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Abstract: In this paper, we investigate the initial value problem of a nonlocal sine-type µ-Camassa-Holm (µCH)

equation, which is the µ-version of the sine-type CH equation. We first discuss its local well-posedness in the

framework of Besov spaces. Then a sufficient condition on the initial data is provided to ensure the occurance of the

wave-breaking phenomenon. We finally prove the Hölder continuity of the data-to-solution map, and find the explicit

formula of the global weak periodic peakon solution.
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1 Introduction

In 2008, Khesin-Lenells-Misiolek [24] presented a new nonlocal equation (i.e., the µ-Camassa-Holm (µCH)

equation)

mt + umx + 2uxm = 0, m = µ(u)− uxx, (1.1)

where µ(u) =
∫
S u(t, x)dx and S = R/Z. This equation can be viewed as an intermediate equation between

the CH equation [4, 17,29]

mt + umx + 2uxm+ κux = 0, m = u− uxx, κ ∈ R. (1.2)

and Hunter-Saxton(HS) equation (a short-wave limit to Eq. (1.2)) [23]

uxt + uuxx +
1

2
u2x = 0. (1.3)

The CH equation can describe the propagation of axially symmetric waves in hyperelastic rods [12, 13],

and possess a bi-Hamiltonian structure, infinitely many of conservation laws, weak peakon solutions (

ce−|x−ct|(c > 0)) [4]. In particular it is completely integrable and can be explicitly solved via the in-

verse scattering transform (IST) [3,4,6,8–11,26]. Constantin-Strauss [11] and Lenells [25] studied the orbital

stability of the weak peakon solutions of CH equation.

Similar to the CH equation, the µ-CH equation (1.1) admits the Lax-pair and bi-Hamiltonian struc-

ture [24]. It can also describe a geodesic flow on diffeomorphism group of S with certain metric. Its

integrability, well-posedness, blow-up and peakons have been investigated in [18, 20, 24]. Similar to the µ-

CH equation (1.1), the integrable modified µ-CH equation [30], as a µ-version of the mCH equation, was

presented in the form

mt +
((
2µ(u)u− u2x

)
m
)
x
= 0, m = µ(u)− uxx. (1.4)
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Its local well-posedness in Besov spaces and the existence of peakon and multi-peakon solutions as well as

the formation of singularities have been discussed in detail. Moreover, the dynamical stability of periodic

peaked solitons of Eq. (1.4) was studied [28]. The non-uniform continuity of the solution map of Eq. (1.4)

was established [34].

More recently, we came up with the sine-type generalization of the mCH equation (alias sine-mCH

equation) [31]

mt + [sin(u2 − u2x)m]x, m = u− uxx (1.5)

and sine-type generalization of the CH equation (alias sine-CH equation) [32]

mt + sin(u2 − u2x)uxm+ [sin(u2 − u2x)um]x = 0, m = u− uxx (1.6)

and discussed their Cauchy problems. The studies of the above equations generalized the related research

on the CH-type equations [1].

In this paper, we will investigate some µ-generalization of the sine-CH equation (1.6). Our research

interest here is the Cauchy problem of the µ-version of the sine-type CH equation (1.6) (alias sine-µCH

equation) 
mt + sin

(
2µ(u)u− u2x

)
uxm+ [sin

(
2µ(u)u− u2x

)
um]x = 0, m = µ(u)− uxx,

u(t, x+ 1) = u(t, x),

m(0, x) = m0(x),

(1.7)

where u(t, x) denotes the fluid velocity and µ(u) =
∫
S udx represents the corresponding potential density.

The main task here is to understand the effect of the nonlinear term sin(2µ(u)u − u2x) on the breakdown

mechanism of Eq. (1.7). One can check that there are two conserved quantities associated with Eq. (1.7),

these are µ0 =
∫
S udx and µ1 = (

∫
S u

2
xdx)

1/2. Eq. (1.7) can also be regarded as a sine-type extension of the

µCH equation (1.1) and modified µCH equation (1.4). In particular, we have

• As sin(2µ(u)u− u2x) = c ̸= 0, c ∈ [−1, 1], the sine-µCH Eq. (1.7) with u(x, t) = u(τ, x), τ = ct reduces

to the known µCH equation (1.1) with t→ τ .

• As 2µ(u)u−u2x → 0, one has sin(2µ(u)u−u2x) ∼ 2µ(u)u−u2x so that Eq. (1.7) just reduces to the new

µ-version of the fourth-order CH equation

mt + (2µ(u)u− u2x)mux + [(2µ(u)u− u2x)mu]x = 0, m = µ(u)− uxx (1.8)

• As 0 < |2µ(u)u− u2x| < 1, we have

sin(2µ(u)u− u2x) ∼
N∑

k=1

(−1)k+1

(2k − 1)!

(
2µ(u)u− u2x

)2k−1

+O
(
(2µ(u)u− u2x)

2N−1
)
,

in which case the sine-µCH Eq. (1.7) becomes the higher-order µCH equation (O
(
(2µ(u)u− u2x)

2N−1
)

is neglected)

mt +mux

N∑
k=1

(−1)k+1

(2k − 1)!

(
2µ(u)u− u2x

)2k−1

+ ∂x

(
mu

N∑
k=1

(−1)k+1

(2k − 1)!

(
2µ(u)u− u2x

)2k−1
)

= 0, (1.9)

where m = µ(u)− uxx.
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The main contents, also the arrangement, of this paper are as follows. First, in the spirit of [14–16, 30],

we will show the local well-posedness of strong solutions to Eq. (1.7) in the subcritical Besov spaces Bs
p,r,

i.e., Theorem 2.1, and this will be done in Section 3. Here, the derivative index and the integrable index

should satisfy s > max{2 + 1/p, 5/2}. The main tool we will use to prove this result are the Besov space

theory and the transport equations theory. Second, we will prove its local well-posedness in the critical

Besov space B
5/2
2,1 (Theorem 2.2) in Section 4, following the spirit of [35]. Then, in Section 5, we will be

concerned with the blow-up criterion and the precise blow-up quantity of Eq. (1.7) by means of the Moser-

type estimates in Sobolev spaces. Section 6 is devoted to putting forward a sufficient condition with regard

to the initial data to ensure the occurance of the wave-breaking phenomenon by tracing the corresponding

precise blow-up quantity along the characteristic. We will employ the energy method combined with some

Sobolev inequalities and commutator estimates of Calderon-Coifman-Meyer type to establish Theorem 2.6–

the Hölder continuity of the data-to-solution map in Section 7. The last section will provide the weak peakon

solutions of the sine-µCH equation (1.7), i.e., Theorem 2.7.

Let S stand for the Schwartz space and S ′ represent the space of temperate distributions. Let Lp(S) be
the Lebesgue space equipped with the norm ∥ · ∥Lp for 1 ≤ p ≤ ∞ and Hs(S) be the Sobolev space equipped

with the norm ∥ · ∥Hs for s ∈ R. Since the local well-posedness for the Cauchy problem (1.7) will be proved

in Besov-type space Bs
p,r (Appendix A, also see [2, 5] for more details). Moreover, some lemmas of the

transport equation theory are used (see [2, 14] for more details). Let

p(x) =
1

2

(
x− 1

2

)2

+
23

24
(1.10)

be the Green function of the operator (µ− ∂2x)
−1. Its derivative [27] can be assigned to zero at x = 0, so one

has

px(x)
def
=

{
0, x = 0,

x− 1
2 , 0 < x < 1.

It is easy to see that the operator µ − ∂2x is an isomorphism between Bs
p,r and Bs−2

p,r with the inverse

v = (µ− ∂2x)
−1w given explicitly by [24]

v(x) =

(
x2 − x

2
+

13

12

)
µ(w) +

2x− 1

2

∫ 1

0

∫ y

0

w(s)dsdy −
∫ x

0

∫ y

0

w(s)dsdy +

∫ 1

0

∫ y

0

∫ s

0

w(r)drdsdy.

From [30], we know that

∥µ(u)∥Bs
p,r

6 c∥u∥Bq
p,r
, s ∈ R, q > 0, 1 ≤ p, r ≤ ∞, ∥u∥2µ 6 ∥u∥2H1 6 3∥u∥2µ,

where

∥u∥2µ =
((
µ− ∂2x

)
u, u

)
L2 = [µ(u)]2 +

∫
S
u2xdx, ∥u∥2H1 =

((
1− ∂2x

)
u, u

)
L2 =

∫
S

(
u2 + u2x

)
dx.

2 Main results

Our first result is about the local well-posedness to the Cauchy problem (1.7) in subcritical Besov spaces.

Theorem 2.1. (Local well-posedness in subcritical Besov spaces) Let u0 ∈ Bs
p,r with 1 ≤ p, r ≤

+∞, s > max{2 + 1/p, 5/2}. Then there exists a time T > 0 such that the Cauchy problem of the sine-µCH

equation (1.7) possesses a unique solution u ∈ Es
p,r(T ). Furthermore, the data-to-solution map u0 7→ u is

continuous from a neighborhood of u0 in Bs
p,r into C

(
[0, T ];Bs′

p,r

)
∩ C1

(
[0, T ];Bs′−1

p,r

)
for each s′ < s as

r = +∞ and s′ = s as r < +∞.
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Setting p = r = 2 in Theorem 2.1, one immediately deduces the following Corollary with respect to the

local well-posedness of (1.7) in Sobolev space, which is a more convenience setting for us to show the blow-up

results.

Corollary 2.1. Let s > 5/2 and u0 ∈ Hs. Then there exists a time T > 0 such that the Cauchy problem (1.7)

admits a unique strong solution u ∈ C ([0, T ];Hs)∩C1
(
[0, T ];Hs−1

)
. Furthermore, the data-to-solution map

u0 7→ u is continuous from a neighborhood of u0 in Hs into C ([0, T ];Hs)∩ C1
(
[0, T ];Hs−1

)
.

The next Theorem states the local well-posedness of (1.7) in the critical Besov spaces B
5/2
2,1 (S).

Theorem 2.2. (Local well-posedness in critical Besov spaces) Let the data u0 ∈ B
5/2
2,1 (S). Then there

is some maximal time T > 0 and a unique solution u(t, x) of the Cauchy problem (1.7) such that

u = u(t, ·) ∈ C([0, T ];B
5/2
2,1 (R)) ∩ C1([0, T ];B

3/2
2,1 (R)).

Furthermore, the data-to-solution mapping

u0 7−→ u(u0, ·) : B5/2
2,1 (R) 7−→ C([0, T ];B

5/2
2,1 (R)) ∩ C1([0, T ];B

3/2
2,1 (R))

is continuous.

The following Theorems are about the blow-up criterion and quantity.

Theorem 2.3. (Blow-up criterion) Let u0 ∈ Hs be given as in Corollary 2.1 and u be the corresponding

solution to (1.7). Denote by T ∗ the maximal existence time, then

T ∗ <∞ ⇒
∫ T∗

0

∥m∥3L∞dt = ∞. (2.1)

Theorem 2.4. (Blow-up quantity) Let u0 ∈ Hs(R) with s > 5
2 , and T

∗ > 0 be the maximal existence

time of the solution u to the Cauchy problem (1.7). Then u will blow up in finite time iff

lim inf
t→T∗

(
inf
x∈S

(
cos(2µ0u− u2x)uuxm+ sin(2µ0u− u2x)ux

)
(t, x)

)
= −∞. (2.2)

Moreover, one has

sup
x∈S

(
cos(2µ0u− u2x)uuxm+ sin(2µ0u− u2x)ux

)
(t, x) ≤ C∥u0∥2H1 sup

x∈S
m0(x) + C∥u0∥H1 (2.3)

for all t ∈ [0, T ∗) if m0(x) =
(
µ− ∂2x

)
u0 ≥ 0 for all x ∈ S, and m0 (x0) > 0 at some point x0 ∈ S.

Having established Theorem 2.3, we will prove the following wave-breaking result:

Theorem 2.5. (Wave-breaking) Suppose that m0 ∈ Hs(S) with s > 1
2 and m0(x) ≥ 0 for all x ∈ R, and

m0(x0) > 0 for some x0 ∈ R. Let T ∗ > 0 be the maximal existence time of strong solution m to the Cauchy

problem (1.7). Let M(t, x) be defined by (6.1), M̂(t) = M(t, q(t, x0)) and m̂(t) = m(t, q(t, x0)) with q(t, x)

being defined in (5.12). Also, assume |µ
(
sin(2µ0u− u2x)uux

)
| + |2µ

(
cos(2µ0u− u2x)mu

2
x

)
| ≤ C∗ for some

constant C∗ > 0 independent of t and m̂(t) ≥ ε for some small constant ε > 0. If

M̂(0) < 0 and
C2

2
ξ2 +

M̂(0)ξ + 1

m̂(0)
< 0, (2.4)

4



where C2 = C1(1+1/ε) with C1 defined by (6.7) and ξ = − M̂(0)
C2m̂(0) , then the solution m will blow up at a time

T ∗ ∈ (0, ξ). Furthermore, as T ∗ = t− = − M̄(0)
C2m̂(0) −

1
2

√(
2M̂(0)
C2m̂(0)

)2
− 2

C2m̂(0) , we can evaluate the blow-up

rate as

lim inf
t→(T∗)−

(
(T ∗ − t) inf

x∈S
M(t, x)

)
≤ −1

2
, (2.5)

Corollary 2.1 implies the continuity of the data-to-solution map u(0) ∈ Hs → u(t) ∈ Hs for the Cauchy

problem (1.7). We next show the Hölder continuity of this map in Hs under a weaker topology Hr, i.e.,

Theorem 2.6. (Hölder continuity) Let 0 ≤ r < s with s > 5/2, then the data-to-solution map for the

Cauchy problem (1.7) is Hölder continuous in Hs under the Hr norm. More precisely, for initial data u0, v0
with ∥u0∥Hs ≤ ρ and ∥v0∥Hs ≤ ρ, the corresponding solutions u, v of Eq. (1.7) satisfy

∥u− v∥C([0,T ];Hr) ≤ C ∥u0 − v0∥βHr , (2.6)

with the constant C = C(s, r, ρ) and the exponent β given by

β =


1, (s, r) ∈ D1

(2s− 3)/(s− r), (s, r) ∈ D2,

(s− r)/2, (s, r) ∈ D3,

s− r, (s, r) ∈ D4,

(2.7)

where the regions D1, D2, D3 and D4 in the (s, r)-plane are defined by

D1 = {(s, r) | 0 ≤ r ≤ 3/2, 3− s ≤ r ≤ s− 2} ∪ {(s, r) | 3/2 < r ≤ s− 1},

D2 = {(s, r) | 5/2 < s < 3, 0 ≤ r ≤ −s+ 3},

D3 = {(s, r) | 5/2 < s, s− 2 ≤ r ≤ 3/2},

D4 = {(s, r) | 5/2 < s, s− 1 ≤ r < s}.

To establish the explicit formula of the peakon solution, we first give the definition of weak solution

associated to (1.7).

Definition 2.1. Given initial data u0 ∈ W 1,3, the function u ∈ L∞ ([0, T ),W 1,3
)
is said to be a weak

solution to (1.7) with initial data u0 if it satisfies the following identity:∫ T

0

∫
S

[
− uφt + sin(2µ(u)u− u2x)uuxφ

− px ∗ [−2µ(u) sin(2µ(u)u− u2x)u− cos(2µ(u)u− u2x)(2µ(u)uu
2
x − 2/3∂x(uu

3
x) + 2/3u4x)]φ

− p ∗ [−1/2 sin(2µ(u)u− u2x)∂x(u
2
x) + µ(u) cos(2µ(u)u− u2x)(µ(u)∂x(u

2)− ∂x(uu
2
x)− u3x)

+ 1/2 cos(2µ(u)u− u2x)∂x(u
4
x)]φ− µ

(
sin(2µ(u)u− u2x)uux

)
φ

]
dxdt

+

∫
S
u0(x)φ(0, x)dx = 0

for any smooth test function φ(t, x) ∈ C∞
c ([0, T )× S). If u is a weak solution on [0, T ) for every T > 0, then

it is called a global weak solution.

Then our final result reads
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Theorem 2.7. Eq. (1.7) possesses a global weak peakon solution, in the sense of Definition 2.1, of the form

uc(t, x) = a

[
1

2

(
ξ − [ξ]− 1

2

)2

+
23

24

]
, (2.8)

where ξ = x− ct with ξ ∈ [−1/2, 1/2] and c = 13
12a sin(

23
12a

2). Notice that uc(t, x) can be extended periodically

to the whole real line.

3 Local well-posedness in Bs
p,r with s > max{2 + 1/p, 5/2}

This section will give the proof of the local well-posedness result in subcritical Besov spaces Bs
p,r with

the derivative index satisfying s > max{2 + 1/p, 5/2}, namely, Theorem 2.1. The proof is completed based

on the properties [2, 5, 14].

Proof. First, the classical Friedrichs regularization approach is used to construct the approximate solutions

of (1.7). Let m(l+1) solve the following linear transport equation inductively
∂tm

(l+1) + sin[2µ(u(l))u(l) − (u
(l)
x )2]u(l)∂xm

(l+1)

= −2cos[2µ(u(l))u(l) − (u
(l)
x )2]u(l)u

(l)
x (m(l))2 − 2sin[2µ(u(l))u(l) − (u

(l)
x )2]u

(l)
x (m(l)),

m
(l+1)
t=0 = m

(l+1)
0 (x) = Sl+1m0,

(3.1)

where m(0) := 0, l = 0, 1, 2, ....

Suppose m(l) ∈ L∞([0, T ];Bs−2
p,r ) with s > max{2 + 1

p ,
5
2} and consequently Bs−2

p,r is an algebra. So the

right-hand side of Eq. (3.1) is in L∞ ([0, T ];Bs−2
p,r

)
. Hence, Eq. (3.1) possesses a global solutionm(l+1) ∈ Es−2

p,r

for all positive T and the high regularity of u.

Based on the property of the transport equation [2, 14] it follows from Eq. (3.1) that one has

∥m(l+1)(t)∥Bs−2
p,r

≤ exp

(
C

∫ t

0

∥sin[2µ(u(l))u(l) − (u(l)x )2]u(l)∥Bs−2
p,r

dτ

)
∥m0∥Bs−2

p,r

+C

∫ t

0

exp

(
C

∫ t

τ

∥sin[2µ(u(l))u(l) − (u(l)x )2]u(l)∥Bs−2
p,r

dτ ′
)

×
[
∥2cos[2µ(u(l))u(l) − (u(l)x )2]u(l)u(l)x (m(l))2∥Bs−2

p,r

+∥2sin[2µ(u(l))u(l) − (u(l)x )2]u(l)x (m(l))∥Bs−2
p,r

]
dτ, l = 0, 1, 2, · · · . (3.2)

According to the product law in Besov spaces, one finds

∥sin[2µ(u(l))u(l) − (u
(l)
x )2]u(l)∥Bs−2

p,r
≤ C∥u(l)∥Bs−2

p,r
∥2µ(u(l))u(l) − (u

(l)
x )2∥Bs−2

p,r
≤ C∥u(l)∥3

Bs−2
p,r

,

∥2sin[2µ(u(l))u(l) − (u
(l)
x )2]u

(l)
x (m(l))∥Bs−2

p,r
≤ C∥u(l)x m(l)∥Bs−2

p,r
∥2µ(u(l))u(l) − (u

(l)
x )2∥Bs−2

p,r
≤ C∥u(l)∥4Bs

p,r
,

∥2cos[2µ(u(l))u(l) − (u
(l)
x )2]u(l)u

(l)
x (m(l))2∥Bs−2

p,r
≤ C∥u(l)u(l)x (m(l))2∥Bs−2

p,r
≤ C∥u(l)∥4Bs

p,r
.

(3.3)

Plugging (3.3) into (3.1) leads to

∥u(l+1)(t)∥Bs
p,r

≤ e
∫ t
0
C∥u(l)∥3

Bs
p,r

dτ∥u0∥Bs
p,r

+ C

∫ t

0

e
∫ t
τ
C∥u(l)∥3

Bs
p,r

dτ ′

∥u(l)∥4Bs
p,r

dτ. (3.4)
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Now, we need to find the uniform bound of the solution sequence {u(l)(t)}. Suppose ∥u(l)(t)∥Bs
p,r

≤ a(t).

Substituting this into (3.4) generates

∥u(l+1)(t)∥Bs
p,r

≤ e
∫ t
0
Ca3dτ∥u0∥Bs

p,r
+ C

∫ t

0

e
∫ t
τ
Ca3dτ ′

a4dτ. (3.5)

Then we take the equality sign to obtain

ȧ(t) = 2Ca4(t), a(0) = ∥u0∥Bs
p,r
,

which admits the solution

a(t) = ∥u0∥Bs
p,r

(
1− 6Ct∥u0∥3Bs

p,r

)−1/3

.

Accordingly, one can draw the conclusion that the solution sequence {u(l)}∞l=1 of Eq. (3.1) is uniformly

bounded in C([0, T ];Bs
p,r) with T < 1

6C∥u0∥3
Bs

p,r

.

Next, we will prove that {m(l+1)}∞l=1 is a Cauchy sequence in C([0, T ];Bs−3
p,r ). In fact, one can derive

from Eq. (3.1) that

∂t[m
(l+i+1) −m(l+1)] + sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)∂x[m
(l+i+1) −m(l+1)]

=

{
sin[2µ(u(l))u(l) − (u(l)x )2]u(l) − sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)

}
∂xm

(l+1)

−2

{
sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
x m(l+i) − sin[2µ(u(l))u(l) − (u(l)x )2]u(l)x m(l)

}
−2

{
cos[2µ(u(l+i))u(l+i)−(u(l+i)

x )2]u(l+i)u(l+i)
x (m(l+i))2−cos[2µ(u(l))u(l)−(u(l)x )2]u(l)u(l)x (m(l))2

}
:= g.

(3.6)

As a result, we have

∥m(l+i+1) −m(l+1)∥Bs−3
p,r

≤ exp

[
C
∫ t

0
∥u(l+i)sin[2µ(u(l+i))u(l+i) − (u

(l+i)
x )2]∥Bs−3

p,r
dτ

]
×
{∫ t

0

exp

[
− C

∫ τ

0

∥u(l+i)sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]∥Bs−3

p,r
dτ ′
]
∥g∥Bs−3

p,r
dτ

+∥m(l+i+1) −m(l+1)∥Bs−3
p,r

}
.

(3.7)

We will evaluate ∥g∥Bs−3
p,r

step by step. One obtains∥∥∥∥{sin[2µ(u(l))u(l) − (u(l)x )2]u(l) − sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]u(l+i)

}
∂xm

(l+1)

∥∥∥∥
Bs−3

p,r

≤ C∥∂xm(l+1)∥Bs−3
p,r

∥sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]u(l+i) − sin[2µ(u(l))u(l) − (u(l)x )2]u(l)∥Bs−2

p,r

≤ C∥u(l+1)∥Bs
p,r

{∥∥∥∥2cos
(
2µ(u(l+i))u(l+i) − (u

(l+i)
x )2 + 2µ(u(l))u(l) − (u

(l)
x )2

2

)

×sin

(
2µ(u(l+i))u(l+i) − (u

(l+i)
x )2 − 2µ(u(l))u(l) + (u

(l)
x )2

2

)
u(l+i)

∥∥∥∥
Bs−2

p,r

+ ∥u(l+i) − u(l)∥Bs−2
p,r

}
≤ C∥u(l+1)∥Bs

p,r
{∥µ(u(l+i) − u(l))u(l+i) + u(l)(u(l+i) − u(l))∥Bs−2

p,r
∥u(l+i)∥Bs−2

p,r
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+∥(u(l+i)
x )2 − (u(l)x )2∥Bs−2

p,r
∥u(l+i)∥Bs−2

p,r
+ ∥u(l+i) − u(l)∥Bs−2

p,r
}

≤ C∥u(l+1)∥Bs
p,r

∥u(l) − u(l+i)∥Bs−1
p,r

(∥u(l)∥2Bs
p,r

+ ∥u(l+i)∥2Bs
p,r

+ 1). (3.8)

Similarly, we have∥∥∥∥− 2

{
sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
x m(l+i) − sin[2µ(u(l))u(l) − (u(l)x )2]u(l)x m(l)

}∥∥∥∥
Bs−3

p,r

≤ C

∥∥∥∥{sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]− sin[2µ(u(l))u(l) − (u(l)x )2]

}
u(l+i)
x m(l+i)

∥∥∥∥
Bs−3

p,r

+C

∥∥∥∥sin[2µ(u(l))u(l) − (u(l)x )2](u(l+i)
x − u(l)x )m(l+i)

∥∥∥∥
Bs−3

p,r

+C

∥∥∥∥sin[2µ(u(l))u(l) − (u(l)x )2]u(l)x (m(l+i) −m(l))

∥∥∥∥
Bs−3

p,r

≤ C∥m(l+i)∥Bs−3
p,r

∥u(l+i)
x ∥Bs−2

p,r
∥u(l+i) − u(l)∥Bs−1

p,r
(∥u(l+i)∥Bs−1

p,r
+ ∥u(l)∥Bs−1

p,r
)

+C∥m(l+i)∥Bs−3
p,r

∥u(l+i)
x − u(l)x ∥Bs−2

p,r
+ C∥m(l+i) −m(l)∥Bs−3

p,r
∥u(l)x ∥Bs−2

p,r

≤ C∥u(l+i) − u(l)∥Bs−1
p,r

(∥u(l+i)∥3Bs
p,r

+ ∥u(l)∥3Bs
p,r

+ ∥u(l+i)∥Bs
p,r

+ ∥u(l)∥Bs
p,r

) (3.9)

and

∥cos[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]u(l+i)u(l+i)

x (m(l+i))2 − cos[2µ(u(l))u(l) − (u(l)x )2]u(l)u(l)x (m(l))2∥Bs−3
p,r

≤ ∥
{
cos[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]− cos[2µ(u(l))u(l) − (u(l)x )2]
}
u(l+i)u(l+i)

x (m(l+i))2∥Bs−3
p,r

+∥cos[2µ(u(l))u(l) − (u(l)x )2](u(l+i) − u(l))u(l+i)
x (m(l+i))2∥Bs−3

p,r

+∥cos[2µ(u(l))u(l) − (u(l)x )2]u(l)[u(l+i)
x − u(l)x ](m(l+i))2∥Bs−3

p,r

+∥cos[2µ(u(l))u(l) − (u(l)x )2]u(l)u(l)x ((m(l+i))2 − (m(l+i))2)∥Bs−3
p,r

≤ ∥m(l+i)∥Bs−3
p,r

∥m(l+i)∥Bs−2
p,r

∥u(l+i)
x ∥Bs−2

p,r
∥u(l+i)∥Bs−2

p,r

×
∥∥∥∥2sin

(
2µ(u(l+i))u(l+i) − (u

(l+i)
x )2 + (u(l))2 − (u

(l)
x )2

2

)

×sin

(
2µ(u(l+i))u(l+i) − (u

(l+i)
x )2 − 2µ(u(l))u(l) + (u

(l)
x )2

2

)∥∥∥∥
Bs−2

p,r

+∥m(l+i)∥Bs−3
p,r

∥m(l+i)∥Bs−2
p,r

∥u(l+i)
x ∥Bs−2

p,r
∥u(l+i) − u(l)∥Bs−2

p,r

+∥m(l+i)∥Bs−3
p,r

∥m(l+i)∥Bs−2
p,r

∥u(l)∥Bs−2
p,r

∥u(l+i)
x − u(l)x ∥Bs−2

p,r

+∥m(l+i) −m(l)∥Bs−3
p,r

∥m(l+i) +m(l)∥Bs−2
p,r

∥u(l)x ∥Bs−2
p,r

∥u(l)∥Bs−2
p,r

≤ C∥u(l+i)∥4Bs
p,r

(∥µ(u(l+i) − u(l))u(l+i) + u(l)(u(l+i) − u(l))∥Bs−2
p,r

+ ∥(u(l+i)
x )2 − (u(l)x )2∥Bs−2

p,r
)

+C∥u(l+i)∥3Bs
p,r

∥u(l+i) − u(l)∥Bs−1
p,r

+ C(∥u(l+i)∥Bs
p,r

+ ∥u(l)∥Bs
p,r

)∥u(l)∥2Bs
p,r

∥u(l+i) − u(l)∥Bs−1
p,r

≤ C∥u(l+i)∥4Bs
p,r

(∥u(l+i)∥Bs
p,r

+ ∥u(l)∥Bs
p,r

)∥u(l+i) − u(l)∥Bs−1
p,r

+C(∥u(l+i)∥3Bs
p,r

+ ∥u(l)∥3Bs
p,r

)∥u(l+i) − u(l)∥Bs−1
p,r

. (3.10)

On the other hand, notice that

∥m(l+i+1)
0 −m

(l+1)
0 ∥Bs−3

p,r
= ∥Sl+i+1m0 − Sl+1m0∥Bs−3

p,r
= ∥

∑l+l
q=l+1 ∆qm0∥Bs−3

p,r
≤ C2−l∥m0∥Bs−3

p,r
(3.11)
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and {m(l)} is bounded in C([0, T ];Bs−2
p,r ), one derives from (3.7)-(3.11) that

∥m(l+i+1) −m(l+1)∥Bs−3
p,r

≤ CT

(
2−l +

∫ t

0

∥m(l+l) −m(l)∥Bs−3
p,r

dτ

)
.

Consequently, there holds

∥m(l+i+1) −m(l+1)∥C([0,T ];Bs−3
p,r ) ≤

CT

2l

l∑
k=0

(2TCT )
k

k!
+

(TCT )
l+1

(l + 1)!
∥m(l) −m(0)∥C([0,T ];Bs−3

p,r ).

Since {m(l)} is uniformly bounded in C([0, T ];Bs−2
p,r ), one can find a new constant C ′

T so that

∥m(l+i+1) −m(l+1)∥C(0,T ;Bs−3
p,r ) ≤

C ′
T

2n
.

Therefore, {m(n)} is a Cauchy sequence in C([0, T ];Bs−3
p,r ) and converges to some limit function m ∈

C([0, T ];Bs−3
p,r ).

To show the existence of the solution of Eq. (1.7), we would like to verify that the obtained limit function

m solves Eq. (1.7) in the sense of distribution, and one step further belongs to Es
p,r.

Firstly, the uniform boundedness of {m(l)} in L∞(0, T ;Bs−2
p,r ) give rise tom ∈ L∞([0, T ];Bs−2

p,r ). Secondly,

we find that {m(l)} converges to m in C([0, T ];Bs′

p,r) for all s
′ − s < −2, which follows from

∥ml −m∥Bs′
p,r

≤

 C∥ml −m∥Bs−3
p,r

, s′ − s ≤ −3,

C∥ml −m∥θ
Bs−3

p,r
(∥ml∥Bs−2

p,r
+ ∥m∥Bs−2

p,r
)1−θ, θ = s− s′ − 2, −3 < s′ − s ≤ −2.

This claim enables one to take the limit in Eq. (3.1) to find that the limit function m indeed solves Eq.(1.7).

Moreover, Eq. (1.7) can be rewritten as the following transport equation

∂tm+ sin(2µ(u)u− u2x)u∂xm = −2uxm[sin(2µ(u)u− u2x) + cos(2µ(u)u− u2x)um]. (3.12)

Since m ∈ L∞(0, T ;Bs−2
p,r ), thus the right-hand side of equation (3.12) also belongs to L∞(0, T ;Bs−2

p,r )

by means of the product law in Besov spaces and the Sobolev embedding. Consequently, one has m ∈
C([0, T );Bs−2

p,r ) as r < ∞ or m ∈ Cw([0, T );B
s−2
p,r ) as r = ∞. On the other hand, the Moser-type estimates

can deduce that [sin(u2 − u2x)]∂xm is bounded in L∞(0, T ;Bs−3
p,r ) and consequently one deduces ∂tm ∈

C([0, T );Bs−3
p,r ) as r <∞ in light of the high regularity of u and equation (1.7). Therefore, m ∈ Es−2

p,r .

Furthermore, the continuity of the solutionm in Es−2
p,r (T ) can be shown by using the result that a sequence

of viscosity approximate solutions {uϵ}ϵ>0 for (1.7)converges uniformly in C([0, T ];Bs−2
p,r )∩C1([0, T ];Bs−3

p,r ).

We next proof the uniqueness. Let m = µ(u) − uxx and n = µ(v) − vxx both be solutions of Eq. (1.7).

Then one has

∂t(m− n) + sin(2µ(u)u− u2x)u∂x(m− n)

= −[sin(2µ(u)u− u2x)u− sin(2µ(v)v − v2x)v]∂xn− 2[sin(2µ(u)u− u2x)uxm− sin(2µ(v)v − v2x)vxn]

−2[cos(2µ(u)u− u2x)uxum
2 − cos(2µ(v)v − v2x)vxvn

2] := f.

(3.13)

As a result, one has

∥m− n∥Bs−3
p,r

≤ ∥m0 − n0∥Bs−3
p,r

+ C

∫ t

0

(
∥m− n∥Bs−3

p,r
∥u sin(2µ(u)u− u2x)∥Bs−3

p,r
+ ∥f∥Bs−3

p,r

)
dτ. (3.14)
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Again, according to the product law in Besov spaces and the embedding relation, we find

∥u sin(2µ(u)u− u2x)∥Bs−3
p,r

≤ C∥u∥Bs
p,r
. (3.15)

We use the Moser-type estimates to generate

∥cos(2µ(u)u− u2x)uxum
2 − cos(2µ(v)v − v2x)vxvn

2∥Bs−3
p,r

≤ C∥
{
cos(2µ(u)u− u2x)− cos(2µ(v)v − v2x)

}
uxum

2∥Bs−3
p,r

+ C∥cos(2µ(v)v − v2x)(ux − vx)um
2∥Bs−3

p,r

+C∥cos(2µ(v)v − v2x)vx(u− v)m2∥Bs−3
p,r

+ C∥cos(2µ(v)v − v2x)vxv(m
2 − n2)∥Bs−3

p,r

≤ C

∥∥∥∥sin(2µ(u)u− u2x + 2µ(v)v − v2x
2

)
sin

(
2µ(u)u− u2x − 2µ(v)v + v2x

2

)
uuxm

2

∥∥∥∥
Bs−3

p,r

+∥m∥Bs−3
p,r

∥m∥Bs−2
p,r

∥u∥Bs−2
p,r

∥ux − vx∥Bs−2
p,r

+ ∥m∥Bs−3
p,r

∥m∥Bs−2
p,r

∥u− v∥Bs−2
p,r

∥vx∥Bs−2
p,r

+∥vx∥Bs−2
p,r

∥v∥Bs−2
p,r

∥m− n∥Bs−3
p,r

∥m+ n∥Bs−2
p,r

≤ C(∥u∥5Bs
p,r

+ ∥v∥5Bs
p,r

+ ∥u∥3Bs
p,r

+ ∥v∥3Bs
p,r

)∥u− v∥Bs−1
p,r

, (3.16)

∥ − 2[sin(2µ(u)u− u2x)uxm− sin(2µ(v)v − v2x)vxn]∥Bs−3
p,r

≤ C∥[sin(2µ(u)u− u2x)− sin(2µ(v)v − v2x)]uxm∥Bs−3
p,r

+ C∥sin(2µ(v)v − v2x)(ux − vx)m∥Bs−3
p,r

+C∥sin(2µ(v)v − v2x)vx(m− n)∥Bs−3
p,r

≤ C
(
∥u∥3Bs

p,r
+ ∥v∥3Bs

p,r
+ ∥u∥Bs

p,r
+ ∥v∥Bs

p,r

)
∥u− v∥Bs−1

p,r
, (3.17)

∥{sin(2µ(u)u− u2x)u− sin(2µ(v)v − v2x)v}nx∥Bs−3
p,r

≤ C∥nx∥Bs−3
p,r

{
∥cos[(2µ(u)u− u2x + 2µ(v)v − v2x)/2]sin[(2µ(u)u− u2x − 2µ(v)v + v2x)/2]u∥Bs−2

p,r

+∥u− v∥Bs−2
p,r

}
≤ C∥u− v∥Bs−1

p,r

(
∥u∥3Bs

p,r
+ ∥v∥3Bs

p,r
+ ∥v∥Bs

p,r

)
. (3.18)

Finally, plugging (3.15)-(3.18) into (3.14) leads to

∥m− n∥Bs−1
p,r

≤ ∥m0 − n0∥Bs−1
p,r

+ C

∫ t

0

∥m− n∥Bs−1
p,r

(
∥u∥Bs

p,r
+ ∥u∥5Bs

p,r
+ ∥v∥Bs

p,r
+ ∥v∥5Bs

p,r

)
dτ. (3.19)

Then we find m = n or u = v with the aid of the Gronwall inequality. This completes the proof of Theorem

2.1.

4 Local well-posedness in B
5/2
2,1

We now show the local well-posedness of Eq. (1.7) in the critical Besov spaces B
5/2
2,1 following the spirit

of [35]. The proof of the existence part will be handled first. We construct the smooth approximate sequence

{m(l)}∞l=0 as in Section 3. Suppose that m(l) ∈ L∞([0, T ];B
3
2
2,1). Since B

3
2
2,1 is an algebra, one can check that

the right-hand side of Eq. (3.1) belongs to L∞([0, T ];B
3
2
2,1), which indicates that m(l+1) ∈ L∞([0, T ];B

5
2
2,1).

Using the similar method as the case s > max{2 + 1
p ,

5
2} in Section 3, we can find a time T > 0 depending

on the initial data such that, for all l ∈ N,

∥u(l)(t)∥
B

5/2
2,1

≤ ∥u0∥B5/2
2,1

(
1− 6Ct∥u0∥3B5/2

2,1

)−1/3

, ∀t ∈ [0, T ], (4.1)
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where the constant C is independent of n and T . Accordingly, {u(l)}l∈N is uniformly bounded in

C([0, T ];B
5
2
2,1). Employing Eq. (3.1), we easily know that {u(l)}l∈N is uniformly bounded in C([0, T ];B

5
2
2,1)∩

C1([0, T ];B
3
2
2,1).

To show {u(l)}l∈N is Cauchy in C([0, T ];B
3
2
2,∞), we first denote the right-hand side of (3.1) by

F (u(l), u
(l)
x ,m(l)) and find that the difference m(l+i+1) −m(l+1) satisfies[

∂t + sin[2µ(u(l+i))u(l+i) − (∂xu
(l+i))2]u(l+i)∂x

] (
m(l+i+1) −m(l+1)

)
= J(t, x) (4.2)

with

J(t, x) =F
(
u(l+i), ∂xu

(l+i),m(l+i)
)
− F

(
u(l), ∂xu

(l),m(l)
)

+
{
sin[2µ(u(l))u(l) − (u(l)x )2]u(l) − sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
}
∂xm

(l+1).

According to the equality
(
µ− ∂2x

)
(f · ∂xg) = f∂x

(
(µ− ∂2x)g

)
+ µ (f∂xg)− ∂2xf∂xg − 2∂xf∂

2
xg, one can

find from (4.2) that

[
∂t + sin[2µ(u(l+i))u(l+i) − (∂xu

(l+i))2] · u(l+i)∂x

] (
u(l+i+1) − u(l+1)

)
= (µ− ∂2x)

−1
6∑

n=1

An(t, x) (4.3)

with

A1(t, x) = −∂2x
{
sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
}
∂x(u

(l+i+1) − u(l+1)),

A2(t, x) = −2∂x

{
sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
}
∂xx(u

(l+i+1) − u(l+1)),

A3(t, x) = 2
{
sin[2µ(u(l))u(l) − (u(l)x )2]u(l)x m(l) − sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
x m(l+i)

}
,

A4(t, x) =2
{
cos[2µ(u(l))u(l)−(u(l)x )2]u(l)u(l)x (m(l))2−cos[2µ(u(l+i))u(l+i)−(u(l+i)

x )2]u(l+i)u(l+i)
x (m(l+i))2

}
,

A5(t, x) =
{
sin[2µ(u(l))u(l) − (u(l)x )2]u(l) − sin[2µ(u(l+i))u(l+i) − (u(l+i)

x )2]u(l+i)
}
∂xm

(l+1),

A6(t, x) = µ
(
sin(2µ(u(l+i))u(l+i) − (u(l+i)

x )2)u(l+i)∂x(u
(l+i+1) − u(l+1))

)
.

Lemma 2.5 in [35] then yields∥∥∥(u(l+i+1) − u(l+1)
)
(t)
∥∥∥
B

3
2
2,∞

≤ eCWl+i(t)
∥∥∥u(l+i+1)

0 − u
(l+1)
0

∥∥∥
B

3
2
2,∞

+ C

∫ t

0

eCWl+i(t)−CWl+i(τ)

∥∥∥∥ 6∑
n=1

An(τ, ·)
∥∥∥∥
B

− 1
2

2,∞

dτ,

(4.4)

where Wl+i(t) =
∫ t

0

∥∥u(l+i) (τ ′)
∥∥
B

5
2
2,1

dτ ′.

According to (4.1) and the uniformly boundedness of {u(l)} in E
5/2
2,1 (T ), there holds

Wl+i(t) ≤
1

2C ∥u0∥3B5/2
2,1

[
1−

(
1− 6C ∥u0∥3B5/2

2,1
t
)2/3]

≤ C,

∥∥∥u(l+i)
∥∥∥
B

5
2
2,1

+
∥∥∥u(l)∥∥∥

B
5
2
2,1

≤ 1 + 2 ∥u0∥
B

5
2
2,1

:= K,

∥Sn+l+1u0 − Sn+1u0∥
B

3
2
2,∞

≤ C2−n ∥u0∥
B

5
2
2,1

.
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We use Lemma 2.6 in [35] to evaluate Ai (i = 1, 2, 3, 4, 5, 6). Since B
1
2
2,1 is an algebra, we find

∥A1∥
B

− 1
2

2,∞

≤ C∥∂2x{sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]u(l+i)}∥

B
− 1

2
2,∞

∥∂x(u(l+i+1) − u(l+1))∥
B

1
2
2,1

≤ C∥u(l+i)∥
B

3
2
2,1

∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

≤ CK∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

.

Similarly, there holds

∥A2∥
B

− 1
2

2,∞

≤ C∥∂2x(u(l+i+1) − u(l+1))∥
B

− 1
2

2,∞

∥∂x{sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]u(l+i)}∥

B
1
2
2,1

≤ C∥u(l+i)∥
B

3
2
2,1

∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

≤ CK∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

,

∥A3∥
B

− 1
2

2,∞

≤ C

{
∥m(l)u(l)x [µ(u(l) − u(l+i))u(l) + (u(l) − u(l+i))µ(u(l+i))− (u(l)x − u(l+i)

x )(u(l)x + u(l+i)
x )]∥

B
− 1

2
2,∞

}
+ C∥m(l)(u(l)x − u(l+i)

x )∥
B

− 1
2

2,∞

+ C∥u(l+i)
x (m(l) −m(l+i))∥

B
− 1

2
2,∞

≤ C∥m(l)∥
B

− 1
2

2,∞

∥u(l)x ∥
B

1
2
2,1

(∥u(l)∥
B

3
2
2,1

+ ∥u(l+i)∥
B

3
2
2,1

)∥u(l) − u(l+i)∥
B

3
2
2,1

+ C∥m(l)∥
B

− 1
2

2,∞

∥u(l) − u(l+i)∥
B

3
2
2,1

+ ∥u(l+i)
x ∥

B
1
2
2,1

∥m(l) −m(l+i)∥
B

− 1
2

2,∞

≤ CK3∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

,

∥A4∥
B

− 1
2

2,∞

≤ C

{
∥(m(l))2u(l)x u(l)[µ(u(l) − u(l+i))u(l) + (u(l) − u(l+i))µ(u(l+i))

− (u(l)x − u(l+i)
x )(u(l)x + u(l+i)

x )]∥
B

− 1
2

2,∞

}
+ C∥(m(l))2u(l)x (u(l)x − u(l+i)

x )∥
B

− 1
2

2,∞

+ C∥(m(l))2u(l+i)(u(l)x − u(l+i)
x )∥

B
− 1

2
2,∞

+ C∥u(l+i)u(l+i)
x (m(l) −m(l+i))(m(l) +m(l+i))∥

B
− 1

2
2,∞

≤ C∥m(l)∥
B

− 1
2

2,∞

∥m(l)∥
B

1
2
2,1

∥u(l)x ∥
B

1
2
2,1

∥u(l)∥
B

1
2
2,1

(∥u(l)∥
B

3
2
2,1

+ ∥u(l+i)∥
B

3
2
2,1

)∥u(l) − u(l+i)∥
B

3
2
2,1

+ C∥m(l)∥
B

− 1
2

2,∞

∥m(l)∥
B

1
2
2,1

∥u(l)x ∥
B

1
2
2,1

∥u(l) − u(l+i)∥
B

3
2
2,1

+ C∥m(l)∥
B

− 1
2

2,∞

∥m(l)∥
B

1
2
2,1

∥u(l+i)∥
B

1
2
2,1

∥u(l)x − u(l+i)
x ∥

B
1
2
2,1

+ C∥u(l+i)
x ∥

B
1
2
2,1

∥u(l+i)∥
B

1
2
2,1

∥m(l) +m(l+i)∥
B

1
2
2,1

∥m(l) −m(l+i)∥
B

− 1
2

2,∞

≤ CK5∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

,

∥A5∥
B

− 1
2

2,∞

≤ C∥sin[2µ(u(l))u(l) − (u(l)x )2]u(l) − sin[2µ(u(l+i))u(l+i) − (u(l+i)
x )2]u(l+i)∥

B
1
2
2,1

∥∂xm(l+1)∥
B

− 1
2

2,1

≤ CK2∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

,

∥A6∥
B

− 1
2

2,∞

≤ C∥u(l+i)∂x(u
(l+i+1) − u(l+1))∥

B
1
2
2,1

≤ CK∥u(l+i+1) − u(l+1)∥
B

3
2
2,1

.
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Having these estimates in hand, one can employ the similar arguments as those in Section 4 of [35] to

complete the proof of the existence part. So we just omit the remaining details here.

We next verify the uniqueness. Let u, v ∈ E
5
2
2,1(T ) be two solutions of the Cauchy problem (1.7) with the

initial data u0, v0 ∈ B
5
2
2,1, respectively. Set w = u− v, w0 = u0− v0, m = µ(u)−uxx, n = µ(v)− vxx. Simple

calculation yields that w satisfies the following equation

[
∂t + sin(2µ(u)u− u2x)u∂x

]
w = (µ− ∂2x)

−1

 6∑
j=1

Sj(t, x)

 (4.5)

with
S1(t, x) = −∂2x

[
sin(2µ(u)u− u2x)u

]
∂xw,

S2(t, x) = −2∂x
[
sin(2µ(u)u− u2x)u

]
∂2xw,

S3(t, x) = 2
[
sin(2µ(v)v − v2x)vxn− sin(2µ(u)u− u2x)uxm

]
,

S4(t, x) = 2
[
cos(2µ(v)v − v2x)vvxn

2 − cos(2µ(u)u− u2x)uuxm
2
]
,

S5(t, x) =
[
sin(2µ(v)v − v2x)v − sin(2µ(u)u− u2x)u

]
∂xn,

S6(t, x) = µ
(
sin(2µ(u)u− u2x)u∂xw

)
.

Let P (t) := e−CU(t)∥w(t)∥
B

3
2
2,∞

with U(t) =
∫ t

0

∥∥∂x[sin(2µ(u)u− u2x)]
∥∥
B

1
2
2,1

(τ ′) dτ ′ and Q(t) :=

∥u(t)∥
B

5
2
2,1

+ ∥v(t)∥
B

5
2
2,1

≤ Q̃ := 2
(
∥u0∥

B
5
2
2,1

+ ∥v0∥ 5
2

)
. Then, we can refer to section 4 [35] to conclude

for all t ∈ [0, T ] that

P (t)

eQ̃
≤
(
P (0)

eQ̃

)exp(−CQ̃t)

(4.6)

implying the uniqueness. This completes the proof of Theorem 2.2.

5 Blow-up criterion and quantity

In this section we would like to give the proofs of the blow-up criterion and precise blow-up quantity for

the solution of the Cauchy problem (1.7).

Proof of Theorem 2.3. The proof contains three steps. The method is mainly induction with regard to

the derivative index s.

Step 1. AS s ∈ (1/2, 1), based on a priori estimate in the Sobolev space [2, 19], it follows from the

transport form (3.12) of Eq. (1.7) that one has

∥m∥Hs ≤ ∥m0∥Hs + C

∫ t

0

∥m∥Hs∥∂x[usin(2µ0u− u2x)]∥L∞dτ + C

∫ t

0

∥cos(2µ0u− u2x)uuxm
2∥Hsdτ

+C

∫ t

0

∥sin(2µ0u− u2x)uxm∥Hsdτ. (5.1)

Employing u = (µ− ∂2x)
−1m = p ∗m, one finds with the help of the Young inequality that

∥u∥L∞ + ∥ux∥L∞ + ∥uxx∥L∞ ≤ C∥m∥L∞ ,

∥u∥Hs + ∥ux∥Hs + ∥uxx∥Hs ≤ C∥m∥Hs ,
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which further yield

∥∂x[u sin(2µ0u− u2x)]∥L∞ ≤ C∥ux∥L∞ + C∥uxmu∥L∞ ≤ C(∥m∥3L∞ + ∥m∥L∞),

∥sin(2µ0u− u2x)uxm∥Hs ≤ ∥uxm∥Hs ≤ C∥m∥L∞∥m∥Hs ,

∥cos(2µ0u− u2x)uxum
2∥Hs ≤ C∥uxum2∥Hs

≤ C∥m∥L∞∥uxum∥Hs + C∥m∥Hs∥uxum∥L∞

≤ C∥m∥3L∞∥m∥Hs .

(5.2)

It follows from Eqs. (5.1) and (5.2) that one has

∥m∥Hs ≤ ∥m0∥Hs exp

(
C

∫ t

0

(∥m∥3L∞ + 1)dτ

)
. (5.3)

Therefore, if
∫ T∗

0
∥m(τ)∥3L∞dτ <∞ for the maximal existence time T ∗ <∞, then the inequality (5.3) yields

lim sup
t→T∗

∥m(t)∥Hs <∞, which contradicts the assumption on T ∗. Thus the proof of Theorem 2.3 is completed

for s ∈ (1/2, 1).

Step 2. For s ∈ [1, 2), we differentiate (3.12) once with respect to x to find

mxt + sin(2µ0u− u2x)u∂xmx = −2cos(2µ0u− u2x)uxummx − sin(2µ0u− u2x)uxmx

−2∂x[cos(2µ0u− u2x)uxum
2]− 2∂x[sin(2µ0u− u2x)uxm]. (5.4)

We further have

∥mx∥Hs−1 ≤ ∥m0x∥Hs−1 + C

∫ t

0

∥mx∥Hs−1∥∂x[u sin(2µ0u− u2x)]∥L∞dτ

+C

∫ t

0

∥ − 2cos(2µ0u− u2x)uxummx − 2∂x[cos(2µ0u− u2x)uxum
2]∥Hs−1dτ

+C

∫ t

0

∥ − sin(2µ0u− u2x)uxmx − 2∂x[sin(2µ0u− u2x)uxm]∥Hs−1dτ. (5.5)

Direct calculation generates

∥ − 2cos(2µ0u− u2x)uxummx − 2∂x[cos(2µ0u− u2x)uxum
2]∥Hs−1

≤ C∥uxummx∥Hs−1 + C∥uxum2∥Hs

≤ C∥∂x(uxum2)∥Hs−1 + C∥uxxum2∥Hs−1 + C∥u2xm2∥Hs−1 + C∥m∥Hs∥m∥3L∞

≤ C∥m∥Hs∥m∥3L∞ (5.6)

and

∥ − sin(2µ0u− u2x)uxmx − 2∂x[sin(2µ0u− u2x)uxm]∥Hs−1 ≤ C∥uxmx∥Hs−1 + C∥uxm∥Hs

≤ C∥uxm∥Hs + C∥uxxm∥Hs−1

≤ C∥m∥Hs∥m∥L∞ . (5.7)

Combining (5.2) and (5.5)-(5.6), one deduces

∥mx∥Hs−1 ≤ ∥m0x∥Hs−1 + C

∫ t

0

∥m∥Hs(∥m∥3L∞ + 1)dτ.

By using the same argument as in Step 1, we know that this theorem also holds for the case s ∈ [1, 2).
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Step 3: Let 2 ≤ l ∈ N and (2.1) hold true for l−1 ≤ s < l.We will invoke induction to prove the validity

of (2.1) for l ≤ s < l + 1. Applying ∂lx to both sides of Eq. (3.12), one obtains

∂t∂
l
xm+ sin(2µ0u− u2x)u∂

l+1
x m

= −
l−1∑
i=0

Ci
l∂

l−i
x [usin(2µ0u− u2x)]∂

i+1
x m− 2∂lx[cos(2µ0u− u2x)uxum

2]− 2∂lx[sin(2µ0u− u2x)uxm] := f2.

Moreover one has

∥∂lxm∥Hs−l ≤ ∥m0∥Hs + C

∫ t

0

∥∂lxm∥Hs−l∥∂x[usin(2µ0u− u2x)]∥L∞dτ + C

∫ t

0

∥f2∥Hs−ldτ. (5.8)

According to the Sobolev embedding inequality one has

∥
l−1∑
i=0

Ci
l∂

l−i
x [usin(2µ0u− u2x)]∂

i+1
x m∥Hs−l

≤
l−1∑
i=0

Ci
l ∥∂l−i

x [usin(2µ0u− u2x)]∂
i+1
x m∥Hs−l

≤ C

(
∥∂l−i

x [usin(2µ0u− u2x)]∥Hs−l+1∥∂ixm∥L∞ + ∥∂l−i
x [usin(2µ0u− u2x)]∥L∞∥∂i+1

x m∥Hs−l

)
≤ C∥m∥Hl+1/2+ϵ∥usin(2µ0u− u2x)∥Hs−i+1 + C∥m∥Hs−l+i+1∥usin(2µ0u− u2x)∥Hl−i+1/2+ϵ

≤ C∥m∥Hl+1/2+ϵ∥u∥Hs−i+1 + C∥m∥Hs−l+i+1∥u∥Hl−i+1/2+ϵ

≤ C∥m∥Hs−1/2+ϵ∥m∥Hs , (5.9)

where ϵ ∈ (0, 1/8) such that one has H
1
2+ϵ(S) ↪→ L∞(S).

Moreover we have

∥2∂lx[cos(2µ0u− u2x)uxum
2]∥Hs−l ≤ C∥uxum2∥Hs ≤ C∥m∥Hs∥m∥3

Hl−1/2+ϵ ,

∥2∂lx[sin(2µ0u− u2x)uxm]∥Hs−l ≤ C∥uxm∥Hs ≤ C∥m∥Hs∥m∥Hl−1/2+ϵ .
(5.10)

Eq. (5.2) and Eqs. (5.8)-(5.10) leads to

∥∂lxm∥Hs−l ≤ ∥m0∥Hs + C

∫ t

0

∥m∥Hs(∥m∥3Hl−1/2+ϵ + 1)dτ,

that is,

∥m(t)∥Hs ≤ ∥m0∥Hs exp

{
C

∫ t

0

(∥m(τ)∥3
Hl− 1

2
+ϵ

+ 1)dτ

}
. (5.11)

Thus, if
∫ T⋆

0
∥m(τ)∥3L∞dτ <∞ for the maximal existence time T ⋆ <∞, then the uniqueness of the solution

given by Theorem 2.1 makes sure the uniform boundedness of ∥m(t)∥
Hl− 1

2
+ϵ in t ∈ (0, T ∗), which and

(5.11) give rise to the contradiction lim supt→T∗ ∥m(t)∥Hs < ∞. Therefore, the proof of Theorem 2.3 is

completed.

Before we deduce the precise blow-up quantity for strong solutions of (1.7), we first give the following

proposition. Let q(t, x) solve the following trajectory equation:
d

dt
q(t, x) = [u sin(2µ0u− u2x)](t, q(t, x)), x ∈ S, t ∈ [0, T ),

q(0, x) = x, x ∈ S.
(5.12)

Then one has
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Proposition 5.1. Suppose u0 ∈ Hs(S) with s > 5
2 . Let T

∗ > 0 be the maximal existence time of the solution

u to Eq. (1.7). Then there exists a unique solution q(t, x) ∈ C1([0, T ∗)× S;S) to Eq. (5.12) satisfying

qx(t, x) = exp

{∫ t

0

[
sin(2µ0u− u2x)ux + 2 cos(2µ0u− u2x)uuxm

]
(s, q(x, s))ds

}
> 0. (5.13)

Moreover, the momentum density m(t, q(t, x)) satisfies

m(t, q(t, x))qx(t, x) = m0(x) exp

{
−
∫ t

0

[sin(2µ0u− u2x)ux](s, q(s, x))ds

}
, (5.14)

which implies that the sign and zeros of m(x, t) and m0(x) are same.

Proof. It follows from Eq. (5.12) that
d

dt
qx(t, x) = [sin(2µ0u− u2x)ux + 2 cos(2µ0u− u2x)uuxm](t, q(t, x))qx(t, x),

qx(0, x) = 1.

(5.15)

Solving (5.15) produces the solution qx(t, x) given by (5.13). Eqs. (1.7) and (5.12) give

d

dt
[m(t, q(t, x))qx(t, x)] = [mt(t, q(t, x)) +mx(t, q(t, x))qt(t, x)]qx(t, x) +m(t, q(t, x))qxt(t, x)

= qx[mt +mxsin(2µ0u− u2x)u+m∂x(sin(2µ0u− u2x)u)](t, q(t, x))

implying

d

dt
(mqx) + sin(2µ0u− u2x)uxmqx = 0,

which further yields Eq. (5.14). Therefore, the proof of Proposition 5.1 is completed.

We next deduce the precise blow-up quantity of the Cauchy problem (1.7), that is, the proof of Theo-

rem 2.4.

Proof of Theorem 2.4. It suffices to consider the case s = 3.We will prove this Theorem by contradiction.

Suppose there exists a positive constant K1 such that

inf
x∈S

[cos(2µ0u− u2x)uxum(t, x) + sin(2µ0u− u2x)ux(t, x)] ≥ −K1, 0 ≤ t ≤ T ∗. (5.16)

From Eq. (1.7), one obtains

1

2k

d

dt

∫
S
m2kdx = −

∫
S
sin(2µ0u− u2x)uxm

2kdx− 2k − 1

2k

∫
S
∂x[sin(2µ0u− u2x)u]m

2kdx, (5.17)

which with k = 1 generates

1

2

d

dt

∫
S
m2dx = −

∫
S
sin(2µ0u− u2x)uxm

2dx− 1

2

∫
S
[sin(2µ0u− u2x)u]xm

2dx. (5.18)

It follows from Eq. (5.18) along with the following two inequalities

∥ux∥2L∞ ≤ ∥u∥2H1 + ∥m∥2L2 , ∥u∥L∞ ≤ 1√
2
∥u∥H1 =

1√
2
∥u0∥H1
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that one has

∥m∥L2 ≤ C(∥u0∥H1 , ∥m0∥L2), ∥ux∥L∞ ≤ C(∥u0∥H1 , ∥m0∥L2). (5.19)

Combining (5.17), (5.19) and the Gronwall inequality yields

∥m∥L2k ≤ C(∥u0∥H1 , ∥m0∥L2k). (5.20)

Then we applying ∂x to Eq. (1.7) and dotting the result equation with ∂xm to obtain

1

2

d

dt

∫
S
m2

xdx = −2

∫
S
cos(2µ0u− u2x)u

2
xm

2mxdx− 2

∫
S
sin(2µ0u− u2x)uxxmmxdx

−5

2

∫
S
sin(2µ0u− u2x)uxm

2
xdx+ 4

∫
S
sin(2µ0u− u2x)u

2
xum

3mxdx

−2

∫
S
cos(2µ0u− u2x)uxxum

2mxdx− 5

∫
S
cos(2µ0u− u2x)uxumm

2
xdx

−4

∫
S
cos(2µ0u− u2x)u

2
xm

2mxdx.

(5.21)

Combining Eqs. (5.18) and (5.21) yields

1

2

d

dt

∫
S
(m2 +m2

x)dx = −
∫
S
sin(2µ0u− u2x)uxm

2dx−
∫
S
cos(2µ0u− u2x)uxum

3dx︸ ︷︷ ︸
E1

−1

2

∫
S
sin(2µ0u− u2x)uxm

2dx− 2

∫
S
cos(2µ0u− u2x)u

2
xm

2mxdx

−2

∫
S
sin(2µ0u− u2x)uxxmmxdx− 5

2

∫
S
sin(2µ0u− u2x)uxm

2
xdx

+4

∫
S
sin(2µ0u− u2x)u

2
xum

3mxdx− 2

∫
S
cos(2µ0u− u2x)uxxum

2mxdx

−5

∫
S
cos(2µ0u− u2x)uxumm

2
xdx︸ ︷︷ ︸

E2

−4

∫
S
cos(2µ0u− u2x)u

2
xm

2mxdx.

(5.22)

The integrals E1 and E2 in (5.22) can be controlled by using (5.19) and the assumption (5.16), since it

indicates

− cos(2µ0u− u2x)uxum(t, x) ≤ sin(2µ0u− u2x)ux(t, x) +K1. (5.23)

The remaining integrals in (5.22) can be estimated by just employing (5.19). This argument finally enables

us to arrive at

1

2

d

dt

∫
S

(
m2 +m2

x

)
dx ≤ (6K1 + C1 (u0,m0))

∫
S

(
m2 +m2

x

)
dx+ C2 (t, u0,m0) ∥mx∥L2

which combined with the Gronwall inequality yields

∥m∥H1 ≤ e[6K1+C1(u0,m0)]t∥m0∥H1 +

∫ t

0

e[6K1+C1(u0,m0)](t−τ)C2(τ, u0,m0)dτ

for t ∈ [0, T ∗) and consequently m(t, x) will not blow up in finite time recalling Theorem 2.3. However, if

Eq. (2.2) holds true, then the Sobolev embedding ensure that m(t, x) or ux will blow up in finite time.
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We next consider the proof of Eq. (2.3). Let M(t, x) = cos(2µ0u − u2x)uuxm + sin(2µ0u − u2x)ux. It

follows from Corollary 2.1 that M ∈ C([0, T ∗);Hs)∩C1([0, T ∗);Hs−1). For the given t ∈ [0, T ∗), there exists

some point x0(t) ∈ R such that

M (t, x0(t)) = sup
x∈R

M(t, x), i.e., Mx (t, x0(t)) = 0, a.e. on (0, T ∗). (5.24)

It follows from Theorem 2.1 in [7], Corollary 2.1 and Hs(S) ↪→ C0(S) with s > 1/2 that

M (t, x0(t)) ≥ 0 for all t ∈ [0, T ∗). (5.25)

Eq. (5.13) implies that the map q(t, ·) is an increasing diffeomorphism of S such that q (t, ξ0(t)) = x0(t)

for some ξ0(t) ∈ S. For the point (t, x0(t)) = (t, q (t, ξ0(t))), it follows from Eq. (1.7) that

m(t, x0(t)) = m0(x0(0)) exp

(
−2

∫ t

0

M(τ, x0(τ))dτ

)
≤ m0(x0(0)) ≤ sup

x∈S
m0(x). (5.26)

On the other hand, the non-sign-changing condition indicates |ux| ≤ u, which combined with (5.26) and

(??) leads to

M(t, x0(t)) = cos(2µ0u− u2x)uuxm+ sin(2µ0u− u2x)ux

≤ ∥u∥L∞∥ux∥L∞ sup
x∈S

m0(x) + ∥ux∥L∞

≤ ∥u∥2L∞ sup
x∈S

m0(x) + ∥u∥L∞

≤ C∥u0∥2H1 sup
x∈S

m0(x) + C∥u0∥H1 ,

which gives rise to (2.3). We thus complete the proof of Theorem 2.4.

6 The wave-breaking phenomenon

We now give the proof Theorem 2.5.

Proof of Theorem 2.5. Let the precise blow-up quantity M be

M = cos(2µ0u− u2x)uuxm+ sin(2µ0u− u2x)ux. (6.1)

In what follows, we would like to estimate the dynamics of M along the characteristic. Firstly, one has

(µ− ∂2x)[ut + sin(2µ0u− u2x)uux]

= mt + (µ− ∂2x)[sin(2µ0u− u2x)uux]

= µ
(
sin(2µ0u− u2x)uux

)
+ sin(2µ0u− u2x)mux − 3µ0sin(2µ0u− u2x)ux

−2µ0cos(2µ0u− u2x)muux − 2∂x[cos(2µ0u− u2x)muu
2
x]− 2cos(2µ0u− u2x)mu

3
x, (6.2)

from which we have

u′ ≡ ut + sin(2µ0u− u2x)uux

= (µ− ∂2x)
−1[sin(2µ0u− u2x)mux − 3µ0sin(2µ0u− u2x)ux − 2µ0cos(2µ0u− u2x)muux

−2cos(2µ0u− u2x)mu
3
x]− 2(µ− ∂2x)

−1∂x[cos(2µ0u− u2x)muu
2
x] + µ

(
sin(2µ0u− u2x)uux

)
.

(6.3)
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It follows from Eq. (6.3) that one has

u′x ≡ uxt + sin(2µ0u− u2x)uuxx

= (µ− ∂2x)
−1∂x[sin(2µ0u− u2x)mux − 3µ0sin(2µ0u− u2x)ux − 2µ0cos(2µ0u− u2x)muux

−2cos(2µ0u− u2x)mu
3
x]− sin(2µ0u− u2x)u

2
x − 2µ

(
cos(2µ0u− u2x)muu

2
x

)
.

(6.4)

Combining (6.3)-(6.4) and using mt + sin(2µ0u− u2x)umx = −2mM , one obtains

Mt + sin(2µ0u− u2x)uMx

= −sin(2µ0u− u2x)muxu(2µ0u
′ − 2uxu

′
x) + cos(2µ0u− u2x)uxu(−2mM) + cos(2µ0u− u2x)muu

′
x

+cos(2µ0u− u2x)uxmu
′ + cos(2µ0u− u2x)ux(2µ0u

′ − 2uxu
′
x) + sin(2µ0u− u2x)u

′
x. (6.5)

From the inequality |ux| ≤ u and the assumption |2µ
(
cos(2µ0u− u2x)muu

2
x

)
| ≤ C∗, one concludes

(6.5) ≤ −2M2 + 2sin(2µ0u− u2x)uxM + (m∥u∥2L∞ + ∥u∥L∞)
[
2|µ0|

(
∥u∥2L∞ + 3|µ0|∥u∥L∞ + 2|µ0|∥u∥3L∞

+4∥u∥4L∞ + C∗
)
+ 2∥u∥L∞

(
2∥u∥2L∞ + 3|µ0|∥u∥L∞ + 2|µ0|∥u∥3L∞ + 2∥u∥4L∞ + C∗

)]
+(m∥u∥L∞ + 1)

(
2∥u∥2L∞ + 3|µ0|∥u∥L∞ + 2|µ0|∥u∥3L∞ + 2∥u∥4L∞ + C∗

)
+m∥u∥L∞

(
∥u∥2L∞ + 3|µ0|∥u∥L∞ + 2|µ0|∥u∥3L∞ + 4∥u∥4L∞ + C∗

)
≤ −2M2 +m

{
(2|µ0|+ 1)C∗∥u∥L∞ + 3|µ0|∥u∥2L∞ + (6µ2

0 + 2C∗ + 4)∥u∥3L∞ + 10|µ0|∥u∥4L∞

+(4|µ0|+ 6)∥u∥5L∞ + 12|µ0|∥u∥6L∞ + 4∥u∥7L∞

}
+
{
(2|µ0|+ 1)C∗ + 3|µ0|∥u∥L∞

+(6µ2
0 + 2C∗ + 4)∥u∥2L∞ + 10|µ0|∥u∥3L∞ + (4|µ0|+ 6)∥u∥4L∞ + 12|µ0|∥u∥5L∞ + 4∥u∥6L∞

}
≤ −2M2 + (m+ 1)

{
(2|µ0|+ 1)C∗ + (5|µ0|+ 1)C∗∥u∥L∞ + (6µ2

0 + 3|µ0|+ 2C∗ + 4)∥u∥2L∞

+(6µ2
0 + 10|µ0|+ 2C∗ + 4)∥u∥3L∞ + (14|µ0|+ 6)∥u∥4L∞ + (16|µ0|+ 6)∥u∥5L∞

+(12|µ0|+ 4)∥u∥6L∞ + 4∥u∥7L∞

}
≤ −2M2 + C1(m+ 1), (6.6)

where we use ∥u(t, ·)∥L∞ 6 |µ0|+
√
3/6µ1 [18] to control ∥u∥L∞ and the constant C1 is defined as

C1 = 4µ2
0 + 7|µ0|3 + 22µ4

0 + 26|µ0|5 + 20µ6
0 + 16|µ0|7 +

µ1√
3
(4|µ0|+ 9µ2

0 + 33|µ0|3

+52µ4
0 + 52|µ0|5 + 50µ6

0) + µ2
1(
1

3
+

5

4
|µ0|+ 6µ2

0 +
27

2
|µ0|3 +

55

3
µ4
0 + 22|µ0|5)

+
µ3
1

12
√
3
(2 + 17|µ0|+ 61µ2

0 + 120|µ0|3 + 190µ4
0)

+µ4
1(

1

24
+

11

36
|µ0|+

35

36
µ2
0 +

20

9
|µ0|3) + µ5

1(
1

48
√
3
+

5

36
√
3
|µ0|+

13

24
√
3
µ2
0)

+µ6
1(

1

432
+

5

216
|µ0|) +

µ7
1

864
√
3
+ C∗(1 + 3|µ0|+ 7µ2

0 + 2|µ0|3 +
1

2
√
3
µ1

+
3
√
3

2
|µ0|µ1 +

√
3µ2

0µ1 +
1

6
µ2
1 +

1

2
|µ0|µ2

1 +
1

12
√
3
µ3
1). (6.7)

Let M̂(t) = M(t, q(t, x0)) and m̂(t) = m(t, q(t, x0)) with q(t, x) being defined in (5.12), then Eq. (6.6)

can generate the relation about M̄(t) as

d

dt
M̂(t) = (Mt + sin(2µ0u− u2x)uMx)(t, q(t, x0)) ≤ −2M̂2(t) + C1(m̂+ 1). (6.8)
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Moreover, one has

d

dt
m̂(t) = −2m̂M̂. (6.9)

It follows from (6.8)-(6.9) that we have

d

dt

(
M̂(t)

m̂(t)

)
=

1

m̂2(t)

[
M̂ ′(t)m̂(t)− M̂(t)m̂′(t)

]
≤ 1

m̂2(t)

[
m̂(t)(−2M̂2(t) + C1m̂+ C1)− M̂(−2m̂M̄)

]
= C1(1 +

1

m̂(t)
) ≤ C1(1 +

1

ε
) ≤ C2. (6.10)

Integrating (6.10) from 0 to t can give rise to

M̂(t) ≤
(
M̂(0)

m̂(0)
+ C2t

)
m̂(t). (6.11)

Therefore, one has

d

dt

(
1

m̂(t)

)
= 2

M̂(t)

m̂(t)
≤ 2

(
M̂(0)

m̂(0)
+ C2t

)
.

Integrating once again, we obtain

0 <
1

m̂(t)
≤ C2t

2 +
2M̂(0)

m̂(0)
t+

1

m̂(0)
:= h(t).

Since M̂(0) < 0, thus h′(0) < 0. According to limt→∞ h′(t) = +∞ and the continuity of h′(t), there exists a

ξ > 0 such that h′(ξ) = 0. Under the assumption (2.4), we have h(ξ) < 0. Note that h(0) = 1
m̂(0) > 0 and

h(t) ∈ C[0,+∞), one can find some T ∗ ∈ (0, ξ) such that

0 <
1

m̂(t)
≤ h(t) → 0, as t→ T ∗, (6.12)

which indicates that limt→T∗ m̂(t) = +∞. Since M̂(0)
m̂(0) + C2T

∗ < M̂(0)
m̂(0) + C2ξ = 0, then by using Eqs. (6.11)

and (6.12), one can derive

inf
x∈R

[
cos(2µ0u− u2x)uuxm+ sin(2µ0u− u2x)ux

]
(t, x) → −∞ as t→ T ∗.

Using Theorem 2.4, one can know that the solution m blows up at the time T ∗ ∈ (0, ξ].

To prove the blow-up rate (2.5), one solves the algebraic equation h(t) = 0 to find

t± := − M̂(0)

C2m̂(0)
± 1

2

√√√√( 2M̂(0)

C2m̂(0)

)2

− 2

C2m̂(0)
(6.13)

implying

0 ≤ 1

m̂(t)
≤ C2 (t− t−) (t− t+) , (6.14)
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which combined with Eq. (6.11) generates

2 (T ∗ − t) inf
x∈R

M(t, x) ≤ 2 (T ∗ − t)M(t) ≤ 2 (T ∗ − t) m̂(t)

(
M̂(0)

m̄(0)
+ C2t

)

≤ 2 (T ∗ − t)

(t− t−) (t− t+)

(
t+

M̂(0)

C2m̂(0)

)
,

and consequently there holds (2.5) when T ∗ = t−. This completes the proof of Theorem 2.5.

7 Hölder continuity

In this section, we would like to prove Theorem 2.6 in the spirit of [22] for the mCH equation. we firstly

consider the Lipschitz continuity, namely, β = 1 in the region D1. Eq. (1.7) can be rewritten as

ut + sin(2µ(u)u− u2x)uux

= (µ− ∂2x)
−1∂x

{
− 2µ0sin(2µ0u− u2x)u− cos(2µ0u− u2x)

[
2µ0uu

2
x − 2

3
∂x(uu

3
x) +

2

3
u4x

]}
+(µ− ∂2x)

−1

{
− 1

2
sin(2µ0u− u2x)∂x(u

2
x) + µ0cos(2µ0u− u2x)[µ0∂x(u

2)− ∂x(uu
2
x)− u3x]

+
1

2
cos(2µ0u− u2x)∂x(u

4
x)

}
+ µ

(
sin(2µ(u)u− u2x)uux

)
. (7.1)

Differentiating Eq. (7.1) once with respect to x and employing the relation (µ− ∂2x)
−1∂2xf = µ(f)− f lead

to

uxt + sin(2µ(u)u− u2x)u
2
x + sin(2µ(u)u− u2x)uuxx − 2µ0sin(2µ(u)u− u2x)u

= (µ− ∂2x)
−1∂x

{
− 1

2
sin(2µ0u− u2x)∂x(u

2
x) + µ0cos(2µ0u− u2x)[µ0∂x(u

2)− ∂x(uu
2
x)− u3x]

+
1

2
cos(2µ0u− u2x)∂x(u

4
x)

}
+µ

(
− 2µ0sin(2µ0u− u2x)u− cos(2µ0u− u2x)

[
2µ0uu

2
x − 2

3
∂x(uu

3
x) +

2

3
u4x

])
. (7.2)

Set w = ux. Then Eqs. (7.1) and (7.2) yield
ut = −sin(2µ0u− w2)uw − F (u,w),

wt = −sin(2µ0u− w2)uwx − sin(2µ0u− w2)w2 + 2µ0sin(2µ0u− w2)u−G(u,w),

u(0, x) = u0(x), w(0, x) = ∂xu0(x) = w0(x),

(7.3)

where the nonlocal terms F and G are defined as

F (u,w) = −px ∗
{
− 2µ0sin(2µ0u− w2)u− cos(2µ0u− w2)

[
2µ0uw

2 − 2

3
∂x(uw

3) +
2

3
w4

]}
−p ∗

{
− 1

2
sin(2µ0u− w2)∂x(w

2) + µ0cos(2µ0u− w2)[µ0∂x(u
2)− ∂x(uw

2)− w3]

+
1

2
cos(2µ0u− w2)∂x(w

4)

}
− µ

(
sin(2µ(u)u− w2)uw

)
, (7.4)
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G(u,w) = −px ∗
{
− 1

2
sin(2µ0u− w2)∂x(w

2) + µ0cos(2µ0u− w2)[µ0∂x(u
2)− ∂x(uw

2)− w3]

+
1

2
cos(2µ0u− w2)∂x(w

4)

}
−µ
(
− 2µ0sin(2µ0u− w2)u− cos(2µ0u− w2)

[
2µ0uw

2 − 2

3
∂x(uw

3) +
2

3
w4

])
. (7.5)

Using similar method as that in [21], we can prove that for u0(x) ∈ Hs (s > 5/2) the solution of system

(7.3) corresponding to initial data (u0(x), w0(x)) satisfies (u,w) ∈ C([0, T ];Hs−1) and the following size

estimates

∥(u,w)∥Hs−1 ≤ C∥u0∥Hs , (s > 5/2) (7.6)

in the lifespan of the solution with C a generic constant.

Let (v, z) ∈ C([0, T ];Hs−1) with initial data (v0(x), z0(x)) be another solution to system (7.3). Let

φ = u− v, ψ = w − z. Then we find

∂tφ = −2

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
uw

−sin(2µ′
0v − z2)wφ− sin(2µ′

0v − z2)vψ − F (u,w) + F (v, z) (7.7)

and

∂tψ = −2

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
uwx

−sin(2µ′
0v − z2)wxφ− sin(2µ′

0v − z2)vψx

−2

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
w2

−sin(2µ′
0v − z2)ψ(w + z)

+2µ0u

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
+2sin(2µ′

0v − z2)µ(φ)u+ 2sin(2µ′
0v − z2)µ′

0φ−G(u,w) +G(v, z), (7.8)

where µ′
0 corresponds to v0.

In view of Eqs. (7.7)-(7.8), one can find from the energy method that

1

2

d

dt
∥φ∥2Hr =

∫
R
Dr

[
−2

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
uw

]
·Drφdx (7.9a)

−
∫
R
Dr[sin(2µ′

0v − z2)wφ] ·Drφdx (7.9b)

−
∫
R
Dr[sin(2µ′

0v − z2)vψ] ·Drφdx (7.9c)

−
∫
R
Dr[F (u,w)− F (v, z)] ·Drφdx (7.9d)

and

1

2

d

dt
∥ψ∥2Hr =

∫
R
Dr

[
−2

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
uwx

]
·Drψdx

(7.10a)
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−
∫
R
Dr{sin(2µ′

0v − z2)wxφ} ·Drψdx (7.10b)

−
∫
R
Dr{sin(2µ′

0v − z2)vψx} ·Drψdx (7.10c)

+

∫
R
Dr

[
−2

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]
w2

]
·Drψdx

(7.10d)

−
∫
R
Dr{sin(2µ′

0v − z2)(w + z)ψ} ·Drψdx (7.10e)

+

∫
R
Dr

[
−2µ0u

[
cos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ(v)φ− (w + z)ψ

2

]]
·Drψdx

(7.10f)

+ 2

∫
R
Dr{sin(2µ′

0v − z2)uµ(φ)} ·Drψdx (7.10g)

+ 2µ′
0

∫
R
Dr{sin(2µ′

0v − z2)φ} ·Drψdx (7.10h)

−
∫
R
Dr[G(u,w)−G(v, z)] ·Drψdx. (7.10i)

We first deal with the terms in (7.9). When 1/2 < r ≤ s − 1, we use the algebra property of Hr and

(7.6) to derive

|(7.9a)| ≤ C ∥[2µ(φ)u+ 2µ(v)φ− (w + z)ψ]uw∥Hr ∥φ∥Hr

≤ C[∥w∥Hr∥u∥Hr (∥u∥Hr + ∥v∥Hr ) + (∥w∥Hr + ∥z∥Hr )](∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(∥w∥3Hs−1 + ∥z∥3Hs−1 + ∥u∥3Hs−1 + ∥v∥3Hs−1)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(∥u0∥3Hs−1 + ∥v0∥3Hs−1)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ Cρ3(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr ) (7.11)

remembering ∥u0∥Hs ≤ ρ and ∥v0∥Hs ≤ ρ in the assumption of Theorem 2.6.

As −1/2 < r ≤ 1/2 and r ≤ s− 2, Lemma ?? and (7.6) give rise to

|(7.9a)| ≤ C[∥w∥Hr+1∥u∥Hr+1(∥u∥Hr+1 + ∥v∥Hr+1 + ∥w∥Hr+1 + ∥z∥Hr+1)](∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(∥w∥3Hs−1 + ∥z∥3Hs−1 + ∥u∥3Hs−1 + ∥v∥3Hs−1)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(∥u0∥3Hs−1 + ∥v0∥3Hs−1)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ Cρ3(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr ). (7.12)

When −1 ≤ r ≤ −1/2, invoking the inequality

∥fg∥Hr ≤ C∥f∥Hs−1∥g∥Hr (−1 ≤ r ≤ 0, s > 3/2) (7.13)

given by Lemma 2 in [22], we find

|(7.9a)| ≤ C[∥w∥Hs−1∥u∥Hs−1(∥u∥Hs−1 + ∥v∥Hs−1 + ∥w∥Hs−1 + ∥z∥Hs−1)](∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(∥w∥3Hs−1 + ∥z∥3Hs−1 + ∥u∥3Hs−1 + ∥v∥3Hs−1)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(∥u0∥3Hs−1 + ∥v0∥3Hs−1)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ Cρ3(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr ). (7.14)
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Using similar procedure as above, we can estimate (7.9b)-(7.9c) as

|(7.9b)| ≤ Cρ∥φ∥2Hr , |(7.9c)| ≤ Cρ∥φ∥Hr∥ψ∥Hr (7.15)

for r ∈ {−1 ≤ r ≤ −1/2} ∪ {−1/2 < r ≤ 1/2, r ≤ s− 2} ∪ {1/2 < r ≤ s− 1}.
For the nonlocal terms (7.9d), a simple computation yields

|(7.9d)| ≤
∣∣∣∣ ∫

S
Dr−2∂x

[
4µ0ucos

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2∂x

[
(µ(φ)u+ µ′

0φ)sin(2µ
′
0v − z2)

]
·Drφdx

∣∣∣∣
+ 4

∣∣∣∣ ∫
S
Dr−2∂x

[
µ0uw

2sin
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2∂x

[
cos(2µ′

0v − z2)[µ(φ)uw2 + µ′
0φw

2 + µ′
0v(w + z)ψ]

]
·Drφdx

∣∣∣∣
+

4

3

∣∣∣∣ ∫
S
Dr−2∂x

[
∂x(uw

3)sin
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+

2

3

∣∣∣∣ ∫
S
Dr−2∂x

[
cos(2µ′

0v − z2)∂x[φw
3 + vψ(w2 + wz + z2)]

]
·Drφdx

∣∣∣∣
+

4

3

∣∣∣∣ ∫
S
Dr−2∂x

[
w4sin

2µ0u− w2 + 2µ′
0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+

2

3

∣∣∣∣ ∫
S
Dr−2∂x

[
cos(2µ′

0v − z2)[ψ(w + z)(w2 + z2)]

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2

[
∂x(w

2)cos
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+

∣∣∣∣ ∫
S
Dr−2

[
∂x[ψ(w + z)]sin(2µ′

0v − z2)

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2

[
µ2
0∂x(u

2)sin
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2

[
µ0∂x(uw

2)sin
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2

[
µ0w

3sin
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣
+

∣∣∣∣ ∫
S
Dr−2

[
[µ(φ)µ(u+ v)∂x(u

2) + (µ′
0)

2∂x(φ(u+ v))]cos(2µ′
0v − z2)

]
·Drφdx

∣∣∣∣
+

∣∣∣∣ ∫
S
Dr−2

[
[µ(φ)∂x(uw

2) + µ′
0∂x(φw

2 + vψ(w + z))]cos(2µ′
0v − z2)

]
·Drφdx

∣∣∣∣
+

∣∣∣∣ ∫
S
Dr−2

[
[µ(φ)w3 + µ′

0ψ(w
2 + wz + z2)]cos(2µ′

0v − z2)

]
·Drφdx

∣∣∣∣
+ 2

∣∣∣∣ ∫
S
Dr−2

[
∂x(w

4)sin
2µ0u− w2 + 2µ′

0v − z2

2
sin

2µ(φ)u+ 2µ′
0φ− (w + z)ψ

2

]
·Drφdx

∣∣∣∣ (7.16a)

+

∣∣∣∣ ∫
S
Dr−2

[
∂x[ψ(w + z)(w2 + z2)]cos(2µ′

0v − z2)

]
·Drφdx

∣∣∣∣ (7.16b)

+

∣∣∣∣ ∫
S
Dr

[
µ
(
sin(2µ0u− w2)uw − sin(2µ′

0v − z2)vz
) ]

·Drφdx

∣∣∣∣.
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Not all terms in the above will be estimated. Instead, we will just evaluate two terms containing the

derivatives of ψ or w. The remaining terms can be estimated in a similar way. We first handle the term

(7.16a). When 1/2 < r ≤ s− 2, this term can be controlled as

C∥w3wx[2µ(φ)u+ 2µ′
0φ− (w + z)ψ]∥Hr∥φ∥Hr

≤ C∥wx∥Hr−1∥w3[2µ(φ)u+ 2µ′
0φ− (w + z)ψ]∥Hr∥φ∥Hr

≤ C[∥w∥8Hs−1 + ∥w∥2Hs−1 + ∥u∥2Hs−1 + ∥z∥2Hs−1 ](∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(ρ8 + ρ2)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr ).

When −1/2 < r ≤ 1/2 and r ≤ s− 3, we can control it as

C∥wxw
3[2µ(φ)u+ 2µ′

0φ− (w + z)ψ]∥Hr∥φ∥Hr

≤ C∥wx∥Hr+1∥w3[2µ(φ)u+ 2µ′
0φ− (w + z)ψ]∥Hr∥φ∥Hr

≤ C[∥w∥8Hs−1 + ∥w∥2Hs−1 + ∥u∥2Hs−1 + ∥z∥2Hs−1 ](∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(ρ8 + ρ2)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr ).

When −1 ≤ r ≤ −1/2 and r + s ≥ 2, the following inequality [22]

∥fg∥Hr ≤ cr,s∥f∥Hs−2∥g∥Hr (−1 ≤ r ≤ 0, r + s ≥ 2, s > 5/2) (7.17)

will be employed to handle it as

C∥wxw
3[2µ(φ)u+ 2µ′

0φ− (w + z)ψ]∥Hr∥φ∥Hr

≤ C∥wx∥Hs−2∥w3[2µ(φ)u+ 2µ′
0φ− (w + z)ψ]∥Hr∥φ∥Hr

≤ C[∥w∥8Hs−1 + ∥w∥2Hs−1 + ∥u∥4Hs−1 + ∥z∥2Hs−1 ](∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr )

≤ C(ρ8 + ρ2)(∥φ∥2Hr + ∥φ∥Hr∥ψ∥Hr ).

The evaluation of this term is finished. We next estimate the term (7.16b). When 1/2 < r ≤ s− 2, one finds

this term can be controlled by

C∥(w + z)(w2 + z2)ψ∥Hr∥φ∥Hr ≤ C(∥w∥3Hr + ∥v∥3Hr + ∥z∥3Hr )∥ψ∥Hr∥φ∥Hr ≤ Cρ3∥ψ∥Hr∥φ∥Hr .

As −1/2 < r ≤ 1/2 and r ≤ s− 3, we evaluate it as

C∥(w + z)(w2 + z2)ψ∥Hr∥φ∥Hr ≤ C(∥w3∥Hr+1 + ∥z3∥Hr+1)∥ψ∥Hr∥φ∥Hr

≤ C(∥w3∥Hs−1 + ∥z3∥Hs−1)∥ψ∥Hr∥φ∥Hr

≤ Cρ3∥φ∥Hr∥ψ∥Hr .

When −1 ≤ r ≤ −1/2 and r + s ≥ 2, this term can be estimated as

C∥(w + z)(w2 + z2)ψ∥Hr∥φ∥Hr ≤ C(∥w3∥Hs−2 + ∥z3∥Hs−2)∥ψ∥Hr∥φ∥Hr

≤ C(∥w3∥Hs−1 + ∥z3∥Hs−1)∥ψ∥Hr∥φ∥Hr

≤ Cρ3∥φ∥Hr∥ψ∥Hr .

Combining all the above estimations, we find

|(7.9d)| ≤ C(ρ8 + ρ)[∥φ∥Hr∥ψ∥Hr + ∥φ∥2Hr ].
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Consequently, we derive

d

dt
∥φ∥Hr ≤ C(ρ8 + ρ)(∥φ∥Hr + ∥ψ∥Hr ) (7.18)

for r ∈ {−1 ≤ r ≤ −1/2, r + s ≥ 2} ∪ {−1/2 < r ≤ 1/2, r ≤ s− 3} ∪ {1/2 < r ≤ s− 2}.
We next estimate ∥ψ∥Hr . We first estimate the term (7.10c), To do this, we will employ he following

Calderon-Coifman-Meyer commutator estimate [22,33]

∥[Dr∂x, f ] g∥L2 ≤ C∥f∥Hs−1∥g∥Hr , (0 ≤ r + 1 ≤ s− 1; s− 1 > 3/2), (7.19)

where [A,B] = AB −BA represents the commutator. We then recast (7.10c) as

(7.10c) =

∫
R

[
Dr∂x, vsin(2µ

′
0v − z2)

]
ψ ·Drψdx (7.20a)

+

∫
R
vsin(2µ′

0v − z2)Dr∂xψ ·Drψdx (7.20b)

−
∫
R
Dr
[
ψ∂x

(
vsin(2µ′

0v − z2)
)]

·Drψdx. (7.20c)

From (7.19), there holds

|(7.20a)| ≤ C∥[Dr∂x, vsin(2µ
′
0v − z2)]ψ∥L2∥ψ∥Hr ≤ C∥vsin(2µ′

0v − z2)∥Hs−1∥ψ∥2Hr

≤ Cρ∥ψ∥2Hr (7.21)

for r ∈ {−1 ≤ r ≤ −1/2, r + s ≥ 2} ∪ {−1/2 < r ≤ 1/2, r ≤ s− 3} ∪ {r > 1/2, r ≤ s− 2}.
Invoking integration by parts and Sobolev embedding inequality, one obtains

|(7.20b)| ≤ C∥∂x[vsin(2µ′
0v − z2)]∥L∞∥ψ∥2Hr ≤ C∥vsin(2µ′

0v − z2)∥Hs−1∥ψ∥2Hr ≤ Cρ∥ψ∥2Hr .(7.22)

(7.20c) can be estimated as

|(7.20c)| ≤ C∥ψ∂x[vsin(2µ′
0v − z2)]∥Hr∥ψ∥Hr

≤


C∥∂x[vsin(2µ′

0v − z2)]∥Hr∥ψ∥2Hr , (1/2 < r ≤ s− 2),

C∥∂x[vsin(2µ′
0v − z2)]∥Hr+1∥ψ∥2Hr

≤ C∥vsin(2µ′
0v − z2)∥Hr+2∥ψ∥2Hr , (−1/2 < r ≤ 1/2; r ≤ s− 3),

C∥∂x[vsin(2µ′
0v − z2)]∥Hs−2∥ψ∥2Hr , (−1 ≤ r ≤ −1/2; r + s ≥ 2)

≤ C∥vsin(2µ′
0v − z2)∥Hs−1∥ψ∥2Hr ≤ Cρ∥ψ∥2Hr , (7.23)

recalling the inequality [22]

∥fg∥Hr ≤ cr,s∥f∥Hs−2∥g∥Hr (−1 ≤ r ≤ 0, r + s ≥ 2, s > 5/2) (7.24)

used to handle the third case in the brace.

Combining Eqs. (7.21)-(7.23) produces |(7.10c)| ≤ Cρ∥ψ∥2Hr for r ∈ {−1 ≤ r ≤ −1/2, r+s ≥ 2}∪{−1/2 <

r ≤ 1/2, r ≤ s− 3} ∪ {r > 1/2, r ≤ s− 2}.
The remaining terms in (7.10) can handled similarly as those in (7.9). We finally deduce

d

dt
∥ψ∥Hr ≤ C(ρ8 + ρ)(∥φ∥Hr + ∥ψ∥Hr ) (7.25)

for r ∈ {−1 ≤ r ≤ −1/2, r + s ≥ 2} ∪ {−1/2 < r ≤ 1/2, r ≤ s− 3} ∪ {1/2 < r ≤ s− 2}.
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It follows from Eqs. (7.18) and (7.25) that we find

d

dt
(∥φ∥Hr + ∥ψ∥Hr ) ≤ C(ρ8 + ρ)(∥φ∥Hr + ∥ψ∥Hr ) (7.26)

or

∥φ∥Hr + ∥ψ∥Hr ≤ C(∥φ(0)∥Hr + ∥ψ(0)∥Hr )e(ρ
8+ρ)t, (t ∈ [0, T )) (7.27)

for r ∈ {−1 ≤ r ≤ −1/2, r + s ≥ 2} ∪ {−1/2 < r ≤ 1/2, r ≤ s− 3} ∪ {r > 1/2, r ≤ s− 2}.
Accordingly, there holds

∥u− v∥Hr+1 ≤ C∥u0 − v0∥Hr+1e(ρ
8+ρ)T . (7.28)

Replacing r + 1 with r in (7.28) leads to

∥u− v∥Hr ≤ C∥u0 − v0∥Hre(ρ
8+ρ)T (7.29)

for r ∈ {0 ≤ r ≤ 1/2, r + s ≥ 3} ∪ {1/2 < r ≤ 3/2, r ≤ s − 2} ∪ {3/2 < r ≤ s − 1}. We therefore have

established the Lipschitz continuity in the region D1.

Next, we show the Hölder continuity in the region D2 ∪D3 ∪D4. The method is interpolation based on

the Lipschitz continuity proved previously. The inequality [22]

∥f∥Hσ ≤ ∥f∥
σ2−σ
σ2−σ1

Hσ1 ∥f∥
σ−σ1
σ2−σ1

Hσ2 , (σ1 < σ < σ2) (7.30)

will be used frequently in the remaining parts of this section.

When (s, r) ∈ D2, we have

∥u− v∥Hr ≤ ∥u− v∥H3−s

≤ C∥u0 − v0∥H3−se(ρ
8+ρ)T (by (7.29))

≤ C∥u0 − v0∥
2s−3
s−r

Hr ∥u0 − v0∥
3−s−r
s−r

Hs e(ρ
8+ρ)T (by (7.30))

≤ Cρ
3−s−r
s−r ∥u0 − v0∥

2s−3
s−r

Hr e(ρ
8+ρ)T .

When (s, r) ∈ D3, one finds s− 2 ≤ r < s, consequently

∥u− v∥Hr ≤ ∥u− v∥
s−r
2

Hs−2∥u− v∥
r−s+2

2

Hs (by (7.30))

≤ Cρ
r−s+2

2 ∥u0 − v0∥
s−r
2

Hs−2 e
(ρ8+ρ)T (by (7.29))

≤ Cρ
r−s+2

2 ∥u0 − v0∥
s−r
2

Hr e(ρ
8+ρ)T .

When (s, r) ∈ D4, there holds

∥u− v∥Hr ≤ ∥u− v∥s−r
Hs−1∥u− v∥r−s+1

Hs (by (7.30))

≤ Cρr−s+1 ∥u0 − v0∥s−r
Hs−1 e

(ρ8+ρ)T (by (7.29))

≤ Cρr−s+1 ∥u0 − v0∥s−r
Hr e(ρ

8+ρ)T .

We thus complete the proof of Theorem 2.6.
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8 Peakon solutions

We here give the proof of Theorem 2.7) about the peakon solutions of Eq. (1.7):

Proof. Let uc(t, x) be defined as in (2.8) with a to be determined. Substituting (2.8) into definition 2.1 yields∫ T

0

∫
S

[
uc,tφ+ sin(2µ(uc)uc − u2c,x)ucuc,xφ

−px ∗ [−2µ(uc) sin(2µ(uc)uc − u2c,x)uc − cos(2µ(uc)uc − u2c,x)(2µ(uc)ucu
2
c,x − 2/3∂x(ucu

3
c,x) + 2/3u4c,x)]φ

−p ∗ [−1/2 sin(2µ(uc)uc − u2c,x)∂x(u
2
c,x) + µ(uc) cos(2µ(uc)uc − u2c,x)(µ(uc)∂x(u

2
c)− ∂x(ucu

2
c,x)− u3c,x)

+1/2 cos(2µ(uc)uc − u2c,x)∂x(u
4
c,x)]φ− µ

(
sin(2µ(uc)uc − u2c,x)ucuc,x

)
φ

]
dxdt = 0, (8.1)

where p(x) = 1
2 (x− [x]− 1

2 )
2 + 23

24 . For x ∈ S, we have

µ (uc) = a

∫ ct

0

[
1

2

(
x− ct+

1

2

)2

+
23

24

]
dx+ a

∫ 1

ct

[
1

2

(
x− ct− 1

2

)2

+
23

24

]
dx = a.

Simple computation leads to

uc,x =

{
a(x− ct− 1

2 ), (x > ct)

a(x− ct+ 1
2 ), (x ≤ ct)

implying

2µ(uc)uc − u2c,x =
23

12
a2

whenever x > ct or x ≤ ct. Gathering the above, one can simplify (8.1) as∫ T

0

∫
S
uc,tφdxdt+ sin(

23

12
a2)

∫ T

0

∫
S
ucuc,xφdxdt+ 3a sin(

23

12
a2)

∫ T

0

∫
S
px ∗ ucφdxdt = 0 (8.2)

by noticing uc,xx = a.

On the other hand, for x > ct, one has

px ∗ uc = a

∫ 1

0

(
x− y − [x− y]− 1

2

)[
1

2

(
y − ct− [y − ct]− 1

2

)2

+
23

24

]
dy

= a

∫ ct

0

(
x− y − 1

2

)[
1

2

(
y − ct+

1

2

)2

+
23

24

]
dy

+a

∫ x

ct

(
x− y − 1

2

)[
1

2

(
y − ct− 1

2

)2

+
23

24

]
dy

+a

∫ 1

x

(
x− y +

1

2

)[
1

2

(
y − ct− 1

2

)2

+
23

24

]
dy

=
1

12
a(x− ct)[1− 2(x− ct)][(x− ct)− 1]. (8.3)

For x ≤ ct, one has

px ∗ uc = a

∫ 1

0

(
x− y − [x− y]− 1

2

)[
1

2

(
y − ct− [y − ct]− 1

2

)2

+
23

24

]
dy
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= a

∫ x

0

(
x− y − 1

2

)[
1

2

(
y − ct+

1

2

)2

+
23

24

]
dy

+a

∫ ct

x

(
x− y +

1

2

)[
1

2

(
y − ct+

1

2

)2

+
23

24

]
dy

+a

∫ 1

ct

(
x− y +

1

2

)[
1

2

(
y − ct− 1

2

)2

+
23

24

]
dy

= − 1

12
a(x− ct)[1 + 2(x− ct)][(x− ct) + 1]. (8.4)

Plugging uc,t = −ac(x − ct − [x − ct] − 1/2) and uc,x = a(x − ct − [x − ct] − 1/2) into (8.2) yields

c = sin( 2312a
2).

Gathering the above together, we find (8.2) is equivalent to∫ T

0

∫
S

{
− ac(ξ − 1

2
) + a2 sin(

23

12
a2)(ξ − 1

2
)

[
1

2
(ξ − 1

2
)2 +

23

24

]
− 1

2
a2 sin(

23

12
a2)(ξ − 1

2
)ξ(ξ + 1)

}
φdxdt = 0

for x > ct and∫ T

0

∫
S

{
− ac(ξ +

1

2
) + a2 sin(

23

12
a2)(ξ +

1

2
)

[
1

2
(ξ +

1

2
)2 +

23

24

]
− 1

2
a2 sin(

23

12
a2)(ξ +

1

2
)ξ(ξ + 1)

}
φdxdt = 0

for x ≤ ct, which indicates

c =
13

12
a sin(

23

12
a2).

We thus complete the proof of Theorem 2.7.
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Appendix A.

Let C ≡ {ξ ∈ Sd|4/3 ≤ |ξ| ≤ 8/3} and C̃ ≡ B(0, 2/3) + C, where B(x0, r) stands for the open ball with

center x0 and radius r. Then there exist two functions χ ∈ D(B(0, 4/3)) and φ ∈ D(C) which are both radial

satisfying 
χ(ξ) +

∑
q≥0 φ(2

−qξ) = 1, 1/3 ≤ χ2(ξ) +
∑

q≥0 φ
2(2−qξ) ≤ 1 (∀ξ ∈ Sd),

|q − q′| ≥ 2 ⇒ Suppφ(2−q·) ∩ Suppφ(2−q′ ·) = ∅,

q ≥ 1 ⇒ Suppχ(·) ∩ Suppφ(2−q′ ·) = ∅, |q − q′| ≥ 5 ⇒ 2q
′ C̃ ∩ 2qC = ∅.

In the periodic setting, the functions on the torus Sd are decomposed in Fourier series:

u(x) =
∑
α∈Zd

uα exp(i2πα · x) where uα =

∫
Sd
u(x) exp(−i2πα · x)dx. (A.1)

Let

hq(x) =
∑
α∈Zd

φ
(
2−qα

)
exp(i2πα · x) and h̃(x) =

∑
α∈Zd

χ(α) exp(i2πα · x). (A.2)
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Then two dyadic operators ∆q and Sq acting on functions u(t, x) belonging to S′(Sd) are defined as

∆qu =


0, q ≤ −2,

χ(D)u =
∫
Sd h̃(y)u(x− y)dy, q = −1,

φ (2−qD)u = 2qd
∫
Sd h (2

qy)u(x− y)dy, q ≥ 0,

Squ =
∑

q′≤q−1 ∆q′u.

The Besov space is defined asBs
p,r(Sd) =

{
u ∈ S′(Sd)

∣∣ ∥u∥Bs
p,r(Sd) =

(∑
j≥−1 2

rjs∥∆ju∥rLp(Sd)
)1/r

<∞
}
.

Let Es
p,r(T ) with T > 0, s ∈ R and 1 ≤ p, r ≤ ∞ be defined as

Es
p,r(T ) ,

 C
(
[0, T );Bs

p,r

)
∩ C1

(
[0, T );Bs−1

p,r

)
, as r <∞,

Cw

(
[0, T );Bs

p,∞
)
∩ C0,1

(
[0, T );Bs−1

p,∞
)
, as r = ∞,

and Es
p,r =

∩
T>0E

s
p,r(T ).
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