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1 | INTRODUCTION

This work is devoted to prove that, under certain conditions on the nonlinear terms, the controllability of the associated ordinary
differential equation to a semilinear neutral differential equations with impulses, delay and nonlocal conditions is robust. To

be more specific, in this paper we give a sufficient condition for the exact controllability of the following neutral differential
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equation with impulses, delay and nonlocal conditions

d

- [20 = 1. 2)] = A4s02(0) + B + f1(t, 2, u(®),1 # 1, 1 €10, 7]

120) + h(z 2, ..., 2, )0) = n(0), 6 € [-r,0], (D

2(0) = 2(7) + (4, 2(t)), k=1,...,p,

L

where z(tZ) = lim,_,,z z(1), z(1;) = lim,_,,; z(t), Ao(1), and B(?) are continuous matrices of dimension nxn and nxm, respectively;
the functions f_,, f1, and A are smooth enough; 0 < ¢, <1, < -+ <1,<7,0< 7 <71, <7, <r <7, and the control
function u belongs to the space C([0, 7]; R™). Here, z, stands as the function z, : [-r,0] — R",z,(0) = z(t+6),andn € PW,,

where PW, is a natural Banach space defined as
PW, = {;1 : [-r,0] = R" |  is continuous except at the points 8,, k =1,...,p,
where the one-sided limits #(6,), n(6;) exist and n(6;) = n(6,) },

and endowed with the norm

lnll, = sup 0@l
oe[—r,0]

This work has been motivated by the fact that neutral equations can be seen as a perturbation on the derivative of an ordinary
differential equation. It will confirm the conjecture that impulses or abrupt changes, delays, and nonlocal conditions on a system
are intrinsic phenomena. This means that under certain conditions, they do not destroy some properties of the original system,

such as controllability, 3 which is the objective of this work.

2 | PRELIMINARIES

In this section, we present some notations to be used through this work and define the Banach space where the solutions of

problem (I)) will take place. After that, we characterize the exact controllability for the associated ordinary linear system to the
system (1.
We begin with the definition of a natural Banach spaces where this type of problems can be set.

PW,I_JP = {z : [0,7] — R" | z is continuous except at the points ¢,, k =1, ..., p,

where the one-sided limits z(7,), z(#]") exist and z(t]) = z(tk)}



OSCAR CAMACHO ET AL

equipped with the supremum norm, and
PW, = {;1 D=l = R | gl € PW, and 5|, € PW,IH,p}

equipped with the norm

llnll, = sup ] 17Ol gr-

S
oe[—r.t

We will also consider

R" =R"xR" X --- Xx R"
.

/

~
g—times

endowed with the norm

Rn*

q
Iyl = 1
i=1

Analogously, we define the Banach space

PW,q = {11 i [-r,0] > R?"

where the one-sided limits #(6,), 7(6,") exist and 7(6;") = ’7(91()}

)

o D10, 7] X PW, = R, £, : [0,7] X PW, x R" — R",

endowed with the norm

e[-r,0]

q
Inll,, 9;{330J||n( My = sup <;||n,< )|

The functions involving system (I)) are considered in the following spaces:

h:PW,,— PW,, Ji [0, 7] X R" — R".

To our knowledge, the study of the control system governed by non-autonomous semi-linear neutral equations is limited,
unlike the autonomous linear neutral differential equations where there are several works. There is even an algebraic condition for
the controllability of such systems that extends the well-known Kalman’s condition for autonomous systems of linear ordinary
differential equations.4 SlOI78 However, for semilinear neutral equations, the literature is not broad. There are few works on the
existence of solutions. Hernandez and Pierri® studied an abstract neutral differential equations with state-dependent delay is ,
and Nieto and Tisdell'¥ discussed the exact controllability of first-order impulsive differential equations. Recently, Malik and
Kumar” investigated the controllability of neutral differential equation with impulses on time scales. As far as we know, this is
the first time that the controllability of neutral equations with impulses and nonlocal conditions simultaneously has been studied.
A recently work™H proved the existence of solutions for impulsive time-varying neutral differential equations with impulses and

nonlocal conditions. This reveals the novelty of our paper, which shows that neutral differential equations are just perturbations

of ordinary differential equations from a controllability point of view.

n is continuous except at the points 8,, k =1, ...
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2.1 | Characterization of the Linear System
Corresponding to the neutral semilinear system (I)), we consider the linear system of ordinary differential equations
Z(t) = Ay()z(t) + B(Hu(t), t€(0,7]. 2)

We suppose that the reader is familiar with the concept of exact controllability, however, for the sake of completeness, we will

recall the adapted definition of exact controllability of ().

Definition 1 (Exact controllability). The system (T)) is said to be exactly controllable on [0, 7] if for every n € PW, and zl e R”,

there exists a control u € C([0, z]; R™) such that the corresponding solution z of @) satisfies
2(0) + h(z 5 2,505 2, )(0) =1(0)  and  z(7) = z'.

In order to state the well known characterizations of the controllability of system (2), we note that for all z° € R” and

u € C([0, r]; R™) the initial value problem

zZ'(t) = Ay()z(®) + B(Hu(t), te (0,7],

(3)
z(0) = 2°
admits only one solution given by
t
z(t) = E(t,0)2° + / E(t,0)B(0)d6, t€0,1],
0
where E(t,0) = ®(1)®'(9) and ® is the fundamental matrix of the uncontrolled linear system
Z'(t) = Ay()z(D). 4
Since E is continuous in both variables, there exists M > 1 such that
IEG O <M, Vi,0¢€]l0,7]. (5)

Definition 2. Corresponding with the linear system of ordinary differential equation (2)), we define the controllability operator

¢ : L,(0,7];R™) — R" as follows

T

Cu= / E(r,0)B(0)u(6)do. 6)
0
The adjoint operator €* : R" — L,([0, r]; R™) of the operator € is given by

(C*z)(s) = B*(s)E*(z,s)z, Vse€[0,7], VzeR" @)
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Proposition 1. The systems (2) is controllable on [0, 7] if, and only if, Ran(€) = R”".

Also, we define the Gramian operator as follows
Wz=CC"z= / E(z,5)B(s)B*(s)E*(z, s)zds.
0

Next, we shall use the following result from Curtain and Pritchard,'? and Curtain and Zwart."

®)

Lemma 1. Let Y and Z be Hilbert space, G € L(Y, Z) and G* € L(Z,Y) the adjoint operator. Then the following statements

hold.

) Ran(Q)=Z7Z <= Fy>0: ||IGz|ly 27lzll,, z€ Z.

(i) Ran(C) = Z <= ker(G*) = {0} < G* is 1— 1.

Lemma 2. 4 The following statements are equivalent.

a) Ran(C) = R".

b) ker(C*) = {0}.

c) Iy>0: (6C*z,z) > y|z]|>. z # 0in R".

d) AW~ € L(R") (B! is bounded).

e) B*(s)E*(r,s)z=0, Vse[0,7]=2z=0.

Therefore, the operator Y : R" — L,([0, r]; R™) defined by

Yz =B*()E*(z,)B 'z = C*(€C*) 'z,

is called the steering operator and it is a right inverse of €, in the sense that

CY =1.

Moreover,

1B~z = 1(CE) "zl <y llzll, zE€R”,

and a control steering system (2) from initial state z° to a final state z' at time 7 > 0 is given by

u(®) = BEOE (r, )W (z! = E(,0)z°) = Y(z! = E(z,0)20(), te][0,r].

©

(10)

an

12)
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Lemma 3. ' Let S be any dense subspace of L,([0, z]; R™). Then, system (2) is controllable with control u € L,([0, 7]; R™) if,

and only if, it is controllable with control u € S i.e.,
Ran(€) = R" < Ran(€|y) =R",

where €| is the restriction of € to S.

Remark 1. According to the previous Lemma, if the system is controllable, it is controllable with control functions in the

following dense spaces of L,(0, 7; R™):

S =C(0,7];R™), and S =C>([0,7];R"™).

Moreover, the operators €, 28 and Y are well defined in the space of continuous functions: € : C([0, z]; R™) — R” by

T

Gu:/E(r,s)B(s)u(s)ds, (13)

0

and €* : R" — C([0, z]; R™) by
(€"2)(s) = B'()E*(r,5)z, Vs €[0,7]. VzeR" (14

Also, the Controllability Gramian operator still the same 28 : R" — R”
BWz=CC*z= /E(T, s)B(s)B*(s)E*(z, s)zds. (15)
0

Finally, the operators Y : R" — C([0, z]; R™) defined by
Yz = B*()E*(z, ) 'z = €*(CC*) 'z, (16)
is a right inverse of €, in the sense that
CY =1. an
To conclude this section, we shall state the Rothe’s Fixed Point Theorem, which we will use to prove our main theorem

Theorem 1 (Rothe’s Fixed Point Theorem'231316) [ et E be a Banach space, and consider B C E a convex closed subset
containing the zero of E in its interior. Let ¥ : B — E be a continuous function with ¥(B) relatively compact in E and
Y(0B) C B. Then there exists x* € B such that

Y(x*) = x*.
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3 | MAIN HYPOTHESES

In this section, we will formulate our main hypotheses to be used in the proof of our principle result. The assumption that
the linear control system of ordinary differential equations (2)) is exactly controllable on [0, 7] will be required. We shall also
consider the following hypotheses on the nonlinear terms that involve the semilinear system of time dependent neutral differential
equations with impulses, delay and nonlocal conditions simultaneously:

(H1) The nonlinear terms are globally Lipschitz. i.e.,

1A(z) = hw)l|, < L,z = wll,,, z,w € PW

rq’ rq’

”f—l(t’ ’7) - f—l(t’ W)l

R~ < L—l”" - W”r’ ny € PW,, re [07 T]s
| £1@mw) = f16w, 0)||ge < Ly {lln = wll, + lu—llgn } » 7.9 € PW,, u,v € R™, 1 €[0,7],

(2, 2) = I, (2, w)|

po S dillz — wllgs, z,w € R", t € [0, ].

For all bounded set B in PW_ there exists a continuous function p : [0, 7] — R, depending on 3B such that p(0) = 0, and for

all z € B, and 1,,¢, € [0, 7] we have that

|71z = Faterz)||, < o (1 =110 iz
|n2)e) = A2

R7 <p (|t2 - tl I) ”Z”rq'

(H2)
110l < aolln=nll, + ull®, + ¢, nE€PW,, 1€0,7]
(H3)
14t D|lge < acllzllie + ¢, k=1,2,....,p, z€R", 1€]0,7]
(H4)

I, < ellzll”.  zePW

rq’?

”f—l(t?n)”R” S ”rl(_r)”;zix’ n € pwr? te [07 T]’

where 0 <o, < 1,k=0,1,2,3,....,p,0< < 1,0<n, <1,and 0 < w, < I.

Remark 2. Obviously, every bounded and globally Lipschitz function chosen conveniently, satisfies the hypotheses (H1)-(H4).
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4 | MAIN THEOREM

In this section, we shall prove that the neutral differential equation with impulses and nonlocal conditions is exactly controllable

if the system of ordinary differential equations (2) is controllable and the hypotheses (H1)-(H4) are satisfied.

Under the above hypotheses, for all € PW, and u € C([0, 7]; R™) the system (1)) admits one solution z(t) = z(t, n, u) given

by311

z(t) =<

-

L

E@,0)[n(0) = h(z,,, 24 o 2, )O) = £y (O, = h(z,0 2, s, 2,))]

t

+f (@t z) + / E(t,0) [Ay(0)f_1(0, z9) + f1(0. 25, u(0))] dO
‘ 0 (18)

+ / E@.O)BOUO)O + Y Et.t)J, (1. 2(t,)). 1 €[0.7],

0 0<t, <t

) =z, 22 )0, 1€ [=1,0].

Now, let us suppose for a moment that system (T) is exactly controllable. That is to say, for all # € PW, and z! € R” there

exists u € C([0, r]; R™) such that the corresponding solution of (I)), z(*) = z(z, 5, u) satisfies

i.e.,

z(0) + h(zT] Ny S ,zfq)(O) =n0), z(r)= z!,

2 = E@.0) [10) = 1z, 2o 2)O0) = 1O = Bz 2o 2,)

T

+ [ (r,z,)+ / E(z,5) [Ag(9)f_ (5, 2) + f1(5, z,, u(s))] ds

0
T

q
+ / E(z,$)B(s)u(s)ds + Y E(z,1,)Ji(t,, 2(t,).

Hence

0 k=1

Gu=z' — E(z.0) [;1(0) iz 2 e 20 )O) = FyOun = Bz, 2, e z,q))]

T

- f(t,z)— / E(7,0) [Ag(0)f_1(0, z9) + f1(0, 25, u(0))] dO

0

q
= D E(x, 1)t 2(1).
k=1

Then

u(t) = B¥*(OE*(z, )W~ L(z, u),
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where & : PW_ X C([0, 7]; R™) — R” is given by the following formula

T

g@m=ﬂ—LMJ)—/E@@Pwmﬂij+ﬂ@%#@ﬂw—

0

E@0) [10) = Az, 20 2)0) = 1O = Rz 27,
q
- Z E(z, tk)-]k(tk, Z(tk))~
k=1
Next, we consider the operator Q : PW_x C([0, 7]; R™) — PW_ x C([0, z]; R™) defined as follows
Q(Z7 Ll) = (Ql(z’ Ll), 92(2’ Ll)) = (y7 U),

where Q, : PW_XC([0,7];R™) — PW_and Q, : PW_x C([0, 7]; R™) — C([0, r]; R™) are operators defined by:

s

E@0,0)[n(0) = Az, 2,5 -, 2, )(O)

—fo0n—=h(z, 2z, ..., zfq))]
t
+ / E@.0) [AO(Q)f—l(ev zp) + f1(6, Zg,u(9))] do

Q(zuwn) =yn) =4 i

+ / E(t,0)B(0)u(0)do + f_,(t, z,)

0

+ ) E1)d (10 2(1)), 1€ (0,7,

0<t, <t

n(t) — h(zr1 N S z,q)(t), te[-r0].

\

and

Q,(z,u)(t) = v(t) = B*®)E*(z, NW ' L(z,u), te]l0,r],

respectively.

Taking into account the above discussion, the following proposition is now obvious.

Proposition 2. System @) is controllable if, and only if, the operator Q has a fixed point, i.e.,
A(z,u) € PW,_ x C([0,7]; R™) : Q(z,u) = (z,u).

Now we are in position to present the main theorem of this paper.

Theorem 2. Suppose conditions (H1)-(H4) hold and the linear system (2) is controllable on [0, z]. Then, the semilinear neutral

differential equation @ is also controllable on [0, 7]. Moreover, for # € PW, and z! € R” there exists u € C([0, t]; R™) such



10 | OSCAR CAMACHO ET AL

that the corresponding solution z(r) = z(t, n, u) of (I) satisfies

2! = 2(r) =E(z,0) [;1(0) ~ 2y 2 2 )O) = [ O.n = iz, 2, . .. ,zfq))]

T

+ [T z) + / E(z,0) [Ay(0)f_1(0. 29) + 11(8. 2. u(8))] dB

0

T

q
+ / E(z, 0)BOu©)d0 + Y E(z.1,)Ji(t,. 2(1,))
k=1

0

and

ut) = B*(OE*(r, )y~ Z(z,u), t€[0,7].
Proof. The proof of this Theorem will be given by asseverations. After that, we will confirm our main statement.
Asseveration 1. The operator Q is continuous.

It is enough to prove that the operators €, and Q, are continuous. On the one hand, we prove the continuity of €. To this
end, we proceed as follows:
For ¢t € [0, 7], we get that

19, (z.1)(0) = Q. 0)O)|| < K|z = wl| + Ky llu = vll,
where

Ki=M[L,+L_L,+L_+tL_||Aj| + Lz +d]

K, =M=z [L, +| Bl

q
withd = Y d,, | Bl = sup [|B©)Il,and [|Ao| = sup ||4,(®)].
k=1 0€l0,7] 0€[0,7]

For t € [—r, 0] we have that
2z, w)(t) = Q,(w, v)(D)|| < LIz - wl|.

These two inequalities imply the continuity of Q,.

On the other hand the continuity of Q, follows from the continuity of B, E, and &Z.

Asseveration 2. The operator Q maps bounded sets of PW_ X C([0, r]; R™) into equicontinuous sets of PW_x C([0, z]; R™).
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In fact, let D be a bounded set of PW_ X C([0, r]; R™), and consider the following inequalities:

For0 < t, <t, < 7 and (z,u) € D, we have that

121z, u)(ty) — @, (2, u)t)|| S| E2,0) — Et,,0)]| [||n(0)||+||h(z,l,z,2, Zg)

+ ”f—l(o”? —h(z, 2,0 ZT"))”]

; / |E(12.0) = E(t,.0)[[| BO1u(®)]1d6
0
153

; / 1E. 0)[| BO) 16| d

1
#o (I =)zl + [ 1EG.0) - E6,.0)]
0

X ([[46(0)1-1(0, 29) + £,(0, 29, u(0))||d0)

+ /|-E(12’ O)|[|| Ao(0).f_1(8. zp)+ f1(0, 2y, u(0))||dO

LA

+ D |E@, 1) = st | Tt 200

0<t,<t,

D RN [[EACRE

1)<t <t

For —r < t; <t, <0, we have that

(€12, u)(1) = @z}t || < ||n(2) = nep]| +
Hh(z,],z,z, 2 )0) — h(Zy 2, z,q)(tl)”

< At = @) + o (18, — 1,1) 1zl py, -

Since ||E(t,,6) — E(t,,0)|| = 0,p (It2 - t1|) — Oast; — t, and the above inequalities, we obtain that ; (D) is equicontinuous.

On the other hand, for 0 < ¢, <, < 7 and (z,u) € D, the following estimate holds
1922z, (1) = oz e < [ B Lz w|| B @) E* 7 1)~ B E 1))

Analogously, since || B*(t,) E*(z,1,) — B*(t))E*(z,1,)|| = 0 as 1, — t; and Z(z,u) is bounded in D, we get that Q,(D) is

equicontinuous.

Asseveration 3. The set Q(D) is relatively compact on PW_ X C([0, z]; R™).
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Indeed, since the functions f_;, f, h, and J;, are smooth enough, there exist positive constants M, M,, M5, M,, and M_,

such that for all (z,u) € D and all t € [—r, 7] we have that

I/ aez)] < M
/1 2 u@)|| < M,
|® 2w < M,

Ih@)l < My

[t 2@0))|| < M.

Hence Q(D) is bounded.
Now, let {qo,- =(@;,Pn) (i € N} be a sequence in Q(D) c PW, x C([0, z]; R™). Since {@iz}ieN is a sequence in
Q,(D) c C([0, z]; R™), which is uniformly bounded and equicontinuous, we can apply the Arzela-Ascoli theorem directly to

ensure the existence of a convergent subsequence of {(P[z}i <y that, without loss of generality, we can keep calling {(Piz}iEN.

On the other hand, we consider the sequence {(pi1 } which is in Q (D) C PW,. Since Q,(D) is a uniformly bounded and

ieN’
equicontinuous family, on [—r, ¢, ], there exists a convergent subsequence {(,ol.'l }ieN C {(,o,-1 }ieN by applying the Arzela-Ascoli

theorem again. Now, consider {¢! } _ on [1,,1,]. Then {¢]}, } _ has a convergent subsequence {¢? } _ on [1,,1,]. Contin-

p+1

uing with this process the subsequence {(pi1 } converges uniformly on each interval [—r, 1], [¢,,1,], ..., [tp, 7]. Therefore,
ieN

the subsequence {qof = ((pf;r ! (pf; hiie N} of {(pi}ieN is uniformly convergent. Hence Q(D) is compact, i.e., Q(D) is

relatively compact.

Asseveration 4. The operator Q satisfies the following condition.

Iz wll _
ol |I(z, Wl

il

where
Nz, il = Nzl + llull = |zl py, + llullo,

is the norm in the Banach space PW_ x C([0, 7]; R™), with

llullp = sup [lu(®)llgn-
r€l0.7]
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From the definition of &, we have that
12z, wll <N2'|| + 1 E(z, 0)]|In(0) — hz, .z, .., 2, )(0)
= SO =h(z 2o 2 )+ 12 (7, 2]
+ [ IEG.ONAWS 0.2+ 10,2100
0
q
+ D IE@ )t 2.
k=1
Hypotheses (H1)-(H4) imply that
12wl <llz'| + Mn©)|| + M [ellz]|™ + 2 [In]|** + e[| z]| ™
+ 1zl + M LAl 21T + agllzl| + [lull® + ¢
q
+M ) [allzll™ + ¢
k=1
<K + M [e||z||™ +27 e || z[|" ] + [|z[|”
q
+ Mz [[|[ Al 2™ + aglizll% + [lull®] + M Z [allzll%] .
k=1
where K = ||z!|| + M [lln(O)ll + 22|17t + ey + Zz=1 ck]. Now, as consequence of (TI]), we obtain that
|z 0| < I1B*OINE* (7, )W~ Z(z,wl| < IBOINEE )y~ 1Lz, wl.
Hence,
|z w)| <IBIMy™'K + || Bl M*y™! [€||Z||"‘ + 2% ||Z||w‘"‘] +IBIMy~" 2|
+ I BIM?y "z [ Aol 2Nt + aglizl|® + [lull ]
q
+IBIM?y™" Y a,llz]|™. (19)
k=1
Likewise,
Q1 (z. w| <M [InO)[| + M [ellz]|™ + 27 [|n]|“* + 2”1 ||z]| ™ ]
+ 121+ Mz [[[ Al 211 + apllz]|% + [Jull® + ¢
q
+ MBIy Lz wll + M Y [agllzl™ + ¢,
k=1
<K, + K, (M |lnO)|| + M [ellz||" +2°|7]|" + 2”1 e“ || z[|™" ] + [|z[|”
q
+ Mz [[[AllIzIl” + apllz|% + llull® + co] + M Z lapllzll® + <] ). (20)

k=1
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where K, = M?z||B||*>y~!||z!|| and K, = M*z||B||>*y ! + 1. Let K, = K, + || B|| My~". Then, by (T9) and (20),
Nz, wll =||Q (z.w)|| + ||z, w)|
<K;+ Kyllz|”" + Ksllz[|'" + Kgllz[|"+

q
K 1zl|% + Kgllull® + Ky Y agllz]|*,

k=1
where
q
K; = Ko+ MK, (IInO)| + 7co + Z ¢ + 27 Inllr) + | Blly ' K],
k=1
Ky =K, + | BIMy™" + K, M| Aol + [ BIM?y 't Al Ks = M21¢” K,
and
Ky = MeK,, K;=Mra,K, Kz=MrK, K,=MK,.
Consequently,
QG wll _[12:G.w] + |2 v
lCz, wlll [1z]] + [full
3 -1 @ -1 -1
Se————+ K lz[|”"7 + Ks|lz[|”" 7" + Kellz|I" ™+
Izl + flull ’ ‘
q
Kozl + Kgllulo™" + K, Z apllz]| %",
k=1
whence

ez wil _
zwil—e |||z, W

Asseveration 5. The operator Q has at least one fixed point.

Actually, by the previous lemma we have that for 0 < p < 1 there exists R > 0 such that

€z, wl

<p if |itz.wll = R.
lCz, wll

Therefore, if ||z, )|l = R, then [|Q(z, w)|| < pll(z, w)|l < pR < R. This implies that
Q(0B(0, R)) C B0, R),

where B(0, R) is the closed ball of radius R centered at zero. The foregoing Asseverations|[T] 2] [3] and]together with the Rothe’s

fixed theorem|I| allow us to conclude that there exists (z,u) € PW_ X C([0, r]; R™) such that

Q(z,u) = (z,u).



OSCAR CAMACHO ET AL 15

By Proposition [2]and Asseveration 5] the system (T)) is exactly controllable on [0, z]. Furthermore,
u(t) = B*(OE*(t,h) B L(z,u)
and

2 =E@0) [10) = Az, 2o 2O = 1O = hEy s 2oy 2,)|

T

+ /(T z) + / E(z,0) [A(0)/_1(0, 2) + £1(0, 2, u(6))] d6

0
T

q
+ / E(z,0)BOu(©)d0 + Y E(r.1,)J,(ty. 2(1,).

0 k=1

S | AN EXAMPLE

As an application, in this section we will illustrate our result with an example where Theorem [Z] can be applied. In this regard,

we consider the following semilinear time dependent neutral control system with impulses, delay and nonlocal condition
% [2() = f_1(1, 2)] = Ag(®)z(1) + BOu(t) + f1(t, z,,ut)), t # 1, 1 € [0, 7]
z(0) + h(zrl N S qu)(H) =), 6 € [-r,0], 2D
z(t)) = z(t) + Ly, 2(t), k=1,....p,
where A((t) = a(t)A and B(r) = b(t)B with A, and B, n X n and n X m constant matrices, respectively. Here, a € L'[0, 7],
b € C[0, 7] satisfy

T

/ a(s)ds # 0, b(t) £ 0, t € [0, 7]
0
From Leiva and ZambranoZ, if the following rank condition holds

Rank[B; AyB; - ; A" B] = n,
then the time dependent linear system given by
2/ (1) = Ay(D)z(t) + B)u(?), te[0,7]

is exactly controllable on [0, z]. The nonlinear terms and the impulsive functions are given as follows.
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e Fork=1,...,p,

Then

f1 0 10, 7] X PW,([-r,0; R") X R" — R”

Vull +1 + v/, (-r)

(t7¢’u) = fl(t7¢’u) =

Vull +1 + /b, (—r)

Viull +1 + /b, (-r)

o 2 10,7l X PW,([-r,0]; R") — R”

\ d)](—r)
\ 4’2(—")
t,¢) — [0 @)=
V&.(=1)
h: PW,q([—r, 0f; (RM?) — PW.([-r,0]; R")
sin(qbil)
¢ |sin(e,)
(@1s a2 ) > (b, ) = D :
i=1
sin(;, )
Ji 1 [0, 7] X R" — R”
sin(z¥)
sin(z%)
(z,u) = Ji(z,u) = cos(\/llull + 1)
sin(z¥)

1A, wll < V/allg(=rII' + /ullull ' + y/n,

/- @I < A/nllp(=n'7,

and since 4 and J;, kK = 1,2, ---, p are bounded, the conditions of Theorem E] are satisfied. Hence, the system @I) is exactly

controllable on [0, 7].
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6 | CONCLUSION AND FINAL REMARK

In this work, we proved that under certain conditions the semi-linear control system of nonautonomous neutral differential
equations with impulses and nonlocal conditions is exactly controllable if the associated linear control system of nonautonomous
ordinary differential equations is exactly controllable, which was achieved using the uniform continuity of the evolution operator
and Rothe’s fixed point theorem. In fact, the uniform continuity of the evolution operator helped us to prove the equicontinuity and
the uniform boundedness of a family of functions in the cartesian product space of the solutions space and the controls space. By
contrast, in infinite-dimensional Banach spaces, the uniform continuity far away from zero of the evolution operator is achieved
assuming compactness of the evolution family. This implies that the linear control system governed by the ordinary evolution
equation cannot be exactly controllable anymore, only approximately controllable. Hence, only the approximate controllability

can be studied. We believe Rothe’s fixed point theorem could be used in this case as well.
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