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Abstract In this paper, we present an approach to the fractional Dunkl Laplacian in a framework emerging from certain
reflection symmetries in Euclidean spaces. Our main result is pointwise formulas, Bochner subordination, and an extension
problem for the fractional Dunkl Laplacian as well.
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1 Introduction

In [7], Dunkl introduced a family of first-order differential-difference operators related to some finite reflection groups in
the Euclidian space. Recently, these operators have gained considerable interest in various fields of mathematics and also in
physical applications. For more details about these operators see [2, 3, 4, 7, 8, 11, 14, 17, 19, 20, 28] and references therein.
The Dunkl-Laplacian operators are k–deformations of the standard Laplacian operator ∆ � ∂

2~∂x2
1 � . . . �∂

2~∂x2
d and they

are fundamental tools for generalization of several classical known results and so, it is a convenient setting for developing
fractional Dunkl-Laplacian operators. Recall that for a function f in the space of Schwartz functions S�Rd�, the fractional
Laplacian ��∆�α~2, 0 @ α @ 2, is defined by means of the Fourier transform

��∆�α~2 f �F�1�Sξ SαF f �ξ��, f > S�Rd�,
and can be expressed by the pointwise formula [16]

��∆�α~2 f �x� �� 1
γd�α� lim

ε�0
S
Rd
�B�0,ε�

f �x�� f �x�y�
SySd�α

dy, where γd�α� � π
d~2SΓ ��α

2 �S
2αΓ � d�α

2 � , (1)

and B�0,ε� denotes the ball of radius ε centered at the origin, see [24]. The operator ��∆�α~2 is connected to PDE’s through
the Caffarelli–Silvestre extension theorem [5] which establishes the following: if U �U�x,y� is the solution to
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¢̈̈̈̈
¦̈̈̈̈
¨̈¤

∆U�x,y�� ∂
2U�x,y�

∂ 2y
�

1�α

y
∂U�x,y�

∂y
� 0, �x,y� >Rd

��0,ª�,
U�x,0� � u�x�, x >Rd ,

(2)

then,

��∆�α~2u�x� � �2α�1
Γ �α~2�

Γ �1�α~2� lim
y�0�

y1�α ∂U
∂y

�x,y�.
Note that the fractional Laplacian can be defined in many equivalent ways on the whole Rn, see for instance [12]. The frac-
tional rational Dunkl-Laplacian is then a natural object to consider, since it is a k-deformation of the standard Laplacian.
Moreover, it is the simplest example of a large class of differential-difference operators associated with root systems. For
more, we the refer to Opdam’s lecture notes [17] for the trigonometric Dunkl theory, and to the books of Cherednik [6] and
of Macdonald [14] for the generalized quantum theories.

In this work, we present several descriptions of the fractional Dunkl-Laplacian on the Eucldian space. Our principal
tools is the spherical mean-value type operator and Pizzetti’s type formula related to the Dunkl operator. We are mainly
interested in describing an analogue of pointwise formula (1) and the extension problem (2) in the setting of Dunkl theory. In
Section 2 we give a brief review of some elements of harmonic analysis related to the Dunkl operator. In Section 3 we derive
several pointwise formulas for the fractional Dunkl-Laplacian. In Section 4 we use the spherical mean-value type operator
and Pezzitti’s formula to give a Bochner type representation and we give several illustrative examples of fractional Dunkl
Laplacian associated to root system An�1 and radial functions. In the last Section 5, we give the fundamental solution and we
study the fractional Dirichlet-to-Neumann map for Dunkl-Laplacian.

2 Preliminary

In order to introduce our setting, we first collect some facts about the Dunkl operators. General references are [7, 8] and
[19, 20]. LetR be a reduced root system in Rd . For a vector v >R, define the reflection σv by

σv�x� � x�2
`x,ve
SvS2 v, x >Rd , (3)

where ` . , .e is the standard Euclidean inner product and SxS �»`x,xe is the Euclidean norm on Rd . Let κ �R� �0,�ª� be a
G-invariant function , where G is the group of finite reflections related to root system R (the function k is called multiplicity
function). The Dunkl operators Tj, 1B j B d are the following κ–deformations of partial derivatives ∂ j by difference operators:

Tj f �x� � ∂ j f �x�� 1
2
Q
v>R

κ�v� `v,e je f �x�� f �σv�x��`v, xe (4)

� ∂ j f �x�� Q
v>R�

k�v� `v,e je f �x�� f �σv�x��`v, xe , j � 1, 2, . . . , d.

Here, R� is any fixed positive subsystem of R and e1, . . . , ed , are the standard unit vectors of Rd . Note that the Dunkl
operators Tj commute pairwise and are skew-symmetric with respect to the G-invariant measure wκ�x�dx, where the weight
function wκ is given, for x >Rd , by

wκ�x� ��M
v>R

S`x,veSκ�v�
� M

v>R�

S`x,veS2κ�v�.

The latter is a positive homogeneous function of degree 2γκ , where γκ � Pv>R�
κ�v�. For fixed x > Rd , the Dunkl kernel

y� Eκ�x,y� is the unique solution to the system

¢̈̈̈
¦̈̈̈
¤

Tj f � x j f , 1 B j B d,

f �0� � 1.

The following integral formula was obtained by Rösler [19]
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Eκ�ξ ,x� � S
Rd

e`ξ ,yedµx�y�, x>Rd . (5)

where µx, x>Rd , is a compactly supported probability measures. Specifically, it is supported in the convex hull O�x� of the
G-orbit of x. For a function f in L1

κ�Rd�, the Lebesgue space with respect to the measure wκ�x�dx, the Dunkl transform is
defined by

Fκ f �ξ� � Âf �ξ� � 1
cκ
S
Rd

f �x�Eκ��iξ ,x�wκ�x�dx, (6)

where the normalized constant is given by

cκ � S
Rd

e�
SxS2

2 wκ�x�dx. (7)

In a similar way to the Fourier transform (which is the particular case κ � 0), the Dunkl transform is a topological auto-
morphism of the Schwartz space S�Rd� and can be extended to an isometric automorphism of L2

κ�Rd�. Yet more, for every
f >L1

κ�Rd� such that Fκ f >L1�Rd ,wκ�, we have

f �ξ� �F2
κ f ��ξ�, ξ >Rd ,

and, for f > S�Rd�,
Fκ�Tj f ��ξ� � i ξ j Fκ f �ξ�, ξ >Rd , 1 B j B d. (8)

As in the classical case, a generalized translation operator is defined in the Dunkl setting side on L2�wk� (the Lebesgue
space of square integrable functions with respect to wκ�x�dx) by Trimèche [28]

τ
x f �y� ��F�1

κ �Eκ�ix,y�Fκ f ��y�, y >Rd . (9)

We also define the Dunkl convolution product for suitable functions f and g by

f
k
� g�x� � 1

cκ
S
Rd

τ
�x f �y�g�y�wκ�y�dy.

The Dunkl Laplacian associated with a reduced root system R, and multiplicity function κ , is the differential-difference
operator, which acts on C2 functions by

∆κ ��

d

Q
i�1

T 2
i , where Ti, 1 B i B d are the Dunkl operators defined in (4).

In explicit form, we have
∆κ f �x� � ∆ f �x��2 Q

v>R�

κ�v�δv f �x�, f >C2�Rd�,
where ∆ is the usual Laplacian on Rd , and

δv f �x� � `© f �x�,ve
`v,xe �

f �x�� f �σv�x��`v,xe2 .

Similarly to the fractional Laplacian on Rd , the fractional powers of ��∆κ�α~2 are defined by using the Dunkl transform
(6). Indeed, the Dunkl Laplacian operator is essentially self-adjoint on L2

κ�Rd�, see for instance [1, Theorem 3.1]. It is a
Fourier-Dunkl multiplier with symbol Sξ S2, since by (8) we have

Fκ��∆κ f ��ξ� � Sξ S2Fk� f ��ξ�.
Therefore, we can define in a natural way the action of ��∆κ�α~2 �α > �0, 2�� on the Dunkl transform side by the equation

Fκ���∆κ�α~2 f ��ξ� � Sξ SαFκ� f ��ξ�, for all f > S�Rd�. (10)
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3 Fractional Dunkl Laplacian: Pointwise formulas

Although we have formally introduced the fractional Dunkl-Laplacian by the formula (10), such definition has a major
disadvantage: it is not easy to understand a given function (or a distribution) by prescribing its Fourier Dunk transform. For
this reason, we introduce a different pointwise definition of the fractional Dunkl-Laplacian.

Lemma 3.1 For every u > S�Rd�, one has

S2u�x��τ
xu�y��τ

xu��y�S B SyS2
cκ
S
Rd
Sξ S2SFκ u�ξ�Swκ�ξ�dξ .

Proof. The integral representation for the Dunkl Kernel given by (5), leads to

S2�Ek��iy,ξ��Ek��iy,ξ�S � 2S
Rd
�1�cos�`y,ηe��dµ

k
ξ
�η� B SyS2S

Rd
Sη S2dµ

k
ξ
�η�.

Since the support of the probability measure dµξ on Rd is contained in the convex hull O�ξ� of the orbit of ξ under the
action of the reflection group G, then

S2�Eκ��iy,ξ��Eκ��iy,ξ�S B SyS2Sξ S2.
On the other hand, the integral representation in (9) leads to

2u�x��τ
xu�y��τ

xu��y� � 1
cκ
S
Rd
Fκ u�ξ� Eκ�ix,ξ� �2�Eκ�iy,ξ��Eκ��iy,ξ�wκ�ξ�dξ , x, y >Rd .

Therefore,

S2u�x��τ
xu�y��τ

xu��y�S B SyS2
cκ
S
Rd
Sξ S2SFκ u�ξ�wκ�ξ�dξ .

A@

Recall that the Dunkl heat kernel Γκ�t,x� is given by [19]

Γκ�t,x� �� 1
�2t�γκ�d~2 cκ

e�SxS
2~4t , x >Rd , t A 0,

and has the following properties:

Fκ�Γκ�t, .���x� � e�tSxS2 , S
Rd

Γκ�t,x�wκ�y� � 1, t A 0. (11)

Definition 3.2 Let α > �0,2�. The fractional Dunkl-Laplacian operator ��∆κ�α~2u of u > S�Rd�, is the nonlocal operator in
Rd defined by

��∆κ�α~2u�x� � 1
γκ,d�α� SRd

2u�x��τ
xu�y��τ

�xu�y�
SySα�2γk�d wκ�y�dy. (12)

where γκ,d�α� is a suitable normalization constant that is given implicitly in Proposition 4.3.

Notice that for u > S�Rd�, the integral in the right-hand side of (12) is convergent. Indeed, it suffices to write

S
Rd
U2u�x��τ

xu�y��τ
xu��y�

SySα�2γκ�d Uwκ�y�dy � S
Rd
�B�0,ε�

U2u�x��τ
xu�y��τ

xu��y�
SySα�2γκ�d Uwκ�y�dy

�S
B�0,ε�

U2u�x��τ
xu�y��τ

xu��y�
SySα�2γκ�d Uwκ�y�dy.

From Lemma 3.1, we have

S
B�0,ε�

U2u�x��τ
xu�y��τ

xu��y�
SySα�2γκ�d Uwκ�y�dy BCS

B�0,ε�
wκ�y�SySα�2γκ�d�2 dy @ª.
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Since wκ is a homogeneous function of degree 2γκ , and α > �0,2�, the constant C in the above inequality is given by C �

c�1
κ ZS . S2Fκ uZ1. On the other hand, keeping in mind that u > S�Rd�, which implies in particular that τ

xu > Lªκ �Rd�, then we
have

S
Rd
�B�0,ε�

U2u�x��τ
xu�y��τ

xu��y�
SySα�2γκ�d Uwκ�y�dy B 2max�YuYª, YτxuYª�S

Rd
�B�0,ε�

wκ�y�SySα�2γκ�d dy @ª. (13)

Therefore Definition 3.3 provides a well-defined function on Rd .

Remark 3.3 The following alternative expression for ��∆κ�α~2 is quite useful in the computations: For every u > S�Rd�, one
has

��∆κ�α~2u�x� �� 2
γκ,d�α�PVS

Rd

u�x��τ
xu�y�

SySα�2γκ�d wκ�y�dy, (14)

where PVRRd v�y�dy � limε�0 RRd
�B�0,ε� v�y�dy (Cauchy’s principal value sense). Indeed,

S
Rd

2u�x��τ
xu�y��τ

xu��y�
SySα�2γκ�d wκ�y�dy � lim

ε�0�
S
Rd
�B�0,ε�

2u�x��τ
xu�y��τ

xu��y�
SySα�2γκ�d wκ�y�dy

� lim
ε�0�

S
Rd
�B�0,ε�

u�x��τ
xu�y�

SySα�2γκ�d wκ�y�dy� lim
ε�0�

S
Rd
�B�0,ε�

u�x��τ
xu��y�

SySα�2γκ�d wκ�y�dy

� 2 lim
ε�0�

S
Rd
�B�0,ε�

u�x��τ
xu�y�

SySα�2γκ�d wκ�y�dy.

Note that it is necessary to take the principal value of the last integral since we have eliminated the cancellation of the
linear terms in the symmetric difference of order two, and Su�x�� τ

xu�y�S is only O�SyS� (see [26, Theorem 3.14]). Thus, the
smoothness of the function u no longer guarantees the local integrability.

4 Representation via spherical mean-value operator

In this section, we provide a useful expression of ��∆κ�α~2u in terms of an integral involving the spherical mean-value
operator associated to Dunkl operator. According to [15], the spherical mean-value operator associated to Dunkl operator
Mk

ru�x� is defined by

M
κ
r u�x� � 1

σκ�d� SSd�1
τ

xu�rω�wκ�ω�dσ�ω�, x >Rd , r C 0,

where Sd�1 is the unit sphere in Rd , dσ denotes the Lebesgue surface measure and

σκ�d� �� S
Sd�1

wκ�ω�dσ�ω� � cκ

2γκ�
d
2�1

Γ �γκ �
d
2 � .

From Mejjaoli-Trimeche [15] one can extract the following proposition, that gives an extended Pizzetti’s formula associated
with the Dunkl operators.

Proposition 4.1 Let f >Cª�Rd� and a >Rd . The following asymptotic expansion is valid

1
σκ�d� SSd�1

τ
a f �εω�wκ�ω�dσ�ω� �Γ �γκ �

d
2
� ªQ

n�0
�ε

2
�2n ∆

n
κ f �a�

n!Γ �γκ �
d
2 �n� , as ε � 0�. (15)

Lemma 4.2 Let u > S�Rd� one has

��∆κ�α~2u�x� � 1
πκ,d�α� S

ª

0

u�x��Mκ
r u�x�

r1�α
dr, x >Rd , where πκ,d�α� �� γκ,d�α�

2σκ�d� . (16)

Proof. From Proposition 4.1 (see also [15, Theorem 4.17 ], one has

∆κ u�x� � 2�2γκ �d�
σκ�α� lim

r�0

u�x��Mκ
r u�x�

r2 .
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Therefore, the integrand in the right-hand side of (16) behaves like

u�x��Mκ
r u�x�

r1�r � O�r1�α�, r� 0.

Since u > S�Rd� and α > �0,2�, we conclude that the integral in the right-hand side of (16) is convergent. On the other hand,
the use of the polar coordinates x � rω, allows us to rewrite (14), in the following forms

��∆κ�α~2u�x� � 2
γκ,d�α� lim

ε�0
S

ª

ε

1
r1�α SSd�1

�u�x��τ
xu�rω��wκ�ω�dσ�ω�dr

�
2σκ�d�
γκ,d�α� lim

ε�0�
S

ª

ε

u�x��Mκ
r u�x�

r1�α
dr �

1
πκ,d�α� S

ª

0

u�x��Mκ
r u�x�

r1�α
dr.

A@

4.1 Computation of the constant γκ,d�α�

The reason behind the introduction of the constant γκ,d�α� in (12), is to insure the validity of identity (10). Its exact form is
given here.

Proposition 4.3 The constant γκ,d�α� in (12) is given by

γκ,d�α� �� cκ SΓ ��α

2 �S
2α�γκ�d~2Γ �γκ �

α�d
2 � . (17)

Then, for every u > S�Rd�, we have
Fκ��∆κ�α~2u�ξ� � Sξ SαFκ u�ξ�, ξ >Rd . (18)

Proof. From [21, formula 4.4], we have

M
κ
r u�x� � 1

cκ
S
Rd
Jγκ�d~2�1�rSξ S�Fκ u�ξ� Eκ�iξ ,x�wκ�ξ� dξ ,

where, the normalized Bessel functions Jκ�x� is defined by

Jκ�x� ��Γ �κ �1��2~x�κ Jκ�x�.
Here, Jκ�x� is the Bessel Function of the first kind [30]. Then

u�x��Mκ
r u�x� � S

Rd
�1�Jγκ�d~2�1�rSξ S�Fκ u�ξ� Eκ�iξ ,x�wκ�ξ� dξ .

Substituting this expression in the integrand of (16), one has

��∆κ�α~2u�x� � 1
πκ,d�α� S

ª

0
S
Rd

1�Jγκ�d~2�1�rSξ S�
r1�α

Fκ u�ξ� Eκ�iξ ,x�wκ�ξ� dξ .

Applying Fubini-Tonelli’s theorem and taking into account of integral representation of the function Sλ Sγ , provided by [2,
Lemma 3.2],

Sλ Sγ � 2γ�1
Γ �ν � γ

2 �1�
Γ �ν �1�SΓ �� γ

2�S S
ª

0
�1�Jν�λx�� dx

xγ�1 , 0 @ γ @ 2,

we obtain
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��∆κ�α~2u�x� � 1
πκ,d�α� SRd

�S ª

0

1�Jγκ�d~2�1�rSξ S�
r1�α

dr�Fκ u�ξ�Eκ�iξ ,x�wκ�ξ�dξ

�

Γ �γκ �
d
2 �SΓ ��α

2 �S
πκ,d�α�2αΓ �γκ �

d�α

2 � SRd
Sξ SαFκ u�ξ�Eκ�iξ ,x�wκ�ξ�dξ .

Therefore,

Fκ��∆κ�α~2u�ξ� � Γ �γκ �
d
2 �SΓ ��α

2 �S
πκ,d�α�2αΓ �γκ �

d�α

2 � Sξ SαFκ u�ξ�, ξ >Rd .

In order to fulfill the equation (18), we impose that the normalized constant, in the above equation, satisfies

Γ �γκ �
d
2 �SΓ ��α

2 �S
πκ,d�α�2αΓ �γκ �

d�α

2 � � 1.

For this to happen, we necessarily have

γα,κ,d �
cκ SΓ ��α

2 �S
2α�γκ�d~2Γ �γκ �

α�d
2 � .

A@

Lemma 4.4 For α > �0, 2�, we have

S
Rd

2�Eκ�iξ ,y��Eκ��iξ ,y�
SySα�2γκ�d wκ�y�dy �

cκ SΓ ��α

2 �SSξ Sα
2α�γκ�d~2Γ �γκ �

α�d
2 � .

Proof. From the above property (11) one has,

S
Rd

Γk�t,y��2�Ek��iξ ,y��Ek�iξ ,y��wk�y� dy � 2 �1�e�tSξ S2�. (19)

Multiplying the members of (19) by t1�α~2 and integrating over �0,ª� with respect to the variable t, we get

S
ª

0
S
Rd

Γκ�t,y�
t1�α~2

�2�Eκ��iξ ,y��Eκ�iξ ,y��wκ�y� dy dt � 2S
ª

0

1�e�tSξ S2

t1�α~2
.

From the integral representation of the Dunkl Kernel given in (5), we deduce that

2�Eκ�iy,ξ��Eκ��iy,ξ� � 2S
Rd
�1�cos�`y,ηe��µ

κ

ξ
�η� C 0. (20)

Taking into account (20) and applying Fubini-Tonelli’s theorem, we obtain

S
Rd S

ª

0

Γκ�t,y�
t1�α~2

dt �2�Eκ��iξ ,y��Eκ�iξ ,y��wκ�y�dy � 2S
ª

0

1�e�tSξ S2

t1�α~2
dt.

A straightforward computation shows that

S
ª

0

Γκ�t,y�
t1� α

2
dt � R

ª

0 t��1�γ�α~2�d~2�e�
SyS2

4t dt

2γκ�d~2cκ

� 2α�γκ�d~2 Γ �γκ �
α�d

2 �
cκ SySα�2γκ�d .

Therefore,

S
Rd

2�Eκ�iξ ,y��Eκ��iξ ,y�
SySα�2γκ�d wκ�y�dy �

cκ SΓ ��α

2 �S
2α�γκ�d~2Γ �γκ �

α�d
2 � .

A@

Example 4.5 (The rank one case) In the case d � 1, the root systemR equalt to ��º2�, G �Z2 and wκ�x� � SxS2κ . Accord-
ingly, the Dunkl operator Tκ , associated with the multiplicity parameter κ C 0, is given by
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Tκ �� ∂x�
κ

x
�1� s� , (see also [8, Definition 4.4.2]),

and the corresponding Dunkl Laplacian operator ∆k is given by

∆κ �� T 2
κ � ∂

2
x �

2κ

x
∂x�

κ

x2 �1 � s�,
where s is the reflection operator, which acts on a function f �x� of real variable as:

�s f ��x� �� f ��x�.
Now, consider the so-called nonsymmetric Bessel function, also called Dunkl-type Bessel function, in the rank one case (see
[8, §4]):

Eκ�x� ��Jκ�1~2�ix�� x
2κ �1

Jκ�1~2�ix�.
Then, we have the eigenvalue equations

Tκ�Eκ�iλx�� � iλ Eκ�iλx�, ∆κ�Eκ�iλx�� � �λ
2
Ek�iλx�,

and the Dunkl transform is given by

�Fκ f ��λ� � Âu�λ� �� 1

2κ�
1
2 Γ �κ � 1

2� S
ª

�ª

u�x�Eκ��iλx�SxS2κ dx.

In [18], Rösler introduced the following generalized translation τ
x defined by

τ
xu�y� �� 1

2 S
1

�1
u�»x2�y2�2xyt��1� x�y»

x2�y2�2xyt
�hk�t�dt (21)

�
1
2 S

1

�1
u��»x2�y2�2xyt��1� x�y»

x2�y2�2xyt
� hk�t� dt,

where,

hκ�t� � Γ �κ �1~2�
22κ

º
πΓ �κ��1� t��1� t2�κ�1.

Theorem 4.6 Let u > S�R�. Then we have

��∆κ�α~2u�x� � 2α
Γ �κ � α�1

2 �
Γ �κ � 1

2�SΓ ��α

2 �S lim
ε�0
SSxSCε

S
1

�1

2u�x��ϖ
�

κ,x�t,y�u�»x2
�y2

�2xyt��ϖ
�

κ,x�t,y�u��»x2
�y2

�2xyt�
SySα�κ�1~2 dtdy,

where

ϖ
�

κ,x�t,y� � Γ �κ �1~2�
22κ

º
πΓ �k��1�

x�y»
x2�y2�2xyt

��1� t��1� t2�κ�1.

Proof. In dimension one, the formula (14) reads

��∆κ�α~2u�x� � 2α�1
Γ �κ � α�1

2 �
Γ �κ � 1

2�SΓ ��α

2 �S lim
ε�0
SSxSCε

u�x��τ
xu�y�

SySα�κ�1~2
dy,

and the result follows after substituting the expression (21) in the above formula. A@

Example 4.7 (Radial functions) Recall that a function u defined on Rd is radial, if there exists a function u0 defined on�0,ª� such that u�x� � u0�SxS�, x >Rd . In polar coordinates x � rω, the Dunkl Laplacian ∆κ is expressed as follows

∆κ �
d2

dr2 �
2γκ �d�1

r
d
dr

∆κ,S, (22)
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where ∆κ,S is the analogue of the Laplace-Beltrami operator on the sphere Sd�1. We refer the reader to [31] for more details
concerning ∆κ,S. From (22), we see that the operator ∆κ acts on the radial function u�x� � u0�SxS� as follows:

∆u�x� �Lγκ�d~2�1u0�SxS�,
where the Bessel operator is

Lγκ�d~2�1 �
d2

dr2 �
2γκ �d�1

r
d
dr

.

The Dunkl transform and the Fourier Bessel transform are deeply connected. In fact the Dunkl transform of a radial function
u > L1

κ�Rd� is again radial, i.e.
Fκ u�x� �FB

γκ�d~2�1u0�SxS�,
where FB

γκ�d~2�1u0 is the Fourier-Bessel transform of u0 > L1��0,ª�,dσν�, given by

F
B
γκ�d~2�1u0�r� � 21�γκ�d~2

Γ �γκ �d~2� S
ª

0
u0�s�Jγκ�d~2�1�rs� s2γκ�d�1 ds.

The fractional Bessel operator ��Lγκ�d~2�1� was considered in [2] and is defined as a Fourier-Bessel multiplier. Further,
from [2, Theorem 3.5], we have

��Lγκ�d~2�1�α~2u0�r� � 2α�1
Γ �γκ �

d�α

2 �
Γ �γκ �

d
2 �SΓ ��α

2 �S S
ª

0

f �r��T ru0�ρ�
ρ1�α

dρ,

where

T ru0�ρ� � Γ � d
2 �º

πΓ � d�1
2 � S

π

0
u0�»r2�ρ2�2rρ cosθ�sind�2

θdθ (23)

Theorem 4.8 Let α > �0,2�. For every radial function u�x� � u0�SxS� > S�Rd�, the fractional Laplace operator ��∆κ�α~2u�x�
is a radial function. Furthermore,

��∆κ�α~2u�x� � ςκ�α�S ª

0
S

π

0
�u0�SxS��u0�»SxS2� r2�2rSxScosθ�� sin2γk�d�1

θ

r1�α
dθdr, (24)

where the normalized constant ςκ�α� is given by

ςκ�α� � 2α�1
Γ �γκ �

d�α

2 �º
πΓ �γκ �

d
2 �SΓ ��α

2 �S . (25)

Proof. From (4.7), the functions Fku�ξ� and F�1
κ �Sξ SαFκ u�ξ���x� are radial. Then,

F
�1
κ �Sξ SαFκ u�ξ���x� �F�1

κ �Sξ SαFB
γκ�d~2�1u0�Sξ S���x� �FB

γκ�d~2�1�rα
F

B
γκ�d~2�1u0�r���SxS�,

and

��∆κ�α~2u�x� � 2α�1
Γ �γκ �

d�α

2 �
Γ �γκ �

d
2 �SΓ ��α

2 �S S
ª

0

u0�SxS��T SxSu0�ρ�
ρ1�α

dρ.

The result follows after substituting T SxSu0�ρ� in the above formula by its expression in (23). A@

Example 4.9 (Fractional Dunkl operators of type Ad�1) Let Sd denote the group symmetric in d elements. It acts faithfully
on Rd by permuting the standard basis vectors e1, . . .ed . Each transposition �i j� acts as a reflection σi j sending ei � e j to
e j �ei. A root system of Sd is given by

R �� ���ei�e j� � 1 B i @ j B d�.
There is only one conjugacy classe of reflections in Sd , leading to multiplicity parameter κ > R�. Then the correspondent
Dunkl operators of type Ad�1 are given by

Ti � ∂i�κQ
jxi

1�σi j

xi�x j
, i � 1, 2, . . .
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and the Dunkl Laplacian

∆κ � ∆ �2κ Q
1Bi@ jBd

1
xi�x j

�∂i�∂ j �
1�σi j

xi�x j
�.

In this case the classical Mehta integral in (7), whose value is given by

cκ � �2π�d~2
d

M
j�1

Γ �1� jκ�
Γ �1�κ� . (26)

According to Definition 3.2 and Proposition 4.3, the fractional Dunkl Laplacian associated to root system Ad�1 is given by

��∆κ�α~2u�x� � 1
πk,d�α� SRd

2u�x��τ
xu�y��τ

�xu�y�
SySα�2d2 M

1Bi@ jBd
Syi�y j S2κ dy. (27)

where

πκ,d�α� � �2π�d~2SΓ ��α

2 �S
2α�

1
2 d2

Γ �α�d2

2 �
d

M
j�1

Γ �1� jκ�
Γ �1�κ� .

4.2 Bochner’s subordination

Our next is to derive a pointwise (integro-differential) formula for the fractional Dunkl-Laplacian opearator ��∆κ�α~2 by
using the heat semigroup formalism. We begin with a preliminary observation that connects the heat semigroup �e�t∆κ�tC0 to
the spherical mean-value operatorMκ

r u.
Recall that the heat semigroup e�t∆κ is given by [19]

e�t∆κ u�x� �F�1
κ ��e�tSξ S2

Fκ u�ξ���x�, x >Rd .

Alternately [19]
e�t∆κ u�x� � S

Rd
u�y�τx

Γκ�t,y�wκ�y�dy. (28)

Lemma 4.10 Let u > S�Rd�. For every t > �0,ª�, we have

e�t∆κ u�x� � u�x�� σκ�d��2t�γκ�d~2 S
ª

0
e�r2~4t�Mκ

r u�x��u�x��r2γκ�d�1dr.

Proof. From (11), we have

e�t∆κ u�x��u�x� � S
Rd

T x
Γk�y,t��u�y��u�x��wk�y�dy � S

Rd
Γκ�y,t��τxu�y��u�x��wκ�y�dy

�
1

�2t�γκ�d~2 S
ª

0
e�r2~4t S

Sd�1
�τxu�rω��u�x��wκ�ω�dσ�ω�r2γκ�d�1dr

�
σκ�d��2t�γκ�d~2 S

ª

0
e�r2~4t�Mκ

r u�x��u�x��r2γκ�d�1dr,

which completes the proof. A@

Proposition 4.11 (Bochner representation) For 0 @ α @ 2 and u > S�Rd�, the following holds

��∆κ�α~2u�x� � 1
SΓ ��α

2 �S S
ª

0
�e�t∆κ u�x��u�x�� dt

t1�α

2
.

Proof. By Lemma 4.8, we have
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S
ª

0
�e�t∆κ u�x��u�x�� dt

t1�α~2
�

σκ�d�
2γκ�d~2 S

ª

0
S

ª

0

e�r2~4t

tγk�
d�α

2 �1
dt�Mκ

r u�x��u�x��r2γκ�d�1drdt

�
σκ�d�
2γκ�d~2 S

ª

0
�S ª

0

e�r2~4t

tγκ�
d�α

2 �1
dt��Mκ

r u�x��u�x��r2γκ�d�1dr,

assuming that we can exchange the order of integration. Finally, since

S
ª

0

e�r2~4t

tγκ�
d�α

2 �1
dt � 22γκ�d�α

Γ �γκ �
d�α

2
�r��2γκ�d�α�, (29)

then,

��∆κ�α~2u�x� � 1
SΓ ��α

2 �S S
ª

0
�e�t∆κ u�x��u�x�� dt

t1�α

2
.

A@

5 Extension problem

5.1 Fundamental solution of ��∆κ�α~2

For α >C, Re�α� A 0, we denote by SxS�α the tempered distribution defined by

`SxS�α , ϕe � 1
cκ
S
Rd

ϕ�x�
SxSα wκ�x�dx, ϕ > S�Rd�. (30)

For R�α� @ d �2γκ , the function SxS�α , as a distribution, generates a regular functional. However, if R�α� C d �2γκ , thenSxS�α is non-regular. In this case, it can be interpreted in the sense of regularization achieved by analytical continuation of
the mapping α � `SxS�α , ϕe from the left half-plane R�α� @ d � 2γκ . In the polar coordinates y � rω , the equation (30) is
expressed by a spherical mean type for the Dunkl operator in the following form

`SxS�α , ϕe � 1
cκ
S

ª

0
S
Sd�1

ϕ�ry�wκ�y�dσ�y�r2γκ�d�α�1 dr

�
1

2γκ�d~2�1Γ �γκ �d~2� S
ª

0
M

κ
r ϕ�x�r2γκ�d�α�1dr, ϕ > S�Rd�.

Proposition 5.1 Let ϕ > S�Rd�. The function α � `SxS�α , ϕe has an analytic extension to C� �2γκ � 2p� d, p > N�, with
simple poles at α � 2γk �2p�d and

Res�`SxS�α , ϕe;2γκ �d�2p� � � ∆
p
κ ϕ�0�

22p�γκ�d~2Γ �γκ �d~2� p� p!
. (31)

Proof. Observe that, for R�α� @ 2γκ �2n�d, we have

rS
ª

0
M

κ
r ϕ�0�r2γκ�d�α�1dr � S

1

0
r2γκ�d�α�1�Mκ

r ϕ�0�� n

Q
p�0

r2p
∆

p
κ ϕ�0�

4p�γκ �d~2�κ p!
�dr

�

n

Q
p�0

∆
p
κ ϕ�0�

22p�γκ �d~2�p p!
1

2γκ �2p�d�α
�S

ª

1
M

κ
r ϕ�0�r2γκ�d�α�1dr.

From Proposition 4.1 we have

M
κ
r ϕ�0�� n

Q
p�0

r2p

4p�γκ �d~2�p p!
∆

p
κ ϕ�0� � o�rn�, r� 0.
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The right hand-side of (32) does not depend on the choice of n (n A 1
2�R�α��2γκ �d) and from (5.1), then the right hand-side

of the formula (32) yields an analytic continuation of the mapping α � `SxS�α , ϕe on C��2γκ �2p�d, p � 0,1, 2, . . .�, with
simple poles at α � 2γκ �2p�d and

Res�`SxS�α , ϕe;2γκ �2p�d� � � σκ�d�∆ p
κ ϕ�0�

cκ 22p�γκ �d~2�p p!
.

A@

Proposition 5.2 The Dunkl transform of the distribution SxS�α
> S

��Rd� is given by

ÅSxS�α � dκ�α�
¢̈̈̈
¦̈̈̈
¤
SxSα�2γκ�d , α x 2γκ �d�2p, α x �2p,

��∆κ�p
δ , α � �2p.

Here δ is the Dirac delta function, p >N8�0�, the constant dκ�α� being given by

dκ�α� �
¢̈̈̈̈
¦̈̈̈
¤̈

Γ �γκ��d�α�~2�
ck2α�γκ�d~2Γ �α~2� , α x 2γκ �d�2p, α x �2p,

1, α � �2p.

Proof. Let ϕ > S�Rd�, we have

`ÅSxS�α , ϕe �� `SxS�α , Âϕe � 1
cκ
S
Rd
Âϕ�x�SxS�α wκ�x�dx.

Using Parseval identity for the Dunkl transform, and taking account of (11), we obtain

S
Rd
Fκ�ϕ��x�e�tSxS2 wκ�x�dx �

1
�2t�γκ�d~2 SRd

ϕ�x�e�SxS2~4t wκ�x�dx. (32)

Now, multiplying both sides of the equation (32) by t�1�α~2 and integrating over �0,ª� with respect to the variable t, we
obtain, for 0 @ α @ 2γκ �d, that

Γ �α~2�S
Rd

Âϕ�x�
SxSα wκ�x�dx �

Γ �γκ ��d�α�~2�
2α�γκ�d~2 S

Rd

ϕ�x�
SxS2γκ�d�α

wκ�x�dx.

By analytic continuation for α >C such that α x 2γκ �d�2p, p � 0, 1, 2, . . . and α x �2p, p � 0, 1, 2, . . . , it is obvious that

ÅSxS�α � dκ�α�SxSα�2γκ�d , where dκ�α� � Γ �γκ ��d�α�~2�
cκ 2α�γκ�d~2Γ �α~2� . (33)

For α � �2p and p � 0, 1, . . . , we have

@
ÄSxS2p,ϕ A�@ SxS2p, Âϕ A�

1
cκ
S
Rd
Âϕ�x�SxS2pwk�x�dx �

1
cκ
S
Rd

Æ��∆κ�pϕ�x�wκ�x�dx � ∆
p
κ ϕ�0�,

and finally, ÄSxS2p � ��∆κ�p
δ .

A@

Recall Iν the modified Bessel function of the first kind and Kν the modified Bessel of the third kind, of order ν x

0, �1, �2, . . . , are given in [30], by

Iν�z� � ª

Q
n�0

�z~2�ν�2n

Γ �ν �n�1�n!
and Kν�z� � π

2
I�ν�z�� Iν�z�

sinνz
, Sarg�z�S @ π.

We will also consider

qα,y�x� � dκ�α�
�y2� SxS2�γκ�

d�α

2
, y A 0,
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and state the following preparatory result.

Lemma 5.3 For d C 2 and y A 0, we have

1) Âqα,y�x� � yα~2Kα~2�ySxS�
cκ 2α~2�1Γ �α~2�SxSα~2 ;

2) ��∆k�α~2qα,y�x� � Γ �γκ��d�α�~2�
cκ 2�γκ�d~2Γ �α~2�yα�y2

� SxS2��γκ�
d�α

2 .

Proof. 1) Let ϕ > S�Rd�, we have

@ Âqα,y,ϕ A� dk�α�S
Rd

Âϕ�x�
�y2� SxS2�γκ�

d�α

2
wk�x�dx �

dκ�α�
Γ �γk �

d�α

2 � S
ª

0
tγk��d�α�~2�1e�ty2

S
Rd

e�tSxS2 Âϕ�x�wκ�x�dxdt (34)

Using Parseval identity for the Dunkl transform and taking into account (11), we obtain

S
Rd

e�tSxS2 Âϕ�x�wκ�x�dx �
1

�2t�γκ�d~2 SRd
e�SxS

2~4t
ϕ�x�wκ�x�dx. (35)

Substituting (35) in the integrand (34) and using Fubini-Tonelli’s theorem, we obtain

@ Âqα,y,ϕ A�
dκ�α�

2γκ�d~2Γ �γκ �
d�α

2 � SRd S
ª

0
t�1�α~2ety2

�SxS2~4tdt ϕ�x�wκ�x�dx

Now, using formula [13, p. 340]

S
ª

0
tν�1e�� a

t �bt�dt � 2�a~b�ν~2Kν�2ºab�,
we obtain

@ Âqα,y,ϕ A �
dκ�α�yα~2

2γκ��d�α�~2�1Γ �γκ �
d�α

2 � SRd
SxS�α~2Kα~2�ySxS�ϕ�x�wκ�x�dx

�
yα~2

ck2α~2�1Γ �α~2� SRd
SxS�α~2Kα~2�ySxS�ϕ�x�wκ�x�dx,

and this proves 1).

2) From 1), we have

Æ��∆κ�α~2qα,y�ξ� � yα~2Sξ Sα~2Kα~2�ySξ S�
ck2α~2�1Γ �α~2� .

Applying inversion formula for the Dunkl transform, we find that

��∆κ�α~2qα,y�x� � yα~2SxS1�γκ�d~2

cκ 2α~2�1Γ �α~2� S
ª

0
Kα~2�ry�Jγκ�d~2�1�rSxS�rγκ��d�α�~2 dr.

Making the substitutions ν � γκ �d~2�1, µ � α~2, λ � �γκ ��d�α�~2, a� y, b� SxS in the integral [8, 10.43.26]

S
ª

0
t�λ Kµ�at�Jν�bt�dt �

bν
Γ � 1

2�ν �µ �λ �1��Γ � 1
2�ν �µ �λ �1��

2λ�1aν�λ�1Γ �ν �1� 2F1� 1
2�ν �µ �λ �1�, 1

2�ν �µ �λ �1�
ν �1

;�
a2

b2 � ,
where, 0 @ a @ b, �1 @R�λ� @R�µ �ν �1�, we get

��∆κ�α~2qα,y�x� � Γ �γκ ��d�α�~2�
cκ 2�γκ�d~2Γ �α~2�yα�y2

� SxS2��γκ�
d�α

2 .

A@

Theorem 5.4 Let d C 2, 0 @ α @ 2, and recall the normalized constant dκ�α� is defined in (33). Then, the function

fα�x� � dκ�α�SxS��2γκ�d�α�,
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is a fundamental solution for ��∆κ�α~2, that is ��∆κ�α~2 fα � δ .

Proof. Let ϕ > S�Rd�. Since limy�0� qκ,y�x� � fα�x�, by Lebesgue dominated convergence theorem we have

lim
y�0
S
Rd

qκ,y�x���∆κ�α~2
ϕ�x�wκ�x�dx � S

Rd
fα�x���∆κ�α~2

ϕ�x�wκ�x�dx.

On the other hand, form Lemma (5.3), we can write

S
Rd
��∆κ�α~2qκ,y�x�ϕ�x�wκ�x�dx �

Γ �γk ��d�α�~2�
cκ 2�γκ�d~2Γ �α~2� SRd

yα
ϕ�x�

�y2� SxS2�γκ�
d�α

2
wκ�x�dx

�
Γ �γκ ��d�α�~2�
cκ 2�γκ�d~2Γ �α~2� SRd

ϕ�yx�
�1� SxS2�γκ�

d�α

2
wκ�x�dx.

Using again Lebesgue dominated convergence theorem, we get

lim
y�0�

S
Rd
��∆κ�α~2qκ,y�x�ϕ�x�wκ�x�dx � ϕ�0� Γ �γκ ��d�α�~2�

cκ 2�γκ�d~2Γ �α~2� SRd

1

�1� SxS2�γκ�
d�α

2
wκ�x�dx.

To complete the proof of this Theorem, it suffices to prove that

Γ �γκ ��d�α�~2�
cκ 2�γκ�d~2Γ �α~2� SRd

1

�1� SxS2�γκ�
d�α

2
wκ�x�dx � 1.

Indeed, using the polar coordinates x � rω , we get

S
Rd

1

�1� SxS2�γκ�
d�α

2
wκ�x�dx � σκ�d�S ª

0

r2γ�d�1

�1� r2�γκ��d�α�~2
dr.

From the integral representation for the Beta function (see, [8, 5.12.3])

β�a,b� �� Γ �a�Γ �b�
Γ �a�b� � S

ª

0

ta�1

�1� t�a�b dt,

we have

S
Rd

1

�1� SxS2�γκ�
d�α

2
wκ�x�dx �

cκ 2�γκ�d~2
Γ �α~2�

Γ �γκ ��d�α�~2� .
A@

5.2 Extension problem

The extension problem for the fractional Dunkl-Laplacian is a particular case of the general extension problem proved in
[24], see also [25, 10]. In this section, we use the extension problem and the ideas of Caffarelli and Silvestre [5], and we show
that the fractional Dunkl-Laplacian, can be seen as the Dirichlet-Neumann map for a local degenerate elliptic equation. Let
u > S�Rd� and consider the following problem

¢̈̈̈̈
¨̈̈̈̈
¦̈̈̈
¨̈̈̈̈̈
¤

∆κU�x,y�� ∂
2U�x,y�

∂ 2y �
1�α

y
∂U�x,y�

∂y � 0, �x,y� >Rd
��0,ª�,

U�x,0� � u�x�, x >Rd ,

U�x,y�� 0, y�ª.

(36)

We define the kernel pα,y�x� on Rd by
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pα,y�x� � bκ�α� yα

�y2� SxS2�γκ�
d�α

2
, y A 0, where bκ�α� � 2γκ�

d
2

Γ �γκ �
d�α

2 �
cκΓ �α

2 � .

The following lemma will be useful in this section.

Lemma 5.5 The kernel pα,y has the following properties

1) Äpα,y�ξ� � �ySξ S�α~2

cκ 2α~2�1Γ �α~2�Kα~2�ySξ S�;
2) Ypα,yY1,k � S

Rd
pα,y�x�wκ�x�dx � 1.

Proof. The kernel pα,y being a radial function, then by (4.7), one has

Äpα,y�ξ� � bα,κ yα

Sξ Sγκ�d~2�1 S
ª

0

Jγκ�d~2�1�rSξ S�
�y2� r2�γκ�

d�α

2
rγκ�d~2 dr.

The result follows from [13, formula 6.565.4]. A@

Note that for α � 1, the kernel (5.2) takes the form

p1,y�x� � 2γκ�
d
2

Γ �γκ �
d�1

2 �
cκΓ � 1

2�
y

�y2� SxS2�γκ�
d�1

2
, y A 0.

which is the Poisson-Dunkl kernel for the half-space Rd�1
�

, see [20, formula (5.3)].

Theorem 5.6 Let u > S�Rd�. Then, the solution U to the extension problem (36) is given by

U�x,y� � �pα,y
k
� u��x� � 1

cκ
S
Rd

pα,y�ξ�τxu�ξ�wκ�ξ�dξ .

Furthermore, we have

��∆κ�α~2u�x� � �2α�1
Γ �α~2�

Γ �1�α~2� lim
y�0�

y1�α ∂U
∂y

�x,y�. (37)

Proof. Applying the Dunkl transform to the variable x in (36), we find

¢̈̈̈̈
¨̈̈̈
¦̈̈̈
¨̈̈̈̈
¤

y2Y ��
��1�α�yY �

� Sξ S2y2Y � 0,

Y�0� �Fku�ξ�, ξ >Rd ,

Y�y�� 0, y� 0.

(38)

where Y�y� �Yξ �y� �FκU�ξ ,y�. Thus, the general solution of (38) can be written in the form

Yξ �y� � Ayα~2Iα~2�ySξ S��Byα~2Kα~2�ySξ S�,
where A and B are constants depending on ξ . The condition lim

�0Y�y�, gives A � 0, and then

FκU�ξ ,y� � Byα~2Kα~2�ySξ S�. (39)

To determine the constant B, we use the initial condition FκU�ξ ,0� � Fκ u�ξ�, and the following asymptotic behavior of
Kν�z� near zero:

Kν�z� � 2ν�1
Γ �ν�z�ν ,

which yields
FκU�ξ ,y� � B2α~2�1

Γ �α~2�Sξ S�α~2, as y� 0,

thus, we impose that
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B �
Sξ Sα~2Fκ u�ξ�
2α~2�1Γ �α~2� .

Substituting this value of B in (39), we obtain

FκU�ξ ,y� � �ySξ S�α~2

2α~2�1Γ �α~2�Kα~2�ySξ S�Fκ u�ξ�.
From Lemma 6.1, we get

U�x,y� � pα

k
� u�x�,

therefore,

U�x,y� � bα,k

2cκ
S
Rd

yα τ
xu�ξ��τ

�xu�ξ��2u�x�
�y2� Sξ S2�γκ�

d�α

2
wκ�ξ� dξ � u�x�.

Differentiating both sides of the above formula with respect to y, we obtain

y1�α ∂U
∂y

�x,y� � bα,κ

2cκ
S
Rd

α ��γκ �d�α�y2

�y2� Sξ S2�γκ�
d�α

2
�τxu�ξ��τ

�xu�ξ��2u�x�� wκ�ξ� dξ ,

and by Lebesgue dominated convergence theorem, we find

lim
y�0�

y1�α ∂U
∂y

�x,y� � αbα,κ

2ck
S
Rd

τ
xu�ξ��τ

�xu�ξ��2u�x�
Sξ S2γκ�d�α

wκ�ξ�dξ �
αbα,κ

cκ

γκ,d�α�
2

��∆κ�α .

If, in the last equation, we replace the expression (17) of the constant γκ,d�α�, we reach the conclusion that (37) is valid. A@
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