNM 8 64 63 5.64580x 10 2.89620 x 1077

FM8P 97 106 98  6.93047x 107  9.26095 x 10~°

In Table 2, we have included the numerical rate of convergence (ROC) to (T9) which confirmed the order of
convergence of the method.

In Table 3, we present the maximum absolute errors for the solution and its first-derivative solution obtained at the
final point of the integration interval for (I9). We observe that the error terms are similar, but the proposed ORKNM
uses a small NS, which shows the good performance of the proposed method.

6.2. Numerical Experiment 2
Consider the non-linear homogeneous problem [24]]

O + Dy’ (0) - 36/ (@) =0, (20)
(1) =0, y(1) = —%, 1 <x<10,



whose exact solution is

1
y(x) = @‘1-

Table 4: Comparison of the numerical results on (20) with ;,; = 8 X 1072

ATOL = RTOL Method NS NRS NNI TFE NJ MP MRE

10-6 ORKNM 7 0 30 56 7 50  2.13206 x 1077
FDMSP 6 0 68 49 40 68  9.56000 x 1077

FDMOP-GFD 5§ 0 34 16 11 67  5.89000 x 1077
FDMOP-GBD 5 0 34 16 11 67  5.74000 x 1077

1077 ORKNM 8 0 38 64 8 57  4.05649 x 1078
FDM&P 7 0 77 54 44 79 1.24000 x 1077

FDMO9P-GFD 6 0 67 47 38 80  8.14000x 1078
FDM9P-GBD 6 0 67 47 38 80  7.57000 x 1078

1078 ORKNM 10 0 45 80 10 71 7.56256 x 1077
FDMS&P 9 0 102 71 58 101 1.98000 x 1078

FDM9P-GFD 7 0 77 53 43 93 8.77000 x 107°
FDMOP-GBD 7 0 77 53 43 93 8.18000 x 107°

Table 4 presents the comparison of maximum relative errors on the integration interval and the number of steps
for different methods, evincing the good performance of the proposed ORKNM.

6.3. Numerical Experiment 3

Consider the Vander Pol problem that arises from electronics and illustrates the behaviour of non-linear vacuum
tube circuits [30]

¥/ () = v(1 = y(0)Hy (x) = y(x), 2D
y0)=2, y(0)=0, 0<x<2000,

whose exact solution is unknown.

Table 5: Comparison of the numerical results on @]) with A, = 1071, v = 1000
ATOL = RTOL Method NS NRS NNI TFE NIJ CPU MRE

1077 ORKNM 317 94 1249 2536 411 257627 3.81286x 10~°
LOB-IIIA8P 733 64 2004 5864 797 3.75841 3.16765x 1077
1078 ORKNM 321 112 1280 2568 433 2.74884 2.50932x 10~
LOB-IIIASP 754 73 2218 6032 827 4.12364 8.73680x 1078
107° ORKNM 345 115 1355 2760 460 2.97702 2.64965x 1071

LOB-IITA8P 801 82 2633 6408 883 4.63263 3.17442x 1078

10
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Figure 3: Discrete solution for €I)) with ATOL = RTOL = 1072, hjp; = 1073,

1000 - b

500 - b

-500 - b

-1000 - b

-2 -1 0 1 2

Figure 4: Limit cycle for the numerical experiment (ZI) with ATOL = RTOL = 1072, ;; = 1073,

In order to compare the MRE for problem (Z1), the following reference solution at the final point xy = 2000 given
in [30] has been used,

y(xy) = 1.706167732170469,  y'(xy) = —0.0008928097010248125.

The comparison of the results for the proposed ORKNM and LOB-IITASP presented in Table 5 were obtained
using Apin = 107 and h,,,, = 10, respectively.

The data in Table 5 clearly show that the best performance corresponds to the ORKNM. In addition, these data
are used to obtain the efficiency curves in Figure 3, which shows the good performance of the proposed method. The
behavior of the approximate solution and the corresponding limit cycle are shown in Figures 4 and 5, respectively.

6.4. Numerical Experiment 4
In the fourth experiment, we solve the Kepler’s problem (KP) [31]]

W= —29 ) =1-e y0 =0,
(3 + %)’
Y(x) = - % 2(0) = 0, y,(0) = 1—:“5 0 < x <20m. (22)

(03 + %)’
The theoretical solution of the KP is
y1(x) = cos(v) — €, y2(x) = VI — €2 sin(v),
11



where v is the solution of the Kepler’s equation, v — esin(v) — x = 0.

Table 6: Comparison of the numerical results on 22)) with /;,; = 1072, € = 0.9

ATOL = RTOL Method NS NRS NNI TFE NJ CPU MRE
10710 ORKNM 470 223 2127 3760 693  6.93321 1.53986 x 107*
LOB-IIIA8P 527 226 3195 4216 753 14.05239 5.83114x 107°
10712 ORKNM 745 337 3247 59960 1082 10.50988 3.55175x 107°
LOB-IIIA8P 847 364 4939 6776 1211 2240475 2.76875x 107°
101 ORKNM 1210 525 5206 9680 1735 17.01310 4.53147 x 107°

LOB-IIIA8P 1380 566 8216 11040 1946 36.44788 9.28509 x 10~°

04 R

0.0

L L L L L 1 L L L L L
-15 -1.0 -0.5 0.0

Figure 5: Discrete solutions for Problem (Z2) with ATOL = RTOL = 10714, /;; = 1072

The comparison of the results for the proposed ORKNM and LOB-IIIA8P presented in Table [] were obtained
using Ay, = 107 and hy,,, = 5, respectively.
The numerical results for the proposed ORKNM and LOB-IIIA8P reported in Table|§|were obtained taking h,,;, =

107'2 and Ay = 5. Again, the MRE are similar, and the proposed ORKNM has smaller NS, CPU-times, NNI, TFE,
and NJ, implying that the ORKNM is accurate for integrating the Kepler problem directly. The discrete solution in
the phase plane is shown in Figure 6.

6.5. Numerical Experiment 5
Consider the time dependent semi-discretization of the problem given in [21]

(92)) B y2 aZy
02 (1 +2x —2x%) Ox>
0<t<2m, 0<x<1,

+ y(4 cos?(x) — 1) , (23)

with initial and Dirichlet boundary conditions so that the exact solution is

y(x, 1) = (1 + 2x — 2x%) cos(x).
We solved (23) by discretizing the second-order spatial derivative, leaving the time variable continuous, and then
2
applying the ORKNM, following a procedure as in the method of lines. The % in (23) is discretized by

Y(Xix1, 1) = 29(x;, 1) + Y(xi-1, 1)
ox? ’

12

(92y
ﬁ(xis 1) = 24



(XN+1 — Xo)

where dx =
N+1

xo + (N + 1)éx. Taking N = 19 and using (24) on the grid points x; =

20°

L

i=1,...,N, we gety;,y,Vs3,...

solving the following system of differential equations after replacing %(xi, 1) in Z4) into 23),

i Yir1 = 2yi + yin

"”o_
T 2x; — 2x7

ox2

Table 7: Comparison of the numerical results on 23) with

+yi(dcos’(x) - 1),i=1,...,N.

10°2,N=19

, N is the internal number of spatial nodes, x; = xo + 0x,...,xy = Xo + NOx, Xy =

s YN by

(25)

ATOL =RTOL  Method NS NRS NNI TFE NJ CPU MRE
102 ORKNM 33 32 91 264 65 3223438  3.6880x 1077
LOB-IIASP 65 16 171 520 81  77.82813  4.3822x 1078
1073 ORKNM 69 69 248 552 138 74.68750  1.4969 x 107°
LOB-IIIASP 182 15 398 1456 197 201.28125 2.1512x 10710
107% ORKNM 147 149 583 1176 296 166.6410  1.3113 x 107"
LOB-IIIASP 556 13 1140 4448 569 57145313 2.4563 x 1072

Figure 6: Exact and discrete solution (red points) for (ZI) with ATOL = RTOL = 1074, h;,; = 1072

Table 7 presents the numerical results we obtained using ,,;, = 10~* and Aypqy = 1. Data in Table 7 and Figure 8
also ascertain the viability and effectiveness of the proposed ORKNM. Exact and approximate solution of the ORKNM

for the (23) utilizing h,,;, = 107 and Ay, = 1 are plotted in Figure 9.

7. Conclusions

A new superconvergent collocation Runge Kutta Nystrom method has been developed for the solution of second-
order initial value problems. In particular, an accurate way to estimate the local truncation error allow us to implement
an effective mesh selection strategy. The numerical results show that this method can be competitive with other

existing numerical techniques.
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