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Abstract

The solutions of weakly singular fractional integro-differential equations involving
the Caputo derivative have singularity at the lower bound of the domain of integra-
tion. In this paper, we design an algorithm to prevail on this non-smooth behaviour of
solutions of the nonlinear fractional integro-differential equations with a weakly sin-
gular kernel. The convergence of the proposed method is investigated. The proposed
scheme is employed to solve four numerical examples in order to test its efficiency and
accuracy.
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1 Introduction

The fractional calculus is a natural generalization of calculus that studies integral and
derivative operators (the differential operator may be of a fractional order) [8,16]. Frac-
tional calculus can be used for modeling many phenomena in science and engineering. The
field of viscoelasticity looks to be the most pervasive utilization of fractional differential
and integral operators [21]. In recent years, due to the many applications of fractional
calculus in modeling natural phenomena, much attentions have been paid to the numerical
solution of fractional equations (see e.g. [1,5,6,9, 14, 20,23-25]). There are phenomena
in the theory of relaxation of dynamical systems [21], polymer physics and rheology and
biophysics [8], the radiative equilibrium [11] and heat conduction problem [22] that are
formulated as fractional order integro-differential equations with weakly singular kernels.
For further applications of fractional order integro-differential equations with weakly sin-
gular kernels in physical problems, refer to [10]. In this study, we consider the following
nonlinear weakly singular fractional integro-differential equation

S DXu(t) = g(t) + p(t)u(t) —i—/o mu (s)ds, 0< B <1, a>0,teI(T), (11)
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with boundary value conditions
uD(0) =, i = 0(1)fa] - 1,

where u(t) is a solution which should be determined, g(¢) and p(t) are known and con-
tinuous on I(T) := [0, 7], §D§ is the Caputo fractional differential operator, n > 0 is a
integer number as power of u, uj (i = 0(1)[a] — 1) are given real numbers where [«] is the
ceiling function of a.

Uniqueness and existence of solution of fractional integro-differential equations inves-
tigated in [18] and [17], respectively. The Eq.(1.1) has been solved in [4,19] by a stable
least residue method and a modification of hat functions(MHF's), respectively.

As we already know, the solutions of (1.1) have singularity at the lower bound of the
domain of integration. This non-smooth behaviour of solutions has rarely been considered
in the previous researches and filling this gap is the motivation for our work.

One of the most powerful ways to deal with poorly behaved integrands is product
integration [13]. Here, we will rewrite Eq.(1.1) into another form by using some properties
of fractional operators and design an algorithm based on the product integration and
Nystrom methods and the first kind of Chebyshev polynomials for solving the rewritten
equation. We will observe that the proposed method, without need to smoothing, can
overcome the non-smooth behaviour of solutions.

Since the Caputo fractional derivative is non-local, so it means that nearly all numerical
methods for solving the Eq.(1.1) will be very time-consuming and the low computing time
of methods for solving these equations is very important, so we have reported computing
time of method in the numerical examples.

In Section 2, we recall some basic contents that are used in the numerical and the-
oretical parts. In Section 3, we explain how to implement the method. In Section 4,
we investigate the convergence of the proposed method. In Section 5, to reveal that the
numerical results verify the validity of convergence analysis, four numerical examples with
smooth and non-smooth solutions are prepared.

2 Preliminaries

In this section, firstly, in the sub section 2.1 (Part 1), we recall some properties and
definitions from [21], which, are used to rewrite the Eq.(1.1) to another form. Next, in the
sub section 2.2 (Part 2), we recall some basic concepts, useful inequalities, and lemmas
from [2,3,12], which, are used in convergence analysis.

2.1 Part1l

Definition 1. For a > 0, the Riemann-Liouville integral operator J§ is given as [21]

t
) /0 (t — s) @ Dy(s)ds. (2.1)

Jiu(t) = (o)

Definition 2. Let « € R, n —1 < o < n, n € M and u(t) be a real valued continuous

function defined on [0, c0), then the Caputo fractional derivative of order o > 0 is defined
by [21]
e Do) = — / et (2.2)
@ I'(n—a)/, drn
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The operators Jf and CD? are satisfy in the following properties

383 ut)) = 37 (3u(t)) = 30 u(t), (2.3)
m—1 i

3§ DS u( ull 0)7 m—1<a<m, t>0. (2.4)
1=0

where a, 8 > 0 and o, 3 ¢ M.

2.2 Part 2
Lemma 1. [3,12] Let
U
we= [ - 07K . 00)dc,
then, for any function z € C([—1,1]), there exists a constant C > 0, so that

IWzllon < Cllell, 0<h<1-a,

where

h Y
Wellon = max max |08Wz(@)| + max  sup 1 2V2@IZ10:0W2)]
0<h<s z€[—1,1] 0<h<s 4 ye[—1,1), |z — y|

T#Y

The following norm is known as the Sobolev norm [2]

N

ME
HZHHL"C(AJ) = Z ||Z(j)HLiC(,1,1) , form>0, (2.5)

where the Hilbert space (Hw(—1,1)) is defined as follows
H'(-1,1)={ve L}c(~1,1): for0<j<m, 29 e [2.(-1,1) },

with the following inner product:

m 1 1 . ‘
_ (7))
(2, V) e = ]E_O /_1 Wz vV dx.

Notice that, in the continuation, we use the notation P;, which denotes the space of all
polynomials of degree not exceeding M.

Lemma 2. [2] If z € H"(—1,1) for some m > 1, then
152 = 2z gy S OM el (26)

where I]\%z € Pas represent the interpolant of z at Chebyshev Gauss points and

m 2

i) 112
‘Z|HZL6M(_1’1): > ”Z(])HLQwC(—l,l) , (2.7)

j=min(m,M+1)

form > 0.
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Lemma 3. [2]Ifz € H(—1,1) for somem > 1 and I§;z € Py represent the interpolant
of z at Chebyshev Gauss points, then

11512 = 2llLoe(-1,1) < CM~"s (2.8)

|Z|HZLC;41VI(71,1) .

Lemma 4. [2] Let {I; (x)}]]\io be the M -th Lagrange interpolation polynomials associated
with the Gauss points of the Chebyshev polynomials. Then

157l = O(log M)

3 Description of method

This section is dedicated to introduce the first kind of Chebyshev polynomials and the
used trick to rewrite the equation before implementing the method. Then, using the Gauss
quadrature and defining the appropriate weights and ideas from Nystrom and product
integration methods, we present an algorithm for solving the Eq.(1.1).

The first kind of Chebyshev polynomials Th/(x) defined by [15]

T (z) = cos(M cos™(z)).

The interval of orthogonality of these polynomials with respect to the weight function
w(z) = (1—22)"12 is [-1,1].
We can generates all the polynomials T (x) by the following recursion relation

Tr(z) =22Tpr—1 () — Thr—2(x), M=23,...,

with
To(z) =1, T (z) = x.

The Gauss quadrature formula [7]

1
/_ Fau(a)de = Flanwo-+ flayur + ...+ flea)uon,

is exact for any polynomial of degree < 2M + 1.
For a > 0 and a ¢ M, applying the Riemann-Liouville integral operatore J¢ to both
sides of (1.1) and using (2.1),(2.4) and boundary value conditions of (1.1), we get

f[a] -1

-y LA I AR
Y — 5)* p(s)u(s)ds 4+ I t — 5)7Pun(s)ds
F(a)/o(t )" p(s)uls)ds + T (/O(t ) ()d>. (3.1)

Now, we denote the last term of (3.1) as N(u(t)). Thus, using (2.1) and (2.3), we have

N =3¢ (= [ =P eas) =T - )3t
= (- B ) = (I;(i_ﬁi) 5 [ = (3.2)
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Substituting, (3.2) into (3.1), the Eq. (1.1) becomes

[a]—1 ; t t
u(t) = u(i)ﬁ 1 —5)* lg(s)ds 1 — 5)* Ip(s)u(s)ds
0= 3 '+ s [ gas+ o[- plsuoa

1=0

_La=p t — $)*Pun(s)ds
F<a_5+1)/o(t Jo~Bun(s)ds. (3.3)

Now, for the sake of applying the theory of orthogonal Chebyshev polynomials, using
the following change of variables

~ ~ n n
u(n) = ha(n) + ha(n) + / (n = Q) 'B(Q)a(¢)d¢ + v/_l(n —¢)* P (Q)de, (3.4)

i) = Sl uf) B

ha(n) = [, (1 = Q)* ' 3(¢)d.

30 = s (EraZec+ D),
() = iy (3)p(3¢+ 3),

Using the Lagrange interpolating polynomial, we can approximate 4(() as

M
I5(@:¢) = Y (Qalay), (3.5)
§=0
where
M n—w;
li(n) = H T ' 0(1)M.
j=04#i """ Y

(2 + D)\ M .
and ¢ x; = —cos | "7 are the Chebyshev Gauss quadrature points.
2M + 2 i=0

Now, we define

v, = / (e — 0P (Q)dC, 7§ = 0(1)M,

-1

W= [ o= OO i =0
To approximate the integral terms of (3.4), we use

M M

a(n) = ha(n) + ha(n) + > Vigi(ay)ila;) + ) Wiy (x;). (3.6)
j=0 j=0
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Now, similar to the Nystrom method on grid points z;, i = 0(1)M, we have

M M

() = hi(x;) + ha(x) +ZV,]p (z;)u(x)) —|—’yZqu (). (3.7)
Jj=0 7=0

The above system, is a system of (M + 1) nonlinear equations with (M + 1) number of
unknowns. Now, by solving this system by Newton method, we get the values of @(x;).
Substituting these values into the Eq.(3.6), for all n € [—1,1], the values of @(n) are
obtained.

4 Over estimating error for convergence

This section devoted to determine over estimate for |leq]| L2 (~1,1) using the considered

contents in the section 2.
Theorem 1. Consider the weakly singular nonlinear fractional integro-differential equa-

tion (1.1) and (3.4). Let e1(n) = I, (i(n)) — @(n), then the following estimates are hold:

Hel”Lic(fl,l) oM™ <|h1|HZ‘c5M(1,1) + |h2|HZLc;M(71,1) t |ﬂ|HL”c5M(71,1) + ’ﬂn|H;”5”f(1,1)>

—k—m+1 ~ 7
+ CM k m+2 log(M + ].) <|U|H;nékf(_171) + |un|H:1é]\/I(_171)>
+CM " log(M + 1) (||| e + ||| o)

+ CM2 ™ log My, (4.1)

provided that M is sufficiently large and

Hazoni%{(xﬁl)aB( )<\p( Qa(¢ Ol ) + 19 )\|Loo|ﬂH:C;M(_M)> } (4.2)

Proof. The Eq.(3.7) can be rewritten as follows

Ty

) = (i) + alan) + / (2 — O)*B(C)er (C)dC

-1

1

T

O Pen(C)dC + / (s — O B(C)a(C)dC

/ 1 :
/ ) )O PG (Q)dC + My () + Ma(a). (4.3)
where
M i
Miw:) = 3o Vi(eitay) = [ (@ 0" RO (E)C, (4.4
=0 -
M i
Malas) =73 Wit (ay) = [ (o= O P IG " (0)dc (4.5)
§=0 -

such that from (3.5), we have Msy(z;) = 0.
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Multiplying (4.3) by /;(n) and sum up from 0 to M and considering e, (1) = I, (i"(n))—
u"(n), we get

15, @) = 1§, () + 1§ () + 15 ([ 0= 0 0rea(c1ac)

15 (7 [ - 0ren0ac) + 15 ([ 0= 0 a0accrac)
(

-1 -1

3 [ = o rarac) + 15 (o). (4:6)

Subtracting (4.6) from the Eq.(3.4), we have

er(n) = Dy + Dy + IS, ( [ - C)O“lﬁ(é)el(C)dC) LI (7 [ - <>a-ﬁen<<>d<)

+ D3+ Dy + Iy (Mi(n)). (4.7)
where

(DIZI]CW hi(n)) — ha(n),
Dy = I (ha(n)) — ha(n),

4.8
Dy =1Ig (J"(n— C)“‘lﬁ(é)ﬂ(C)dC) = J7 (= Q) p(Qu(¢)de, 4
| Ds = 16 (7 S, (0 = Q2 Par(Q)dc) = [ (n = Q) Far(C)d.
The Eq.(4.7) can be rewritten as follows
e1(n) = D1 + Dy + D3 + Dy + D5 + Dg + /nl(n — O p(¢)er(¢)dcC
[0 00 Pen(dg + 16, 0. (49)

where
n

Ds = I </_771(77 - C)“‘lﬁ(C)Q(C)dC) —/ (n = )*B(Qer(¢)dC, (4.10)

-1

Di=15 (v [ 1= 0 Fen0c) = [" =0 Fenicrac )

In the following, in order to simplify the expressions, we use ||.|| instead of ||.|| L2 (1,1
Now, from the Eq.(4.9), we have

lex(ml < I1D1]l + D2l + 1Dsll + 1Dl + D51l + | Ds
y / " (1= O B(Oer (Q)dcl + 1y / " (= O Pen(0)dc]

—1 -1 "
IS M) |- (4.12)

In order to determine over estimate for |ei(n)||, it,s sufficient that we obtain the over
estimate for terms of the right hand side of the inequality (4.12).
Using inequality (2.6) for ||D1]|, we have

D1l < CM ™ Ry (4.13)

I )’

7
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and similarly

1Dz < CM—mlhle;nc;M(,l (4.14)

’1).

Using generalized Hardy’s inequality (Lemma (5) from [12]) and (2.6), we have

|| /_ nl<n — O™ B(Qex(Qdc] < ClIper(l < CIBElex (I < CM il a3,
(4.15)

and
77 ~
Hv/_lm =" Pen(Q)dc]l < Cllea(Q) < CM [ ymsas _y - (4.16)

In this position, we need to recall and setting some notations. The notation C™*([0,T])
indicate the space of functions whose r-th derivatives are Holder continuous with power
k, possessed with the norm || - [/ (defined in Lemma 1) for » > 0 and & € [0, 1].

We know that IJ\% is the interpolation operator, so

IY(2) = V(2), (4.17)

where Y(z) € Pyy.
Considering 73/:C™ ([0, T]) +— Py as a linear operator and setting We; = S —
O 15(O)er(¢)d¢, we have

|Ds|| = |[I§;Wer — Wer|| = || I§;Wer — IS (TiaWer) + miyWer — Wey ||
<G NIWer = TaWer| + [[TaWer — We |
< (57l + D) [Wer — rirWer || o<, (4.18)

Using Lemma 4 and inequality (16) from [12] for » = 0 and Lemmas 1 and 3, we get
the following bound for (4.18)

|Ds| < Cog(log M + 1)M [ Welop < Clog(M + 1)M |l

kil oy~
Using a similar process to get (4.19), we get
| D3|l < Cox(log M + 1)M_k\|Wﬂ||07k < C'log(M + 1) M ||| 1. (4.20)

Also, similarly, considering Ve, = [" (n—¢)* Pe,(¢)d¢ and Va" = [ (n—¢)*Pa™(¢)d(,
respectively, we get

1Dl < Co(log M + 1)y M ~*|[Venllo
< Clog(M + 1)M~¥|len]| Lo

< Clog(M + )M 527" s (4.21)
el

(_]-71)7
and

ID4]l < Coplog(M + 1)y M ~*|[Va* o
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C'log(M + 1) M ~¥||a"|| L. (4.22)
Now, using Lemma 4, we estimate I{,(M;(n)) as

125 (Ma(m)| < omax M)z <

max |Mj(z;))|log M 4.2
0<£M| 1(zi))| log M, (4.23)
On the other hand

| My ()| = | / = O IGEORONC — [ (@ — ORI (0)dC]

-1

= | / (IR (B(Oa(¢)) = B(Oal¢) + pQ)al) — BT (a(Q))) d¢|

< max [TG(P(Q)(Q) = HOBC) +HQaC) ~ HOTF Q)] / — )L,
(4.24)
where .
/1 (z; — O)*Yd¢ = (x; + 1)*B(a, 1), (4.25)
with
1
B(a,b) :/ t (1 —t)*71dt, Re(a) > 0, Re(b) > 0. (4.26)
0
Using inequality (2.8)
M ()] < (i + 1) Blos D{IIGEQC) = BT =+
15(C) (@(C) = Ine(@(C)) o< }
< s+ 1Bl 1) (M (IR g + 19O =1l ) ) )-
(4.27)
Thus, we have
|15 (My(n))[| < CME~™ log MH; (4.28)

where

Hy = max {(aji—i—l)aB(Oc, 1) (‘ﬁ(C)a(g)’H;"CM(_Ll) + ”ﬁ(C)HL"o’ﬂH;"éM(_Ll)) } (4'29)

0<i<M
Combining the above estimates and (4.12), the intended error estimate (4.1) is achieved.
O
5 Numerical examples

We now present some numerical examples to exhibit the validity of the proposed numerical
method. We use the presented method based on the shifted Chebyshev-Gauss quadrature
points as the grid points on [0, 1]. We used Wolfram Mathematica 12.1 software to get the

9
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errors which have been done on a laptop with the following specifications:

Processor : Intel(R) Core(TM)i7 — 2640M CPU @ 2.80 GHz,
Installed Memory (RAM) : 8GB, (5.1)
System Type : 64 — bit Operating System, x64 — based processor.

In order to test the efficiency and accuracy of the presented method, the following

examples have been prepared.

Example 1. Consider the following equation

SDXu(t) = g(t) + p(t)u(t) +/0 Wu (s)ds, t €10,1],

where

with initial value w(0) = 0 and g(¢) is chosen such that the exact solution is u(t) =
sinh(¢2/3).

Example 2. Consider the following equation

SDXu(t) = g(t) + p(t)u(t) +/O Wu (s)ds, t €10,1],

where

= L 3
Il
Nl JH [\&]

~
Sloe

)

with initial value u(0) = 0 and g(#) is chosen such that the exact solution is u(t) = t3.

Il
o

(

Example 3. Consider the following equation

th u(t) = g(t) + p(t)u(t) +/0 Wu (s)ds, t €[0,1],

where

=™ L 3
Il
ol i DN

o~

p(t) =t,

with initial value u(0) = 0 and g(#) is chosen such that the exact solution is u(t) = t<, 7.

10



solving the fractional integro-differential equations

Example 4. Consider the following equation

YDXu(t) = g(t) + p(t)u(t) +/0 (t_ls)ﬁu”(s)ds, t €[0,1],

where
n =1,
_3
o = B
_16
5 — 2010
p(t) =t
with initial value w(0) = 2 and g(¢) is chosen such that the exact solution is u(t) =
exp(t) + 1.

Table 1 contains the obtained maximum errors by the presented method and their
computing time (in seconds) in Example 1 with 8 = 1/2, 8 = 1/4. Table 2 incorporates the
obtained maximum errors by the proposed method and their computing time in Example
2 with 8 =1/2,8 = 8/10. Table 3 contains the obtained maximum errors by the presented
method and their computing time in Example 3 for u(t) = t¥/3,¢'/2. Table 4 involves the
obtained maximum errors by the presented method and their computing time in Example
4 for f=1/2,6/10.

Figs. 1(a) and 1(b) have been plotted for Example 1 to show the behavior of errors
for the calculated solutions by the presented method, with 8 = 1/2,1/4, respectively, for
M = 10. Figs. 2(a) and 2(b) represent the behavior of errors for the calculated solutions
by the presented method, for Example 2, with § = 1/2,8/10, respectively, for M = 10.
Also, about Example 3, for M = 10 we plotted Figs. 3(a) and 3(b) with u(t) = t¥/3,1/2,
respectively. Figs. 4(a) and 4(b) are correspond to the Example 4 with § = 1/2,6/10,
respectively, for M = 10.

Table 1: The obtained maximum errors ||u— I{;(u)||s by the presented method and their
computing time (in seconds) in Example 1 with 5 =1/2,1/4.
| M [ |lu—I§ (W)l for 8=1/2 | CPU time(s) | |lu—I§(w)llo for 8=1/4 | CPU time(s) |

2 7.0e — 03 0.671875 3.4e — 03 0.671875
22 1.7¢ — 03 1.20313 7.7e — 04 1.20313
23 3.0e — 04 2.60938 1.le — 04 2.625

24 4.4e — 05 8.89063 1.4e — 05 8.78125
2° 6.0e — 06 41.3906 1.6e — 06 41.9531

11
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Table 2: The obtained maximum errors ||u — I§;(u)||s by the proposed method and their

computing time (in seconds) in Example 2 with 5 = 1/2,8/10.

| M [ JJu—I§ ()l for 8=1/2 | CPU time(s) | |lu—I§ (w)ll for 8=8/10 | CPU time(s) |

2
92
93
94
95

1.6e — 02
3.5e — 04
1.11022e — 16
1.11022e — 16
2.22045e — 16

0.15625
0.203125
0.8125
3.20313
14.9219

8.5e — 02
2.1e — 03
3.33067e — 16
3.33067e — 16
3.33067e — 16

0.125
0.296875
0.96875
3.625
15.6875

Table 3: The obtained maximum errors ||u — I{;(u)||s by the proposed method and their

computing time (in seconds) in Example 3 for u(t) = t2/3,¢1/2.

| M [ Jlu—TI§ (W)l for u(t) = ¢*/* | CPU time(s) | llu—I§ (u)l|oo for u(t) =t/ | CPU time(s) |

2
92

2.3e — 02
1.5e — 03
8.1e — 05
3.87e — 06
1.67e — 07

0.203125
0.40625
1.35938
6.79688
38.0313

1.2e — 02
8.6e — 04
3.6e — 05
1.43e — 06
5.2e — 08

0.203125
0.375
1.75
6.54688
38.4219

Table 4: The obtained maximum errors ||u— I{;(u)||s by the presented method and their

computing time (in seconds) in Example 4 for 5 =1/2,6/10.

| M [ [Ju—I§ (w)l|oc with 8 =1/2 | CPU time(s) | llu— I (u)l|oc with § = 6/10 | CPU time(s) |

2
92
93
94
95

1.2¢ — 01
2.6e — 03
2.5e — 08
3.9e — 15
5.3e — 15

0.296875
0.828125
2.40625
7.15625
33.125

2.1e — 01
3.5e — 03
3.1e — 08
5.3e — 15
5.3e — 15

0.359375
0.46875
1.98438

5.375
29.7031

12




solving the fractional integro-differential equations

Error Error

0.00006

0.00015 0.00005
0.00004

0.00010:x
0.00003

0.00005 0.00002
0.00001

t t t t t X] t t t t t X]
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
(a) The associated graph with g = 1/2. (b) The associated graph with 8 =1/4.

Figure 1: The error behaviors of the presented method for M = 10 in Example 1 with
B=1/2,1/4.

Error Error
3.5x 10710
1.x107"8 3.x10718L - fe- ;
8.x 1071 25x107 18- ----- :L ***** 4: ************
6. x 10—1l 2.x 10_1&7 77777 Tt R
. 1.5x 10718 -—---r----
4.x10 108 ]
2.x107"" I [ L S S Tannn SRR
‘ | | bt x; 1 ! | | - X
02 04 06 08 10 02 04 06 08 10
(a) The associated graph with g8 = 1/2. (b) The associated graph with 8 = 8/10.

Figure 2: The error behaviors of the presented method for M = 10 in Example 2 with
g =1/2,8/10.

Error Error
0.000030¢- - - - A o o o 0.000012]
0.000025 -~~~ 0.000010!
0.0000201 A cTT 1 8.x1078
0.000015¢- -~ -+~~~ == --- A g 6.x 1078+
0.000010; ! ! 4.x107%
5.x 100 A A< R 2.%107°¢
B : : 1 1 F X : : : : FXj
02 04 06 08 1.0 02 04 06 08 1.0
(a) The associated graph with u(t) = t2/3. (b) The associated graph with u(t) = t/2,

Figure 3: The error behaviors of the presented method for M = 10 in Example 3 with
u(t) = t2/3 ¢1/2.
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| | | | * x; | | | | - X
02 04 06 08 1.0 02 04 06 08 1.0
(a) The associated graph with g = 1/2. (b) The associated graph with 8 = 6/10.

Figure 4: The error behaviors of the presented method for M = 10 in Example 4 with
B =1/2,6/10.

6 Conclusion

In this paper, we proposed an algorithm to numerical solution of the nonlinear fractional
integro-differential equation with a weakly singular kernel and studied the non-smooth
behavior of solutions of these equations. Convergence of the method has been investigated
by obtaining the over estimate error and an upper bound of error has been provided. The
reported numerical results as several tables and figures, show the accuracy and good
agreement of the approximate solutions and low CPU time (in seconds) of method. Also,
we observed that the presented method is efficient for solving the weakly singular fractional
non linear integro-differential equations with smooth and non-smooth solutions. Therefore,
the sixth-kind Chebyshev polynomials can be used to numerically solve similar equations.
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