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1 | INTRODUCTION AND STATEMENT OF THE PROBLEM

The fractional differential equations give proofs of the more appropriate models for various areas of engineering, physics, bio-
engineering and other applied sciences.
For some fundamental results in the theory of fractional calculus and fractional differential equations see Hedia et al. 8112 and
the papersZ 73,
However, there are a few related works on Hilfer fractional derivatives, for the so-called Hilfer fractional derivatives, one can
seeZ, It seems that Hilfer et al.222 have initially proposed linear differential equations with the new fractional operator, Hilfer
fractional derivative and applied operational calculus to solve such simple fractional differential equations. Thereafter, Furati
et al.'” extended to study nonlinear problems and presented the existence, nonexistence and stability results for initial value
problems of nonlinear fractional differential equations with Hilfer fractional derivative in a suitable weighted space of continuous
functions. The fractional derivative due to Hadamard, introduced in 18922 differs from the aforementioned derivatives in the
sense that the kernel of the integral in the definition of Hadamard derivative contains logarithmic function of arbitrary exponent.
A detailed description of Hadamard fractional derivative and integral can be found in23. In the paper,* the authors considered
the following problem,

u Dy + f.y0))=0,1€J :=[le]l, 1<a<2,0<p<1 )

y(1+€)=0, ;D"'y(e)=v ;D" y(). (2)

0Abbreviations: ANA, anti-nuclear antibodies; APC, antigen-presenting cells; IRF, interferon regulatory factor
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They used some theorems of fixed point for studying the results of existence and uniqueness for Hilfer-Hadamard-type fractional
differential equations. In the paper,” the authors deal with the existence and uniqueness of nonlocal boundary conditions for
Hilfer Hadamard type fractional differential equation,

Dy + [, y1) =0, 1€ :=[le], 1<a<2,0<p<I, 3)
n-2 n-2
y1+e)= Y vy&). uD"'ye) =Y o, y D'y )
1

1
where HD"’ﬂ is the Hilfer-Hadamard fractional derivative of order 1 < a < 2 and type f € [0,1], f : J X R - Ris
a continuous function, 0 < e < 1, € (L,e), & € (L,e) v;,0;, € R, foralli =1,...0 -2, <§ < .. <, -2

and & < & < .. < ¢, -2 4DV = ta%. In the paper the authors considered the following coupled system of implicit
Hilfer-Hadamard fractional differential equations:

{ u DY x,(1) = f1(t,x,(0), x,(),7 DI x,(0),7 DI x,(1)),
a DI xy(0) = £t %, (1), x,(0), DI x, (0, DI xy(0), t € 1,
with the initial conditions

Hit=rx,t) = ¢,

Hyl-y —
where I :=[1,T], T >1,a €(0,1),€[0,1],y =a+pf—apf,¢;,i =1,2 € E and f,,i = 1,2 are given continuous functions,
E is areal (or complex) Banach space with norm ||.||; and dual E*, such that E is the dual of a weakly compactly generated
Banach space X, ¥ I'~7is the left-sided mixed Hadamard integral of order 1 — y, and HD‘lx’ﬂ is the Hilfer-Hadamard fractional
derivative of order a and type /.
The authors proved the existence of weak solutions for a coupled system of implicit fractional differential equations of Hilfer-
Hadamard type. In the paper?® the authors considered the Hilfer-Hadamard-type IDE with nonlocal condition of the form :

a DI x(t) = ft,x()," DI"x(1), 0<a<1,0<p< 1, te ] =[Lb]. 5)

=Y ex@r),a<y=a+p-af <1, 7, €[1,b], (6)

where HD‘I"”’ is the Hilfer-Hadamard fractional derivative of order a and type . X be a Banach space, : / X X X X — X is
a given continuous function and # I'~7 is the left-sided mixed Hadamard integral of order 1 — y. They make use SchaeferSs
fixed-point theorem to investigate the existence of solutions to nonlocal initial value problems for implicit differential equations
with Hilfer-Hadamard fractional derivative. Then the Ulam stability result is obtained by using Banach contraction principle.
In2 the author deal with a class of semi-linear Hilfer fractional differential equation with nonlocal conditions,

Dg;ﬂx(t) = Ax(t)+ f(t,x(1)), te€(,b], @)

m
Ig:yx(t) = Z Aix(r), a <y=a+f—af, 7, €(0,b], (8)

i=1
where the two parameter family of fractional derivative D*# denote the left-sided Hilfer fractional derivative introduced in*,
0 <a < 1,0 < p < 1. the state x(.) takes value in a Banach space E with norm [|.||, A is the infinitesimal generator of
semigroup of bounded linear operators (i.e. C, semigroup) 7T'(?),, in Banach space E. The operator I (;:y denotes the left-sided
Riemann-Liouville fractional integral, f : (0,b] X E — E will be specified in later sections. 7;, i = 1,2, ..., m are pre-fixed
points satisfying 0 < 7, < - < 7,, < band [(y) # Y, 4,7, where I'(y) = [;* x'~7e~*dx. The author has given a new
result concerning the existence of solution of (7)-(8) by using measure of non-compactness combined with condensing map in
Banach space. In 1890, Peano proved that the Cauchy problem for ordinary differential equations has local solutions although
the uniqueness property does not hold in general. For the case where the uniqueness does not hold, Kneser<# proved in 1923 that
the solution set is a continuum, i.e. closed and connected. In 1942, Aronszajn6 improved this result for differential inclusions
in the sense that he showed that the solution set is compact and acyclic, and he specified this continuum to be an R;-set. An
analogous result has been obtained for differential inclusions with u.s.c. convex valued nonlinearities by DeBelasi and Myjak'1°.



Berrabah et al | 3

Very recently, Topological structure of the solution set for ordinary differential equations and inclusions is developed recently
by Browder and Gupta in'#. We bearing in the mind that the application of nonlocal condition

n
aD"'ye) =Y v y D"y,
i=1
in physical problems yields better effect than the initial condition
1,7 x(1) = y.
To the best of our knowledge, the study of the structure of the solution set for fractional differential inclusions with Hilfer-
Hadamard-Type derivative is untreated problem, and this fact, is the main motivation of this paper. Our aim is to study the

existence and uniqueness result of solutions and topological structure of solution sets for boundary value problems with Hilfer-
Hadamard-Type fractional differential inclusions of the form:

uDPy(t) € Ft,y(), t€J :=[le], 1<a<2,0<p<1 9

n
W1+€)=0, zD"ye) =Y v, y D" y(n)), (10)
i=1
where ;; D%? is the Hilfer-Hadamard fractional derivative of order 1 < a < 2,
0<p<l,p;€(le),0<e<1yD" = t%, J=[l,e] F : J X R— P(R)is a multivalued map (multimap for short).
This paper is organized as follows; In section 2 we introduce some preliminary results needed in the following sections. In section
3 we present an existence results for the problem (9)-(I0) when the right hand side is nonconvex as well as convex valued. The
first result relies on the fixed point theorem for contraction multivalued maps due to Covitz and Nadler , while the second result
is based upon the nonlinear alternative of Leray-Schauder type. Section 4 we present the topological structure of solution sets.

2 | PRELIMINARIES

In this section, we introduce notations, definitions and preliminary facts that will be used in the remainder of this paper.
Let C(J, R) be a Banach space of all continuous functions from J into R with the norm

Iyl = sup{ly®)|; t e J}.

L'(J,R) denote the Banach space of functions y : J — R that are Lebesgue integrable with norm

Iyl = / Ol
J

AC(J,R) is the space of function y : J — R which are absolutely continuous.
L*>(J) be the Banach space of measurable function y : J — R which are essentially bounded equipped with the norm

¥, =inf{c >0, |y@®)| <c; aete}.

Let (X ||.]|) be a Banach space.

P,(X)={Y € P(X): Y isclosed}; P(X)={Y € P(X) : Y isbounded}; Pcp(X) ={Y € P(X) : Y iscompact};
PCP’C(X )={Y € P(X) : Y iscompactand convex}.

A multivalued map G : X — P(X) is convex (closed) valued if G(X) is convex (closed) for all x € X. G is bounded on
bounded sets if G(B) = Uy G(X) is bounded in X for all B C Py(X) (i.e, sup,cg{sup{|yl; ¥ € G(x)}} < o).

G is called upper semi-continuous (u.s.c.) on X if for each x, € X, the set G(x,) is a nonempty closed subset of X, and for
each open set N of X containing G(x,), there exists an open neighborhood N, of x, such that G(N;) C N. G is said to be
completely continuous if G(B) is relatively compact for every B €C P,(X).

If the multivalued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed
graph (i.e., x, = x,, ¥, = V., ¥, € G(x,) imply y, € G(x,)). G has a fixed point if there is x € X such that x € G(x). The
fixed point set of the multivalued operator G will be denoted by FixG.
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Let (X, d) be a metric space induced from the normed space (X, ||.||). Consider H; : P(X) X P(X) - R, U {o0}, given by

H,(A, B) = max { supd(a, B),supd(A, b) } s
beB

acA
where d(A, b) = inf 4 d(a, b), d(a, B) = inf .5 d(a, b). Then (P, .,(X), H,) is a metric space and (P, (X), H,) is a generalized
(complete) metric space. A multivalued map G : J — P, (R) is said to be measurable if for every y € R, the function,

t—>d(y,G@) =inf{|ly—z|: ze€ G},
is measurable.
Definition 1. A multivalued operator G : X — P, (X) is called
a) y—Lipschitz if there exists y > 0 such that
H,;(G(x),G(y)) <yd(x,y) foreach x,ye X
b) a contraction if it is y—Lipschitz with y < 1.
Definition 2. The multivalued map F : J X X — P(X) is said to be L'Carathéodory if
i) t - F(t,u) is measurable for eachu € X,
ii) u — F(t,u) is upper semicontinuous on X for almost all t € J;

iii) for each p > 0, there exists ¢ , € L'(J,R +) such that
|FE Wl pxy =supflo]l : ve Ftuw} < @,) Vul| <p andforae. t € J.
Theorem 1. (Covitz-Nadler)
Let (X, d) be a complete metric space. If G : X — P,,(X) is a contraction, then FixG # §J.

Proposition 1. 1>

If IT; and I1, are compact valued measurable multifunctions then the multifunction ¢ — II,(#) N I1,(¢) is measurable. If (I1,) is
a sequence of compact valued measurable multifunctions then ¢ = NII,(¢) is measurable, and if UIT,(¢) is compact, ¢ — UIL,(¢)
is measurable.

Theorem 2. (nonlinear alternative'®)
Let X be a Banach space with C C X closed and convex. Assume U is a relatively open subset of C with0 € Cand G : U — C
is upper semicontinuous and completely continuous multivalued map. Then either,

i) G has a fixed point in U or
ii) there is a point u € oU and A € (0, 1) with u € AG(u).

For further reading and details on multivalued analysis, we refer the reader to the books Y12, We introduce now some notations
and definitions of fractional calculus and present preliminary results needed in our proofs later.

Definition 3. 23 Let # € L!([a, b], R) . The Riemann-Liouville fractional integral of order @ > 0 of the function A is defined
almost everywhere in [a, b] by

RL 7a _ [ =9
I7h(r) = / —F(a) h(s)ds,

where T is the gamma function. When a = 0, we write RLT19A(1) = [h * @,](f), where @, (1) = % fort > 0 and ¢, (t) = 0 for
t < 0. the equality holds everywhere if 2 € C ([a, b]; R).

Definition 4. >¥ Let « > 0 and n be the smallest integer greater than or equal to « and & : [a,b] — R be a function such
that RE 177%h € AC"([a, b], R). Then the Riemann-Liouville fractional derivative of order a of the function 4 is defined almost
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every where in [a, b] by

RL dnRE
DR = 1)

t
_ 1 ﬂ _ oyn—a—1
= —F(n — o dr /(t s) h(s)ds.

Definition 5. %* Let ¢ € [0, +o0) and a > 0. The Hadamard fractional integral of order a, applied to the function h € L?[a, b],
1<p<+4+00,0<a<b< oo, fort €a,b],is defined as

« _ 1 t\* ! h(r)
ul h(t)—%/<log;> BDdr, 11,
1

T

where log(.) = log,(.).

Definition 6. (Hadamard fractional integral)
Leté = t% ,a > 0andn = [a] + 1, where [«] is the integer part of a. The Hadamard fractional derivative of order a applied to
the function A € AC(;’[a, b],0 =a < b < o0, is defined as

1 d n L n—a—l@ __sn n—a
—a)(ta) /(lnr) T dz = (I 1D

L D*h(t) = e

Property 1. If Re(a), Re(f) > 0,and 0 < a < b < o0, then

< ull. (10g §>ﬁ—1> = % (log £>ﬂ+a—1

( uDS. <10g 2)1’—1> (t) = % <10g é)ﬂ—a—l

Property 2. Z(page 114) Let « € C and § € C be such that Re(a) > Re(f) > 0
e If0<a<b<xand 1 < p < o, then for ¢ € LP(a, b)
HDf+ ull.o= HIZ:ﬂ(p and HDf— ul, o= HIZfﬂ(p
e In Particular if f = m € N, then
uD) o glyo= gl "o and yD; gl o= yglI;""¢.

Theorem 3. “(page 116) Let Re(a) > 0,n = [a] + 1 and 0 < a < b < o0. Also let ( ;;1"7¢) (1) be the Hadamard type
fractional integral of the form

t
n—a—1
(") (1) = — (log %) 20 e, 0<a<i<b<o
4 I'(n—a) T T
If (1) € L(a,b) and ( 4 1"7"¢) (t) € AC}[a, b] where
AC![a,b] = {(p ‘labl > C: & 'ge ACla,b], 6 = z%}

then

« e S8l 0)) (@ gk
(HIa+ HDa+(p)(t):(p(t)_z F(a—k+1) <10 > .

=1 a
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Definition 7. (Hilfer fractional derivative)
Letn—1<a<n 0<p<1,pe€ L'(a,b). The Hilfer fractional derivative D*? of order a and type # of ¢ is defined as

“hoypy = (P (L' po-wa-p
(D)) = <I (%) 1 ¢>(o

= <Iﬂ("_“) (%)n I"_7g0> ®, y=nf+a—ap

= (I""D7¢) (),
where I© and DV is the Riemann-Liouvill fractional integral and derivative respectively.

Definition 8. (Hilfer-Hadamard fractional derivative)*
Letn—1<a<n0<p <1, e € L'(a,b). The Hilfer-Hadamard fractional derivative ;; D*? of order « and type f of @ is
defined as

( HDa’ﬂ(p)(t) — ( H]ﬁ(ﬂ—a)éﬂ HI(n—a)(l—ﬁ)(p) @
= ( HIﬂ("_”’)é" HI"_7¢) ®, y=nf+a—ap
= (xI"" 4 Do) (1),

where 1V, ;; DV is the Hadamard fractional integral and derivative respectively.

3 | EXISTENCE RESULTS

Recall that C(J, R) is a Banach space of all continuous functions from J into R endowed with the norm
Iyl = sup [y(D)].
ted]

Definition 9. A function y € AC?(J,R) is said to be a solution of @])— if there exists a function v € L(J,R) with
v(t) € F(t,y()) for a.e t € J such that ; D*Py(t) = v(t); 1 < @ <2,0< f < laet € Jand y(1+¢)=0; ;D" yle) =
27:1 Vi HDl'ly(’?i)-

To prove the existence of solutions to (9)-(I0), we need the following auxiliary lemmas.

Lemma 1. ¥ Let « > O and y € C[1,400) N L'[1,+00). Then the solution of Hadamard fractional differential equation
(HD"‘y(t)) = 0 is given by

n

Y6y =Y¢, (In),
i=1
where c; €R, i =1,...,n are arbitrary constantsand n — 1 < a < n.

Lemma 2. Let Re(a) >0,0< f<l,y=a+nf—afthenn—1<y<nn=[Re(@]+1,0<a<b<coifpe L(a,b)
and ( HI”‘V(p) e ACg’[a, b] then

wll (uDile)®

uly ( 17 HDY(P) ®)
( u Ia+ﬂn—ﬂa u Dy(p) (t)
(ul” yD' @) ()

n—1 sn—k—1 [”:Y(p (a)
o0 T g (s )

k=0
As a consequence of Lemma (1) and Lemma (2) we have the following result which is useful in what follows.

Lemma3. Forl <« <2,0<f<landhe C(J,R),y =a+2f—af = y € (1,2]. The problem
aD Pyt =), tel =J, 1<a<2,0<p<1 (11)
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W1+€)=0, zD ' ye) =Y v, y D" y(n)),
i=1
has a unique solution it giving in the formulae
yO) = g1%()
Dy = (v = Dpy log 1

+ 1% + ) logry 2 = <

n

log(1 + €) (log 1)’ =% — (log 1)’ ™!

+(og(1+ €)™ | D v g I on) = 11" p(e)

i=1 A
where
-1 2
A= (r =y [logl + )] = (7 = Dy [log(1 +e)]”
“ -2
H=1- Z Vi <1Og’7i)y
i=1
ln 3
o =1- 2 v; (logn;)" ™,
i=1
with
(r = Dpylog(1 +€) = (y — Dy, #0.
Proof.

Assume y satisfies (TI)-(I2), lemma () implies
al® ( HDa’ﬂJ") O = gl
1 (52—1‘—1( le—yy)) 6} ( ‘ >y_j_1

¥t - Z log —

& Te-) [

¥(t) = ¢y (logty ™" —¢; (logt) 2.

Then
YO = yI%@) + ¢y (log ) ™' + ¢, (log 1y 2,
and
y1l+e)=0= 5I%(1 +¢€)+cy(log(l + €)™ + ¢, (log(1 +€)) =0

_1 Cl
= I¢(l+e)— —
Tog( oyt Hed+ O o0

€
by Property , ( p 1P, D" @)
a D"y = DV [ yI%() + ¢ (log 1) ™' + ¢; (log 1) 7]
= ;DY 1% + ¢y y D" (logt) ™" + ¢, ;D! (log 1)~
= (gI'®D yD? jI%®) + ¢y (g 1" yD* (logt) ™)
+e (1" 4 D*(logty?)

= (gI' 4I"00) + ¢ < ul!

Ly —1)
N
+c1( )

I'(y)
'y -2)

(log t)y_l_2_1>

(log =1 )

Ty -1-2)
r Ty -1
= I o) + ¢, F(y(z)l) (log 1Y + ¢, rg ~ 2; (log 1)/~
- DIy -1 _ — Iy =2 _
= ;1700 + co—(y F(; —(yl) ) (log 1) + cl—(y F(; _(1/2) ) (log 1y’

a I o) + co(y — 1) (log 1) > + ¢,(y = 2) (log 1) > .
uD"ye)= 4TI 'ple) +co(y = 1) +¢,(y = 2)

12)

13)

(14)
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n n

D v uDMym) = D v I w(n,)+co(7/—1)z (logn,)"

i=1 i=1 i=1

oy - 2)2 (log ;)"

+

al® 1(/)(e) +e(r =D +c(r =2).

o g

2 vl o) =y 1" pe) — l(y— 1)l Z logni)y_QH .

i=1

Let ;
up=1- Zvi (logni) Zvl logn;)’
i=1 i=1
then .
1 a—1 a—1 (7—1)/41
GG =——— Vi g1 7o) — g1* ple)| —cg———.
L0 -2m lz; " " ] "¢~ Dy
Co = -1 nl"p(1+e)— : iv,« a7 om) — g1 p(e)
(log(1 + €))r—! (r —=Dpylog(l +¢) | &
-1
+e (y MM '
(r = 2Dpp log(1 +¢)
to= —~ | = Dty yI%0(1 log(1 (s 1! - yI!
0= =% |0 =Dk T+ )+ (og(l + )y Y vi g I o(n) = w1 0(e) || .
| i=1
then

¢ =+ [log(1 + ey <Zvi w I () - HI“—I(p(e)) + (= Dy g 101 +e>] :

i=1

Now substituting the values of ¢, and ¢, in(T4) we get(13).

3.1 | The Lipschitz case

We prove the existence of solutions for the problem (9)-(I0) with a nonconvex valued right hand side. Our proof is based on the
fixed point theorem for multi-valued map due to Covitz and Nadler that is theorem ().

Theorem 4. Assume that the following hypothesis holds:
e (H)F:JXR— P,(R),suchthat F(.,y) : J - P,_,(R) is measurable for each y € R.
e (H,) There exists | € L'(J,R) such that
H,(F(t,y), Ft,7) <]y —y| forevery y,y €R,

and
d(0, F(t,0)) < I(t) foralmostall 7 € J.

o (H;) If @ satisfied the condition ||/|| P < 1 where
3—a—y
o { 1 — [log(1 +¢)] 7 = Dy = =

[(a+1) (y —2Dpplog(1 +€) — (y — Dy

1+ 30 vl 1 +1log(1 + ¢)
['(a) | = Dy log(1 + €)= (r — Dpy| |



Berrabah et al
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Then the problem of boundary value (9)-(I0) has at least one solution on J.
Proof. Transform the problem (9)-(10) into a fixed point problem. Consider the multivalued operator,
heCJ,R):
h@®) = xI1%0(1)
Ny = + g 1%0(1 + €) (log 2 w (15)
r=2_ =1
+ (log(1 + e))Y—Z [Z:’zl v, HIa—lv(nl_) _ HI”_IU(e)] 10g(1+€)(10g2 (og?) ,
where
veSp,={ve L'(J, R)|v(t) € F(t, y(t)) for ae t € J}
. -2 ’ -3
#1=1_Zvi (IOg”Ii)y ﬂ2=1_2"i (logni)y ’
i=1 i=1
with

(r = Dpylog(1 +€) = (y — Dy #0.
Remark 1. For each y € C(J,R), the set Sy, ,, is nonempty since by (H1), F has a measurable selection (see L Theorem I1L.6).

We shall prove that N satisfies the assumptions of Theorem ().
The proof will be given in two steps.

Step 1. N(y) € P,,(C(J,R)) for each y € C(J, R).
Indeed, let (y,),en € N(p) such that y, — yin C(J,R); then y € C(J, R) and there exists v, € S, such that for each 7 € J,
) = yI%,(1)

b g1+ e (logry> L DM Z 0 = s log
H n

A
S log(1 + €) (log 1)’ — (log 1)’~!
+ (log(1 + €)™ lZviHI““v,,(n»—Hn—lme)] og(l +¢) (log A) (logt”
i=1
t
1 t\* 1o (1)
= — 1 _) n d
F(a)/ ("gf 79T
1
(r=Du, (log Y2 —=(y=2)u,(log 1yr=1 1+€ -
+ A (10 ”6) 9l 4,
() g .
1
: h 2 1,(2) 2 2 0,()
— 1 }1 a—2 p (T 1 e a2 p (1
st | S () 40 e f (o) 42
(log(1 + ) ;V'F(a—l)/ o) e [ (1o )
- / /

y log(1 + e)(log 1)’ 2 — (log ) !
A )

Using the fact that F has compact values and from (H2) we pass into a subsequence to obtain that v, converges to v in L'(J, R).
Thus v € S, and for each 1 € J we have

yu(8) = ¥(0)

1 1\ ! u(z)
1

(r=Dpy Qog Y/ 2=(r=Dp, (log 1y =" 1€

A 1+e\* ! o(r)
+ () /<log - > — "

1
(log(1 + €)' ? log(1 + €)(log 1)~ — (log t)' !
I'a—-1) A
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vl/ ﬁ “ ZMd _/(logg)a zﬂd
T T
1
Soy e N(p).

Step 2. We show that there exists 6 < 1 such that
H;(N(y),N®) <élly -l

i=1

foreach y,y € C(J,R).
Lety,y € C(J,R) and h; € N(y), then there exists v; € F(¢, y(t)) such that for each ¢t € J,

“ ! UI(T)
b= d
hy(t) = e )/ .
(r=Dpy(log 1)/ 2=(r=2)uy(log ryr=!  1+e€ .
* 2 (log 1£€)"™ 1D
I'la) g - -
1
(log(1 +€)) | & "’ z() i 2 0,()
og(l +e 11, a2 p(t ( e)“— vt
A e [ (10a )
AC ;v, ‘ ./ %87 r r

log(1 + €)(log 1) =% — (log Hyr-1
A .
By (H2), we have

H,(F(t, y®), F(1, (1)) < 1®)]y(®) — y(0)].
So, there exists w € F(t, j(t)) such that
lv,() —w®] < IO|y@®) —yOI 1€ J.
Consider U : J — P(R) given by
U ={weR: |v,@)—w®)| <IO)]yt) - 5O} .

Since the multivalued operator U(f) N F(¢, y(¢)) is measurable by proposition 15 , there exists a function v,(¢) which is
measurable selection for U N F(t, y), v,(¢) € F(t, j(t)) and foreach t € J.

[0,() — v, (O] < IOIY@) — (O] tE€J.

hy(t) = - )/ 0’ 1 Uz(T)dT

(y=Duy(log )"~ 2—(7—2)u2(10gz)y 1 1+4e »
A < I+e¢ )a U, (1)
log dr
r(@) ; -

Let us define for eacht € J,

+
1

log(l + ) !(log t)"2 —log(1 + €)' 2(log t)r~!
AT(a—1)

e

z / ’71 . 2U2ir)dr—/(10g§>a_2 Uzif)dr .

1
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Thus

1 a—1 1
[hy (1) — hy(D)| < %/(logi) ;Ivl(r)—vz(r)ldr
1

1+e

1 1+€ a—1 1
r(a)/(log a ) 1@ = v,(D)ld7
1

7
Ll < 1 ni\*2 1
+ (log(1 + €))” 2 Z [v;] / <log ;) ;lUI(T) — vy(7)|d7
i=1 |

(y = Dpy(log 1) = (y = 2)u,(log 1)7~!

+
A

Ta—1)

log(1 + €)(log )’ =% — (log t)' !
A

] e e a—2 1
Ta—-1) / <1°g ;) —[01(2) = vy(D)ld7
1

1 1

< T @) (og)* 1] |y() — (O] + T [log(1 + &)]“ ()] |y(t) = 5]
(y = Dpy(log )2 — (y = 2)uy(log 1)~
’ A
) : 1 a—1 1 a—1
+ (log(l + €))y l; |Vilm (IOg 1’],—) + m (log e) ]
log(1 + €)(log 1)’ =2 — (log 1)~
o) 13t0) — 5oy [T~ CogD
_ 1 [log(1 +)]" | (7 = Duy + (v = 205
<y = Il I
a+1) I'a+1) A
LT+ X il 1 +1og(l +¢)
2 i=1
+ (log(1 + €))” @ N }
] 1 llog(1 +)]" |(v = Dpy + (v = 2y
< Ny =l I
a+1) I'a+1) A
L1+ il T +1og(d +€)
2 i=1
+ (log(1 + €))” M@ ] } .

For an analogous relation, obtained by interchanging the roles of y and j

H log(1+ )" |(v = Dy +(y =2
NN = {F(al+ 1) | I'a + 1)] L= A = D
1+ 27_ [vil 1+ log(1
+ g1+ )™ r(o;)1 - OIgA(| i } ly =3l

Since N is a contraction by (H3) and thus by theorem (I)), N has a fixed point y which is a solution to (9)-(10).

3.2 | The Carathéodory case

We consider the case when N has convex values, our approach is based on the nonlinear alternative Leray-Schauder type fore
multivalued map.
Let us impose the conditions below for convenience.

o (A)F :JXR —= P, (R)isaCarathéodory multivalued map.

cp,c
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e (A,) There exist p € C(J,R,) and y : [0, ) — (0, o0) continuous and non decreasing such that
IF@ »llp =sup{lv] : v@®) € F(t,»)} < pOwlyl)
fort € J and each y € C(J,R).

o (A;) There exists a number M > 0 such that
M

el (M) { s+ + |

> 1,

where a
o [log(1 + )" | (v = Dpy + (r = 2y
L™ "Ta+1) A

)

+ 20 Vil 1 +1og(1 +¢€)
I'(a) |A]

Theorem S. Assume that the conditions (A,)-(A3) and (H,) hold then the problem @)- has at least one solution.

-2 1
m,. = (log(l + €))

Proof. Consider the operator N : C(J,R) — P(C(J,R)) defined by (I3). We will show that N satisfies the assumptions of
the nonlinear alternative of Leray-Schauder type.

The proof will be given in several steps.

Step 1. N(y) is convex for each y € C(J, R).

Indeed, if A}, h, belong to N (y), then there exist v, v, € § Fy such that for each t € J, we

“ 1v; (T) (y — Duy(log 1) =2 = (y — 2)u,(log )7~
MO =g >/ dr+ A
a 1
1 / 0@
I'a T
1
(log(1 +€)) " | ¢ a 2 v (r) a 2 0,(7)
HECE 2 / (1oz 7 / dr
1
-2 _ 1
y log(1 + €)(log tZ’ (log 1~ =12

Let 0 < 6 <1, Then for each t € J we have

[6h, + (1 = 8)h,](2)
'

_ 1 t a—1 1
- %/ <1°g ?) —[60,(®) + (1 = d)vy(v)ld=
1

1+e€
1 1 -l
t e / <10g : e) ~[60,(r) + (1 = 6)0(r)ld=
1
(r = Dpy(log 1) =2 = (y — 2)u,(log 1)
A
(log(1 + €))’ 2 log(l + e)(log1)"~2 — (log )’

I'ea—-1) A

n n;
x Z} v,./ <10g%> [6U,(1)+ (1 = 8)vy(0)d / log 5u,(r)+ (1 = 8)vy(0)ld7
= 1
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Since Sp , is convex (because F has convex values), we have
6hy +(1 = 6)h, € N(p).

Step 2. N maps bounded sets into bounded sets in C(J, R).

Let B, = {y € C(J,R) : [yl <r} be a bounded sets in C(J,R) and y € B,; then for each h € N(y) there exists v € S,
such that for each ¢t € J, it follows by using (A,)

t
1 t ol v(f)
ho = g / <10g— L2
1
1+e

o = Du(log 1y — (r = Dy (log 1! / (10 1+€)““ v,
AT(2) I

T
-2 n ;11 aZE e QZU(T)
+ (log(1 + ¢)) i:1 lF( D / . dr — F(a — 1) —dr
log(1 + €)(log )"~ — (log )~
A
t l+e

1 £\ Iu(r)l 1+€ a1 IU(T)I
*Tw <1°g?) . T T )/ .
1

(y — Dpy(log 1) =2 = (y = 2)u,(log 1)~ )

A
n "[ 2
_ 1 7, \*% v(r)
log(1 + €)) 2 1 (1 —’) iS2p
+ (log(1 + €)) ;V’F(a—l)/ ogT . T
= 1
“ 2 U(T) log(1 + €)(log )~ — (log t)' !
r(a -1 A
B =D ==y | 14€ el
1 / p(r)w(llyll) - A (log 1 +€> p(r)w(llyll)dT
F T I'(a) T T
1 1

i
| lx 1\ p@w Iyl
+ (log(1 +¢)) ; V’T( D l/ <log . ) " dr

" 2@y diylD | || {logd + e)og 1’72 = (log 1)’

+ F(a — 1) T A
1 [log(1 +)]" | (7 = Dpy + (7 = 205
< Taxt 1)|Ip||w(||y||)+ Tt D A Il iyl
L 2 vl 1+ log(l + ¢)
2 i=1
+ (log(1 + €))” lw”l’”W(”Y”) + m”l’”W(”)’”)l A

Ta+1) L@+l A

+ 30 il 1+ log(1 +€)} -

log(1 + " 1(v = Dy + (v — 2
Sllpllw(r){ ! +[ & 1" 1 = Dy + (r = 2

1
+ (log(1 + €)' 2

['(a) 1A

Step 3. N maps bounded sets into equicontinuous sets of C(J, R).
Lett,,t, € J,t; <t, and B, be a bounded set of C(J,R) as in Step 2.
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Let y € B, and h € N(y), using condition (A,) one has
|A(ty) = h(t))| =

t, 1+€
1 L\ v(r) 1 1+e\* ! v(x)
m/(l"g?> ERRTY (log =) =as
1

o = Duy(log 1K) 2 = (y = Duy(log lz)"‘

A
. n a 2 u(r) w 2 U(T)
+ (log(1 + €)™ [Z‘ e - D 9t F( =D T}
log(1 +e)(logt,)' > — (log ) ™' 1 / log 11 “! ) e
A @) &7 T
I+e
= Dpy(log 1)) ~% = (y = 2)puy(log 1))~ /(10 1+e)“ ! U(T)d
AT () £ z
_ y—2 ’71 =2 @ a 2 U(T)
(log(1 + ) [,1 M 1)/ dr - F(a_ o dr
y log(1 + e)(logt,)"~2 — (log ;)" !
A

1

1 >
BE )" f v(7) | 5\ o)
= _F(a)/ l(log;) <log;> ]—T d1+—r(a)/<log;> - dr
1

31

(= Dy |(log12)" ™ = (tog 1) ™| = (7 = 2)p(10g12) ™' = (10g )"

.+ A
1+e€
/ 1+e a-l v@
F( ) T
y—2 1 i o @ a ? U(T)
+ (log(1 +¢)) ; Vv; Fa—1) og . . dr — F(a — 1) dr
1
log(1 + ¢) [(log 1,72 — (logtl)y‘z] - [(log )1 — (logt,)"~ 1]
% A
llpllw(r) / )" 4] dr | llplly(r) / n\"" de
* T l(log?> - (log?> ] = " T <10g?> T
1 i
1+e€ |
|l pllw(r) 1+e\*dr
T(a) <1°g T ) T

i
(r — Duy [(IOg tz)y_z - (IOgtl)y_z] - - 2)#2[(108 tz)y_l - (IOgtl)y_l]
A

n; e
Sl llpllw () m\2dr | lplly() e\ 2 dr
+ (og(1 + €)Y [Z P 1) (loe ) 5+ T —1) (102 %) 7]
1 1

. X

i=1

« log(1 + €) |(log ,)7=% — (log 1) 2| + |(log 1,)" ™" — (log#,)"~"|
[A '
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As t; — t,, the right hand side of the above inequality tends to zero.

As a consequence of Step 1 to 3 therefore it follows by Ascoli-Arzela theorem that N : C(J,R) — C(J,R) is completely
continuous.

Step 4. N has a closed graph.

Lety, = y,, h, € N(y,) and h, — h,, then we need to show that h, € N(y,) associated with h, € N(y,), there exists
v, € Sp, such that foreachr € J,

[ e o
hn([)—m/<10g;> Z dt
1

(y = Dpy (log 12 — (y = 2)uy(log 1y~
(& =2y [tog1 + O] ™" = (7 = Dy [tog1 + )] ™) T@)

I+e

a—1

1

;i e
“ 1 7\ @2 0,(7) 1 a2 p,(7)
+ Zvi—F(a—l)/(IOg?) - dT_F(a—l)/(logg) " dr
1 1

i=1

+

log(1 + €)(log 1)~ — (log )~
(r = Dpylog(1 +€) = (r = Dy’
Thus we must show that there exists v, € Sy, such that for eacht € J

t I+e
_ 1 1\*! u.() 1 1+e\*" v.(7)
,’l*(t) = m / <10g ;) Z dr + % <10g 7 ) _7,' dr
1 1
o ¥ = Dm(log 072 = (y = 2)uy(log ™!
A
log(1 + e)(log t)'~2 — (log )"~

+ (log(1 + €)) n

i

n, e
. 1 1:\*2 0,(7) 1 2 p (1)
x var(a—n/(log?) 7 dT_r(a—l)/Oog%) _—
1 1

i=1
Since F(t,.) is upper semicontinuous by (A, ), then for every € > 0, there exist ny(¢) > 0 such that for every n > n,, we have
v,(t)e F(t,y,(t) C F(t,y, (1)) +€B(0,1) ae.telJ.
Since F(.,.) has compact values then there exists a subsequence Unk(.) such that
Unk(.) — v, () as k— oo,
v, e F(t,y, (1) ae teJ.

For every w € F(t, y,(t)), we have
|0, (1) = 0O < |0, (©) = wl + |w—0,0)].
Then
lv, () —v,@®] <d, @), F,p.0).

By an analogous relation, obtained by interchanging the roles of v, and v, and using condition (H,), it follows that

lv, @) — v, < Hy(F(,,0), Ft,y,0)) < 1Oy, = V.l
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Then
1 a 1o, (r)—u*(r)l
|h, (1) = h (1] < 1"_/ lg S
T
1
1+€
L = Dog ™ = ¢ = Dpllog [ 1 eyent 16,0 = v O
/<log ) dr
Al'(ar) T T

1
(log(1 + €))% log(1 + e)(log 1)’ — (log )"~
F(a -1 A

Z / logn, a2 |v, () = 0" ()] T_/e<log >az|u @-v®l
T T

1

+

t

1 t a—1 ”ynm_y*”oo
< (log —) I T R
I'(a) T T

1
1+€

(y — D, (log )"~ = (y = 2)u,(log 1)~ L+e\< !y, = yllsll
<10g ) d
Al'(ar) T T

T

1
e

1y, = Vil 2 @2 ] e\ 2 1
+ W (log(1 +¢€)) g / <log ) ;dT —/ <log ;) ;dr
1
log(1 + €)(log 1)’ 2 — (log )"~
A .

Since ||ynm -yl = 0asm — 0,one has ||h, —h,|| > 0asn — 0.
Step 5. A priori bounds on solutions.
Let y be such that y € AN (y) with 4 € (0, 1) then there exists v € S, such that for each 7 € J and taking account (A4,) we have

11 1 U(T)
= - —dt
) = e )/
I+e
, = Dullog 1y — (7 = 2 log 1! / (10 1+€)““ v@
Al'(@) g T T
1
Z" Ui 5 2
) i=1 Vi ni o @ a U(T)
+ (log(1 +¢€)) ™| —— (log ) . dr — @ _1) dr

T(a—1)
1

log(1 + e)(log 1)’ 2 — (log ) !
A

t I+e

1 1\ [u(@)] 1 L+e\*" o)
Sm/(lOé{;) Z dT+m <10g Z ) - d
1

1
(y = Dpy(log 1y — (y = 2)p,(log 1)~
’ A

e

n;
10g(1+e)+1(10g(1+€))y 2| ¢ n< a2 |p(7)| e\*2 |u(7)|
A T@—1) ,thlv"'/(logr T +/<1g¥> . ¢

- 1

1
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t 1+e

a—1 a—1
< lpllwdlylD (log1> 14z 4 lpllwdiylD (log 1 +€> 1,
I'(a) T T I'(a) T T
1 1

(v = Dyl + [(r = 2,
[A]

N a=2
|IpI|v/(I|yII) (k)gz) 1z 4 lellwdiyd <logg> 1

—drt
-1 T I'la—1) T T
1 1

+ (log(1 + €)' Z|
log(1+¢€)+1
|A]
lpllwiylD | lplly iyl
[(a+1) C(a+ 1)
|v = Dy | + |7 = 2|
' |A]

[log(1 + €)]*

+ (log(1 + €)™

log(l+e)+1 [ lplwdyld | lellydiyl)
A lZI M | T ]

1 [log(1 +©)]" |(y = Dpy | + (7 = 2o
I'a+1) I'a+1) |A|

1 |Vi|+1|10g(1+€)+1|}

< lipllwdlyiD {

)
2
+ (log(1 + €))” @) n

which implies that
Iyl
1oy D { s+ + s, )
In view of (A3), there exists M such that ||y|| # M.
Letusset U = {y € C(J,R) : |ly|| < M}. The operator N : U — P(C(J,R)) is upper semicontinuous and completely
continuous; From the choice of U, there is no y € dU such that y € AN(y) for some 4 € (0, 1). As a consequence of the
nonlinear alternative of Leray-Schauder, we deduce that N has a fixed point y € U which is a solution of the problem @])—.

<lI.

4 | TOPOLOGICAL STRUCTURE OF THE SOLUTION SET

Below we shall concentrate our considerations on the topological structure of the set of fixed points of (9)-(10). Let us consider
the hypothesis below

(B) There exists p € C(J, R) such that
NF@Ip <p(t) fort€J and yE€R.
Theorem 6. Assume that the conditions (A,) and (B) hold. Then the solution set of @I)— is nonempty and compact in
C(J,R).

Proof .
Let
= {y € C(J,R); yis solution of @)-(I0)} .
From Theorem (3) .S # @.
Now, we prove that .S is compact.
Let (y,)nen € S, then there exists v, € Sy, and 1 € J such that

t
1 t\* ! o,(r)
) = r(a)/<1°g?) T
1
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1+e
(V— Dpy(log 1)’ =2 = (y = 2)pu,(log 1)~ /(10 1+e>"’_l U"(T)dr
AT(2) &

T T

1
(log(1 + €))" > o log(1 + e)(log1)’~2 — (log t)~!
T(a—1) A

e

;i
" a -2 v, a=2 p
X Zvi/(logn (T)dr—/<logf> ﬁdr
g T T T

1

From (B) we can prove that there exists an M, > 0 such that ||y,|| < M, for every n > 1. As in Step 3 in Theorem (E]), we can
easily show that the set { Vo B2 1} is equicontinuous in C(J, R), hence by Arzela-Ascoli theorem we can conclued that there
exists a subsequence (denoted by {y,}) of {y,} converging to y in C(J, R).

We shall show that there exist v(.) € F(., y(.)) such that

a 1 U(T)
MOES @ )/ - —dr
1+e€
, = Duyog 72— (7 = 2y log 1! / (10 1+€)““ v,
AT(a) £ z

1
(log(1 + €)' 2 log(1 + €)(log )"~ — (log t)' !
I'a-1) X A

e

a=2 a=2
Z / lo Z Md —/(logg) @d
T
1
Since F(z,.) is upper continuous, for every € > 0 there exists ny(e) > 0 such that for every n > n;, we have

v,() e F(t,y,@t)) C F(t,y(®) +€B(0,1) ae.t € J,
Since F(.,.) has compact values, there exists a subsequence Uy, such that
Unm(.) —u() as m— o0, V()€ F(t,y(t)) aetel].

It is clear that the subsequence v, (?) is integrally bounded.
By Lebesgue dominated convergence theorem, yields v € L'(J, R) which implies that v € .S r.y- Thus for 7 € J, we have

a 1 U(T)
MOES @ )/ = —dz
1+e€
, = Duyog 72— (7 = 2y log 1! / (10 1”)““ v,
AT(a) £ 7

1
(log(1 + €)™  log(l + €)(log1)’~2 — (log 1)’
Ta-1) A

e

;i
n N a2 a=2
X Zvi/(logﬂ) Mdﬂ:—/(logg) Mdr
i1 / T T T T

1
Then S € P.,(C(J,R)).
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S | CONCLUSION

In this work, we deal with the problem concerning existence of solution sets and its topological structure for Hilfer-Hadamard-
Type fractional differential inclusions modeled by inclusion (9)-(T0) with Hilfer-Hadamard-Type fractional derivative and multi-
point boundary conditions. The nonconvex valued right hand side in the first leg forced us to make use Banach contraction, in
the second leg we apply the nonlinear alternative of Leray-Schauder to give our existence result we ended by giving topological
structure of the solution sets when it is nonempty.
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