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WELL-POSEDNESS AND EXPONENTIAL STABILITY OF THE KAWAHARA
EQUATION WITH A TIME-DELAYED LOCALIZED DAMPING

BOUMEDIENE CHENTOUF

ABSTRACT. The aim of this article is to investigate the well-posedness and stability problems of the
so-called Kawahara equation under the presence of an interior delayed damping. The system is shown to
be well-posed. Furthermore, we prove that the trivial solution is exponentially stable in spite of the delay
effect. Specifically, local and semi-global stability results are established according to the properties of
the spatial distribution of the delay term.

Keywords: Nonlinear Kawahara equation; localized damping; time-delay; exponential stability.

1. INTRODUCTION AND PRELIMINARIES

The main concern of this article is to deal with the well-posedness and stability of an initial-
boundary-value problem related to a fifth order dispersive partial differential equation (PDE) with
localized time-delayed damping

opu(z,t) + Ou(z, t) — ndou(z,t) + u(w, t)Ou(z, t) + adyu(z,t)
+a(z)u(z,t) + b(z)u(x,t —7) =0, (x,t) € Q x (0,00),

(1.1) u(0,t) = u(l,t) = 0,u(0,t) = dpu(l,t) = 0?u(l,t) = 0, t>0,
u(z,0) = up(z), x €,
u(z,t) = zo(x,t), reQ, teT,

where u represents the amplitude of the dispersive wave, ¢ > 0, Q = (0,¢), & > 0 and 1 > 0 are physical
parameter of the dispersive equation. In turn, 7 > 0 is the time-delay and 7 = (—7,0), while uy and
2o are initial conditions. Finally, a(-) and b(-) are spatial distributions of the actuator and satisfy the
following properties:

A1: a(-) and b(+) are nonnegative functions of L>°(Q2) and b is positive on an open subset

w of Q, that is, b(z) > by a.e. in w, for some positive constant by. In turn, a is positive

on an open subset @.

The PDE in (1.1) is known in literature as Kawahara equation and commonly used to model several
physical phenomena [18, 19]. As a matter of fact, the equation is a special case of the well-known Benney-
Lin equation derived by Benney [3] and later by Lin [22]. With regard to the physical interpretation
of the model, Kawahara equation may model a one-dimensional propagation of small-amplitude long
waves in various problems of plasma physics and fluid dynamics [2, 18, 19, 32].

Concerning the mathematical endeavor, the Kawahara equation without delay has been the subject
of numerous studies depending whether the spatial variable x belongs to the whole real line [9, 16] or
half-line [10, 21] or a periodic domain [15, 17]. In addition of that, there exists a rich literature about
the Kawahara equation in a non-periodic bounded domain [6, 10, 11, 12, 20, 21, 34], where the existence
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2 BOUMEDIENE CHENTOUF

and uniqueness of solutions to the equation (without delay) along with its asymptotic behavior are
proven. We also note that the equation has been studied in some papers from the control theory point
of view [8, 13, 37, 38|, whereas its generalized form is analysed in [39].

The novelty of this article is to take into account the time-delay phenomenon in the Kawahara
system (1.1). To be more precise, the damping control proposed in [34] is supposed to have a delay.
This idea is used for the Korteweg-de Vries equation [33]. Of course, the presence of a time-delay in the
equation is motivated by the fact that in control systems, the sensors and actuators act under a delay.
Thereby, it is crucial to study the impact of such a delay on the performance of the control proposed in
[34] and attempt to eliminate or nullify any eventual negative effect of its presence.

The main contribution of the current work is to show that the Kawahara equation remains stable
despite the presence of a localized interior damping. Such a desirable outcome is shown under two
different circumstances of the spatial distribution function b. This result improves that of [34], where
no delay occurs in the equation and also that of [33], where the equation is of third order. More
importantly, unlike [33], we manage to obtain our stability results (see Theorem 2 and Theorem 3)
without any smallness condition on the length ¢.

Now, we briefly describe the plan of the paper. In section 2, we evoke an additional assumption A2
and prove that the problem (1.1) is well-posed by combining semigroups theory and fixed point method.
Then, two stability results are established. The first one is based on the energy method, while the
second invokes an observability inequality and compactness arguments [29, 27]. Section 3 is devoted to
the analysis of (1.1) with a sole assumption A1l. Following a perturbation argument [26], well-posedness
and stability findings are shown but at the expense of a condition on the parameters n and ¢ and the
spatial distribution b of the delayed term.

2. THE PROBLEM (1.1) WITH w C &

In addition of the assumption A1, we shall assume in this section that
A2: There exists a positive constant k such that a(x) > k + b(x) a.e. in w.
The energy of the system (1.1) takes the following form:

1
(2.1) E(t) = / u?(z,t) dx + 7'// () (0pu)? (z,t — Tp) dpdz,
Q wJO
where £ is a nonnegative function of L>(Q), positive on w and satisfies
(2.2) b(x) +k <&(x) <2a(x)—b(zx)—Fk, ae inw,

which is plausible thanks to A2.
Throughout this paper, L?(D) denotes the Hilbert space of square integrable scalar functions on
an open set D of R", whose norm will be denoted by || - ||. Then, we consider the Hilbert spaces

H:=L*Q) x L*(wx (0,1)), H:=L*Q) x L*(wxT),

respectively equipped with the following inner product norms:

\@zmH—nw2+q//"f 2(z. p) dpdz,

(2.3)
2 2
I, )12, = |lul Aﬂ_@zuﬁwm
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STABILITY OF THE KAWAHARA EQUATION WITH A TIME-DELAYED DAMPING 3

Obviously, the equivalence of the norms defined above and the standard ones is guaranteed by means
of the assumptions A1-A2 and (2.2).
In turn, we define, for T' > 0, the Banach space

M= (0,71 L2(9)) N 22(0,T; HF(9)),
endowed with the norm:
2 2 2
- = 1 o,y 22y + 1 12207 200
Now, we briefly present an overview of this paper. In Section 2.1, we consider the system (1.1)
under the assumptions A1-A2. The well-posedness of the problem is established in H. The proof
relies on the Fixed Point Theorem. Then, two exponential stability results of the trivial solution are
obtained: the first one is local and its proof is based on the Lyapunov method, whereas the second one

is semi-global and the proof invokes an observability result.
The Wirtinger’s inequalities [14] (see also [Lemma 2.2 and Lemma 2.3, p. 838-839][35]):

(2.4) 10zl < (¢/m)[|05  ll, Yo € Hg(R), i=0,1.

2.1. Well-posedness of the problem (1.1). This subsection is devoted to the local well-posedness
result of the dispersive system (1.1).

2.1.1. The linearized problem. First, we consider the linear system associated to (1.1):

ou(z,t) + Ou(z, t) — nddu(z,t) + adyu(x,t) + a(x)u(w,t)
+b(z)u(z,t —7) =0, (x,t) € Q x (0,00),
(2.1) u(0,t) = u(l,t) = 0,u(0,t) = dyu(l,t) = d>u(l,t) = 0, t>0,
u(z,0) = up(x), x €,
u(z,t) = 20(x, 1), reQ, teT.

Throughout this paper, we shall adopt the following notation: Given a function f (resp. g) on Q
(resp. w), we denote by f (resp. §) the restriction of f on w (resp. the extension of g by zero outside
w).

Whereupon, we define z(x, p,t) := u(z,t — 7p), for (z,p,t) € wx (0,1) x (0,00) [36] (see also [24]),
which satisfies

(2.2) TOz(x, p,t) + Opz(x, p,t) =0, (z,p,t) € w x (0,1) x (0, 00).
Then, the system (2.1) can be formulated in H as follows:

Dy(t) = AD(t),
2 { ®(0) = 0,
in which ® = (u, 2), &9 = (uo, zo(+, 7')) and A is the operator defined by:
(2.4)
D(A) = { (u,2) € Hyu € HY(Q) N HZ(Q), 2 € L? <w, Hl(Q));agu(z) — 0, 2(z,0) = 4(z) inw } :

A(u, z) = (n@iu — Ou — adyu — a(-)u — b(-)3(-, 1), —% pz> , for any (u,z) € D(A).

In the sequel, C' denotes a positive constant that may depend on T, v, n, by, k, ||a||cc and ||b]|s but
independent of the initial data ®g.
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The well-posedness and regularity estimates related to (2.1) are stated below:

Proposition 1. Assume that the conditions A1-A2 hold. Then, we have:

(i) The linear operator A defined by (2.4) is densely defined in H and generates a Cy-semigroup of
contractions €. Thereby, given ®y € D(A), the system (2.3) has a unique classical solution ®(-) €
C((0,00); D(A))NCL((0,00); H). In turn, the system (2.3) admits a mild solution ®(-) € C((0,00); H),
whenever &y € H.

(ii) Given @y € H, we have the following estimates:

125 1 M2 ooy < CllPollFs

1050, ) Z20,1) + IV al)ulF2 (07,120 < CllPollf,

(2.5) 120 =7 ) 20,1y < € (HZ(', S 2 xo,y 112651 ')H%Z(wX(O,T))) ;
1031720 7.2 (62)) < Cll ol

luol* < C <Ha§u(07 201y + 1w Z20 12200y + 120 _T')“%Q(wx(OJ))) :

\

(iii) The map
T:®g€ H— () =eAdy e M x C([0,T]; L*(w x (0,1)))

1§ continuous.

Proof. (i) Let ® = (u,2) € D(A). In light of (2.4) and simple integration by parts, we have:
(AD, ®)y = —/ a(2)(z) dz — / be)u(z)2(z, 1) dz — ;/{(x)UQ 2) do
(2.6) /g (2,1) da:—f(82 )%(0).

Thereafter, thanks to A1-A2 and Young’s inequality, we infer from (2.6) that

(2.7)  (AD, D)y < / [W — a(a:)} u?(z) dx + ;/(b(x) —&(2))2%(z,1) do — g(ﬁiu)Q(O)
Thenceforth, A is dissipative in light of (2.2).
In turn, the reader can easily verify that the adjoint operator A* is given by
iy — | (W) €t ue H5(Q) N H2(Q), 2 € L2 (w,Hl(Q)>; 82u(0) = 0,
(2.8) &(x)z(z,1) + b(z)u(z) =0in w ’
A (u, z) = <—1782u + O3u + adyu — a(-)u + £(1)Z(-,0), 71_(9PZ> , for any (u, z) € D(AY).

Then, using (2.8) and arguing as above, one can obtain:

(A", D)y < / <§(2$) + b*() - a(x)) u?(z) do — g(@gu)Q(ﬂ)

2{(x)
The latter implies that A4* is also dissipative thanks to (2.2). Finally, A being densely defined, the proof
of the assertion (i) follows from semigroups theory [5, 28].

(i) Let @9 = (uo, Z0(-, 7)) € H. In view of the contraction of the semigroup e’

(29)  Il(u(®), 2, t, WIF = I@IP + 7120 B2 ooy < Mol + 18¢, —7) 2oy Ve € 1071,

, we have:
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Next, we multiply the first differential equation of (2.3) by u, integrate over Q2 x [0, T'] and use integrations
by parts along with the boundary and initial conditions of (2.3) to obtain:

1 T
(210)  1)92u(0, )2 o) + Ve ull T2 r.r20)) < 5lluoll® - b(z)u(z, t)u(z,t — 1) dadt.
9 (0.1) 01:L2(@) < 5 ;

Thanks to Young’s inequality, we have

(2.11) / / (et~ 7) dedt < 0 ()2 o0 + 1261 ooy
which, together with (2.9), leads to rewrite (2.10) as follows:

gllaiuw, ')||%2(0,T) + ||mu‘|%2(O,T;L2(Q)) < C (HUOH2 + [120(, —7")”2L2(wx(0,1))
(2.12) +([2(, 1, ')”%2(w><(O,T))) :

Now, we multiply the second differential equation of (2.3) (see (2.2)) by pA(s)z and A(s)z respectively
and then integrate by parts to obtain

T 1
/ / 22(x,1,t) dedt = 7'/ /p (2{32(:13, —pT) — 22(x,p,T)) dxdp
0 w 0 Jw
T rl
(2.13) +/ / /zQ(x,p,t) dxzdpdt,
0 0 Jw

and

1 T
(2.14) T/O /(22(m,p,T)—562(w, —pT7)) dwdp—i—/o /(zz(x,l,t)—u2(a?,t)) dzdt = 0.

By virtue of A1, (2.2), (2.9), it follows from (2.13) that:

T~
[ [ 2 asdt < T (IuolP + 1526~ sany) + 15767 sunany
and hence
(2.15) 2,1 ) 2oy < ol

which is the estimate (2.5);. Inserting (2.15) in (2.12) yields (2.5)2. In turn, (2.5)3 is a direct consequence
of (2.14) since the latter gives

1 1 T
(2.16) 7'/ /262(1', —p7) dxdp < 7'/ /zZ(x,p,T) dmdp—}—/ /22($, 1,t) dxdt.
0 Jw 0 Jw 0 w

Subsequently, we multiply the first differential equation of (2.3) by zu, integrate over Q x [0,T].
Simple integrations by parts give:

Snllull 20y 2 + 3l10xulliz0 12 () = /quo( ) do — / wu® (2, T) do + allul|F2 1.02(0)

(2.17) —2/ /ma 2(x,t) dadt — 2 / /xb u(x,t — 1) dadt.

Thereby, it suffices to use (2.9) and incorporate (2.11) in (2.17) to get (2.5)4.
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At last, we multiply the first differential equation in (2.3) by (7' — t)u, integrate over § x [0, 7] and
integrating by parts, a simple calculation yields:

T T
Tlluo|? = /0 la(®)[2 dt +n /0 (T — 1) (92u)* (0,1) dt

T 1 T 1
(2.18) +2 /O /0 (T — a(z)u(z,1) dvdt +2 /0 /0 (T — )b(a)ulz, u(z,t — 7) dudt.

By virtue of (2.9), (2.5)2 and (2.11), the latter leads to the last estimate of (2.5). It is also noteworthy
that the proof of the estimates remain valid for any initial data &g € H by means of a standard argument
of density.

(iii) Clearly, the proof of the continuity of Y follows from (2.5)2 and (2.9). O

2.1.2. Non-homogeneous linear system. As for numerous dispersive equations, consider the linear system
(2.1) with a source term f(x,t):

(2.19) Oy(t) = AD(t) + (f(-1),0),
' B(0) = o,

in which ® = (u, z) and ®9 = (ug, Zo(-, —7+)). The proof of the next result resembles that of [30] for the
Korteweg—de Vries equation (see also [29, 34]):

Proposition 2. Suppose that the assumption A1-A2 are fulfilled. The, we have:
(i) Given ®y € H and f € L (O,T; H&(Q)), the system (2.19) is well-posed, that is, there exists a

unique mild solution ® = (u,z) € M X C([O,T];LQ((,U x (0, 1))) of (2.19) such that:

(2.20) I 2leqrsm < K (12olla + 1l oz )
Kr (1@l + 11 o rsmpcen )

where K > 0 (resp. Kp > 0) is independent of T, ®g and f (resp. is independent of ®o and f but
depends on T').
(ii) If u € M, then we have: udyu € L' (O,T; H&(Q)) and the map

IN

(2.21) 102ull L2 0,7y 22(0) + 102l L2075 12(02))

A:ue M —udyue LH0,T; Hy())
15 continuous.

Proof. (i) The well-posedness of (2.19) follows from the facts that A generates a Cp-semigroup of con-
tractions eA and f € L (0, T; H&(Q)) [28] (see p. 106).

With regard to (2.20), consider a strong solution ® € D(A) of (2.19) stemmed from &, € D(A).
Next, recalling the energy E(t) defined by (2.1), one can retrace the proof of (2.7) to get:

B < [ (b)+ €~ 20(@)aat) do+ [ (ble) - €0) 2w, 1,0) dr = n(@202(0)

w

(2.22) —|-2/Qf(a:,t)u(a:,t) dzx.



10

11

12

13

14

15

16

17

18

STABILITY OF THE KAWAHARA EQUATION WITH A TIME-DELAYED DAMPING 7

Using Cauchy-Schwarz, integrating over [0,¢] and applying Young’s inequality, we obtain:
(223 ma 0017 < 100l +20 max 1000+ o [ 17,917 ds
t€[0,T] tefo,T

for any 6 > 0. Finally, choosing ¢ small, the desired estimate (2.20) follows.
Analogously to (2.5)4, one can get (2.21). Indeed, multiplying the first differential equation of
(2.19) by zu, we obtain similarly to (2.17)

577”6%“”%2(0,T);L2(Q) + 3’\333UH%2(0,T;L2(Q)) = /fouo( ) do — /QJUUQ(%T) dx + OéHUH%2 (0,T;L2(Q))

—2//:ra 2(x,1) dxdt—Z/ /wb u(z,t) (xt—T)d:Bdt—l—Q//xuxtf(:vt)d:):dt

< ol + ol o1,z + Ml 0,22 iy + 10,22 iy
(224)  +If210.1.22(02)),

where Young’s inequality and (2.11) are used. Clearly, (2.21) follows from (2.20) and (2.24). Note that
(2.20)-(2.21) can be extended to the case when ®( belongs to H via a density argument.

(ii) Given u in M, we have d,u € L?(0,T; H}(Q)) and u(-,t)0,u(-,t) € HY(Q). In fact, ;. (udyu)(z,t) =
(Opu(w,1))? + u(z, t)0%u(z, t), for any t € (0,7T) [5]. This, together with [1, Theorem 4.39], implies that
there exists a positive constant K

T T
(2.25) [(wOeuw) (- Dl gay dt < K [ [luC, )z dt
0 0 0 0

and hence ud,u € L*(0,T; H}()).
Subsequently, let u, v € M. Invoking the triangle and Cauchy-Schwarz inequalities along with the
Sobolev embedding HZ(2) < L>(£2), we have:

T
IAGL) = A2 0730 < /0 [100(t) (u(t) = o) gy + 002 @ u(t) = (D) sy e

<C (”uHL2(0,T;Hg(Q)) lw = vll L2 0,75m202)) + 1w — U||L2(0,T;Hg(sz))||U||L2(0,T;Hg(n)))

(2.26) < C (il 2o e + 10 oz ) 1w = vl

for some positive constant C. Consequently, the mapping A is continuous with respect to the corre-
sponding topologies.
O

2.1.3. Well-posedness of the problem (1.1). Our first main result is stated below:

Theorem 1. Under the assumptions A1-A2 hold and given ®y € H, the problem (1.1) has a unique
global mild solution u € C (0,00; L*(Q)) N L}, (0, 00; HF(2)).

loc

Proof. Let ®g = (ug, 20(-,—7)) € H. Next, we define the map © : M — M as follows: O(u) = v,
where v is the mild solution of (2.19) with f = u0,u. It follows from Proposition 2 that the map © is
well-defined and

16() = O@lu < C1 (s — @il o ro113(c) ) -
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Analogously to (2.26), the latter gives:
(2.27) 18(u) = ©(@)|lp < CoT* (|[ullpa + |l ag) llw = @llag, Yu, @ € M,
for some Cy > 0. Using once again Proposition 2 along with (2.27), we obtain:
(2.28) 1©(u) v < Cll®ol i + CoT|fus.
Restricting the mapping © on the closed ball

M={ueM; |u|m < R:=2max{C,Cs}},

and taking 7' and R so that 2CoTY4R < 1 and 474 (max{C, C2})?||®o||z < 1, the mapping © is
well-defined and contractive on M. Applying the Banach Fixed Point Theorem, we conclude that there
exists a unique fixed point u of ©, which is the unique solution of (1.1). Lastly, taking f = ud,u in
(2.22), we deduce that the system energy F(t) of the problem (1.1) is decreasing, that is, there exists a

positive constant K

(220) E(t) < —-K <n(a§u)2(0)+ /Q a(2)u (3, 1) do + / ba)ud(z,t — 7) dm> <0

and hence the solution u is global. O

2.2. Exponential stability for the problem (1.1). This subsection is devoted to the proof of two
stability results of the system (1.1). The first one is:

Theorem 2. (Local stability) Assume that the conditions A1-A2 hold. Then, there exists a positive
constant r > 0 such that for every initial data ®o = (ug, 20(-, —7-)) € H satisfying ||Pollg < r, the
trivial solution of the problem (1.1) is uniformly exponentially stable in H and hence the energy E(t)
uniformly exponentially decays.

Proof. First, consider u as the regular solution of (1.1) stemmed from ®g in D(A), with ||Po|lz < r.
In order to simplify the notation, the variables x and ¢ will be omitted whenever it is unnecessary.
Subsequently, we define the modified energy

(2.30)

E(t) = E(t)+MVi(t) + X2 Va(t), Vi(t) == /Q ul dx, Va(t) == / / £(x)e 9P (0yu)? (2, t — 7p) dpdz,

where E(t) is defined by (2.1), A1, A2 and X are positive constants to de determined and 0 is an arbitrary
positive constant. Then, one can readily verify that

(2.31) E(t)<&(t) < <1 + max {)\16)‘4, 25}) E(t).
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Next, differentiating (2.30), integrating by parts and using the same arguments as for (2.7), a lengthy
computation permits to claim that for any v > 0:

') +7E(R) < —n(l+M)(92u)*(0,t) + / (b(:z:) + &(x) — 2a(z) + Mb(z)e® + )\25(1))) u? de

B
+ / (b(a) — €(@) ~ doe 07 (2) + MieMD(@) ) (D).t~ 7) da
By
9
+7/ (1 + /\16)\9[:) u? dx — 577)\)\1/ e’\x(ﬁiu)Q dac—l—)\/\l/ A3 dx
Q Q 3 Q
PS Ba

+\ / e (—2a(z) + aX + P 77)\5) u? dr +I\ / e (5nA? — 3)(9,u)? dx
w Q

-~

B5 BG
1
+T/ / &(x) ('y(l + Xoe07P) — Ag&f‘”) (0pu)*(z,t — p7) dpdx:
w JO
Bz
(2.32) +/ ()\16” [—2a(z) + aX + X% —nA°] — 2a(x)> u? d.
w\w

The ultimate outcome is to choose, in (2.32), v, A1, A2 and A so that £'(¢) + vE(t) <, which implies the
exponential stability of £(¢) and hence that of E(t) by virtue of (2.31). To do so, it suffices to handle
the bad terms By — Br.

Thanks to (2.2), we know that b(x) + &(z) — 2a(x) < 0. This together with the fact that e’ < e’
for any = € w, we can choose A1 and Ao as follows

i [ 2a(2) — b(x) — \ieMb(a)
(2.33) A< S 2 S %23{ {(z) }

so that both of B; and By are negative. With regard to Bs, we infer from (2.4)

£4
(2.34) B; < <7 [1 + )\16’\4} - 5nml> 1102ul|?.

The term By can be handled by using standard arguments. Indeed, since H}(I) embeds into L>(I),
that is, ||UH%°O(I) < £)|0zul|* and using Cauchy-Schwarz inequality as well as (2.4), we have:

A% 2)\)\1£3€>\Z \/ )\15 6

02l ] < r

2 X
235 Bi < Mllulfeg [l do < VPN oz,

where the dissipation property of the E(t) allowed us to write ||u|| < ||(u, 2)||g < |[(uo, 20)||z. Combining
(2.34) and (2.35) yields:

107 ull?.

Iz V2N )\ &
(2.36) Bs+ By < <7 [1 + Aleﬂ =+ ¢ >
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Concerning Bs, we first have from A1-A2 that a(x) > by + k and hence
—2a(z) + aX+ A3 —nX\° < A(N) = =2k + aX 4+ A3 — A,

Obviously, A is continuous on (0,00) and limy_,o+ A(X) = —2k < 0. Therefore, one can claim that A

remains negative on (0, A*) for some \* > 0 (for instance one can choose \* = 4/ :Hiv?;gma" so that A is
even decreasing). Thereafter, we choose A < min{\*, \/W } so as Bs and Bg are negative. This also
implies that the last term of the right-hand side in (2.32) is also negative. Finally, we choose v small
enough so that B; and Bs + B4 are negative. More precisely, we first choose r sufficiently small so that

r< 1577277\/Xe_)\€
V203

and then choose

™\ V2B e 5 Aode 0T
9. ind -2t e —dTpy _ —or _
(2.37) ~v < min {£4<1 e SpA —r 32 (14 Xoe™°7P) — Xgde™ 7, 110y
Whereupon, we reach the desired result
(2.38) E't) +~vE(t) < 0.

Note that a density argument allows to extend the stability result to ®; € H.
O

Remark 1. (i) A careful look at the proof of Theorem 2 leads us to claim that the choice of the constants
A, A1, Ao and v should be in the following order: first, we choose A\ small enough so that Bs and Bg are
negative. Next, we choose A1 and Ay small satisfying (2.33) to ensure that By and Bs are negative.
Finally, we choose v as in (2.37) so that Bs + By and By are negative.

(ii) It is worth mentioning that, contrary to [33] for the KdV equation, the stability result stated in
Theorem 2 does not require any smallness condition on the length . This is expectable since the equation
has a damping term.

(iii) The condition A2 plays an important role in the previous study. We shall show later that such a
requirement can be relaxed by means a perturbation argument but at the expense of a condition on the
parameters n and £ and the spatial distribution b of the delayed term.

Before stating our second stability result, we have the following estimate:

Proposition 3. Suppose that the assumptions A1-A2 hold. Then, the unique global solution u of (1.1)
stemmed from ®g € H satisfies

(2.39) [l L2 (012 () = Cll®ollm (1 + [®ollm)

for some positive constant C.
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Proof. Multiplying (1.1) by e*u and integrating the resulting equation over Q x [0, 7], we obtain
T T T
577)\)\1/ /eAw(azu)Q dedt = —77/ (92u)?(0,t) dt + (5nA\? —3)/ /em(axu)2 dxdt
o Ja 0 o Ja
+/ e (X + A3 — XS — 2a(x)) u? dadt
Q
9 (T
+/ e (u%(x) - u2(:U,T)) dx + )\/ / e dx
Q 3 Jo Ja

T
(2.40) —2/ / eMb(z)udpulx, t — 7) dadt.
0 w

Owing to the embedding H}(I) — L°°(I), Cauchy-Schwarz inequality, (2.4) and the fact that the energy
E(t) is decreasing (see (2.29), we have

2 (T 2
A/ /emu3 dz ﬂ)\e’\e
3% ) Ja 3

IN

4 2
; [l "[|Ozel|

Y 2 (52 2 r
< 2PN (ol + 1820~ ooy | 10eul

2V T A3/ 2eA

(2.41) < (HUOH2 + %% ( _7-')H%2(w><(0,1))) 102 ull 20,712 (2))-

In turn, by virtue of Young’s inequality and (2.29), we get

@) 2 [ [ Pvedntet ) dedt < APl (ol + 1577 o)

Inserting (2.41) and (2.42) in (2.40) and choosing A small as for Bs and Bg (see (2.32)), it follows
577)‘>‘16MHag%u”%Q(O,T;Hg(Q)) < GiT (||“0H2 + HZAOQ(H —T')||i2(wx(o,1)))

(2.43) +CVT (Iluol? + 1267, =) 32 oy ) 1020 22 0 3 )

Now, it suffices to use Young’s inequality to get

. c2T . 2
CoVT ([l + 1126+ =) ooy ) 1920l 2o zmzcen) < o (ol 4+ 126°C, =7) 2oy )

2 2
510zl 2 0 12 (0)):

for any positive constant §. Combining the latter with (2.43) yields

577)\)\16/\£||8§U||%2(0’T;HS(Q)) < GiT (HUOH2 + H%Q(a _T')H%Q(wx((],l)))

3T 2 ~2 2 2000 o
(2.44) +W (HUOH +120° (- _7")HL2(wx(0,1))> + iuaquLz(o’T;Hg(Q)y
which leads to the desired estimate (2.39) provided that € is chosen sufficiently. U

Following the arguments of [27] and [29], we shall prove our second stability result:

Theorem 3. (Semi-global stability) Assume that the conditions A1-A2 hold. Then, for any positive
constant R > 0, there exist two positive constant M and k depending on R such that the energy E(t),
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along any solution of (1.1) stemmed from an initial data ®y = (ug, Z2o(-, —7-)) € H with |Po|lg < R,
satisfies

E(t) < Me " E(0), for any t > 0.
Proof. Using once again a density arguments, it suffices to prove the result for an initial condition
O = (up, 20(-, —7-)) in D(A) with ||®¢||g < R. Thereafter, consider the energy E(t), defined by (2.1),

along the solution w of (1.1). In view of (2.29), we have:
(2.45)

T
@020, iy [ ([ a0 dos [ saniet—r) a)ar < & (50) - £1).
In light of (2.29) and (2.45), we have
E(T) < (1 - KM;)E(0),

provided that there exists a positive constant M; depending on R and T such that the following ob-
servability inequality holds:

T
(2.46) n H(&%u)Z(O, ')HL2(0,T) +/0 (/Q a(x)u?(x,t) dz + / b(x)u*(x,t —7) daz) dt > M E(0).

Clearly, the desired result, namely, the exponential stability of E(t) is a direct consequence of (2.29)
and the semigroup property. Therefore, it amounts to proving (2.46). First, multiplying (1.1) by u and
arguing as before, one can show that there exists a positive constant C'(T") such that

Tluol? < lulZequoy + 1710200, ) 2201

(2.47) </ / (z,t) dedt + /OT/wb(x)UQ(x,t —7) dwdt> .

Second, integrating (2.16) over [0, 7], we get

T (T
/ /zo x,—pT) dxdp</ / / (z,t — p7) dadpdt + — / (x,1,t —7) dxdt.
T Jo

In turn, we know that there exists a positive constant C'(T") such that [33]

/OT /01 /w u?(z,t — pr) dadpdt < C(T) /O ' < /Q a(z)u®(z,t) dx + /w b(z)u?(x,t — ) d:v) dt,

for T' > 7. Combining the last two estimates and invoking A1-A2, we deduce the existence of another
positive constant C(T') such that

(2.48) /01 /w 22 (x, —pr) dxdp < C(T) /OT </Q a(x)u?(x,t) dedt + /w b(x)u*(x,t —7) dm) dt.

Amalgamating (2.47) and (2.48), it follows that (2.46) holds whenever there exists a positive constant
M, depending on R and T such that the solutions of (1.1) stemmed from ®¢ with ||®g||g < R satisfy
(2.49)

T
n H(agu HLQ 0,T) / / dCCdt +/0 /wb(l‘)u2($,t — 7') dxdt > MlHUH%Q(QX(O,T))‘
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The proof will be done by contradiction. In fact, if (2.49) were not true, then there exists a sequence
of solutions of (1.1) (up), in M stemmed from the initial condition ®f = (u{, z0" (-, —7-)) € H with
|26 |7 < R such that

lunl?
lim nllL2(Qx(0,1)) o

=00 ||(02un,)%(0, )HL2 0,T) +f0 fQ ) ug (x,1)]? dwdt+fo f b(x)up (2, t —7)|? drdt

Let Ay = [Jun|l £2(x (0,)), Which is bounded thanks to (2.29) and the boundedness property || ®¢|/x < R.
Moreover, let v, = K—Z, which satisfies
Opvn (2, 1) 4+ vy (2, 1) — 020, (2, 1) + Mn(, 1) 0pvn (2, ) + adyvn (2, 1) + a(z)v, (2, 1)
(2.50) +b(z)vp(z,t —7) =0, (x,t) € Q@ x (0,7,
(2.51) vn(0, 1) = vy (€, 8) = Opvn(0,t) = Opvn(€,t) = Ozvn(£,t) =0, > 0,
(2.52) [[vnll2(x 0,1)) = 1,

T
nh_}ngo {77 | (92un)?( HL2 0T / / )2 |t (2, 1) d:Edt—i-/O /wb(m)|un(x,t —7)? dxdt}

(2.53) =0.
Multiplying (2.50) by (T — t)v,, we obtain analogously to (2.18) (see also (2.5)5), we get

(2.54)  [lvn(,0)|lp2) < C(T) <||Un||o,T;L2(Q) + [|(92vn) (0, ')HLQ(QT) + [Jvn(, *T')\|L2(wx(0,1))> :

In view of a simple computation together with A1, one can readily verify that

T
an('v_T‘)H%?(wx(o,l)) STC/O /b(az)|un(x,t—7')]2 dxdt, forT > T,

which, together with (2.54) and (2.52)-(2.53), implies that (||Un(',0)||L2(Q))n is a bounded sequence.
Keeping this fact in mind and since (uy,), are solutions of (1.1), ||®f||z < R and owing to (2.39), it
follows that there exists a positive constant C independent of n such

(2.55) lonllz20,mim30) < €

On the other hand, using (2.55) and the fact that v, belongs to L>(0,T; L?(2)) N L?(0,T; H3(Q)), one
can deduce that

1000 L2(wx (0,1)) < O,

for some positive constant C'. Amalgamating the above properties of v, and A,, one can claim from
(2.50) that (0svy)y, is bounded in L?(0,7; H3(Q)). This together with (2.55) and the compactness of
the embedding HZ(Q) < L%(2), we conclude that (v,), is relatively compact in L?(0,T; L?*(2)) and
hence we can extract a subsequence, still denoted by (vy,)n, such that

(2.56) { vp — v strongly in L2(0,T; L?(12)),

”U||L2(O,T;Q) = 17
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and

0 = lgr_l}g‘}f {77 H (0%v,)? HLQ(OT / / ) v (2, 1) |2 dazdt+/ / z)|vp(z,t — 7)) dwdt}
nH(agv HLQOT)qL/ / z)|v(z, )2 d$dt+/ / z)|v(z,t — 7)|? dedt.

Clearly, the latter yields a(x)v = 0 on Q x (0,7), b(x)v(z,t —7) = 0 on w x (0,7) and 9%v(0,-) = 0

n (0,7), that is, v =0 on w x (—7,T) and 92v(0,t) on (0,T). In turn, (\,), being bounded, one can
extract a subsequence, also denoted by (A,)n, such that A, — A > 0. Whereupon, the limit v belongs
to L2(0,T; H2(Q)) N L>(0,T; L*()) and satisfies

Y

O (z,t) + O3v(x,t) — nd3v(x,t) + Mv(x, t)0pv(w,t) + adyv(x,t) =0, (x,t) € 2 x (0,7T),
v(0,t) = v(l,t) = 0,v(0,t) = pv(£,t) = O2v(0,t) = v (¢, t) = 0, t>0,

vl z2@x(0,m)) = 1,
v(z,t) =0, (xz,t) € wx (—1,T).

(2.57)

Following the arguments in [27], a gain of regularity result is established in [34] (see Proposition 3.2,
p. 112), which permits to use the Unique Continuation Principle [31] and conclude that v vanishes in
Q x (0,T). This contradicts |[v||z2x(0,r)) = 1- O

3. THE PROBLEM (1.1) WITH w € &

We turn now to the interesting case, where a and b satisfy only the assumption Al but w ¢ @
and hence the assumption A2 does not hold. This implies that the dissipation property (2.29) of the
system’s energy is lost. To overcome this difficulty, we shall adopt, as in [33], a perturbation argument
developed in [26] by considering the following auxiliary problem
(3.1)

Opu(z,t) + OBu(z,t) — nddu(z,t) + u(x, t)Opu(z, t) + adyu(z,t)
+(a(z) + b(a;))u(a: t)+b(x)u(z,t —7) =0, (z,t) € Qx(0,00),
t) =

u(0,t) = u(l,t) = d,u(0,t) = dyu(l,t) = O2u(l, t>0,
U(ZL‘,O) = uo(:n), T € €,
u(z,t) = zo(x, t), reQ, teT,

\

where € is a positive constant. Then, we define the energy corresponding to (3.1) by

(3.2) F(t) = / xtw+ﬁ// V2(x,t — 7p) dpda.

Then, a formal computation shows that for any positive constant &, we have:
(3.3)

F(0) < —n(@u(0) -2 |

a(x)u®(z,t) dr+ <<15 /w b(x)u?(z,t) do — §> + (0 — f)/wb(x)uz(x,t—T) dx,

which is nonnegative provided that £ > max{d,1/6}. For sake of simplicity, we take § = 1 and hence
E>1.
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As in the previous section, the state space is H := L?(Q) x L?(w x (0,1)), which will be endowed
with the inner product norm

(3.4) s 22 = [uf? + € / / (2, p) dpdz,
where £ > 1.

3.1. A linearized system associated to (3.1). Let us first deal with the following linearized system

Ou(z,t) + OBu(z,t) — nddu(z,t) + adyu(z,t)
+(a(x) + &b(z))u(z, t) + b(z)u(z,t —7) =0, (z,t) € Q x (0,00),
(3.5) uw(0,t) = u(l,t) = 9,u(0,t) = dpu(l,t) = O>u(l,t) = 0, t>0,
U(IL‘,O) = u0($)7 x €,
u(z,t) = zo(x,t), e, teT.

Taking z(z, p, t) := u(x,t — 7p), for (z,p,t) € w x (0,1) x (0,00), the problem (3.5) takes the following
form

B1(t) = Bo(1),
30 { 3(0) - .

in which ® = (u, z), ®g = (uo, zo(+, T)) and B is the linear operator defined by:
(3.7)
D(B) :{ (u, 2) EH;uEH5(Q)ﬂH§(Q),zeL2<w,H1( )) 82u(f) = 0, 2(z,0) = () in w }

B(u,z) = (n&iu — Bu — adyu — (al-) + €b(-))u — b(-)2(+, 1), —Tapz> , for any (u, z) € D(B).
Thereafter, it is easy to Verify that the operator B satisfies
(B®, ®) 5 5/ ) do + 5/ ) dz — g(agu)Q(o) <0,
for any ® in D(B) and hence B is dissipative in H. Additionally, the adjoint operator B* is given by
ey _ | () €M ue H5(Q) N H2(Q), 2 € L2 (w, Hl(Q)); 82u(0) = 0,
€z(x,1)+u(r) =0inw ’
1
B*(u,z) = <—7762u + Pu + adpu — (a(-) + €b(-))u + €b(-) (-, 0), Tapz) , for any (u, z) € D(B"),
and also satisfies the dissipativity
1/1
@ 0.8 <~ [ i) o3 (¢ -¢) [ oot do - L@RuPn <o
for any ® in D(B*). Following the same lines as in Section 2.1.1, the operator B generates a Cy-semigroup
of contractions €' and the linear problem (3.6) is well-posed in the sense of semigroups theory [28].
In order to prove the exponential stability of the linearized system (3.5), we first recall that F'(¢) is

defined by (3.2) and then consider the following functional
(3.8)

1
F(t) = F(t)+o1V3(t) + o2 Va(t), Va(t) ::/Q 7 u? da, Vy(t) == //0 b(x)e P (0u)?(x, t — 7p) dpde,



10

11

16 BOUMEDIENE CHENTOUF

where 01,09 and o are positive constants to de determined and J is an arbitrary positive constant.
Using integrations by parts, Young’s inequality as well as (2.4) and (3.3), we obtain, similarly to (2.32),
that for any v > 0:

Ft)+vFEt) < —n(l+01)(0%u)%0,t) + / b(x) (1 — 401" oy — 20156”) u? dx

w

I

+/ b(x) (1 — 401 oy — 0'28_67—) (Opu)?(z,t — 7) da

Iz

f4
v (Lot ot = o] 7 51 ) 02ul?

I3

S0~ 3) + v 1 o) 1|0zl

+ (0016m0* =3) + v [1+ o1e™] ) Dru]
Iy

1

+T/ / b(x) <V(£ + 02) — 0'256_6T> (Opu)?(z,t — p7) dpda
wJO
Is
(3.9) 2/ a(z) (1 + 01e7®) u? du,

where we picked up o small so that o+ o2 —no* > 0, that is, o < 4/ Iryltdan V;:]rmn. This allows us to claim,

on one hand, that a + 02 —no* < a + 4%, for any 5 > 1. On the other hand, the coefficient of I3 (see
(3.9)) can be made negative by taking

U<1m(&ﬁl>
¢\ o+ B/(4n) )
provided that
(3.10) ¢ (a + £7> < 5yrt,
where 8 > 1 is any arbitrary number.
With regard to the other terms of (3.9), we proceed as follows: we choose o so that 5no? —3 < 0
and hence based on the above discussion we assume that

1 4 1 1+4
> < min 37111(4 onm >7 ++v1+4an
Von ¢ \a+B/(4n)) 21

Next, we take o1 < (£ —1)e™"¢ and 09 < £ — 1 — o1e7°¢ and finally v is chosen

026e797 72001 (3 — 5no?)

E+oy 2(1+01e%)

Thereby, all the terms I; — I5 are negative and hence (3.9) gives the exponential stability of F, which in

1/<min{

turn implies the exponential stability of F'(¢). This result is summarized in the following proposition:
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Proposition 4. Assume that the spatial distributions a and b satisfy A1 while the parameters n and
¢ fulfill the condition (3.10). Then, for every initial data ®g = (ug, 20(-,—7-)) € H, the trivial solu-
tion of the problem (3.1) is uniformly exponentially stable in H and hence the energy F(t) uniformly

exponentially decays.
Now, we are able to state our third exponential stability

Theorem 4. Assume that the conditions A1 and (3.10) hold. Moreover, we assume that there exists a
positive constant p such that ||b||oo < p. Then, there exists a positive constant r > 0 such that for every
initial data ®o = (uo, 20(-, —7-)) € H satisfying || Po||g < r, the trivial solution of the problem (1.1) is
uniformly exponentially stable in H and hence the corresponding energy F(t) uniformly exponentially

decays.

Proof. We proceed by following several steps:
Step 1: First, we consider the linearized system (2.1) corresponding to (1.1), which can be written as

a perturbation of the problem (3.1)

(3.11)

Du(t) = (B+P)P(t),
®(0) = Py,

where ® = (u, z) and B, defined by (3.7), generates a Cp-semigroup of contractions e'®, whereas P is a

bounded linear operator on H defined by
PO(t) = (¢b(-)u,0), for any & € H.

In light of Proposition (4), there exist positive constants ¢ and ¢ such that He < e Y for any

tBH

t > 0. These facts permit to use [28, Theorem 1.1, p. 76] and conclude that B —1—%}?5 also a generator
of a Cy-semigroup of contractions e!B+P) on H satisfying Het(BHD) ||£(H) < gelsElblle =D for any ¢ > 0.
Taking [|b|lec < p:= ;% to get the exponential stability of the linearized system (2.1).

Step 2: In view of the outcomes of step 1 and arguing as in Sections 2, we can show that for each
®y € H, the problem (1.1) has a unique global mild solution u € C (0, 00; L*(Q2)) N LE . (0, 00; HF(€2))
such that Hu||L2(07T;Hg(Q)) < O o3 (L4 [|Poll3) (see (2.44)).

Step 3: Now, consider an initial data ®¢ = (ug, 20(-, —7)) € H with [|®¢||lg < r, where r is to be
chosen later. Then, we argue as [29] (see also [7]) by writing the solution w of (1.1) as u = u; + g,
where u; is solution of (2.1), while us is solution of (2.19) with a source term f(z,t) = —u(x,t)0,u(z,t)
and initial data ®y = (0,0). By virtue of the facts obtained in the previous steps, there exists a positive

constant o < 1 such that

[(w(T),2(T)lz < [[(wa(T), 2a(T)) | + [|(ua(T), 22(T)) || 1
< @ |[Qoll + Clludaull i o750 0))
(3.12) < @ ol + CllullZaorm20)) < 1Rolly (@ + Cr(1+17)) .

Given @ < 1, we choose r so that 7(1+7%) < 122 and hence (3.12) yields ||(u(T), 2(T)) | # < %2 ||o]| -
Repeating this argument on [nT, (n+ 1)T], n =0,1,---, the exponential stability follows. O
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4. CONCLUDING REMARKS

This article was concerned with the investigation of the well-posedness and stability of a nonlinear
Kawahara equation subject to the effect of a localized interior delay damping. After showing the well-
posedness of the problem, two stability results are show.

In a future work, it would be desirable to study the effect on the stability property of delay in the
nonlinearity. We also aspire to investigate the impact of a memory term on the stability of Kawahara
equation.
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