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ABSTRACT. In this note we construct the Bézier variant of summation integral type operators
based on a non-negative real parameter. We present a direct approximation theorem by means
of the first order modulus of smoothness and the rate of convergence for absolutely continuous
functions having a derivative equivalent to a function of bounded variation. In the last section,
we study the quantitative Voronovskaja type theorem.
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1. INTRODUCTION

In 1912 Bernstein introduced the most famous algebraic polynomials B, (f;x) in approxi-
mation theory in order to give a constructive proof of Weierstrass’s theorem which is given
by

Bu(f;2) =) pui()f <:> , z€[0,1],
k=0

where p,, ,(x) = (Z) 2%(1 — 2)"* and he proved that if f € C[0,1] then B, (f;z) converges

uniformly to f(x) in [0, 1].

The Bernstein operators have been used in many branches of mathematics and computer science.
Since their useful structure, Bernstein polynomials and their modifications have been intensively
studied. Among the other we refer the readers to (cf. [2}3}8,12,123.127]).

For f € C0,1], Chen et al. [10] introduced a generalization of the Bernstein operators based
on a non-negative parameter o (0 < o < 1) as follows:

T(fi5) = Y r3@)f (). zeb (1)
k=0

=151 ()00 (s oo

and n > 2. They proved the rate of convergence, Voronovskaja type asymptotic formula and

Shape preserving properties for these operators. For the special case, @ = 1, these operators
1
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reduce the well-known Bernstein operators.
In [19], Kajla and Acar introduced a sequence of summation-integral type operators as follows:

@ (fia) = (n+1 Zp“’) / P (£) (D), (1.2)

where f € L1[0,1] (the space of all Lebesgue integrable functions on [0, 1]),

Pk () = " t*(1—t)"* and pff‘,z (x) is defined as above. In [19], Voronoskaja type asymptotic

k

formula, rate of convergence, local and global convergence results were established for these
operators .

The aim of this paper is to introduce Bézier variant of the operators and obtain the
direct approximation results. Furthermore we study the rate of convergence for an absolutely
continuous function f having a derivative f’ equivalent with a function of bounded variation on
[0,1] and quantitative Voronovskaja type theorem.

A Bézier curve is a parametric curve frequently used in computer graphics and image process-
ing. These are mainly used in approximation, interpolation, curve fitting etc. Bézier-Bernstein
type operators were established by many mathematicians. The pioneer works in this direction
are due to [3,/5,19,(13}24,|26 28-30]. In these works, the direct approximation results were ob-
tained and the rate of convergence for functions of bounded variation were established. The
order of approximation of the summation-integral type operators for functions with derivatives
of bounded variation is estimated in [1,41|6}|7/14-18,20-22,25].

For f € L1]0,1], we define the Bézier variant of the operators Dy(la)( fix) as

1
SO (fix) = (n 413" QYL (@) / por(®)F(D)dt, @€ [0,1], (1.3)
k=0 0
where p > 1, Q¥) (2) = [Jupa(2)]” — [Tnjr1a(@)]” and Jypalz me ), when k <n

and 0 otherwise.
Alternatively we may rewrite the operators (|1.3)) as

1
S6)(frx) = / Moap(z, ) f(t)dt, z € [0,1], (1.4)
0

where
Mn,a,p(xa t) = (TL + 1) ngl)@a(x)pn,k(t)'
k=0

If p = 1 then the operators S. (f7 x) reduce to the operators Dﬁla)(f; x).
Throughout this article, C denotes a positive constant independent of n and x, not necessarily
the same at each occurrence.

To express our results we give the following auxiliary results.

Lemma 1. [19] Let e;(t) =t',i = 0,4, then we have
(i) D (eos) = 1;



1—-2x

(n+2)’

2x2(a73n74)+2x(2n—a+1)+ 2 .

(n+2)(n+3) n+2)(n+3) (n+2)(n+3)’

623 (—n(5+2n—a) —2(1+a)) 322 (n(3n —2a —1) +10(a — 1))
(n+2)(n+%)(n+4) (n+2)(n+3)(n+4)

(ii) D\ (e1:2) = x +

(iii) D (eg;x) = 22 +

(w)D (63, r) =123+
18z(n —a+1) ‘

1 )M+t d)  nr2)n i3 nLd)
(0) DI (esia) = at + a* (—4(n + 3)(16 + n(3 + 5n)) 4 12a(n — 3)(n — 2))

(n+2)(n+3)(n+4)(n+5)
423(n —2) (n(4n — 3a — 1) + 33(a — 1)) 242? (n+ 3n? + 14(a — 1) — 4nw)
(n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)(n+5)

48x(2n — 3a + 3) 24
(n+2)(n+3)(n+4)(n+5) * m+2)(n+3)(n+4)(n+5)

Hence we get

1-2 A(1—
T _ 1(1—x)

Dt —w)ie) = S5 < = o

, Ve €]0,1] and Vn € N (1.5)

with A7 > 2 and

(n+2)(n+3) +(n+2)(n+3)'
From [19], we have

2

@((t —z)% 2
Dt =) < g

72(z), Vze€[0,1] and Vn e N

where 72 (z) = p?(x) + m and ¢?(z) = z(1 — z). Then we can write

DM ((t—)%2) < A?_’;(;), Ag > 2. (1.6)
DOt — o) g) — 1223(z — 2) (n(n — 2a — 19) 4+ 46a — 36) 1222 (n(n — 2a — 25) + 58 — 38)
w ((E=a)he) = n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)(n+5)

24x(3n — 6+ 1) 24 (17)

+(n+2)(n+3)(n+4)(n+5) + n+2)(n+3)(n+4)(n+5)
Remark 1. We have

SOleosz) = QY (@) = [ngal®))”

p
= pgffj) (m)] =1, since Zpicg (x) =
: =

Lemma 2. [19] Let f € C[0,1]. Then for x € [0,1] we have

D) I 11



2. DIRECT ESTIMATES

To describe our results, we recall the definitions of the first order modulus of smoothness and
the K-functional [11]. Let p(z) = \/z(1 — x), f € C]0, 1]. The first order modulus of smoothness
is given by

wy(ft) :os<1il£t{ 'f<“”+ h(p2($)> N f<$_ h902(95))

and the appropriate Peetre’s K-functional is defined by

he(z)
’x:I: T S [07 1]}7

Ko(fst) = inf {||f —gll +tlleg'l| + £llg'l1} (£ > 0),
geEW,

where W, = {g: g € ACoe, |l¢g'|| < 00, ]|g'|| < 00} and ||.]| is the uniform norm on C|0, 1].
It is well known that ( [11], Thm. 3.1.2 ) K(f;t) ~ we(f;¢) which means that there exists a
constant M > 0 such that

M~ w,(fit) < Ko(fit) < Mw,(f;1). (2.1)
Lemma 3. Let f € C[0,1]. Then, for x € [0, 1], we have

ISPl £1I-
Proof. Applying the inequality | a? —b” |< p|a—b | with 0 < a,b < 1,p > 1 and from definition

of le){:’a(az), we may write

0 < [Jn,k,a(x)]p - [Jn,k—&-l,a(x)]p <p (Jn,k,a(x) - Jn,k+1,a(x))
= o) ().
Hence from the definition S}f C)y( f;x) and Lemma |2, we obtain

IS I 2 I D) I FII-

O
Now we study a direct approximation theorem for the operators Sflp o
Theorem 1. Suppose that f be in C[0,1] and p(z) = \/x(1 — x) then for every z € [0,1), w
have
1
| 87(1,()1(f§ z) — f(z) |[< Cwyp (f; m)v (2.2)
where C' is a constant independent of n and x.
Proof. By the definition of K,(f;t), for fixed n,z, we can choose g = gy, € W,, such that
17 =l + sl I+ 5 91 < 2 (£ (2.3
NF e PN W= =R A s ) |
Using Remark [T} we can write
| SE(Fix) = f(2) | < [ SEUF—gsa) | +If —gl+ | S¥A(gi2) — g(x) |
< 2/|f - gll+ | S¥algiz) —g(x) | - (2.4)
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We only need to compute the second term in the above equation. We will have to split the

estimate into two domains, i.e. x € F =1[0,1/n| and x € F,, = (1/n,1).
¢

Using the representation g(t) = g(x) +/ g (u)du, we get
xr

s -aw)| = [s( [ dwdusz)|.

If x € F}, = (1/n,1) then v,(z) ~ ¢(z). We have

/; g'(u)du| <

For any x,t € (0,1), we find that

[ 5]

t

1
— dul.
» p(u)

u(l —u)

(=)
< 2(1vi-vF I+ VIt Vi)

= 2t—=x

1 1
|<J+f+m+m>

1
o)
2v/2 |t — x|
plx)
Combining (2.5 — and using Cauchy-Schwarz inequality, we obtain

SO gi2) — 9@)| < 2v2llpg |l (@)SEA(t - alsw)
22l llp ™" (@) (SUA((E — 2)% )

A

IN

IN

From ([1.6)), we get

Clled'l
S(P <
IS (g5 ) — g(z)| )
For z € F§ = [0,1/n], yn(z) ~ \/% and

n

<llg'll 1t = l.

/w t d (w)du

Therefore, using Cauchy-Schwarz inequality we have
S gie) — g(@)| < ||g1ISSA(E — ;@)

'Yn(x) /
Cllg < )
< Ol 25 < o5l

A

2/3llg I~ () (p DIt~ 2)))
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From (2.8) and (2.9)), we have

/
L%&@mﬂ—ﬂ@|<0(&fﬂg+n+2mn> (2.10)

Using K,(f;t) ~ wy(f;t) and , , , we get the desired relation . This

completes the proof of the theorem.

g

3. RATE OF CONVERGENCE

In this section we would like to obtain the rate of convergence of the operators Sy(f &( f;x) for
an absolutely continuous function f having a derivative f’ equivalent to a function of bounded
variation on [0, 1].

Throughout this section DBV[0, 1] will denote the class of all absolutely continuous functions
f defined on [0,1] and having on (0,1), a derivative f equivalent with a function of bounded
variation on [0, 1]. We notice that the functions f € DBV0, 1] possess a representation

T
f) = [ (ot + 1(0),
0
where g € BV[0, 1], i.e., g is a function of bounded variation on [0, 1].
Lemma 4. Let z € (0, 1], then for p > 1,y > 2 and sufficiently large n, we have

: v ph2 nlx)
7911 ) = Mna )1 dt < ) 0<y< )
) Dnnpl) = [ Mottt < L2000 0 <y <a

. P2 ()
1—Yna ) = n,o 5 y 1.
(ii) Una,p(, 2) /Z Mo ap(x, t)dt < n+2) (2 — )2 r<z<

Proof. (i) From Lemmas |1| and [2| we get

Y Viix—t)>
ﬂn,a,p(xay> = / Mn,a,p(xat)dtg/o ( ) Mn,a,p<mvt)dt

r—y
= SOt —2)%2) (@ —y) 7 < pDP((t —2)%52) (x —y) 7
< _Ph Ta()
(n+2) (z—y)*
The proof of (ii) is similar to the proof of (i). Hence it is omitted. O

Theorem 2. Let f € DBV(0,1),p > 1 and let v2(f.) be the total variation of f. on [a,b] C
[0,1]. Then for every x € (0,1) and for sufficiently large n, we have

SR~ @) < e+ or o] [ L i)
22 (@) =2 | ) — ()|
(n+2) "M p+1

>\2’7 21
L niQ Z V(o (o) + \f Vo afvm) ()

) [V )
PR gyt S 0 1) 4 L s )

(n+2) 2 NGO



where A > 2 and the auziliary function and f is defined by

ft)=fl@=), 0<t<uz
fe(t) = 0, t=u
{ F'@t) = flla+) z<t<1.

Proof. Using the fact that / Mo ap(x,t)dt = Sr(fa(eo; x) =1, we have

1
SO(fiz) - f(z) = / () = F(@)[ M plir, D)t

[ rom)ocon

From definition of the function f., for any f € DBV (0,1), we can write

P = (e e ) 2

1
p+1

+,0 (10 - 5 (£ + 10 ) )
where
s ={ 571

It is clear that

/0 1 Muap(@,1) / t [f’(w) - ;<f’(w+) + f’(w—)ﬂ 8x(t)dudt = 0.

By (1.4) and simple computations, we have

P = /01(/:pil(f’(m—i—)—i—pf/(x—))du)/\/lnap(x,t)dt

p+1 (@) +pf'( ‘/ [t — x| Mpa,p(x, t)dt

1/2

IN

e+ s )| (s - 2%)

+3 <f’(a:+) - f’(a:—)) <sgn(t — )+ pl)

(3.1)



and

Py

J
1
2

1 (/:;<f/(3:+) - f’(;,;_)> (Sgn(u_x)
(f'(z+) = f'(z-)) [_ /O g ( /t <Sgn(u )

p—1
+ o ) du) Mo ap(x,t)dt

1
L P

pyn 1) du> Mo ap(x,t)dt

1 t
+/ (/ <sgn(u—a:)—i—p+1) du> Mn@m(gj,t)dt]

P / '
= m(f (z+) = f x—))/o |t — 2| Mpa,p(, t)dt

Py ) .
= g @ = f) S (|t — z|;2)

1/2

< L (Pl - ) (SEME - o)

By using (1.6) and considering (3.1]), (3.2) we obtain the following estimate

SOS2) = F@)| < | Buaplfiow) + Facplfsr2)]
P ) + of )|y o @)
1 (n+2) "
+7 |f (x+) — f (x—)‘ pA2 (), (3.3)
(n+2)
where
T t
Ema,p(fg/c,x):/ (/ f;(u)du>Mnya7p(x,t)dt
0 T
and
1 t
Fn7a7p(fé,:t):/ </ f;(u)du>/\/ln7a,p(:n,t)dt.
To complete the proof, it is sufficient to estimate the terms Ey o ,(fh, %), Fn.a,p(fs, ). Since

f; diOn,a.p(x,t) <1 for all [a,b]

1], using integration by parts and applying Lemma 4| with

c o,

y=x — (x/y/n), we have

/!

|l%uap(

fa

7$)‘

/Ox ( /x t f;(u)du> 9o, t)‘

/Ow Dn,p(, t)fé(t)dt‘

(/yJ“/z) | F2(0)| |0n.ap(z, )| dt
)\2% /Oy th n /yx o

n—|—2
]
/U 2dt+
0

(fz)dt

Agﬁﬁ Xz
n+2)

x
t

ey (F2)



By the substitution of u = z/(xz —t), we get

Xoy2(x) v (@/vi) 2z g - Ay2(z) ) VR T y
1Y (n+ 2) /0 (I‘ t) Uy (fx)dt = p (n+ 2) x /1 Ux—(x/u)(fx)du
Vnl ki1
)‘ZVn(w) / /
z~ Uy (e ([ du
n+2) ; : (e /) (f2)
)\2%21 . [Vn ]

@
(n+2)" 1 ,; Ve (a/hy fa)-

< p

Hence we reach the following result

[vn]
B f5:0)] < 7 ”" *lzv oy (F2) + 7 oy (F5)- (3.4)

Using integration by parts and applying Lemma |4 with z = z + ((1 — x)/y/n), we have

Frnatii) = | [ ([ £0d0) Moyt

-/ (/tf;@)du)dt(l_ﬁwm /(/f ) D apl@,))
_ [(/f i) 1~ xt] - [ 2O O pla )i

of ( / futuyiu) dt<1—m9n,a,p(x,t>>‘

L(w)du(l — Dy, 2) / o) (1 = Vpap(z,t))dt

+[C/tf;(u>du(1_ Oy (1) } / Fe®)(A = O p(x, t))dt’

nap$t dt+/ f nap(x t))dt’

1 z
)\;’y_’; ;U)/ o 2dt+/ vl (
>\ ! 1-
=) s L

o (n+2) /f)
By the substitution of u = (1 — x)/(t —x), we get

2 1 2 vn
p>\27n(x) / Ui(fé)(t _ :L')_th = 7 )‘27n(x) / U;-‘r((l—z)/u) (f;)du
(n+2) Jor(1-2)/vn) ) J1

A

fo)dt

(I1-2z)(n+2
Vel ki1
Ao () / (1) /u)
< p—" vy LI (f)du
”(190)(n+2)kz1 A (f2)

@) N e
= p(l—:c)(n—i—2);% (f2)-
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Thus, we get

[Vn ]
/ Ao () e (1) /k) [ 1
|Fn,a,p(fg;7x)| < P Z Vg (fa:)

(1—2)(n+2) —
+1\;ﬁ%£+(<1—x>/ﬁ>( ). (3.5)

Collecting the estimates (3.3))-(3.5)), we get the required result. This completes the proof of
theorem. 0

4. QUANTITATIVE VORONOVSKAJA-TYPE THEOREM
p)

Now we are going to study a quantitative Voronovskaja-type result for the operators S,(wl.
This result is given using the first order Ditzian-Totik modulus of smoothness.

Theorem 3. Let f € C%0,1]. Then there hold

Vzp {e@+ 5 11+ 11 @

Vi (SEhfse) - f@))| <
+\(/%w¢(a;) (f’ﬁ%%(@) +o(n™h);
Vi (Shfso) - f@))| < \/2/){@2(93) + n_lw}\lf”ll +7 = @)

2
+—w ()pla) ( " fs) +on™)
Proof. Let f € C?[0,1] and z,t € [0,1]. Then Taylor’s expansion, we may write

£t — (@) = (t—2) () + / (t — u) f" (u)du.

t t

£0) ~ @) = @)t =) = 56— 2P 1@+ [ =0 e [ (-0 wdu.

x x

Operating Sff&(-; x) to both sides of the above relation, we get

[SEL(fi2) = fla)] = If’(ﬂf)lsé‘,’c)y(lt*ﬂfl;w)+%|f”($)l5n,(l((t*x)2;x)

rsi (| [ 1=l 7w - i o) (11)

Therefore, g € W, we have

t
/ [t =l |f"(u) = f"(@)|du| < ||f" = gll(t = 2)* + 2l|od |l ()]t — 2[*. (4.2)
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Thus, in view of (4.1)), (4.2), (1.7) and using Cauchy-Schwarz inequality, we may write

[ (@)IS (”)(It—fv\'fv)ﬂilf”( ISLL((t — )% 2)
HIF" = glISLA(E = 2)% 2) + 2l gl (2)SLA(It — 25 2)

1P (S = 2%)) " 4 SIS — %) + 1177 — glISEA(E — )% )

$2lleg e (@) (SEU(E - %) (SO - 2ha))

- \/( 5{v ()+}\|f”|+Hf”H 3P0+ )

2
o=
—~
sl
S
S~—
|
=
S
~
IN

IN

2 { s I = all+2led e @) {0 + 5
< 1223 n—2a—19)+46a—36)

n+2 J(n+3)(n+4)(n+5)
1222 (n(n — 2a — 25) + 58a — 38) 24x(3n — 6+ 1)

n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)(n+5)

24 1/2
T+ 3)n+Hin+ 5)))

2p " "
\/(n+2){ Yz )+}||f I+ I11f ||?90( )

it {w”f”)"f" —gll+ \|¢gq|¢(m)%§} 4 o302,

IN

Since p?(x) < ¢(z) < 1,z € [0,1], we have

S0~ 1) < V 25 {FO+ g I )

(n+2) +2
+n27f2 "= gll + ng’\lcp(af)%g} +o(n™/?). (4.3)

Ui - f@)| < \/(n2+p2) {so (a )+12}|!f”1|+\|f”|y+2¢( )

+n2f290(w) {Hf” —gll+ ng’\l%g} +o(n™%2). (4.4)
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By taking the infimum on the right hand side of the above relations over g € Wy, we get

Vi (80 (F:2) - f@))] < 2/){@2(@ + niz}llf”ll 1= @)

NLD
—l—\fﬁK(p " 2\}{5(,0(1’) +o(n™h);

1 / 1
Vi (Shfso) - f@))| < 2p{902(x)+m}\|f’|!+l\f 1= @)
C — (., 2V3 _
+%<p(x)K@ f ;\/‘g +o(n").
Applying K, (f,t) ~ wy(f,t), the theorem is proved. d
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