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ABSTRACT. We consider a nonautonomous eco-epidemiological model with
general functions for predation on infected and uninfected preys as well as
general functions associated to the vital dynamics of the susceptible prey and
predator populations. We obtain persistence and extinction results for the
infected prey based on assumptions on auxiliary systems constructed from the
disease-free system. We moreover consider an iterative process that can im-
prove the extinction results. We apply our results to general eco-epidemiological
models that include several examples existent in the literature.

1. INTRODUCTION

The description of the dynamics of eco-epidemiological systems is a subject that
have been receiving increasing attention by the researchers interested in mathemat-
ical biology. The inclusion of infected classes in predator-prey models has shown
that eco-epidemiological dynamics can show several differences to the original mod-
els. In particular, the inclusion of a disease in the preys or in the predators have
impact on the population size of the predator-prey community [5, 7].

Additionally, to make models more realistic, it is important, in many situations,
to consider time varying parameters. For instance, it is well known in epidemiology
that incidence rates are seldom subject to periodic seasonal fluctuations. In the
context of eco-epidemiological models, several periodic systems have been studied
in the literature [1, 2, 7, 8, 10]. In [10] a class of general non-autonomous eco-
epidemiological models with disease in the prey, containing the periodic case as a
very particular situation, is considered and threshold conditions for the extinction
and persistence of the infected preys are obtained. Related to the periodic version of
this model, in [12], it is proved the existence of an endemic periodic orbit. In [10, 12],
it is assumed that only infected preys are predated. More recently, based on this
model, [9] proposed a family of models that include predation on uninfected preys
described by a bilinear functional response and obtained threshold conditions for
the extinction and persistence of the disease.

In the previous papers, the functional response of the predator to prey is given by
some particular function. Also the vital dynamics of predator and prey is assumed
to follow some particular law. In this paper we generalize the models in [9, 10]
by considering general functions corresponding to the predation on infected and
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uninfected prey and also to the vital dynamics of uninfected prey and predator
populations. Namely, we consider the following eco-epidemiological model:

S'=G(t,S) —a(t)f(S,I,P)P — B(t)SI
I' = B()ST — n(t)g(S, I, P)I — c(t)I : (1)
P’ = h(t, P)P +~(t)a(t) (S, I, P)P + 0(t)n(t)g(S, I, P)I

where S, I and P correspond, respectively, to the susceptible prey, infected prey
and predator, 8(¢) is the incidence rate of the disease, n(t) is the predation rate of
infected prey, ¢(t) is the death rate in the infective class, (¢) is the rate converting
susceptible prey into predator (biomass transfer), 6(¢) is the rate of converting
infected prey into predator, G(t,S) and h(¢, P)P represent the vital dynamics of
the susceptible prey and predator populations, respectively, a(t)f(S,1, P) is the
predation of susceptible prey and 7n(t)g(S, I, P) represent the predation of infected
prey. It is assumed that only susceptible preys S are capable of reproducing, i.e,
the infected prey is removed by death (including natural and disease-related death)
or by predation before having the possibility of reproducing.

The objective of this work is to discuss the uniform strong persistence and ex-
tinction of the infectives I in system (1). Recall that the infectives are uniformly
strong persistent in system (1) if there exist 0 < m; < mg such that for every so-
lution (S(t), I(t)P(t)) of (1) with positive initial conditions S(to),I(to), P(to) > 0,
we have

my < liminf I(¢) < limsup I(t) < ma,
t—o0

t—o0

and we say that the infectives I go to extinction in system (1) if

lim I(t) =0,
t—+oo
for all solutions of (1) with positive initial conditions. For biological reasons we
will only consider for system (1) solutions with initial conditions in the set (Rg)?.

Our approach is very different to the one in [10] and [9]. In fact, we want to
discuss the extinction and strong persistence of the infectives in system (1), having
as departure point some prescribed behaviour of subsystems related to the dynam-
ics of preys and predators in the absence of disease. We will assume that we have
global asymptotic stability of solutions of these special bi-dimensional subsystems
(see condition S6) in Section 2). Thus, to apply our results to specific situations
in the literature, one must first verify that the underlying referred subsystems sat-
isfy our assumptions or, looking at our results differently, we can construct an
eco-epidemiological model from a previously studied predator-prey model (the un-
infected subsystem) that satisfies our assumptions. We believe that this approach is
interesting since it highlights the relation of the dynamics of the eco-epidemiological
model with the behaviour of the predator-prey model used in its construction.

We note that, similarly to the thresholds obtained in [9], our thresholds for
extinction and uniform strong persistence are not sharp. In spite of this, unlike the
conditions for extinction and strong persistence in [9], that rely on parameters that
can not, in principle, be computed explicitly (note that conditions (22) and (43)
in [9] depend on ¢), our thresholds in Theorem 1 and Theorem 2 can be directly
obtained from the parameters and the limit behavior of the predator-(uninfected)
prey subsystem.



To illustrate this results, in Section 3 some models available in the literature,
satisfying our assumptions, are considered and thresholds conditions for the cor-
responding eco-epidemiological model automatically obtained from our results: in
Section 3.1 we consider the situation where f = 0 in system (1), that is with
no predation on uninfected preys, corresponding to a generalized version of the
situation studied in [10]; in Section 3.2 we obtain a particular form for the thresh-
old conditions in the context of periodic models and particularize our result for a
model constructed from the predator-prey model in [4]; in Section 3.3 we consider
a model with Michaelis-Menten (or Holling-type I) functional response of predator
to infected prey and a Holling-type II functional response of predator to suscepti-
ble prey; finally, in Section 3.4 we consider the eco-epidemiological model obtained
from an uninfected subsystem with ratio-dependent functional response of predator
to prey, a type interaction considered as an attempt to overcome some know bio-
logical paradoxes observed in models with Gause-type interaction and again obtain
the corresponding results for the eco-epidemiological model, based on the discussion
of ratio-dependent predator-prey systems in [6]. For all these examples we present
some simulation that illustrate our conclusions.

In Theorem 3 we provide an iterative process that can be used to improve the
extinction estimates in Therorem 1. In Section 3.5 we provide an example in order
to illustrate this iterative scheme in a simple situation.

2. ECO-EPIDEMIOLOGICAL MODELS WITH ASYMPTOTICALLY STABLE BEHAVIOR
IN THE PREDATOR-UNINFECTED PREY SUBSPACE

We will assume the following hypothesis concerning the parameter functions and
the functions f, g, G and h appearing in our model (1):

S1) The real valued functions a, 8, 1, ¢, v and 6 are bounded, nonnegative and
continuous;

S2) The real valued functions f, g, G and H(t,xz) = h(t,z)x are locally Lipschitz
and functions f and g are nonnegative and f(0,0, z) = 0, for every z > 0. For
fixed z,z > 0, functions y — f(x,y,2) and y — g¢(z,y, z) are nonincreasing;
for fixed y,z > 0, function = — g¢(z,y, z) is nonincreasing; for fixed z,y > 0,
function z — f(x,y,2) is nonincreasing and function z — g¢(z,y, z) is nonde-
creasing

Our next assumption relates to the w-limit of solutions of (1) and is usually
fulfilled by mathematical models in eco-epidemiology.

S3) Each solution of (1) with positive initial condition is bounded and there is a
bounded region R that contains the w-limit of all solutions of (1) with positive
initial conditions.

Notice in particular that condition S3) implies that there is L > 0 such that
limsup (S(¢) + I(¢t) + P(t)) < L,

t—+oo

for all solutions (S(t),I(t), P(t)) of (1) with positive initial conditions.

To proceed, we need to consider two auxiliary equations and one auxiliary sys-
tem. First, we consider the equation

s =Glt,s), (2)



4 LOPO F. DE JESUS, CESAR M. SILVA, AND HELDER VILARINHO*

that corresponds to the dynamics of uninfected preys in the absence of infected
preys and predators (the first equation in system (1) with I = 0 and P = 0). We
assume the following properties for the solutions of (2):

S4) Each solution s(t) of (2) with positive initial condition is bounded, bounded
away from zero, and globally attractive on |0, +oo[, that is |s(t) — v(t)] — 0 as
t — 400 for each solution v(t) of (2) with positive initial condition.

The second auxiliary equation we consider is the equation

yl = h(tv y)y7 (3)

that corresponds to the dynamics of predators in the absence of the considered
preys (the third equation in system (1) with 7 = 0 and S = 0). We need the
following property for the solutions of (3):

S5) Each fixed solution y(t) of (3) with positive initial condition is bounded and
globally attractive on [0, +00).

Finally, starting from the uninfected subsystem, that is, the system that describes
the behavior of preys and predators in the absence of infected preys (the first and
third equations of system (1) with I = 0), given by

¥ =Gt ) —a(t)f(z,0,2)z )
2 = h(t,z)z +y(t)a(t) f(x,0,2)z
we assume that we are able to construct families of auxiliary subsystems:
2 = Gre(t7) — alt) f(2,0,0)2 (1) — v()p(t)a
Z = hl,a(tu Z)Z + ’7(f)@(t)f({[], U(E)puu Z)Z
where (£:(t), 2:(t)) is a solution of
' = Gae(t,x)
2= hae(t,2)z +y()a(t) f(z,0,2)z + v(e)p(t)g(x,0, 2)

satisfying the following assumptions.

S6) The following holds for systems (5) and (6):

S6.1) for sufficiently small € > 0, the functions G;. and h;., i = 1,2, are
continuous, the functionals e — G; . and € — h; ¢, i = 1, 2, are continuous,
Gi0=G20=G, h1,0 = hoo = h,

Gre(t,z) < G(t,x) < Gae(t, x)
and
hl,s(tvx) g h(t,CC) g hQ,E(ta I)a

S6.2) the real valued function v : [0, +oco[— R verifies v(g) > 0 for € €]0, +o0],

v(0) = 0 and is differentiable near £ = 0 with

A <'(e) < B,
for some A, B > 0 and sufficiently small € > 0;



S6.3) there are constants p“, p* such that, for all ¢ > 0,

0<p" <plt) <p*

S6.4) there is a family of nonnegative solutions, {(z7 _(t), 27 .(t))} of system (5),
one solution for each ¢ > 0 sufficiently small, depending on a solution
(23 .(t),25 () of system (6), such that each solution in the family is
globally asymptotically stable in a set containing the set (R*)? and the
function

e (2] (), 21 (t)) is continuous;

$6.5) the family of nonnegative solutions {(z3 (), 25 .(t))} of system (6), one
solution for each € > 0 sufficiently small, is such that each solution in the
family is globally asymptotically stable in a set containing the set (R*)?
and the function

e (23.(t), 23 .(t)) is continuous.

We write z7 y = 27, 230 = x5, 279 = 27 and 25, = 25 for the components of
the solutions in S6.4) and S6.5) corresponding to ¢ = 0. For the continuity of
the functionals in S6.1), S6.4) and S6.5) we consider the usual supremum norm,
I - llo (notice that, by S3) the solutions are bounded). Note that we only aim
to control two suitable families of perturbations of the uninfected subsystem, so
that condition S6) is sufficiently flexible to adapt to a wide range of uninfected
subsystems associated to the eco-epidemiological models.
We emphasize that our setting includes several of the most common functional
responses for both functions f and g. Writing
kS kP*
ns P nd 9(5, 1, P) = h(S.1, P)
we may consider the following cases:
- Holling-type I: A(S,I,P) =1, a=1
- Holling-type IT : A(S,I,P) =(14+m(S+1)),a=1
- Holling-type III: h(S,I,P)=(1+m(S+1I)),a >0
- Holling-type IV: h(S,I,P) = (a +b(S+I) +c(S+ 1)), a=1
- Beddington-De Angelis: h(S,I,P) = (a+b(S+1I)+cP),a=1
- Crowley-Martin: h(S,I,P) = (a +b0(S+1I)+cP+d(S+1)P), a=1,
where k,m,a,b,c,d > 0.

f(S,I,P)=

2.1. Main results. In this subsection, we will establish our results on the extinc-
tion and uniform strong persistence of the infective prey in system (1), assuming
conditions S1) to S6). Given a function f we will use throughout the paper the
notations f* = infi>q f(t), f* = sup,s f(t) and, for a w-periodic function f we
use the notation f = (1/w) [ f(s)ds

We define

—hmmf/ B(s)z7(s) —n(s)g(xi(s),0,25(s)) — c(s)ds (7)

t—+o0
where we still denote by 7 (t) and 23 (¢) the components of solutions in systems S6.4)
and S6.5), with e = 0, and

t+A
R*(A) = limsup B(s)s™(s) —n(s)g(s”(s),0,y"(s)) — c(s) ds. (8)

t—+oo0 Jt
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where s*(¢) and y*(t) are particular solutions, respectively, of (2) and (3) with
positive initial conditions.

As we will see in the following, using the global attractivity of solutions of (2)
and (3) in ]0, +oo[ and the global attractivity of solutions given at S6.4) and S6.5)
we can easily conclude that (7) is independent of the particular solutions considered
in S6.4) and S6.5). Similarly, it is easy to conclude that (8) is independent of the
particular solutions of (2) and (3) with positive initial conditions considered.

Proposition 1. The numbers (7) and (8) are independent, respectively, of the
particular solutions considered in S6.4) and S6.5) and of the particular solutions
of (2) and (3) with positive initial conditions chosen.

Proof. Let (w1(t), 21 (1)), (s5(t), #5(8)) and (7%(2), 5 (1)), (#5(t), 25(1)) be two dis-
tinct pairs of nonnegative solutions of (5) and (6) as in S6.4) and S6.5). Let 6 > 0.
By S6), for t > T sufficiently large, we have

() =0 < T () <2j(t)+d and  25(t) — 6 < Z5(t) < 25(t) + 6.
Additionally, by S1) and S2) we have, for every t > Tj,

t+A t+A
/t B(s)z1(s) —n(s)g(z1(s),0,22(s)) — c(s)ds — /t B(s)1(s) — n(s)g(z1(s),0,22(s)) — c(s) ds

t+A
< / B(s)lz1(s) — @1 (s)| +n(s) [9(21(s),0,23(s)) — 9(21(s),0,25(s))| ds
t
< AB"8 + 220" p(9),
with ¢(6) — 0 as 6 — 0. We conclude that, for every ¢ > 0,

t+ X
lim inf / B(s)z1(s) — n(s)g(3(s), 0, 25 (s)) — c(s) ds — AB"S — 2An" ()

t——+o0

t+X
<lim inf/t B(s)Z1(s) — n(s)g(1(s),0,22(s)) — c(s) ds

t——+oc0

t4+ A
<lim inf/t B(s)1(s) —n(s)g(xi(s),0,22(s)) — c(s) ds + AB“0 + 220" ¢(6),

t——+oco

Thus R*()\) is independent of the chosen solution. Taking, respectively, lim sup, s*(t)
and y*(t) instead of liminf, z7(¢) and 23 (¢) and using the same reasoning we can prove
that R*(\) is also independent of the particular solutions chosen. The result follows. O

Theorem 1. Assume that conditions S1) to S5) hold. Assume further that either
G(t,S) = A(t) — u(t)S and g(S + I,0,P) < g(S,I,P) or g does not depend on
1. If there is A > 0 such that R“(\) < 0, then the infectives in system (1) go to
eztinction.

Proof. Assume that there is A > 0 such that R*(\) < 0 and let s*(¢) and y*(¢)
be particular solutions, respectively, of (2) and (3) with positive initial conditions.
Since functions 5 and 7 are bounded, there are xk > 0, tg > 0 and g9 > 0 such that,
for t > to and § € ]0, 0], we have

t+A
(5)(5%(5) + 8) — ()95 () +5,0,5°(s) — 6) — es) ds < ~w < 0. (9)
¢
Let (S(t),I(¢), P(t)) be a solution of (1) with positive initial conditions. We will
prove first that
liminf I(t) = 0. (10)

t— oo
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Assume that (10) does not hold. Then, there is € > 0 such that I(¢) > ¢ for all
sufficiently large ¢. By the first equation of (1) we have

S' < G(t,S)

and thus S(t) < s(t), where s(t) is the solution of (2) with s(t9) = S(to). By
condition S4), given € €10, g¢], we have S(t) < s*(t) + ¢, for all sufficiently large ¢.
By the third equation of (1), we have

P' > h(t,P)P

and thus P(t) > y(t), where y(t) is the solution of (3) with y(t9) = P(to). By
condition S5), given e €]0, o], we have P(t) > y*(t) — ¢, for all sufficiently large t.
When G(t,5) = A(t) — u(t)S,

(S+1) < At) — p(t)S — ()] < A(t) — p(t)(S + 1),
and consequently, for sufficiently large ¢
St)+1I(t) < s*(t) +e.

Under this assumption on G, by the second equation of (1), since we assumed that
g(S+1,0,P)<g(S,I,P), we have

I < [B()(s™(t) + &) = n(t)g(s™(t) +£,0,y™(t) — ) — c(t)] 1, (11)

for all sufficiently large ¢t. Notice that, for a general G, if g does not depend on [
we have g(S, I, P) > g(s*(t) + &,0,y*(t) — €) and we still obtain inequality (11).

Denoting by |«] the integer part of o and integrating the previous equation, we
get

1) < I(to) exp { [ 505" () €)= 1 )g s () +.0,0°(0) = ) ) dr}

< I(ty) MB" (=) +e8")

A

to+[ 500 A
X exp {/ B (s (r) + ) — n(r)g(s* (1) +&,0,5"(r) — &) — e(r) dr}
to
< I(tg) e~ L)/ AR QA(BT(s7) " +eB™)

for all sufficiently large ¢. Since [(t — to)/A]k — +o0 as t — +oo, we get a
contradiction to the hypothesis that there is € > 0 such that I(t) > ¢ for sufficiently
large t. We conclude that (10) holds.

Let € > 0. Next we will prove that for sufficiently large ¢

I(t) <ee, (12)
where

ho=sup [B(8)(s"(t) + £0) = n(t)g(s™(8) + 0, 0,47(t) = 20) = e(®)]
By (10), there exists t1 > to such that I(t;) < e.
Assume, by contradiction that (12) does not hold. Then, there is t2 > ¢; such
that I(ta) > eel. Since I(t1) < ¢, there is t3 € ]t1, 2] such that I(t3) = ¢ and
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I(t) > ¢, for all t € ]ts, t2]. Integrating we get, by (9),

ce < I(ty)

< I(ts) exp {/t 2 Br)(s™(r) +e) = n(r)g(s™(r) +&,0,y"(r) =€) — c(r) d?"}

<wm{12 BWWW@+%%WWM§W+mﬁwWﬂﬂm—dﬂw}

3+ (t2a—t3)/AJA
see’,
witch is a contradiction. Thus, we conclude that (12) holds and, since € € ]0, g¢] is

arbitrary, we conclude that I(t) — 0 as t — 0, as claimed. O

Theorem 2. Assume that conditions S1) to S3) and S6) hold. If there is A > 0 such
that RY(\) > 0, then the infectives in system (1) are uniformly strong persistent.

Proof. Assume that there is A > 0 such that R*(\) > 0 and let us fix particu-
lar families of solutions of systems (5) and (6), respectively (z7 _(),27 .(t)) and
(z3 (1), 25 .(t)), with positive initial conditions and satisfying N6.4) and N6.5).
Then, we can choose ¢ty > 0, £ > 0 and gy > 0 such that, for ¢t > ¢y and ¢ € [0, &)
we have

A
/t B(s)(xz7(s) =) —n(s)g(xi(s) — 3,0, 25(s) + ) — c(s)ds = k > 0. (13)

Let (S(t),I(¢), P(t)) be a solution of (1) with positive initial conditions. We will
prove first that there is € > 0 such that

v(e)p

limsup I(t) > 14
O Ty g .
Assume that for all sufficiently small € > 0
, v(e)p”
limsup I(t) < .
R )
Then, we conclude that there is t; > tg, such that
‘
v(e)p
1) © o)t (15)

< <
(1+6)(1 + 0unv)
for each ¢ > ¢;. By the first and third equations of (1) and the inequalities in S6.1)
we have

S/
{P’ hae(t, P)P +y(t)a(t) f(S,0, P)P +v(e)p(t)0(t)n(t)g(S, 0, P)
Let (£(¢), 22(t)) be the solution of

{:17' = Ga(t, )

Ga.(t,S)

VAN/AN

2 =hae(t, 2)z +7()a(t) f (2,0, 2)z + v(e)p(t)0(t)n(t)g(, 0, 2)

with &.(t1) = S(t1) and 2.(t1) = P(t1). We have S(t) < &.(t) and P(t) < 2.(t) for
t > t1. By the global stability assumption in N6.5), we have

|25 () —2-(t)] = 0 and |25 .(t) — 2:(t)| = 0, ast— +oo



and, by continuity, again according to N6.5), we have for sufficiently large ¢

|25(t) — 2= (t)] < |3 (t) — 25 .(t) 5, (t) — e (t)]
<||l’ $25||o+|$2€ t) — z(t)]
< p1(e),
and
25(0) = 2(0)] < |25 (0) — 25.(0)] + |25.(6) — 2.(0)
<l - zzsnoﬂzzs 0 - 20|
< ¢2(e),

with ¢1(€), p2(e) — 0 as € — 0. In particular, for sufficiently large ¢,
S(t) < 8:(t) <pr(e) +x35(t) and  P(t) < 2:(t) < pa(e) + 25 (t).

(16)

On the other hand, by (15) and the first and third equations of (1), we have

{S’ > Gre(t,5) — a(t) f(5,0,0)5(t) — v(e)p(t)S
"> hio(t, P)P +~(t)a(t) f(S, v()p", P)P

Letting (Z(t), Z-(t)) be the solution of

{3:’ =Gie(t,x) —a(t) f(x,0,0)2.(t) —v(e)p(t)z
2 = hra(t, 2)2 + 2 ()alt) f,vle)p" 2)2

with Z(t1) = S(¢1) and 2(¢1) = P(t1), we have S(t) > Z.(t) and P(t) > Z.(t), for

all t > t;. By the global stability assumption in N6.4), we have
|27 (1) —2(t)] = 0 and |2{.(t) — Z(t)| = 0, ast— +oc.

and, by the continuity property in S6.4), for sufficiently large ¢, we have

|27 (1) = Ze(8)] < |21(t) ivTa 1e(t) = 2=(1))|
<z - © ) — ()]
< i(e),
and
200 = 2O < |25 — 21 (0)] + [21.(0) — 2.(0)]
< et Z1sl|o+\215 t) — Z:(t)]
< Pae),

with 11 (g),12(¢) — 0 as e = 0. In particular, for sufficiently large ¢,

S(t) > 2:(t) 2 a1(t) —¢1(e) and  P(t) > Z(t) = 21 (1) — ¢a(e).

By the second equation in (1), (13), (16) and (17) we get, for t > t1,
t4+A

B(5)S(s) = n(s)g(S(s), I(s), P(s)) — c(s) ds

t

WV

t4+A
/t B(s)(x1(s) —¢1(e)) — n(s)g(wi(s) — 1h(e), v(e)p®, 22 (s) + p2(€)) — c(s) ds

(17)

K.
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Thus, choosing £ > 0 such that max{p2(e),91(¢),v(e)p"} < €0, we have
¢
I(t) = I(t:1) exp {/ B(s)S(s) —n(s)g(S(s), I(s), P(s)) — c(s) ds}
t1
t
> 1(wyexn { [ 86)ai(e) = (e
ty

x exp { [ =03 = 01(6,0.55(6) + a(6)) — () ds}

ty
> I(ty) e B O 9@ —1(0).0,(23) Hea(e) )

t1L(t—t1)/AJA
X exp { / B(s) (i (s) - w1<a>>ds}

ty

t1+L(t=t1)/A 1A
X exp {/ —n(s)g(x1(s) — ¢1(e), 0, 22(5) + p2(e)) — c(s) dS}

t1

> I(ty) el 1)/ AR g AB YL@ 0" g (@])" —¥1.().0,(=]) Ha () +e™)

a contradiction to the fact that, according to S3), I(t) is bounded. We conclude that (14)
holds.
Next we will prove that there is mi > 0 such that for any solution (S(¢),I(t), P(t))
with positive initial condition,
liminf I(t) > m;. (18)

t——+oo
Assume that (18) does not hold. Then, given € €]0, £o[, there exists a sequence of initial
values (Tn)newn, with z, = (Sn, In, Pr) and S, > 0, I, > 0 and P, > 0 such that

- p'v(e/n®)
liminf I(t,z,) < )
it 1 o) < G Gy (T )
where (S(t,zn),I(t,zn), P(t,z»)) denotes the solution of (1) with initial conditions S(0) =

Sn, 1(0) = I, and P(0) = P,. By (14), given n € IN, there are two sequences (tn,r)kecn
and (8n,k)ken with

Sl <tnil < Sn2 <tfpo < - <Spk < tn,k < -

and lim s, = +00, such that
—+o0

B ptu(e/n) _ p“v(e/n®)
e R [ D M N (e D (e DR
and, for all t €]sn i, tn, k[,
prue/n’) < pto(e/n) (20)

(L+0un)(1+5) (14 0un) (1 + )
By the second equation in (1) and S3), for sufficiently large ¢, we have
Il(t7 :Z?n) = [/B(t)S(tv x”) - U(t)g(s(t7 xn), I(t7 xn), P(t7 :Z?n)) - C(t)] I(t7 :Z?n)
2 _(77“9([/7 07 0) + CU)I(t7 xn)

Therefore we obtain

bk I/ (7, )
%de 2_ “ L7O7O v tn — on
| T 00,0 4t — 5ns)

and thus I(tn g, Tn) = I(Snp, zn) e 1 9E00FTEnk=sn1) By (19), and S6.3) we get

Pr(e/n?) o p(tak)V(E/N®) o —(n6(L.0.0)+e")(tn =5 .1)
prv(e/n) = plsnr)v(e/n)
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and therefore we have

log(p*/p") + log(v(e/n) /v(e/n?))

oo n*g(L,0,0) +c* oo @)
as n — +o0, since, by S6.2) we have
vie/n) .. nv'(e/n) S An Yoo

n—+oo v(g/n?) T notoo 2v'(e/n?) - nﬁlrw{loo 2B
By the first and third equations of (1) and (20), we have, for ¢t € s, &, tn,x[,

S < Goc(t,S(t, n))
P’ < hoo(t, P(t,an))P(t an) + y(t)a(t) f(S(t,z0), 0, P(t, z0)) P(t, )

+p()v(e/n)0(t)n(t)g(S(t,n), 0, P(t, zn))
Letting (£n,k(t), Zn,x(t)) be the solution of

{:c’ = Ga(t, )
2 = hae (1, 2)2 + A(0)a0) (2,0, 2)2 + p(t)o(e/m)O(E) (1) (w0, 2)

with Zn.k(Sn,k) = S(Snk) and 2 k(Sn,k) = P(Sn,x). We conclude that S(t,zn) < Tnx(t)
and P(t,xn) < Zn,1(t), for each t €]sp i, tn,k[. By N6.5), given § > 0, we have

x5 /n(t) — a%nk(t)| <4/2 and ‘zgyg/n(t) — énk(t)| <4/2,

for all sufficiently large k (that depends on n). By continuity, for sufficiently large n and
all sufficiently large k > K(n), we have

|23(t) = k(1) < |23() = 30 pn(8)| + |23, /n(t) — En i (t)| < 6.
and
125 (t) = Zn i (8)] < |25 () = 25,0/ ()] 4 |25,/ () — 2 ()| < 6.

In particular, for sufficiently large n, all sufficiently large k > K(n) and for t € s, k(n), tn,k(n) [,
we have
S(t) € Zni(t) <x3(t)+6 and  P(t) < 2n5(t) < 25(8) + 6. (22)

Similar computations show that, for sufficiently large n, all sufficiently large k > K(n)
and for t € s, k(n), tn,k(n) [, We obtain

S(t) = Enk(t) 2 21(t) —0 and  P(t) = Znk(t) = 21 (t) — 0. (23)

Notice that, for a given §, eventually considering a larger n, we can take the same n and
k in (22) and (23).

Given [ > 0, by (21) we can choose T' > 0 such that ¢, — spx > A for all n > T.

Therefore, by (19), (22) and (23), and by the second equation in (1), for n > T and
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k> K(n) we get
pru(e/n?)

(1 +6un) (1 +Bv)

= I(tn,k7 xn)

> I(8n.k, @n) eXp { / " Br)S(r) — n(r)g(S(r), I(r), P(r)) — e(r) dr}

n,k

= I(Sn,lm xn)x

tn,k
X exp {nl + / B(r)(zi(r) — &) —n(r)g(zi(r) — 8§,0,25(r) + &) — c(r) dr}
Skt L(En k—sn k) /A]
S PlU(E/N) ke aB s (o) —50,(55) +8) )
(1 +6unu)(1+ B*)
pole/n)

N EY TG

for sufficiently large ! (that requires that T is sufficiently large). We conclude that

u 2
prule/m?)
oFu(z/n)
and this contradicts the fact that, by S6.2) and S6.3), we have
po(e/n®) . 2p"0(e/n?)/n’ . 20"B 0

n—+oo plu(e/m) notoo  plo'(e/n)/n? T notoeo nplA
‘We conclude that there is m; > 0 such that ltimjnf I(t) > m1 and the result follows
— 400
from S2). O

In [9], the authors obtain extinction and persistence results for eco-epidemiological
model with Crowley-Martin functional response. In the extinction result the au-
thors consider auxiliary equations different from (2) and (3) using some upper
bound for S and some lower bound for P related to the dimension of some positive
invariant region that contains the omega limit of all solutions. We will borrow
and improve the idea of that paper in our context. To this purpose, we need
to consider families of auxiliary equations. We begin by noticing that, by the
proof of Theorem 1, for any solution (S(¢),I(t), P(t)) of our problem with initial
condition (S(to), I(to), P(to)) = (S0, Io, Py) we have s'(t) < S(t) < s“*(t) and
y(t) < P(t) < ybu(t), for all t > 0 sufficiently large, where s1(¢t) = 0, s>%(¢)
is the solution of (2) with initial condition s%“(tg) = So, y1“(¢) is the solution
of (3) with initial condition y**(tq) = Py and y''%(t) = L, where L is given in
condition S3). Let k& € IN be given and assume that s¥%(¢), s5¢(t), y®“(t) and
y*t(t) are defined. Consider the equations:

s' = G(t,5) —a(t) f(s, L y™" (1) y"™" (1), (24)
and
s' = G(t,s) — a(t)f(s,0,y" )y (t) — B(t)sL, (25)
and set s"T1%(¢) and s**t1:4(¢) as particular solutions of (24) and (25) with positive
initial condition, respectively. Consider also the equations
Y = ht,y)y +~(a(t) f(s*H(1),0,9)y + 0(t)n(t)9(0,0,y) L, (26)
and
r_ k41,6
y = h(t,y)y +y@)a(t)f (s (1), L, y)y, (27)
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k+1,u k41,6

and set y and y as particular solutions of (26) and (27) with positive

initial condition, respecively.

For each k € IN we consider the following conditions:

S4y) Foreachi=1,...,k, s*“(t) and s**(t) are bounded, bounded away from zero,
and globally attractive on 0, +oo|, that is |s“(t) — v(t)| — 0 as t — +oc for
each other solution v(t) of (24) (respectively (25)), with k = ¢, with positive
initial condition.

S5i) For each i = 1,...,k, y"*(t) and y**(t) are bounded and globally attractive

on [0, +00).
We define the following number:
t+A
R“*(A) = limsup B(r)sH% —n(1)g(s®",0,y%) — e(r)dr. (28)
t—+oo Jt

Notice that R*1(\) = R" and, according to our assumptions, it is easy to prove,
with similar arguments to the ones in Proposition 1, that for all £ € IN the number
R“F()) is independent of the particular solutions considered.

Theorem 3. Assume that conditions S1) to S3), S4r) and S5;) hold for some
k € N. Assume further x — f(x,y,2) in nondecreasing and that either G(t,S) =
A(t) — p(t)S and g(S+1,0,P) < g(S,I,P) or g does not depend on I. If there is
A > 0 such that R™*()\) <0, then the infectives in system (1) go to extinction.

Proof. The proof consists in repeating the steps in the proof of Theorem 1, with
the changes that we will describe below. Let us consider k > 2 (otherwise the proof
follows from Theorem 1). In the first place, instead of the bounds given by (2) and
(3), we use bounds obtained in the following way: letting y*~1() and y*=1%(t)
be the solutions defined above, we know that

S' < G(t,8) — a(t) f(S, L,y M 1)y M (1) (29)

and
S > G(t,8) — a(t) f(S,0,y" 15 (t))y" 1 (1) — B(t)SL. (30)
Thus, using solutions s*¢(¢) and s*“(t), from the monotonicity properties of f we

obtain

P' = h(t, P)P +~(t)a(t) f(s**(t), L, P)P (31)

and

P’ < h(t, P)P +~(t)a(t) f(s"“(t),0, P)P + 6(t)n(t)9(0,0, P)L.

The bounds in (29) and (31) allow us to conclude that, for sufficiently large ¢ > 0,
we have S(t) < s¥%(t) and P(t) > y*(t); using the number R**()) in (28), similar
arguments to the ones in Theorem 1 allow us to obtain the result. O

We notice that Theorem 3 can be used to obtain a better understanding of the
extinction threshold. For instance if R** < R®*™ for some m < k, condition
R%“* < 0 is weaker than R*™ < 0, so we may improve the threshold for extinction.
See Section 3.5.

3. EXAMPLES

In this section we will apply Theorem 1 and Theorem 2 to some particular cases
of model (1). We finish with an example for Theorem 3.
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3.1. Models with no predation on uninfected preys. In this section we will
consider a family of models with no predation on uninfected preys by letting f =0
and g(S, I, P) = P. This family generalises the family of models in [10] by allowing
a very general form for the vital dynamics of predators and preys. Thus, we consider
in this subsection the following model:

S'=G(t,S) - B(t)SI
I' =8(t)ST —n(t)PI — c(t)I
P’ = h(t, P)P +0(t)n(t)PI

In this context, (7) and (8) become

tA
Rflp(/\) = lim inf/t B(s)s*(s) — n(s)y™(s) —c(s)ds

t—+oo

and
t+A

R, () = limsup [ Als)s™(s) = n(s)y"(s) — e(s) ds.
t—+oco Jt
where s*(t) and y*(t) are particular solutions, respectively, of (2) and (3).

Under the hypotheses of Theorem 1, we obtain that if there is A > 0 such that
Ryp(A) < 0 then the infectives in system (3.1) go to extinction, and under the
hypotheses of Theorem 2, we conclude that if there is A > 0 such that Rf,(A) > 0
then the infectives in system (3.1) are uniform strong persistent.

As we already mentioned, model (3.1) includes the model discussed in [10] as
the particular case where G(t,S) = A(t) — u(¢)S and h(t, P) = b(t) — r(t) P, with
A, p, r and b nonnegative, continuous and bounded functions satisfying:

t+wi t+wso
lim inf/ A(s)ds > 0, lim inf/ w(s)ds >0,
t t

t——+o0 t——+o0

t+ws t+wq
lim inf/ r(s)ds >0 and lim inf/ b(s)ds > 0,
t t

t—+o0 t—+o0
for some constants w; > 0,i=1,...,4:
S =A(t) — u(t)S — B(t)SI
I' = B(t)ST —n(t)PI — c(t)I . (32)

P’ = (b(t) — r(t)P)P + 0(t)n(t)PI

Note that, for the model in (32), condition S1) is assumed, condition S2) is imme-
diate from the particular forms of the functions g and h, conditions S4) and S5)
follow from Lemmas 1 and 3 in [10] and condition S6) is a consequence of the fact
that, in this setting, systems (5) and (6) are uncoupled and small perturbations of
each of the equations in those systems is globally asymptotically stable by Lemmas
1 and 3 in [10]. Finally, condition S3) follows from Theorem 1 in [10]. We also note
that R%,(A) and Rf,(A) coincide with the corresponding numbers in [10].
Another possible choice for the functions h and G is h(t, P) = —(81(t) + d2(¢) P),
with ¢; and d2 continuous and nonnegative functions and G(t, S) = k(¢,.5)S with k
a continuous and bounded function satisfying the conditions: 0k/9S(t,s) < 0, for
every t,s > 0; k(t,0) > 0 for all ¢ > 0; thereis Sy (¢) > 0 such that k(¢, S1(t)) = 0, for
every t > 0. This choice makes the underlying predator-uninfected prey subsystem
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in model (3.1) correspond to the model studied in section 3 of [3] with the function
f =0. System (3.1) becomes in this case:

S' = k(t,5)S — B(t)SI
I'= B)ST —n(t)PI — c(t)]
P'=—(01(t) + 02(t) P)P + 0(t)n(t) P1

Notice that the study of the function k(¢,S) in [3] allow us to conclude easily that
conditions S1) to S5) are satisfied for this model. Condition S6) is a consequence
of the fact that systems (5) and (6) are uncoupled and small perturbations of
each of the equations in those systems is globally asymptotically stable (the global
asymptotic stability of the first equation is consequence of Lemma 3.1 in [3] and
the global asymptotic stability of the second equation is trivial).

To do some simulation, in this scenario we assumed that G(¢,.5) = (0.7—0.65).S;
B(t) = Bo(1 4+ 0.7 cos(2xt)); n(t) = 0.7(1 4+ 0.7 cos(m + 27t)); ¢(t) = 0.1; h(t, P) =
—0.2 - 0.3P; 6(t) = 0.9. We obtain the model:

S'=(0.7—0.65)S — Bo(1+ 0.7 cos(2mt))SI
I' = Bo(1 4+ 0.7 cos(27t))ST — 0.7(1 + 0.7 cos(m + 27t))PT — 0.1
P’ =(-0.2—-0.3P)P + 0.63(1 + 0.7 cos(m + 2wt))PI

When 5y = 0.01 we obtain R* = —0.15 < 0 and we conclude that we have
extinction (figure 1). When £y = 0.3 we obtain R’ = 1.3 > 0 and we conclude that
the infectives are uniform strong persistent (figure 2).

We considered the following initial conditions at ¢t = 0: (So, I, Py) = (1,0.5,0.1),
(SQ, IQ, PQ) = (0.1, 0.2, 1) and (SQ, Io, PQ) = (0.5, 0.5, 05)

FI1GURE 1. Extinction: £y = 0.01.

FI1GURE 2. Uniform strong persistence: Sy = 0.3.
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3.2. Periodic coefficients. In this subsection we consider a family of models with
periodic parameters and predation on uninfected preys that, in general, is not
included in the general family of models considered in [9]. For periodic models, the
thresholds become easier to deal with.

Assume that there is w > 0 such that all parameters in (1) are w-periodic func-
tions. In this case, (7) and (8) become, respectively,

/ B(s)xt (5) — 1(s)g(x3(5),0, 25(5)) — c(s) d,

and "
- / B(s)5™(5) — 1(5)g(5"(5), 0,57 (s)) — e(s) ds.
Thus L
Ri(w) >0 < 75#_ >1
ng(x7,0,23) +¢
and _
RY(w) < 0 Ps

_ <
ng(s*,0,y*) +¢
where s*(t) and y*(¢) are particular solutions, respectively, of (2) and (3), and
x5(t) and z3(t) still denote any particular solution of first and second equations in
systems (5) and (6), respectively, with positive initial conditions. Define

f;er = # and per = L;_
ng(x71,0,23) +¢ ng(s*,0,y*) + ¢
Under the hypotheses of Theorem 1, we have that if R}, < 1 then the infectives in
model (1) with periodic coefficients go to extinction, and under the hypotheses of
Theorem 2, if Rﬁer > 1 then the infectives in model (1) with periodic coefficients
are uniform strong persistent.

Note that the corollaries in [10], concerning the periodic case, are particular cases
of the corollaries above. In fact, in [10] we have f = 0 and in this case, as argued
in the previous section, (s*(t),y*(¢)) is a particular solution of (4), condition S1)
is assumed, condition S2) is immediate, conditions S3) to S6) follow from results
n [10]. Thus, when f = 0, we get similar thresholds to the ones in the mentioned
paper:

Bs*
ny*+¢
This threshold can also be obtained using the procedures in [11, 13].

We will focus now on a particular models with a function G that is different
from the corresponding function in [9]. We consider the following setting: G(t,S) =
(A — uS)S; alt) = a; (S, P) = S; g(S, 1, P) = P; h(t, P) = b— 1P; () = 7.
We obtain the model:

S'=(A—pS)S —aSP— B(t)SI
I'=p8@1)SI —nt)PI —c(t)] , (33)
P'=(b—rP)P +~aSP +0(t)n(t)PI

RZ . Ru —

per per

For this model, condition S1) is assumed, condition S2) is immediate from the
particular forms of the functions g and h, conditions S4) and S5) hold for our
particular functions as already discussed in section 3.1. In this context, an endemic
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equilibrium for (6) is (A/p, 2:), with 2. = (bu + ayA + ep)/pr, and the endemic
equilibrium for (5) exists if Ar > ab+ ayA/p:

§ by + av[&
u? FLT )

with A = A —a2. —e. These subsystems can be discussed using [4]. In fact,
the global asymptotic stability result proved in section 3 of [4] implies that, if
Ar > ab+ ayA/u, condition S6) is satisfied. Finally, condition S3) is consequence
of the following lemma:

Lemma 1. There is a bounded region that contains the w-limit of all orbits of (33).

Proof. Let € > 0. Since, by the first equation in (33), S’ < (A —uS)S, we conclude
that

A
S5(t) < L te (34)
for all ¢ sufficiently large. Additionally, we get
,uA> A A2
sup(A—pS)S < [A—"— ) — = —. 35
Seﬂ%( nS) ( 2u ) 2p 4p (35)

Adding the first two equations in (33) and using (34) and (35) we have, for all ¢
sufficiently large,
(S+1) =(A—uS)S —ct)I
A2
< _
S 1 +e(t)S —c(®)(S+1) 7 (36)
2
< A —i—c“é +cte — (S +1).
Ap 1%

Since € > 0 is arbitrary, we conclude that

1 (A2 A
lifiliop(s—i_ I)(t) < = (E + c”;) =: A
Finally, by the third equation in (33) and (36), given € > 0, we get
P"=(b—rP)P+~aSP +0(t)n(t)PI
< (b+vyaA+0"n"A—rP) P,

for sufficiently large t. Thus,

1
limsup P(t) < - (b+~vyaA+0"n"A) =: B. (38)

t——+oo
Equations (36) and (37) show that the region
{(S,I,P)eR*:0< S+I< Aand 0 < P < B}

contains the w-limit of any orbit. O
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To do some simulation, in this scenario we assumed that G(t,S) = (0.7—0.65)5;
a = 0.9; B(t) = Bo(1 + 0.7cos(2nt)); n(t) = 0.7(1 + 0.7 cos(m + 27t)); ¢(t) = 0.1;
b=0.2;r=0.6; vy =0.1; 0(t) = 0.9. We obtain the model:

S = (0.7 —0.65)S — 0.9SP — Bo(1 + 0.7 cos(27t)) ST
I' = Bo(1 + 0.7 cos(2nt))ST — 0.7(1 4 0.7 cos(m + 27t))PI — 0.11
P"=(0.2—-0.6P)P+0.09SP + 0.63(1 4 0.7 cos(m + 2nt))PI

When fp = 0.1 we obtain R" ~ —0.217 < 0 (R}, =~ 0.35 < 1) and we conclude

that we have extinction (figure 3). When By = 0.8 we obtain RY ~ 0.167 >

0 (Rﬁer ~ 1.483 > 1) and we conclude that the infectives are uniform strong
persistent (figure 4).
We considered the following initial conditions at ¢t = 0: (So, Iy, Py) = (1,0.5,0.1),

(SQ, IQ, PQ) = (0.1, 0.2, 1) and (SQ, Io, PQ) = (0.5, 0.5, 05)

FiGure 3. Extinction: 5y = 0.1.

FIGURE 4. Uniform strong persistence: Sy = 0.8.

3.3. Models with Gause-type uninfected subsystem. A model with Michaelis-
Menten (or Holling-type I) functional response of predator to infected prey and a
Holling-type II functional response of predator to susceptible prey is now consid-
ered. We consider the vital dynamics of uninfected prey as

G(t,S) = k(t,9)S,
where k: R x [0,+o00[— R is continuous, T-periodic (I" > 0) in the ¢-variable,
continuously differentiable in S and satisfying the following conditions:

k(t,S) is bounded from above and k(t,0) > 0;

for every t there exists S1(t) > 0 such that k(t, S1(t)) = 0; (39)

g—]; < 0 for every S > 0.
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This type of vital dynamics was considered in [3] (see condition (k) in §3 in that
reference). We notice that the general assumptions (39) are satisfied by a logistic
growth of the prey population (with S;(¢) equal to a constant). We also consider
a(t) =a > 0; f(S,I,P)=S/(m+ S +1I), withm > 0; ¢g(S,I,P) = P; h(t,P) =
b—rP, with b,r > 0, v(t) = v > 0. Moreover, we assume 5(t), n(t), c(t) and 6(t) to
be bounded, nonnegative and continuous real valued functions. Henceforth we are
considering the system

S' = k(t,8)S —a—=2E— — B(t)ST

m+S+I
I' = B(t)SI —n(t)PI — c(t)I : (40)
P'= (b—rP)P +~a:2E + 0(t)n(t) Pl

For model (40), conditions S1) and S2) follow immediate from hypothesis. The
following lemma ensures condition S3).

Lemma 2. There is a bounded region that contains the w-limit of all orbits of (40).

Proof. By the first equation in (40) we have S” < k(¢,.5)S. Notice that from (39) we
have k(t, S) > 0 for S < Si(t) and k(t,S) < 0 for S > S;(t). Thus [0, maxy 7] S1(t)]
is an attractor and so

limsup S(t) < max Sy (t) := Sy
t—+oo [0,T]

Additionally, writing k* = sup, ) k(t, S), we have
(S+1) <k(t,S)S —c(t)]
<k"S—c'I
< (K4St +6) — (S + 1),
for some 0 > 0 and all sufficiently large ¢, which lead us to

(k% + c*)(S% +0)
Cé

(S+I)t) < — C.

Finally, since for sufficiently large ¢
P' < (b—rP+~a+6"n"C)P,

we have
limsup P(t) < %

t——+oo

(b+~ya+60“n"C)=:D.
Thus the region
{($,I,P)ceR?*:0<S+I<Cand0< P <D}
contains the w-limit of any orbit. O

Notice that by [3, Lemma 3.1], equations s’ = k(¢,s)s and ¢y = (b — ry)y, with
positive initial condition, have a unique T-periodic solution which is bounded and
globally asymptotically stable, hence globally attractive, on ]0,4+o0c[. This ensures
conditions S4) and S5). For condition S6) we consider G1.(t,z) = Ga(t,z) =
k(t,x)x, hy(t,2) = hae(t, z) = (r—bz)z,v(e) = € and p(t) = 1. Clearly, conditions
S6.1) to S6.3) hold. The auxiliary subsystem (6) becomes

{:17’ =k(t,x)x

2= (b—rz)z+ya2 +ez.

m-+x

(41)
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By [3, Lemma 3.1] there exists a T-periodic globally asymptotic stable solution
x5 (t) of the first equation of (41). Considering this solution in the second equation

we get
x5 (t
2 = b—i—wa#—i—s—m 2,
m+x2,s(t)

which, again from [3, Lemma 3.1], has a T-periodic globally asymptotic stable
solution 23 _(t). Using this solutions (23 _(t), 22,¢(t)*), and writing

7 az;,s(t)

the auxiliary subsystem (5) becomes

{I,' - f“’ o .. (42)

b—rz)z+ya5750

It is straightforward to verify that I;(t, S) is bounded from above. Moreover, if

k(t,O)—%a(t)—a>O (43)

for all sufficiently small € > 0, then k(¢,0) > 0. Notice that we may find a bound
for 23 .(t) independent of e. Moreover, if

ok az5. (1) }
— (¢, — 3 <0 44
(Stflﬁ{ax( ) + (m+2)? (44)
we have ~
ok ok az; (1)
- - — << .
ax(tvx) 8x(t’x)+(m+x)2_<<0

If (43) and (44) hold we have 2% (¢, z) < ¢ < 0 and k(t,0) > 0. Since lim,_, ;o k(¢ 2)
—o0 we conclude that for all ¢ there exists X (t) such that k(t, X;(t)) = 0. Notice
that having simultaneously (43) and (44) can be achieved, for instance, if a is small
enough. Therefore, if (43) and (44) hold and € > 0 is sufficiently small we are
in conditions to apply [3, Lemma 3.1] to conclude that the first equation in (42)
has a T-periodic solution z7 _(t) which is globally asymptotically stable. Using this
solution in the second equation gives

xi (t xi (t
z’z(b—rz)z+7a+()z: b+7a+()—m 2,
m+:1:115(t)+a m+:1:115(t)+a

which, proceeding as before, has a T-periodic solution 2} )a(t) that is globally asymp-
totically.

We have showed that conditions S6.4) and S6.5) also hold, so we may apply The-
orem 1 and Theorem 2 to conclude that if R* < 1 then the infectives in model (40)
go to extinction, and if R® > 1 then the infectives are uniform strong persistent.

Let us point out that in the particular case k(t,z) = A — px, for some constants
A, > 0, we have the following globally asymptotically stable solution for (41)

x3.=AMp
2. = (b+7amul+1 —i—a) /r
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and in this situation conditions (43) and (44) holds if

a4 (b—l— e ><min{A,m,u}

mr mp+ 1

and ¢ is sufficiently small.

To do some simulation, in this scenario we assumed that G(t,S) = (0.7—0.65)5;
a = 0.9; B(t) = Bo(1 + 0.7cos(2nt)); n(t) = 0.7(1 + 0.7 cos(m + 27t)); ¢(t) = 0.1;
b=0.2;r=0.6;m=2;v=0.8; 6(t) =0.9. We obtain the model:

5" =(0.7—0.65)S — 0.9 5527 — Bo(1 + 0.7 cos(2mt)) ST

I' = Bo(1 + 0.7 cos(27t))ST — 0.7(1 4 0.7 cos(m + 2wt))PI — 0.11

P'=(0.2—0.6P)P + 0.9 532 + 0.6(1 + 0.7 cos(m + 2mt)) P1

When By = 0.1 we obtain R* ~ —0.217 < 0 and we conclude that we have extinction
(figure 5). When 8y = 0.9 we obtain R ~ 0.757 > 0 and we conclude that the
infectives are uniform strong persistent (figure 6).

We considered the following initial conditions at t = 0: (So, I, Py) = (1,0.5,0.1),
(So, Io, Po) = (0.1,0.2,1) and (So, Lo, Py) = (0.5,0.5,0.5).

FiGurE 5. Extinction: 5y = 0.1.

FIGURE 6. Uniform strong persistence: Sy = 0.9.

3.4. Models with ratio-dependent uninfected subsystem. The functional
response of predator to prey in the uninfected subsystem in the next example is
ratio-dependent. Ratio-dependent functional responses were considered to over-
come some paradoxes identified in Gause-type systems (see [6] and the references
therein).

We consider now the vital dynamics of uninfected prey as

G(t,S) = A — pS,
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for constants A, pn > 0, and a(t) = a > 0, f(S,I,P) = S/(Pm+S+1), with m > 0,
g(S,I,P) = P; h(t,P) = b—rP, with b,r > 0, v(t) = v > 0, and B(t),n(t), c(t)
and 6(t) to be bounded, nonnegative and continuous real valued functions. With
this assumptions system (1) becomes

S'=A—pS —a—52 — — B(t)SI

mP+S+I
I' = B(t)ST — n(t)PI — c(t)I . (45)
P' = (b—rP)P +yarp— + 0(t)n(t) PI

For model (45), conditions S1) and S2) follow immediate from hypothesis and the
particular forms of the functions g and h. Condition S3) is an immediate corollary
of the following.

Lemma 3. There is a bounded region that contains the w-limit of all orbits of (40).

Proof. By the first equation in (45) we have S’ < A — S which implies

/

lim sup S(¢) <

t—+oo

==

We have
(S+I) <A—puS—ct)]
<A —min{y, }(S +1)
which implies
A
(S+1)(t) < WM:: C.
for some d > 0 and all sufficiently large ¢t. Finally, since for large t,
P' < (b—rP+~a+0"n"C)P
we have
limsup P(t) < %

t——+oo

(b+~ya+60“n"C)=:D.
Thus the region
{(S,[,P)eR?*:0<S+I1<Cand0< P <D}
contains the w-limit of any orbit. ([

Similarly to the previous example, each solution of s’ = A — us and of vy =
(b — ry)y, with positive initial condition is bounded, bounded away from zero, and
globally asymptotic stable (hence globally attractive) on ]0,+oo[, which ensures
conditions S4) and S5).

For condition S6) we consider now Gy (t,z) = G2.(t,x) = A — pzx, h1(t,2) =
hoe(t,z) = (r —bz)z, v(e) = ¢ and p(t) = 1. As before, conditions S6.1) to S6.3)
are straightforward. The auxiliary subsystem (6) becomes

' =A—px (46)
Z=(b-rz)z+ya-"2= +ez.

mz+x

The first equation of (46) has solution x5 _(t) = A/u. Considering this solution in

the second equation we get
A
o (b bya DM

mz—l—A/u—i_a_TZ)Z’
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which has solution

v e A+ VAZ+4AArmuB
a(t) =

2rmy

= 22,

where
A=—-Ar+bmpu+empuy and B=b+ec+ay.
Proceeding as in previous example, from [3, Lemma 3.1] we conclude that (z3 _(t), 25 (1))
is a globally asymptotically stable solution on {(x,y) € R?: x,5 > 0}. Using this
solution (z3 .(t), 25 (1)), the auxiliary subsystem (5) becomes
v =AN—px—az, —cx
{ (b—rz)z—l—”yam.

The first equation can be written as

o' =AN—az,—(p+e)r,

which, if
A>azy, (47)
it has solution
. A—az, .
z1.(t) = Tate TLe

Using this solution in the second equation gives

T .
=|b+yva———— 12| 2,
rm+1ry .+ €
which in turn has solution

A+ \/A+4mTB

2mr

(1) =
where A = bm — er — rzy . and B=be+ bri . + aya] ..

A+ VA+4rmB

2rm

2 (t) =

where A = mb—rx] . and B= (b+~a)zi .. Once more, proceeding as in the previ-
ous example, one can check that by [3, Lemma 3.1] we conclude that (27 _(t), 27 . (t))
is a globally asymptotically stable solution on {(x,y) € R?: z,y > 0}.

We have showed that if (47) holds, which happens, for instance, for sufficiently
small a, then conditions S6.4) and S6.5) also hold, and we may apply Theorem 1
and Theorem 2 to conclude that if R* < 1 then the infectives in model (45) go to
extinction, and if R® > 1 then the infectives are uniform strong persistent.

To do some simulation, in this scenario we assumed that G(¢,S) = 3 — 0.6S;
a = 0.9; B(t) = Bo(1 + 0.7cos(2nt)); n(t) = 0.7(1 + 0.7 cos(m + 27t)); ¢(t) = 0.1;
b=0.2;r=0.6;m=2;v=0.8; 6(t) =0.9. We obtain the model:
S =3-0.65-0.9 52 2P+S+I — Bo(1 4+ 0.7 cos(27t))ST
= Bo(1 + 0.7 cos(2nt))ST — 0.7(1 4 0.7 cos(w + 27t))PI — 0.11

P =(0.8— 06P)P+092P+S+I+06(1+O7cos(7r+27rt))PI
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When £y = 0.01 we obtain R* ~ —0.283 < 0 and we conclude that we have
extinction (figure 7). When By = 0.3 we obtain R ~ 0.073 > 0 and we conclude
that the infectives are uniform strong persistent (figure 8).

We considered the following initial conditions at ¢t = 0: (So, I, Py) = (1,0.5,0.1),
(SQ, IQ, PQ) = (0.1, 0.2, 1) and (SQ, Io, PQ) = (0.5, 0.5, 05)

FiGURE 7. Extinction: By = 0.01.

FIGURE 8. Uniform strong persistence: Sy = 0.3.

3.5. Iterative scheme for models with Holling-type I functional response.
In this subsection we consider a simple example in order to illustrate the procedure
in Section 2 which makes use of Theorem 3. This procedure can be extended
for more complex models and can constitute a procedure in order to improve a
threeshold for extinction.

We will consider G(t,S) = (A — uS)S; a(t) = a; B(t) = B; n(t) =n; 6(t) = 6,
c(t)=c¢; f(S,I,P)=S; g(S,I,P)=P; h(t,P) =b—rP; v(t) = v. We obtain the
model:

S'=(A—pS)S —aSP — BSI
I' =388 —nPI —cl , (48)
P = (b—rP)P +~aSP + 6nPI
As discussed in section 3.1 conditions S1)-S2) hold for system (48). By Theorem 1,
if
R“:’R“’O:Bé—né —c<0
I r

the infectives in (48) go to extinction.
Set now s(t) = 0 and consider the solution sb“(t) = A/u of equation (2).
Recall B from (38) given by

B:l(b—F’yaA—l—GnA),
r
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where A = 4#6 A Set y%(t) = B and consider the solution y'(t) = b/r of equa-

tion (3). We deﬁne recursively the corresponding equations (24)-(26), respectively,
by setting for k € IN

( k+1,u\/ k+1,u)sk+1,u

) = (A —ay™" — ps
(sFH1EY = (A — ayhu — Bb — pskt1l)sh+le
(yEFE9Y = (b4 yastThu 4 gnB — L)kl
(yFH Y = (b + yastHl — pyktll) kt1e,
and consider the corresponding particular solutions
S = (A~ ay*)
s = (A — ay®™ — BB) /n
y* = (b + yast T + 0nB) /r
YL = (b + yash L0 /r.

It is easy to check that conditions S4;) and S5;) hold. We conclude that the
infectives go to extinction if

R&F(N) = Bk —nyht —c < 0. (49)
Condition (49) can be used to improve a threshold for extinction.
In order to undertake some simulation we fix © = 0.6; a = 0.8; ¢ = 0.1; b = 0.2;

r=10.9;v=0.1 and 8 = 0.9. In the first situation we also fix n = 0.5 and analyse
the persistence and extinction threshold in therms of variables A and S.

FIGURE 9. Persistence and extinction thresholds with respect to
parameters 3 and A.

We can see the region of parameters corresponding to persistence above the
line {(A,B3): R = 0}. If, for each k = 1,2,3 we set the region for extinction
E, ={(A,B): A € ]0,1]ARF" < 0}}, which can be easily seen in the picture as the
region below the corresponding line, one can see that Fy does not contain E; but
we can improve the known region of extinction E; by considering E; U Es instead.
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general there is no guarantee that there is a real improvement in each iteration
we can see by the region E3 which is contained in E; U Es, and thus not adding

new information on the set of parameters leading to extinction.

We fix now A = 0.6 and analyse the persistence and extinction as a function of

parameters 5 and 7.

0.05

0 0.05 0.1 0.15 0.2 0.25 0.3

FIGURE 10. Persistence and extinction thresholds with respect to
parameters 5 and 7.

Set now the regions for extinction Fy, = {(n,8): A € [0,0.3] A RF* < 0}},

k=1,2,3. In this example we have an improvement in each of the first iterations,
in the sense that F; C Fy C Fr U F3.

This example intends to illustrate the potential of this approach and en raises

several interesting questions.
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