Convergence Analysis of Legendre wavelets in numerical solution
of linear weakly singular Volterra integral equation for union of
some intervals with application in heat conduction

Bahman Babayar-Razlighi*

Abstract

In this paper we apply the Legendre wavelets basis to solve the linear weakly singular Volterra
integral equation of the second kind. The basis is defined on [0, 1) , and in this work we extend this
interval to [0,n) for some positive integer n. For this aim we solve the problem on [0,1); then we
apply the Legendre wavelets on [1,2) and use the lag solution on [0, 1) to obtain the solution on [0, 2)
and continue this procedure. Convergence analysis of Legendre wavelets on [n,n + 1), is considered
in Section2. We give a convergence analysis for the proposed method, established on compactness
of operators. In numerical results we give two sample problems from heat conduction. For this
purpose, in Section 6 we give an equivalent theorem between the proposed heat conduction problem
and an integral equation. Then we solve the equivalent integral equation by the proposed method
on union of some interval and obtain the solution of the heat conduction problem. As Tables and
Figures of two and three dimensional plots show, accuracy of the method is reasonable and there is
not any propagation of error from lag intervals. The convergence analysis and these sample problems
demonstrate the accuracy and applicability of the method.

2020 Mathematics subject classification: 65D15; 35C15; 45A05
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1 Introduction

Wavelets are a powerful techniques to solve the linear and nonlinear integral equations, but most authors
consider these techniques on a bounded interval solution such as [0,1) [9, 26]. We are going to solve the
problem in the larger interval [0,n) for some positive integer n. In this paper, we consider the linear
weakly singular Volterra integral equation as follows:

o(t) - / ()t T)K (t T)dr = r(t), >0, (1)

where K (t,7) is a smooth kernel and is known, 7(¢) is a known function in L%(0, 00), p(t,7) is a weakly
singular kernel such as mentioned in Theorem 3 and ¢ is the unknown function. There are some methods
for solving (1) such as product integration method [4, 5, 6, 7, 8, 13, 22], collocation methods [10] and
so on. The product integration method is used for short intervals, and for a larger interval we must
continue with another method [22]. Volterra integral equations with weakly singular kernels have solu-
tions whose derivatives are unbounded at the left endpoint of the interval of integration. Due to this
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singular behaviour, the optimal global and local convergence results for collocation solutions in piecewise
polynomial spaces on uniform meshes will no longer be valid. The use of appropriately graded meshes, or
of non-polynomial collocation spaces on uniform meshes, are two of the possible alternative approaches
for dealing with this order reduction problem, and these cause the complexity of problem [10]. Hence, in
this paper we suggest the proposed method, and show that the method is convergent and applicable for
union of some intervals.

One of the most important applications of equation (1) is in the heat conduction, which arises in physical
and mechanical phenomena. For this purpose, we consider the following heat conduction problem in one
spatial dimension

Up = Ugg, 0<z<oo, 0<t, (2)
u(x,()):f(x)7 0 <z < oo, (3)
g (0,8) + a(t)u(0,t) + /t F(t,7)u(0, 7)dr = g(t), 0<t, (4)
0
and
lu(z,t)| < Cyexp {Caz®} . (5)

Here u(z,t) is the temperature and is unknown, C;,i = 1,2, are positive constants, and the known
functions f,«, g, and F are explained in Theorem 7. We convert this problem to a weakly singular
integral equation. Both applicability and accuracy of the method are illustrated by some benchmark
sample problems from this system. The organization of this paper is as follows:

The Legendre wavelets is introduced, in Section 2, and extended to a larger interval. In Section 3,
numerical solution of weakly singular Volterra integral equation is illustrated by a test equation. In Section
4, algorithm of the Legendre wavelet is explained on [0, ng), for some positive integer ng. In Section 5, we
give a convergence analysis for the proposed method, established on compactness of operators in Banach
spaces. In Section 6, an equivalent integral equation associated with (2)-(5) is obtained. This section
shows the application of the method in the heat transfer. Finally, in Section 7, numerical results of two
sample problems originated from heat transfer solved by the proposed method are reported.

2 Legendre Wavelets on union of intervals

Wavelets are powerful tools in approximation theory and numerical analysis of the Hilbert space L?(R)
[14]. There are several bases for wavelets, such as Haar wavelet, Daubechies wavelets, Chebyshev wavelets,
Legendre wavelets, and so on [11, 15, 3, 21, 23, 25]. In this paper, we consider the Legendre wavelets,
which are an orthonormal set of functions with respect to the weight function w(¢) = 1, on the interval

[0,1), as follows:
G () = { mzk/zpm(zkt—2n+1), 2L <t < , )

0, otherwise

where n = 1,...,28"1 k is an integer, m is the degree of Legendre polynomial P,,, m = 0,1,...,M — 1,
for some positive integer M. A function f € L?(0,1), can be represented as series of Legendre wavelets

t) = Z Z fnm"/}nm(t)a (7)

where fnm =< f, Ynm >= f T ' f(T)pm(T)dT, is the inner product of f and v, in the Hilbert space
L?(0,1). Suppose

M-
VM = {pm in=1,.,25"m=0,1,..,M =1}, PM ( Z Z Frm W (¢

n=1 m=0
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then, we have the following theorem about the error of the approximated solution in subspaces ij\f 1 [19].

Theorem 1. Let f € CM[0,1] and PM, (f(t)) € VM|, then

70— P ()] £ 2704 amae [ 10(9)]

where M1,is a constant.

Proof. See Theorem 2.4 of [19]. O

Now suppose ng € N, and let f € L?(0,n0). Since [0,n0) = U2, 1[[ I+1),weputt €l :=[,1+1)
for I € {0,1,...,n9 — 1}, and we are ready to establish the idea in the interval [0,n¢). In this paper, we
assume, left hand side:=right hand side, which means that ”left hand side” is defined as the known ”right
hand side” quantity. Similarly left hand side=:right hand side, which means that ”right hand side” is
defined as the known "left hand side” quantity.

Lemma 1. Let {pl}Z 1 is a sequence of orthogonal polynomials on [0, 1] with respect to the weight function
w(t), then {q:}, is a sequence of orthogonal polynomials on [a,b] with respect to the weight function

w(t) where
t—a - t—a
qi(t)_pi<b—a>’ w(t)—w(b_a>, t € [a,b].
Proof. Put & = =%, then for 4, j € {1,..., N} and i # j
b 1
/ a:()q; (OBt dt = (b — a) / pa()p; (2)eo()der = 0.
a 0
O
Theorem 2. Let f E CM[Z I+ 1], V,ﬂll = {wnm t—10):n=1,. 2k_1,m =0,1,...M — 1}, and
PM L (F(1) = Y2 M) bt — 1) € VM | where 0, = [T () m (T — 1)dr, then

lJrn 11

)

70) = P (FO)] < My2 0D max [700(e)

where M ,is a constant.

Proof. A multiresolution analysis framework developed by Alpert [1], Mallat [18], Meyer [20], and dis-
cussed at length by Daubechies [16] shows that VM = L2[0,1] , where VM := U° | VM. Similar analysis
shows that VMl = L2[1, 14 1] , where V! .= ug;lv,ffl,l. Application of Theorem 1 for Vk]‘fl,l insted of
Vk]‘f ; forces the statement. O

For the recent function f, we obtain

Zan Vnm(t —1), t€[l,1+1). (8)

n=1m=0

In the numerical process, we consider the following approximation

2k=1 pr—1

FEO =YY fintam(t=1) = B0t =1), te[l,l+1),0<1<no, 9)

n=1 m=0

where
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T
() () ! O)
Fl = < 1(07 117' aflM 12420 9 27M_1a"'5f2(k)—1’07"'7 2’“*1,1\1—1)

T
l l l l l
= < 1()a 2()3"'a ](\/[)afl(\/[)+17"'7 Q(k)—lM) ) (10)

W(t—1) = (ro(t = 1), 1o (t = 1), ooy P11 (8= 1), ha0(t = 1), ooy thonr 1 (8 = 1), ooy tharmr o (8 —= 1), oo thop—r pp_q (t — l))T

= (1t = 1), o (t = 1), oy hng (= 1), hngar (E— 1), ooy thopm g (t — 1))

For the simplicity of numerical evaluations, we rearrange indices in the second representation of vectors.

3 Application of Legendre wavelets by means the Lag terms on
Volterra integral equation

We consider the following test equation to illustrate the technique

t
- [ etopteriar = rie), te o,no). (1)
0
where ¢ is unknown function, r is the right hand side function and is known, and p(t,7) is the weakly
singular kernel and in most problems is defined by p(¢,7) = |t — 7|7*,0 < a < 1 or p(t,7) = log |t — 7|.

Since the data of Theorem 7 are piecewise-continuous and wavelets span such solutions, we apply wavelets.
Using Eq. (9) with [ = 0, for approximate ¢(t) and r(t) in Eq. (11) forces

CRRT0 —/Ot () w(p(t.r)ar = (RO) i), e, (12)

T
where (<I>(O)) [(b(o ,. 7¢2k 1M} , is unknown vector. Let ’U(O) fo p(t, 7)dT, then from

Eq. (9) we obtain v(® (t) ~ (V(O)) U(t), where V(O is a 25= 1M x 2’“*1M matrix. Substitution of these
quantities in (12) yields, (CI)(O))T (I- V(O))T U(t) = (R(O))T U(t). Hence the linear system

(I _ V(O)) d) = RO, (13)

must be solved, to obtain the solution on [0,1). For [ > 1 we rewrite (11) on [I,] + 1)

t =1 541
- /l o(T)p(t, 7)dr = r(t) + Z/ o(r)p(t,T)dr, tel[l,l+1). (14)
s=0"%

We approximate the ¢ in the right hand side by the known lag term ¢(7) ~ (@(s))T U(r—s),s <7 <s+1,
¢ in the left hand side is approximated by ¢(7) ~ (é(l)) U(7 — 1), and results in

(ch))T Ut —1)— (<I><l>)T /lt U(r — Dplt, 7)dr
=r(t)+ S (cb(s))T /s+1 U(r — 8)p(t,7)dr, t € [I,l +1). (15)
s=0 S

Let v (¢ f U(r —Dp(t, 7)dr =~ (VY W(t—1), w® () = [*7W(r = s)p(t, 7)dr = (W) w(t—1),
r(t) ~ (R(l)) U(t — 1), and substituting these quantities in (15) forces
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N (1 (v Yo - L (r0Y 5 (6" (1 T} _
<<I> ) <I (Vl> >\I/(t 0) {(Rl> +;(<I> ) (W ) Ut 1), tel,l+1). (16)
Hence,
([ _ V(l)) 1) — {Rm n li W(s)q><s>} ’ (17)
s=0

must be solved recursively for [ =1, ...,ng — 1, which is the initial ®© obtained from (13).

4 Algorithm

In this section we give an algorithm for the above discussion. This algorithm can be written by any
mathematical Programming software such as Mathematica, MathLab, C, Pascal, and so on. In this work
we apply the Mathematica Programming software.

Remark 1. In this paper, an N—column vector V with ith component v;,v = 1,...,N s denoted by
V=[v;:i=1,..,N] and an N x N Matriz A with (i,j)th component a;; is denoted by A = [a;j : i =
1,..,N,j=1,...,N]. These notations are similar to Mathematica programing.

e Stepl Take the initial integer data k, M,ng, and the known right hand side function r(t). Put
N=2FIM, oy =1+ [57] /21 1=0,1,...,n0 = 1,i=1,..., N, lagv = [0, ..., 0]”, an N—column
vector with zero components, ¢ = [ |, a null vector, and define ¢, (t) as the same as (6), and let

U(t) = [@p[i;;]H%MWH(t) =1, N] = [i(t) i =1,...,N|;

For:=0,1,2,..., 7=1,2,3,..., 1©<],set

Oém'o-l-ﬁ ) o < .
U}(t,l,]) — fai,io : p(tﬂT)wlo(T Z)dT7 ‘ J= 1< J + 17 . iO — 1, ,N
0, otherwise.

= [wZO(taZa]) : iO = 177N} ;
Set W(Za]) = I:foﬁ,io“"zk%l w_jO(TaLj)wio(T — j)dT : io = 17 ...,N,jo = 17 7N:|’

Qi

Set v(t, i) = [viy(t, 1) : ig = 1, ..., N|, where v;,(¢,4) is defined as follows:

ft p(t, )i, (T — 0)dT, iy <t < g, + 2;%1,

Qi
. . . 17
Vi (tﬂ Z) = f(ilji;o-i_zkfl p(t,’T)’l/JiO(T — i)d’T, 4 —+ 276%1 S t S 7+ ].,
0, otherwise.

Set

iig

a'i,i0+2k1,1
V(i) = / Vo (T, 8) Y5 (T —d)dT tig =1,...,N,jo=1,..., N|;
«

e Step2 For [ =0,1,...,n9 — 1 do
) 1
Set rhsv = [f(zl'iﬁ?k*l r(T)i(r —)dr i =1, ...,N};

Solve the system (I — V(1))X = rhsv + lagv, and obtain X, then join X to ¢. Set lagv =
S oW (s, l+1)[dipsxn :i=1,...,N],and if | <ng — 1, put { =1+ 1, and repeat Step2.

e Step3 Set ¢(t) = 7:00_1 Zf\;l ¥i(t — )divix N, as the approximated solution of (11).
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5 Convergence Analysis

We give some definitions, lemmas and theorems associated with this section.

Definition 1. Let X and Y be normed spaces, and let A : X — Y be linear operator. Then A is
compact if the set {Ad : ||¢]| < 1} has compact closure in'Y. This is equivalent to saying that for every
bounded sequence {¢pn} C X, the sequence {A¢,} has a subsequence that is convergent to some point
in Y. Compact operators are also called completely continuous operators (see also [2] section 2.8, [24]
chapter 4 and [17] chapter12.)

Definition 2. A sequence A, : X =Y of linear operators from a normed space X into a normed space
Y is called collectively compact if each sequence from the set {A,¢ : ¢ € X, ||¢|| < 1,n € N} contains a
convergent subsequence.

Theorem 3. Let I = [0,T],D = {(t s):0<s <t < T}, for some positive 0 < T, po(t —s) =
(t—s)™* O0<a<l,

{Log(t —8) a=1. nd (Vad)(t fo Dot —s)K(t, s)p(s)ds, where K € C(D). Then forr e C(I)

the linear, weakly singular Volterra mtegral equation ¢(t) — (Vod)(t) = r(t),t € I possesses a unique

solution ¢ € C(I).

Proof. See Theorems 6.1.2 and 6.1.7 of [10]. O

Theorem 4. Let A: X — X ,be a compact operator in a normed linear space X. Then I — A is surjective
if and only if it is injective. If the inverse operator (I — A)~': X — X emists, it is bounded.

Proof. See Theorem 12.2 of [17]. O

Theorem 5. Let X be a Banach space, let A, : X — X be a collectively compact sequence, and
let B, : X — X be a pointwise convergent sequence with limit operator B : X — X. Then
lim, o0 ||(Br, — B)Ay| = 0.

Proof. See Theorem 12.9 of [17]. O

Theorem 6. Let A : X — X be a compact linear operator on a Banach space X such that I — A is
injective, and assume that the sequence A, : X — X of linear operators is collectively compact and
pointwise convergent; i.e., lim, oo Apnd = A for all ¢ € X. Then for sufficiently large n the invers
operators (I — A,)~t: X — X exist and are uniformly bounded. For the solutions of the equations

¢— A=/, (18)

and
On — An(bn = fn7 (19)
we have an error estimate ||¢pn, — || < C{||(An — A)P|| + || fr. — fII} for some constant C.

Proof. See Theorem 12.10 of [17]. O

We rewrite equations (14) and (16) in the form of (18) and (19) respectively. For this aim, define

/¢> p(t —7)dr, ¢ € X := L*(1,1 + 1),

T
Buo(t) = (00) w(t 1), o0 = 0D = (6,6, .. 0l) )7,
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On(t) :== Bpo(t), A, := B,A.
Obviously (14) is in the form of (18). By defining

Fult) == {(RU) +§(¢»<S) (w s))T}\II(t—Z):an(t),

s=0

we see that .
T
A6, (1) = AB,o(0) = (80) [ 9z =0t = ryar
and hence

Andn(t) = BnAdn(t) = (<I><l>)T (V(U)T Wt 1),

these means (16) is in the form of (19).

To terminate this section, it is sufficient to show that all hypotheses of theorem 6 are true for the
produced operators. The operator A is compact (see Section 2.8 of [2]). Theorem 3 shows that the
operator I — A is surjective, and theorem 4 says that I — A is injective. Compactness of A shows that the
fixed sequence A,, := A be a collectively compact sequence. Equation (8) says that lim,,_, o, B¢ = Bp =
I¢$ = ¢, and hence Theorem 5 forces that lim, o0 |Arn — A|| = limy, o0 || BnA — TA|| = im0 || (Bn, —
B)A,|| = 0. A, converges to A in norm and this forces either A4,, : X — X be collectively compact and
pointwise convergent. These analyses show that all hypotheses of Theorem 6 are true.

Forl =0, f,(t) := (R(O))T U(t—1) and equation (10) shows that lim, o || fn — fllz2(0,1) = 0, then the
error estimate of Theorem 6 forces [|¢,—||£2(0,1) < C’{H(An - A)||L2(071)”¢||L2(0,1) + | fn — f||L2(071)} —

0 as n — oo, and hence lim, o0 [[fn — fllz21,2) = 0. The error estimate of Theorem 6 forces

lén — dllr2(1,2) < C{H(An 7A)HL2(1,2)||¢HL2(1’2) + | fn — fHLz(LQ)} — 0 as n — oo, and so on. By
induction, we see that for finite I € N, lim,, o0 [|¢n — @||L2(1,141) = 0.

6 Application in heat conduction

We give some definitions, lemmas and theorems associated with this section

Definition 3. The fundamental solution of heat equation is denoted by K(x,t), and the Neumann’s
function is denoted by N(x,&,t),

K(x,t):—\/%ep{ Zt} N(z,&,t) = K(z — &) + K(z + &, 1).

Lemma 2. For any integrable function f that satisfies |f(x)] < C;exp{Ca2%}, where Cy and Cy are
positive constants, lim o ffooo K(x— &) f(&)dE = f(x), 0<t, at the point x of continuity of f.

Proof. See Lemma 3.4.3 of [12]. O
Lemma 3. At a point of continuity of g, limg o —2 fo 5 (2t — T)g(T)dT = g(t).
Proof. See Lemma 4.2.1 of [12]. O

Theorem 7. The problem of determining the unique bounded solution w that satisfies (2)- (5), where
Ci,i = 1,2, are positive constants, and where f,«, and g are piecewise-continuous functions, and F
is an integrable function on {(t,7)|0 < 7 < t}, is equivalent to the problem of determining the unique
piecewise-continuous solution ¢ to the integral equation
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_ % /0t {a(t) + /:F(t,s)ds} \Z(%m —rt) 0<t, (20)

it =90+ [T (L rgac- [FLD [op{-El i @)

And the solution u has the representation

where

w(z, ) = —2 /0 K(a,t — 7)p(r)dr + /O " N €, 8) F(E)dE. (22)

Proof. We are going to search u(x,t) = uq(z,t)+uz(x,t), such that uq, ug satisfy heat equation and each of
them establish one of the equations (3), (4). For this aim let u; (x,t) = —2 fo (x,t—=7)p(T)dr, us(z,t) =
fooo N(z,&,t)f(§)d¢. From [12], chapter one, both of u; and ug are solutions of equation (2). Lemma 2
leads u(z,0) = uz(x,0) = limeyo [~ N(z,&,t) f(€)dE = limyyo [7 K(x — &) fo(§)dE = f(x), where f. is
the even extension of f to —co < x < 0. Elementary evaluations lead N,(0,¢,¢) = 0, and u,(0,t) =

lim, o fo (x,&,t) f(€)dE +1limy 0 2]0 (x,t—T1)p(T)dT = fo 2(0,€,t) f(£)dE+ (1) = ¢(t), where
we apply Lemrna 3 for the function ¢. On the other hand

uw(0,t) = u1(0,t) + ua(0,t) = —2/ K(0,t —1)o(r)dr + /OOO N(0,&,¢)f(€)de

T i g e

Substitution of wu,(0,t),u(0,t) in Eq. (4) and using Fubini’s theorem reduces to Eq. (20), where the
known right hand side function r(t) is given by (21). By consideration of chapter3 of [12] the solution u
in the class (5) is unique, and hence the proof is completed. O

7 Numerical examples

Example 1. In the problem (2)-(5), for f( ) = 1,F(tT1) = \/‘t/_iT,a(t) = /m, the integral equation

associated with this problem is, ¢(t) fo p(t, 7)dr = r(t), where p(t,7) = 2 + \/%,r(t) = -2+
3e~! — 2DawsonF(v/t), which has the exact solutzon &(t) = e~t. The Dawson integral is defined by
DawsonF(t) = et fot eyzdy, 18 a special function, defined in many programming languages such as
Mathematica. The exact solution of the problem (2)-(5) is

=1 (v B o 5

where i is the imaginary unit. In Table 1, column? shows absolute errors of$ att=0.51,1=1,2,3,4,5,0,
¢ is exact solution and ¢ is evaluated by Legendre wavelets technique with M = 8,k = 3,ng = 3. Figure
1 shows variations of these solutions as functions of t for Example 1.

In Table 1, columns 3,4,5,6,7,8, show absolute errors of u at (x,t) = (0.5:,0.55),4,5 = 1,2,3,4,5,6, u
is exact solution and u is the approrimated solution evaluated numerically by substitution of (E, instead
of ¢ in u representation Eq.(22). Here e;;,1,j = 1,2,3,4,5,6 is the absolute error of w at (0.5¢,0.57),
and for example 1.84D — 14 means 1.84 x 104, which shows convergence of the method. Figures 8 and
4 show variations of these solutions as functions of (x,t) for Example 1. As these Figures show, u is a
good approximation of u.
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Table 1: Absolute errors of q~5 and u for Example 1.

? |¢ - ¢|i €i1 €i2 €i3 €i4 €i5 €i6

1 1.8D—-14 572D —-15 1.67D—15 557D —14 1.53D —12 4.02D —-11 1.056D -9
2 315D —14 319D —15 233D—15 140D —14 425D —13 1.12D—11 2.93D —10
3 545D -13 1.15D-15 153D —-15 255D —15 1.16D—13 3.12D-12 8.17D —11
4
5
6

1.41D—-11 153D —-16 958D —16 7.77D—16 2.89D—14 8.70D—-13 228D —11
3.69D —10 2.64D—-16 6.38D—16 235D —15 543D —15 245D —13 6.35D —12
9.65D -9 249D —-16 1.06D—-15 218D —15 9.02D—-16 6.96D —14 1.77D —12

Example 2. In problems ( ) (5), for f(x) =1, F(t,7) =1,a(t) = 1 the integral equation associated with
this problem is, ¢(t) fo p(t, 7)dT = r(t), where p(t,T) = —|— . t Tor(t) =Vt— /T4 +1),

VT (t
which has the exact solution ¢( ) = V/t.The exact solution of the problem (2 )-(5) is
g i
u:z:,tzl—i—fe 4, te — Y= (2t + 22 erfe|—=]|.

In Table 2, column2 shows absolute errors ofg att =0.5i,1=1,2,3,4,5,6, ¢ is exact solution and % 18
evaluated by Legendre wavelets technique with M = 8,k = 3,n9 = 3. Figure 2 shows variation of these
solutions as functions of t for Example 2.

In Table 2, columns 3,4,5,6,7,8, show absolute errors of U at (x,t) = (0.5¢,0.55),4,7 = 1,2,3,4,5,6, u
is exact solution and u is the approrimated solution evaluated numerically by substitution of 5, instead
of ¢ in u representation Eq.(22). Here e;5,1,j = 1,2,3,4,5,6 is the absolute error of u at (0.5¢,0.57).
Figures 5 and 6 show variations of these solutions as functions of (xz,t) for Example 2. As these Figures
show, u is a good approximation of u.

Table 2: Absolute errors of (E and u for Example 2

{ ‘(b — ¢|z €i1 €2 €:3 €i4 €5 €i6

1 1.05D—8 937D—10 154D —11 7.83D—6 1.68D—5 3.80D—5 8.77D—5
2 9.72D—4 403D —11 396D —11 38D -6 880D—6 199D —5 458D —5
3 1.78D—5 6.91D—13 1.62D—10 1.66D —6 450D —6 1.05D—5 237D —5
4 404D -5 482D —11 135D—9 6.01D—7 223D—6 505D —6 1.26D—5
5 934D—5 313D —10 243D -9 1.84D -7 116D—6 273D —6 851D —6
6 217D —4 351D—10 347D—9 870D -8 28D -7 158D -6 3.01D—7
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Figure 1: Variations of ¢(t) and ¢(t) as functions of ¢ for Example 1.
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and ¢(t) as functions of ¢ for Example 2.
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Figure 3: Variation of the @(z,t) as a function of (z,t) for Example 1.

Figure 4: Variation of the u(x,t) as a function of (z,t) for Example 1.
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Figure 5: Variation of the @(z,t) as a function of (z,t) for Example 2.

Figure 6: Variation of the u(x,t) as a function of (z,t) for Example 2.



