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Abstract: This work analyzes the existence of solution and approximate controllability for higher or-
der non-linear fractional integro-differential systems with Riemann-Liouville derivatives in Banach spaces.
Firstly, the definition of mild solution for the system is derived. Then a set of sufficient conditions for
the existence of mild solution and approximate controllability of the system is obtained. The discussions
are based on fixed point approach, and the theory of convolution and fractional resolvent. To illustrate
the feasibility of developed theory, an example is given.
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1 Introduction

Let V and V ′ be Banach spaces, and Z = Lp([0, λ];V ) and U = Lp([0, λ];V ′) be function spaces. Consider
the non-linear fractional system

Dκ
t z(t) = Az(t) +Bu(t) + f

(
t, z(t),

∫ t

0

ψ(t, s, z(s)) ds

)
, t ∈ (0, λ],(

I2−κ
t z(t)

)
t=0

= y0 ∈ V,(
Dκ−1
t z(t)

)
t=0

= y1 ∈ V,

(1.1)

where 1 < κ ≤ 2, p < 1
2−κ (when κ 6= 2) and Dκ

t stands for κ-order Riemann-Liouville derivative.
The control u ∈ U , the state z ∈ Z; A : D(A) ⊆ V → V is the generator of a Riemann-Liouville
fractional κ-order resolvent ℘κ(t), where D(A) is dense in V . B : U → Z is a linear map. The operators
f : [0, λ]× V × V → V and ψ : ∆× V → V are non-linear, here ∆ = {(t, s) : 0 ≤ s ≤ t ≤ λ}.

In many physical, biological and engineering problems, differential systems of fractional order are found
to be suitable models. Therefore, in last twenty years, they attracted more attention from researchers.
In fact, for the illustration of memory and hereditary properties, fractional derivatives give a better
instrument. For this reason, they have been broadly applied in the areas of physics, electrodynamics,
economics, aerodynamics, control theory, viscoelasticity and heat conduction. In recent years, noteworthy
achievements of fractional systems have been made in the theory as well as applications [2–14].

In many areas such as nuclear reactor dynamics and thermoelasticity, it is required to reflect the
systems’ memory effect in the model. In the modeling of such systems, if differential equations are used,
which involve functions at any specific time and space, the impact of history result is omitted. Therefore,
to incorporate the memory effect in these systems, a term of integration is added in the differential system,
which turns to integro-differential system. The integro-differential systems have been broadly applied in
viscoelastic mechanics, fluid dynamics, thermoelastic contact, control theory, heat conduction, industrial
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mathematics, financial mathematics, biological models, chemical kinetics and aerospace systems, etc.
(see [16–22]).

The existence and controllability results for various types of systems are proved by many researchers
[?, 15, 21–42, 44–54, 56, 57]. In recent years, the controllability properties of Caputo fractional systems
have been extensively studied. However, the work on the controllability of Riemann-Liouville fractional
systems is still in the initial phase. Liu and Li [38] studied the approximate controllability of Riemann-
Liouville fractional systems of the form Dκ

t z(t) = Az(t) + f(t, z(t)) + (Bu)(t) (0 < κ ≤ 1) with the
integral initial condition

(
I1−κ
t z(t)

)
t=0

= y0 in Banach spaces using the theory of C0-semigroup together
with the probability density function. Ibrahim et al. [34] determined the existence and controllability
results for the same system with the initial condition limt→0+ Γ(κ)t1−κz(t) = y0 using the concept of
κ-order resolvent rather than C0-semigroup. Mahmudov and McKibben [32] determined the approximate
controllability of fractional systems with generalized Riemann-Liouville derivatives. Yang and Wang [31]
investigated the approximate controllability of fractional differential inclusions with Riemann-Liouville
derivatives.

However, as for as we know, the controllability for fractional integro-differential systems of order
κ ∈ (1, 2] using Riemann-Liouville fractional resolvent have not been discussed in the literature. In order
to fill this gap, we determine the existence and uniqueness of solution and approximate controllability of
the Riemann-Liouville fractional integro-differential system (1.1).

Main contributions of the paper are:

• The definition of mild solution in terms of resolvent operator is derived using the theory of convo-
lution.

• Existence and uniqueness of mild solutions is proven using generalized fixed point theorem.

• Approximate controllability of the non-linear system is proven using sequence method. For this,
some additional results are derived in Lemma 5.4 for proposed system under some hypotheses.

• The concept of Riemann-Liouville fractional resolvent is used rather than fractional cosine family.

2 Preliminaries

In this section, some definitions and preliminaries are presented which are used throughout the paper.
Denote by L(V ) the space of linear and bounded operators from V to V .

Definition 2.1. The Riemann-Liouville integral of order κ is given by

Iκt ϕ(t) =
1

Γ(κ)

∫ t

0

(t− s)κ−1ϕ(s) ds, κ > 0,

where Γ is the gamma function.

Definition 2.2. The Riemann-Liouville derivative of order κ is given by

Dκ
t ϕ(t) =

1

Γ(m− κ)

dm

dtm

∫ t

0

(t− s)m−κ−1ϕ(s) ds, κ > 0,

where m = [κ] + 1.

Definition 2.3. The Mittag-Leffler function Eκ,κ̂ is given by

Eκ,κ̂(ξ) =

∞∑
j=0

ξj

Γ(κj + κ̂)
.
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For κ̂ = 1, it is denoted by Eκ.

Theorem 2.4. [43]. Suppose κ > 0, ϕ1(t) is non-negative and locally integrable over 0 ≤ t ≤ λ and
ϕ2(t) is a non-negative, non-decreasing continuous bounded function over 0 ≤ t ≤ λ. If ξ(t) be locally
integrable and non-negative over 0 ≤ t ≤ λ satisfying

ξ(t) ≤ ϕ1(t) + ϕ2(t)

∫ t

0

(t− s)κ−1ξ(s) ds.

Then

ξ(t) ≤ ϕ1(t) +

∫ t

0

( ∞∑
α=1

(ϕ2(t)Γ(κ))
α

Γ(ακ)
(t− s)ακ−1ϕ1(s)

)
ds.

Corollary 2.5. [43]. Under the assumption of Theorem 2.4, if ϕ1(t) is non-decreasing, then

ξ(t) ≤ ϕ1(t)Eκ
(
ϕ2(t)tκΓ(κ)

)
.

Definition 2.6. [1]. A family {℘κ(t) | t > 0} ⊂ L(V ) is said to be Riemann-Liouville κ-order fractional
resolvent, if

(i) for y ∈ V, ℘κ(·)y ∈ C((0,∞), V ) and

lim
t→0+

Γ(κ− 1)t2−κ℘κ(t)y = y,

(ii) ℘κ(s) and ℘κ(t) commute for s, t > 0,

(iii) for s, t > 0

℘κ(s)Iκt ℘κ(t)− Iκs ℘κ(s)℘κ(t) =
sκ−2

Γ(κ− 1)
Iκt ℘κ(t)− tκ−2

Γ(κ− 1)
Iκs ℘κ(s).

Definition 2.7. The operator A given by

Ay = Γ(2κ− 1) lim
t→0+

t2−κ℘κ(t)y − 1
Γ(κ−1)y

tκ
for y ∈ D(A),

where

D(A) =

{
y ∈ V : lim

t→0+

t2−κ℘κ(t)y − 1
Γ(κ−1)y

tκ
exists

}
,

is known as the generator of Riemann-Liouville κ-order fractional resolvent ℘κ(t).

Remark 2.8. Since ℘κ(·) has singularity at t = 0 (when κ 6= 2). Therefore we can not assume the
uniform boundedness of ℘κ(t) on any interval (0, r] (r > 0). However, t2−κ℘κ(t) is uniformly bounded
on every bounded interval contained in R+.

Lemma 2.9. [1]. Let A be the generator of a Riemann-Liouville κ-order fractional resolvent ℘κ(t), then

(i) ℘κ(t)y ∈ D(A) and A℘κ(t)y = ℘κ(t)Ay for y ∈ D(A),

(ii) for y ∈ V , t > 0,

℘κ(t)y =
tκ−2

Γ(κ− 1)
y +AIκt ℘κ(t)y,

(iii) for y ∈ D(A), t > 0,

℘κ(t)y =
tκ−2

Γ(κ− 1)
y + Iκt ℘κ(t)Ay.

Throughout this article we assume that there is a constant l℘ > 0 such that ‖t2−κ℘κ(t)‖ ≤ l℘.
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3 Definition of mild solutions

In this section, we derive the definition of mild solution of (1.1). For this, we consider the system
Dκ
t z(t) = Az(t) + ξ(t), t ∈ (0, λ],(
I2−κ
t z(t)

)
t=0

= y0 ∈ V,(
Dκ−1
t z(t)

)
t=0

= y1 ∈ V,
(3.1)

where ξ ∈ Lp([0, λ];V ).
By a mild solution of (3.1) we mean a function z ∈ C((0, λ];V ) satisfying

z(t) =
tκ−2

Γ(κ− 1)
y0 +

tκ−1

Γ(κ)
y1 +AIκt z(t) + Iκt ξ(t). (3.2)

From the definition of convolution, it is not difficult to prove the next lemma

Lemma 3.1. Let ς1 and ς2 be any two functions such that ς1 ∗ ς2 exists. Then for t > 0, the integral∫ t
0
(ς1 ∗ ς2)(t) dt makes sense and∫ t

0

(ς1 ∗ ς2)(t) dt =

(∫ (·)

0

ς1(t) dt ∗ ς2

)
(t) =

(
ς1 ∗

∫ (·)

0

ς2(t) dt

)
(t).

Using above lemma, we prove that (3.2) is equivalent to the integral equation

z(t) = ℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt+

∫ t

0

∫ t−s

0

℘κ(σ)ξ(s) dσ ds. (3.3)

Theorem 3.2. A function z ∈ C((0, λ];V ) is a mild solution of (3.1) iff it satisfies (3.3).

Proof. Let ςκ(t) = tκ−2

Γ(κ−1) and ηκ(t) = tκ−1

Γ(κ) . By (ii) of Lemma 2.9, one has

ςκ(t) = ℘κ(t)− (Aηκ ∗ ℘κ) (t).

Now

ςκ ∗ z = (℘κ −Aηκ ∗ ℘κ) ∗ z

=

(
℘κ −A

(∫ (·)

0

ςκ(t) dt

)
∗ ℘κ

)
∗ z

= ℘κ ∗ z − ℘κ ∗

(
A

(∫ (·)

0

ςκ(t) dt

)
∗ z

)

= ℘κ ∗

(
z −A

(∫ (·)

0

ςκ(t) dt

)
∗ z

)

= ℘κ ∗

(
ςκy0 +

∫ (·)

0

ςκ(t)y1 dt+

∫ (·)

0

ςκ(t) dt ∗ ξ

)

= ςκ ∗

(
℘κy0 +

∫ (·)

0

℘κ(t)y1 dt+

∫ (·)

0

℘κ(t) dt ∗ ξ

)
,

=⇒ z(t) =

(
℘κy0 +

∫ (·)

0

℘κ(t)y1 dt+

∫ (·)

0

℘κ(t) dt ∗ ξ

)
(t)
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= ℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt+

∫ t

0

∫ t−s

0

℘κ(σ)ξ(s) dσ ds.

Conversely, we assume that (3.3) is satisfied. Then one has(
s2−κ℘κ(s)− 1

Γ(κ− 1)

)
Iκt z(t)

=

(
s2−κ℘κ(s)− 1

Γ(κ− 1)

)
Iκt

(
℘κ(t)y0 +

∫ t

0

℘κ(t)y1dt+

∫ t

0

∫ t−s

0

℘κ(σ)ξ(s) dσ ds

)
=

(
s2−κ℘κ(s)− 1

Γ(κ− 1)

)(
Iκt ℘κ(t)y0 + Iκt

∫ t

0

℘κ(t)y1 dt+ Iκt

(∫ (·)

0

℘κ(σ) dσ ∗ ξ

)
(t)

)

=

(
s2−κ℘κ(s)Iκt ℘κ(t)y0 −

1

Γ(κ− 1)
Iκt ℘κ(t)y0

)
+

(
s2−κ℘κ(s)Iκt

∫ t

0

℘κ(t)y1 dt−
1

Γ(κ− 1)
Iκt

∫ t

0

℘κ(t)y1 dt

)
+

(
s2−κ℘κ(s)Iκt

(∫ (·)

0

℘κ(σ) dσ ∗ ξ

)
(t)− 1

Γ(κ− 1)
Iκt

(∫ (·)

0

℘κ(σ) dσ ∗ ξ

)
(t)

)

= s2−κ
(
℘κ(s)Iκt ℘κ(t)y0 −

sκ−2

Γ(κ− 1)
Iκt ℘κ(t)y0

)
+ s2−κ

(
℘κ(s)Iκt

∫ t

0

℘κ(t)y1 dt−
sκ−2

Γ(κ− 1)
Iκt

∫ t

0

℘κ(t)y1 dt

)
+ s2−κ

(
℘κ(s)Iκt

(∫ (·)

0

℘κ(σ) dσ ∗ ξ

)
(t)− sκ−2

Γ(κ− 1)
Iκt

(∫ (·)

0

℘κ(σ) dσ ∗ ξ

)
(t)

)

= s2−κ
(
Iκs ℘κ(s)℘κ(t)y0 −

tκ−2

Γ(κ− 1)
Iκs ℘κ(s)y0

)
+ s2−κ

(
Iκs ℘κ(s)

∫ t

0

℘κ(t)y1 dt−
tκ−1

Γ(κ)
Iκs ℘κ(s)y1

)
+ s2−κ

(
Iκs ℘κ(s)

(∫ (·)

0

℘κ(σ) dσ ∗ ξ

)
(t)− Iκs ℘κ(s)

(∫ (·)

0

tκ−2

Γ(κ− 1)
dt ∗ ξ

)
(t)

)

= s2−κIκs ℘(s)

((
℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt+

∫ t

0

∫ t−s

0

℘κ(σ)ξ(s) dσ ds

)
−
(

tκ−2

Γ(κ− 1)
y0 +

tκ−1

Γ(κ)
y1 + Iκt ξ(t)

))
= s2−κIκs ℘(s)

(
z(t)− tκ−2

Γ(κ− 1)
y0 −

tκ−1

Γ(κ)
y1 − Iκt ξ(t)

)
.

Therefore,

AIκt z(t) = Γ(2κ− 1) lim
s→0+

(
s2−κ℘κ(s)− 1

Γ(κ−1)

)
Iκt z(t)

sκ

= Γ(2κ− 1) lim
s→0+

s2−2κIκs ℘κ(s)

(
z(t)− tκ−2

Γ(κ− 1)
y0 −

tκ−1

Γ(κ)
y1 − Iκt ξ(t)

)
. (3.4)

Now, for any y ∈ V∥∥Γ(2κ− 1)s2−2κIκs ℘κ(s)y − y
∥∥ =

∥∥∥∥Γ(2κ− 1)

Γ(κ)

∫ s

0

s2−2κ(s− ϑ)κ−1℘κ(ϑ)y dϑ− y
∥∥∥∥
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=

∥∥∥∥Γ(2κ− 1)

Γ(κ)

∫ 1

0

s2−κ(1− ϑ)κ−1℘κ(sϑ)y dϑ− y
∥∥∥∥

=

∥∥∥∥Γ(2κ− 1)

Γ(κ)

∫ 1

0

ϑκ−2(1− ϑ)κ−1(sϑ)2−κ℘κ(sϑ)y dϑ

− Γ(2κ− 1)

Γ(κ)Γ(κ− 1)

∫ 1

0

ϑκ−2(1− ϑ)κ−1y dϑ

∥∥∥∥
≤ sup
ϑ∈(0,1]

∥∥Γ(κ− 1)(sϑ)2−κ℘κ(sϑ)y − y
∥∥

=⇒ lim
s→0+

Γ(2κ− 1)s2−2κIκs ℘κ(s)y = y.

Hence from (3.4)

AIκt z(t) = z(t)− tκ−2

Γ(κ− 1)
y0 −

tκ−1

Γ(κ)
y1 − Iκt ξ(t)

=⇒ z(t) =
tκ−2

Γ(κ− 1)
y0 +

tκ−1

Γ(κ)
y1 +AIκt z(t) + Iκt ξ(t).

Now we are in position to give the definition of mild solution of the original system in terms of ℘κ.
For this, we consider the Banach space C2−κ([0, λ];V ) = {z : t2−κz(t) ∈ C([0, λ];V )} with the norm
‖z‖C2−κ = supt∈[0,λ]{t2−κ‖z(t)‖V }.

Definition 3.3. A function z ∈ C2−κ([0, λ];V ) is said to be a mild solution of (1.1) if it satisfies

z(t) = ℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt

+

∫ t

0

∫ t−s

0

℘κ(σ)

(
Bu(s) + f

(
s, z(s),

∫ s

0

ψ(s, ϑ, z(ϑ)) dϑ

))
dσ ds. (3.5)

If we denote by z(t, u) the mild solution of (1.1) corresponding to a given u ∈ U , then the set
Rλ(f) = {z(λ, u) ∈ V : u ∈ U} is known as the reachable set of (1.1). Further, the system (1.1) is
called approximately controllable on [0, λ] if Rλ(f) = V .

Remark 3.4. It should be noted that, for κ 6= 2, C2−κ([0, λ];V ) is dense subset of Z if p < 1
2−κ .

4 Existence and uniqueness of mild solutions

To study the mild solution, we assume the following conditions:

(A1) there exist positive constants lf and lψ satisfying

(i) ‖f(t, y1, ỹ1)− f(t, y2, ỹ2)‖ ≤ lf (‖y1 − y2‖+ ‖ỹ1 − ỹ2‖) ∀ yα, ỹα ∈ V, α = 1, 2,

(ii) ‖ψ(t, s, y1)− ψ(t, s, y2)‖ ≤ lψ‖y1 − y2‖ ∀ yα ∈ V, α = 1, 2,

(A2) there exist ϕ1, ϕ2 ∈ Lp[0, λ] and l′f > 0 such that

(i) ‖f(t, y, ỹ)‖ ≤ ϕ1(t) + l′f t
2−κ (‖y‖+ ‖ỹ‖) for a.e. t ∈ [0, λ] and all y, ỹ ∈ V,

(ii) ‖ψ(t, s, y)‖ ≤ ϕ2(s) for (t, s) ∈ ∆ and y ∈ V.

Theorem 4.1. Under assumptions (A1) and (A2), the non-linear system (1.1) admits exactly one mild
solution in C2−κ([0, λ];V ) for each given u ∈ U .

6



Proof. Define the operator Q : C2−κ([0, λ];V )→ C2−κ([0, λ];V ) by

(Qz)(t) = ℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt

+

∫ t

0

∫ t−s

0

℘κ(σ)

(
Bu(s) + f

(
s, z(s),

∫ s

0

ψ(s, ϑ, z(ϑ)) dϑ

))
dσ ds.

For z, z̃ ∈ C2−κ([0, λ];V ), one has

t2−κ‖(Qz)(t)− (Qz̃)(t)‖

≤ t2−κ
∫ t

0

∥∥∥∥∫ t−s

0

℘κ(σ)

(
f

(
s, z(s),

∫ s

0

ψ(s, ϑ, z(ϑ)) dϑ

)
− f

(
s, z̃(s),

∫ s

0

ψ(s, ϑ, z̃(ϑ)) dϑ

))
dσ

∥∥∥∥ ds
≤ l℘lf
κ− 1

t2−κ
∫ t

0

(t− s)κ−1

(
‖z(s)− z̃(s)‖

+

∫ s

0

‖ψ(s, ϑ, z(ϑ))− ψ(s, ϑ, z̃(ϑ))‖ dϑ
)
ds

≤ l℘lf
κ− 1

t2−κ
∫ t

0

(t− s)κ−1

(
sκ−2s2−κ‖z(s)− z̃(s)‖

+ lψ

∫ s

0

ϑκ−2ϑ2−κ‖z(ϑ)− z̃(ϑ)‖ dϑ
)
ds

≤ l℘lf
κ− 1

t2−κ
∫ t

0

(t− s)κ−1

(
sκ−2 + lψ

sκ−1

κ− 1

)
ds ‖z − z̃‖C2−κ

=
l℘lf
κ− 1

t2−κ
(

Γ(κ)Γ(κ− 1)

Γ(2κ− 1)
t2κ−2 +

lψΓ(κ)Γ(κ− 1)

Γ(2κ)
t2κ−1

)
‖z − z̃‖C2−κ

≤ l℘lf tκ
(Γ(κ− 1))

2

Γ(2κ− 1)

(
1 +

lψλ

2κ− 1

)
‖z − z̃‖C2−κ .

By inductions, one can obtain

t2−κ‖(Qnz)(t)− (Qnz̃)(t)‖

≤ (l℘lf t
κ)n

(Γ(κ− 1))
n+1

Γ((n+ 1)κ− 1)

(
n∏
i=1

(
1 +

lψλ

(i+ 1)κ− 1

))
‖z − z̃‖C2−κ

≤ Γ(κ− 1) (l℘lfλ
κΓ(κ− 1) (1 + lψλ))

n

Γ((n+ 1)κ− 1)
‖z − z̃‖C2−κ

=⇒ ‖Qnz −Qnz̃‖C2−κ ≤
Γ(κ− 1) (l℘lfλ

κΓ(κ− 1) (1 + lψλ))
n

Γ((n+ 1)κ− 1)
‖z − z̃‖C2−κ .

It is known that the Mittag-Leffler series

Eκ,κ−1 (l℘lfλ
κΓ(κ− 1) (1 + lψλ)) =

∞∑
α=0

(l℘lfλ
κΓ(κ− 1) (1 + lψλ))

α

Γ(ακ+ (κ− 1))

is convergent. Therefore
(l℘lfλ

κΓ(κ−1)(1+lψλ))n

Γ((n+1)κ−1) < 1
Γ(κ−1) for some integer n. Hence from Banach contrac-

tion principle, Q has exactly one fixed point in C2−κ([0, λ];V ), which is the mild solution of the original
system.
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5 Main results

Let us define the Nemytskii operator Θf : C2−κ([0, λ];V )→ Z given by

(Θf (z))(t) = f

(
t, z(t),

∫ t

0

ψ(t, s, z(s)) ds

)
, z ∈ C2−κ([0, λ];V )

and the continuous linear map Φ : Z → V given by

Φ(z) =

∫ λ

0

∫ λ−s

0

℘κ(σ)z(s) dσ ds, z ∈ Z.

Remark 5.1. The reachable set Rλ(f) is dense in V iff for given ε > 0 and a ŷ ∈ V , there is a uε ∈ U
such that the mild solution zε corresponding to uε satisfies∥∥∥∥∥ŷ − ℘κ(λ)y0 −

∫ λ

0

℘(t)y1 dt− Φ(Θf (zε))− Φ(Buε)

∥∥∥∥∥ ≤ ε.
For further development, we assume the following conditions:

(A3) there exist positive constants l̂f and l̂ψ satisfying

(i) ‖f(t, y1, ỹ1)− f(t, y2, ỹ2)‖ ≤ l̂f t2−κ (‖y1 − y2‖+ ‖ỹ1 − ỹ2‖) ∀ yα, ỹα ∈ V, α = 1, 2,

(ii) ‖ψ(t, s, y1)− ψ(t, s, y2)‖ ≤ l̂ψs2−κ‖y1 − y2‖ ∀ yα ∈ V, α = 1, 2,

(A4) for given ε > 0 and z ∈ Z, there exists a u ∈ U satisfying

‖Φz − Φ(Bu)‖V ≤ ε and ‖Bu‖Z ≤ b‖z‖Z ,

where b > 0 is constant and it doesn’t dependent on z.

Remark 5.2. Note that (A1) is a weaker assumption than (A3) hence by Theorem 4.1, for a fixed u ∈ U ,
the system (1.1) has exactly one mild solution in C2−κ([0, λ];V ) if assumptions (A2) and (A3) are true.

Remark 5.3. It is easy to verify that the assumption (A4) is satisfied if B(U) is dense in Z.

First we derive the next lemma:

Lemma 5.4. Under assumptions (A2) and (A3), any mild solutions of (1.1) satisfy the following

(i) ‖z(·, u)‖C2−κ ≤ C1Eκ
(
l℘l
′
fλ

2Γ(κ)

κ−1

)
for u ∈ U,

(ii) ‖z1(·, u1)− z2(·, u2)‖C2−κ ≤ C2Eκ
(
l℘l
′
fλ

2Γ(κ)

κ−1

)
‖Bu1 −Bu2‖Z for u1, u2 ∈ U provided that

κ(κ− 1) > l℘ l̂f l̂ψλ
5−κEκ

(
l℘ l̂fλ

2Γ(κ)

κ− 1

)
;

where

C1 = l℘

(
‖y0‖+

λ

κ− 1
‖y1‖+

λ2− 1
p

κ− 1

(
p− 1

pκ− 1

)1− 1
p (
‖Bu‖Z + ‖ϕ1‖Lp

)
+
l′fλ

5−κ− 1
p

κ(κ− 1)
‖ϕ2‖Lp

)
and

C2 =
κl℘λ

2− 1
p

(
p−1
pκ−1

)1− 1
p

κ(κ− 1)− l℘ l̂f l̂ψλ5−κEκ

(
l℘ l̂fλ2Γ(κ)

κ−1

) .
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Proof. (i) If z ∈ C2−κ([0, λ];V ) is the mild solution of (1.1) corresponding to u ∈ U , then

z(t) = ℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt

+

∫ t

0

∫ t−s

0

℘κ(σ)

(
Bu(s) + f

(
s, z(s),

∫ s

0

ψ(s, ϑ, z(ϑ)) dϑ

))
dσ ds.

Therefore

t2−κ‖z(t)‖V ≤ t2−κ‖℘κ(t)y0‖+ t2−κ
∫ t

0

‖℘κ(t)y1‖ dt

+ t2−κ
∫ t

0

∥∥∥∥ ∫ t−s

0

℘κ(σ)

(
Bu(s) + f

(
s, z(s),

∫ s

0

ψ(s, ϑ, z(ϑ)) dϑ

))
dσ

∥∥∥∥ ds
≤ l℘

(
‖y0‖+

t

κ− 1
‖y1‖+

t2−κ

κ− 1

∫ t

0

(t− s)κ−1‖Bu(s)‖ ds

+
t2−κ

κ− 1

∫ t

0

(t− s)κ−1

(
ϕ1(s) + l′fs

2−κ‖z(s)‖V + l′fs
2−κ

∫ s

0

ϕ2(ϑ) dϑ

)
ds

)
≤ l℘

(
‖y0‖+

λ

κ− 1
‖y1‖+

λ2− 1
p

κ− 1

(
p− 1

pκ− 1

)1− 1
p (
‖Bu‖Z + ‖ϕ1‖Lp

)
+
l′fλ

5−2κ− 1
p

κ− 1

∫ t

0

(t− s)κ−1 ds‖ϕ2‖Lp +
l′fλ

2−κ

κ− 1

∫ t

0

(t− s)κ−1s2−κ‖z(s)‖V ds

)

≤ C1 +
l℘l
′
fλ

2−κ

κ− 1

∫ t

0

(t− s)κ−1s2−κ‖z(s)‖V ds.

From Corollary 2.5, we obtain

t2−κ‖z(t)‖V ≤ C1Eκ

(
l℘l
′
fλ

2Γ(κ)

κ− 1

)

=⇒ ‖z‖C2−κ ≤ C1Eκ

(
l℘l
′
fλ

2Γ(κ)

κ− 1

)
.

(ii) Let zα ∈ C2−κ([0, λ];V ) be the mild solution of (1.1) corresponding to uα ∈ U, α = 1, 2. Then

zα(t) = ℘κ(t)y0 +

∫ t

0

℘κ(t)y1 dt

+

∫ t

0

∫ t−s

0

℘κ(σ)

(
Buα(s) + f

(
s, zα(s),

∫ s

0

ψ(s, ϑ, zα(ϑ)) dϑ

))
dσ ds.

Therefore

t2−κ‖z1(t)− z2(t)‖V

≤ l℘t
2−κ

κ− 1

(∫ t

0

(t− s)κ−1‖Bu1(s)−Bu2(s)‖ ds+

∫ t

0

(t− s)κ−1·∥∥∥∥f(s, z1(s),

∫ s

0

ψ(s, ϑ, z1(ϑ)) dϑ

)
− f

(
s, z2(s),

∫ s

0

ψ(s, ϑ, z2(ϑ)) dϑ

)∥∥∥∥ ds)
≤ l℘λ

2− 1
p

κ− 1

(
p− 1

pκ− 1

)1− 1
p

‖Bu1 −Bu2‖Z +
l℘ l̂fλ

2−κ

κ− 1

∫ t

0

(t− s)κ−1s2−κ·
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(
‖z1(s)− z2(s)‖+ l̂ψ

∫ s

0

ϑ2−κ‖z1(ϑ)− z2(ϑ)‖ dϑ
)
ds

≤ l℘λ
2− 1

p

κ− 1

(
p− 1

pκ− 1

)1− 1
p

‖Bu1 −Bu2‖Z +
l℘ l̂fλ

2−κ

κ− 1

(∫ t

0

(t− s)κ−1s2−κ·

‖z1(s)− z2(s)‖ ds+ l̂ψ

∫ t

0

(t− s)κ−1λ3−κ ds‖z1 − z2‖C2−κ

)
≤ l℘λ

2− 1
p

κ− 1

(
p− 1

pκ− 1

)1− 1
p

‖Bu1 −Bu2‖Z +
l℘ l̂f l̂ψλ

5−κ

κ(κ− 1)
‖z1 − z2‖C2−κ

+
l℘ l̂fλ

2−κ

κ− 1

∫ t

0

(t− s)κ−1s2−κ‖z1(s)− z2(s)‖ ds.

From Corollary 2.5, we obtain

t2−κ‖z1(t)− z2(t)‖V ≤

(
l℘λ

2− 1
p

κ− 1

(
p− 1

pκ− 1

)1− 1
p

‖Bu1 −Bu2‖Z

+
l℘ l̂f l̂ψλ

5−κ

κ(κ− 1)
‖z1 − z2‖C2−κ

)
Eκ

(
l℘ l̂fλ

2Γ(κ)

κ− 1

)

=⇒ ‖z1 − z2‖C2−κ ≤

(
l℘λ

2− 1
p

κ− 1

(
p− 1

pκ− 1

)1− 1
p

‖Bu1 −Bu2‖Z

+
l℘ l̂f l̂ψλ

5−κ

κ(κ− 1)
‖z1 − z2‖C2−κ

)
Eκ

(
l℘ l̂fλ

2Γ(κ)

κ− 1

)

=⇒ ‖z1 − z2‖C2−κ ≤
κl℘λ

2− 1
p

(
p−1
pκ−1

)1− 1
p

Eκ

(
l℘ l̂fλ

2Γ(κ)
κ−1

)
κ(κ− 1)− l℘ l̂f l̂ψλ5−κEκ

(
l℘ l̂fλ2Γ(κ)

κ−1

)‖Bu1 −Bu2‖Z

= C2Eκ

(
l℘ l̂fλ

2Γ(κ)

κ− 1

)
‖Bu1 −Bu2‖Z .

Theorem 5.5. Under assumptions (A2)-(A4), the non-linear system (1.1) is approximately controllable
if

0 <
κl℘ l̂fbλ

2
(
1 + l̂ψλ

3−κ) ( p−1
pκ−1

)1− 1
p

Eκ

(
l℘ l̂fλ

2Γ(κ)
κ−1

)
κ(κ− 1)− l℘ l̂f l̂ψλ5−κEκ

(
l℘ l̂fλ2Γ(κ)

κ−1

) < 1. (5.1)

Proof. We need to prove that D(A) ⊆ Rλ(f), that is, for given ε > 0 and a ŷ ∈ D(A), there is a uε ∈ U
such that ∥∥∥∥ŷ − ℘κ(λ)y0 −

∫ λ

0

℘(t)y1 dt− Φ(Θf (zε))− Φ(Buε)

∥∥∥∥
V

≤ ε,

where zε(t) = z(t, uε). One can see that there exists a z̃ ∈ Z such that Φz̃ = ỹ, where ỹ = ŷ−℘κ(λ)y0 −∫ λ
0
℘(t)y1 dt, for example

z̃(t) =
[Γ(κ− 1)]2

λ

(
(λ− t)2(2−κ)℘κ(λ− t)ỹ + 2t(λ− t)(2−κ) d

dt

(
(λ− t)2−κ℘κ(λ− t)ỹ

))
.

Let u1 ∈ U . By assumption (A4), there is a u2 ∈ U such that∥∥∥∥ŷ − ℘κ(λ)y0 −
∫ λ

0

℘(t)y1 dt− Φ(Θf (z1))− Φ(Bu2)

∥∥∥∥
V

≤ ε

32
,
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where z1(t) = z(t, u1). Denote z2(t) = z(t, u2), again by assumption (A4) there is a ω2 ∈ U such that∥∥Φ(Θf (z2)−Θf (z1))− Φ(Bω2)
∥∥
V
≤ ε

33

and

‖Bω2‖Z ≤ b
∥∥Θf (z2)−Θf (z1)

∥∥
Z

= b

(∫ λ

0

∥∥∥∥f (t, z2(t),

∫ t

0

ψ(t, ϑ, z2(ϑ)) dϑ

)
− f

(
t, z1(t),

∫ t

0

ψ(t, ϑ, z1(ϑ)) dϑ

)∥∥∥∥p
V

dt

) 1
p

≤ bl̂f

(∫ λ

0

(
t2−κ‖z2(t)− z1(t)‖+ l̂ψt

2−κ
∫ t

0

ϑ2−κ‖z2(ϑ)− z1(ϑ)‖ dϑ
)p

dt

) 1
p

≤ bl̂f

(∫ λ

0

(
1 + l̂ψλ

3−κ)p dt) 1
p

‖z2 − z1‖C2−κ

≤ bl̂fλ
1
p
(
1 + l̂ψλ

3−κ)‖z2 − z1‖C2−κ . (5.2)

Since (5.1) implies that κ(κ− 1) > l℘ l̂f l̂ψλ
5−κEκ

(
l℘ l̂fλ

2Γ(κ)
κ−1

)
. Therefore by previous lemma and (5.2),

we get

‖Bω2‖Z ≤ bl̂fλ
1
p
(
1 + l̂ψλ

3−κ)C2Eκ( l℘ l̂fλ2Γ(κ)

κ− 1

)
‖Bu1 −Bu2‖Z

=
κl℘ l̂fbλ

2
(
1 + l̂ψλ

3−κ) ( p−1
pκ−1

)1− 1
p

Eκ

(
l℘ l̂fλ

2Γ(κ)
κ−1

)
κ(κ− 1)− l℘ l̂f l̂ψλ5−κEκ

(
l℘ l̂fλ2Γ(κ)

κ−1

) ‖Bu1 −Bu2‖Z .

Now, if we define
u3(t) = u2(t)− ω2(t), u3 ∈ U,

then ∥∥∥∥ŷ − ℘κ(λ)y0 −
∫ λ

0

℘(t)y1 dt− Φ(Θf (z2))− Φ(Bu3)

∥∥∥∥
V

≤
∥∥∥∥ŷ − ℘κ(λ)y0 −

∫ λ

0

℘(t)y1 dt− Φ(Θf (z1))− Φ(Bu2)

∥∥∥∥
V

+
∥∥Φ(Θf (z2)−Θf (z1))− Φ(Bω2)

∥∥
V

≤
(

1

32
+

1

33

)
ε.

By inductions, we have a sequence {un} in U so that∥∥∥∥ŷ − ℘κ(λ)y0 −
∫ λ

0

℘(t)y1 dt− Φ(Θf (zn))− Φ(Bun+1)

∥∥∥∥
V

≤
(

1

32
+

1

33
+ · · ·+ 1

3n+1

)
ε,

where zn(t) = z(t, un), and

‖Bun+1 −Bun‖Z ≤
κl℘ l̂fbλ

2
(
1 + l̂ψλ

3−κ) ( p−1
pκ−1

)1− 1
p

Eκ

(
l℘ l̂fλ

2Γ(κ)
κ−1

)
κ(κ− 1)− l℘ l̂f l̂ψλ5−κEκ

(
l℘ l̂fλ2Γ(κ)

κ−1

) ‖Bun −Bun−1‖Z .
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Clearly, the sequence {Bun} is Cauchy in Z. Completeness of Z and continuity of Φ make it clear that
{Φ(Bun)} is a Cauchy sequence in V and hence for some positive integer n0, one has∥∥Φ(Bun0+1)− Φ(Bun0

)
∥∥
V
≤ ε

3
.

Now ∥∥∥∥ŷ − ℘κ(λ)y0 −
∫ λ

0

℘(t)y1 dt− Φ(Θf (zn0
))− Φ(Bun0

)

∥∥∥∥
V

≤
∥∥∥∥ŷ − ℘κ(λ)y0 −

∫ λ

0

℘(t)y1 dt− Φ(Θf (zn0
))− Φ(Bun0+1)

∥∥∥∥
V

+
∥∥Φ(Bun0+1)− Φ(Bun0

)
∥∥
V

≤
(

1

32
+

1

33
+ · · ·+ 1

3n0+1

)
ε+

ε

3

< ε.

Hence Rλ(f) = V.

6 Example

Consider the following boundary value problem with κ ∈ (1, 2] and 0 ≤ σ ≤ 1
Dκ
t ζ(t, σ) = ∂2

∂σ2 ζ(t, σ) + υ(t, σ) + f

(
t, ζ(t, σ),

∫ t

0

ψ(t, s, ζ(s, σ))ds

)
, 0 < t ≤ 1,

ζ(t, 0) = ζ(t, 1) = 0, 0 < t ≤ 1,(
I2−κ
t ζ(t, σ)

)
t=0

= ς0(σ), 0 ≤ σ ≤ 1,(
Dκ−1
t ζ(t, σ)

)
t=0

= ς1(σ), 0 ≤ σ ≤ 1.

(6.1)

Let V = V ′ = L2[0, 1] and A : D(A) ⊂ V → V is defined as

Ay =
d2y

dσ2

where
D(A) = {y ∈W 2,2[0, 1] | y(0) = y(1) = 0}.

Then the κ-order fractional resolvent ℘κ(t) generated by A is given by

(℘κ(t)y)(σ) =

∞∑
α=1

tκ−2Eκ,κ−1

(
−α2π2tκ

)
yα sin(απσ),

where sin(πσ), sin(2πσ), . . . are eigenfunctions of A associated with the eigenvalues −π2,−22π2, . . .; re-
spectively and y(σ) =

∑∞
α=1 yα sin(απσ) (see [1]).

The abstract form of (6.1) is
Dκ
t z(t) = Az(t) +Bu(t) + f

(
t, z(t),

∫ t

0

ψ(t, s, z(s)) ds

)
, t ∈ (0, 1],(

I2−κ
t z(t)

)
t=0

= y0,(
Dκ−1
t z(t)

)
t=0

= y1,

12



where z(t) = ζ(t, ·), u(t) = υ(t, ·), y0 = ς0(·), y1 = ς1(·) and B is the identity operator.
If we take

ζ̃(t, σ) =

∫ t

0

ψ(t, s, ζ(s, σ)) ds

and

f
(
t, ζ(t, σ), ζ̃(t, σ)

)
= f

(
t, ζ(t, σ),

∫ t

0

ψ(t, s, ζ(s, σ))ds

)
= (1 + t2) + l0t

(
ζ(t, σ) +

∫ t

0

l1
(
t2 + s2

)
s3 cos(ts) sin(ζ(s, σ)) ds

)
,

where
ψ(t, s, ζ(s, σ)) = l1

(
t2 + s2

)
s3 cos(ts) sin(ζ(s, σ)).

Then (i) of (A2), and (A3) are satisfied with l′f = l̂f = |l0| and l̂ψ = 2|l1|.
Also,

‖ψ(t, s, ζ(s, σ))‖ ≤ |l1|
(
1 + s2

)
s3 = ϕ2(s) ∈ Lp[0, 1].

Hence (ii) of (A2) is satisfied. If we select l0 and l1 sufficiently close to zero so that (5.1) is satisfied, then
by Theorem 5.5 the approximately controllability of (6.1) follows if κ > 3

2 .

7 Concluding remarks

In this paper, we have investigated the approximate controllability of higher order Riemann-Liouville
fractional integro-differential systems with integral initial conditions in Banach spaces. The results for
existence and uniqueness have been derived by using the theory of fixed point together with Lipschitz
continuity of non-linear functions. For this, the definition of mild solution in terms of fractional resolvent
℘κ(·) has been derived. Making use of these techniques, one can study the approximate controllability of
higher order Riemann-Liouville fractional integro-differential systems with non-instantaneous impulses.
Also, these results can be extended for non-autonomous systems with Riemann-Liouville derivatives.

References

[1] Z. Mei, J. Peng and Y. Zhang, An operator theoretical approach to RiemannLiouville fractional
Cauchy problem, Math. Nachr., 288 (2015) 784797.

[2] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Math. Stud., 204, Elsevier Science, Amsterdam, 2006.

[3] N. Heymans and I. Podlubny, Physical interpretation of initial conditions for fractional differential
equations with Riemann-Liouville fractional derivatives, Rheol. Acta, 45 (2006) 765-771.

[4] A. C. Galucio, J.F. Deu and R. Ohayon, A fractional derivative viscoelastic model for hybrid active-
passive damping treatments in time domain-application to sandwich beams, J. Intell. Mater. Syst.
Struct., 16 (1) (2005) 33-45.

[5] D. Baleanu and A. K. Golmankhaneh, On electromagnetic field in fractional space, non-linear
Anal. RWA, 11 (1) (2010) 288-292.

[6] R. Hilfer, Applications of Fractional Calculus in Physics, Singapore: World Scientic Publ Co,
2000.

[7] J. H. Jia, X. Y. Shen and H. X. Hua, Viscoelastic behavior analysis and application of the fractional
derivative Maxwell model, J. Vib. Control, 13 (4) (2007) 385-401.

13



[8] R. C. Koeller, Applications of fractional calculus to the theory of viscoelasticity, J. Appl. Mech.,
51 (2) (1984) 299-307.

[9] J. Li, F. Liu, L. Feng and I. Turner, A novel finite volume method for the Riesz space distributed-
order diffusion equation, Comput. Math. Appl., 74 (2017) 772-783.

[10] X. Y. Liu, Z. H. Liu and X. Fu, Relaxation in nonconvex optimal control problems described by
fractional differential equations, J. Math. Anal. Appl., 409 (1) (2014) 446-458.

[11] Z. H. Liu, S. D. Zeng and Y. R. Bai, Maximum principles for multi-term space-time variable-
order fractional diffusion equations and their applications, Fract. Calc. Appl. Anal., 19 (1) (2016)
188-211.

[12] Z. H. Liu and S. D. Zeng, Dierential variational inequalities in innite Banach spaces, Acta Math.
Sci., 37B (1) (2017) 26-32.

[13] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integral and Derivatives, Theory and
Applications, Gordon and Breach, New York, 1993.

[14] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, CA, 1999.

[15] K. Balachandran , V. Govindaraj , L. Rodrguez-Germ and J.J. Trujillo, Controllability of nonlinear
higher order fractional dynamical systems, Nonlinear Dyn., 71, (2013) 605612.

[16] Z. H. Liu, J. H. Sun, and I. Szanto, Monotone iterative technique for Riemann-Liouville fractional
integro-differential equations with advanced arguments, Results in Math., 63 (2013) 1277-1287.

[17] S. M. Hosseini and S. Shahmorad, Numerical solution of a class of integro-differential equations
by the tau method with an error estimation, Appl. Math. Comp., 136 (2-3) (2003) 559-570.

[18] F. Shakeri and M. Dehghan, A high order finite volume element method for solving elliptic partial
integro-differential equations, Appl. Numer. Math., 65 (2013) 105-118.

[19] M. Dehghan and R. Salehi, The numerical solution of the non-linear integro-differential equations
based on the meshless method, J. Comput. Appl. Math., 236 (9) (2012) 2367-2377.

[20] M. Dehghan, Solution of a partial integro-differential equation arising from viscoelasticity, Int. J.
Comput. Math., 83 (1) (2006) 123-129.

[21] L. Wang, Approximate controllability of integro-differential equations with multiple delays, J.
Optim Theory Appl., 143 (2009) 185-206.

[22] S. Ji and D. Yang, Solution to Riemann-Liouville fractional integro-differential equations via
fractional resolvents, Adv. Difference Equ., 524 (2019) 1-17.

[23] R. E. Kalman, Contributions to the theory of optimal control, Boletin Sociedad Matematica
Mexicana, 5 (1) (1960) 102-119.

[24] K. Naito, Controllability of semilinear control systems dominated by the linear part, SIAM J.
Control Optim., 25 (3) (1987) 715-722.

[25] J. Klamka, Stochastic controllability of systems with variable delay in control, Bull. Pol. Ac.:
Tech., 56 (3) (2008) 279-284.

[26] I. Davies, P. Jackreece, Controllability and null controllability of linear systems, J. Appl. Sci.
Environ. Manag., 9 (2005) 31-36.

[27] A. Haq and N. Sukavanam, Controllability of second-order nonlocal retarded semilinear systems
with delay in control, Appl. Anal., 99 (2020) 2741-2754.

14



[28] A. Shukla and R. Patel Controllability results for fractional semilinear delay control systems. J.
Appl. Math. Comput. 65 (2021) 861-875.

[29] K. Rykaczewski, Approximate controllability of differential inclutions in Hilbert spaces, non-linear
Anal., 75 (2012) 2701-2702.

[30] J. R. Wang and Y. Zhou, A class of fractional evolution equations and optimal controls, non-linear
Anal. Real World Appl., 12 (2011) 262-272.

[31] M. Yang and Q. Wang, Approximate controllability of Riemann-Liouville fractional differential
inclusions, Appl. Math. Comput., 274 (2016) 267-281.

[32] N. I. Mahmudov and M. A. McKibben, On the Approximate controllability of fractional evolution
equations with generalized Riemann-Liouville fractional derivative, J. Funct. Spaces, 2015 (2015)
1-9.

[33] K. Li, J. Peng, and J. Jia, Cauchy problems for fractional differential equations with Riemann-
Liouville fractional derivatives, J. Funct. Anal., 263 (2012) 476-510.

[34] BHE. Ibrahim, Z. Fan and G Li, Approximate controllability for functional equations with
Riemann-Liouville derivative by iterative and approximate method, J. Funct. Spaces, 2017 (2017)
1-7.

[35] N. I. Mahmudov, Partial-approximate controllability of nonlocal evolution equations via approxi-
mating method, Appl. Math. Comp., 334 (2018) 227-238.

[36] S. Zhu, Z. Fan, and G. Li, Approximate controllability of Riemann-Liouville fractional evolution
equations with integral contractor assumption, J. Appl. Anal. Comput., 8 (2018) 532-548.

[37] Y. K. Chang, A. Pereira and R. Ponce, Approximate controllability for fractional differential
equations of sobolev type via properties on resolvent operators, Fract. Calc. Appl. Anal., 20 (4)
(2017) 963-987.

[38] Z. Liu and X. Li, Approximate controllability of fractional evolution systems with Riemann–
Liouville fractional derivatives, SIAM J. Control Optim., 53 (1) (2015) 1920-1933.

[39] B. He, H. Zhou and C. Kou, The controllability of fractional damped dynamical systems with
control delay, Commun. non-linear Sci. Numer. Simul., 32 (2016) 190-198.

[40] A. Debbouche and V. Antonov, Approximate controllability of semilinear Hilfer fractional dif-
ferential inclusions with impulsive control inclusion conditions in Banach spaces, Chaos Solitons
Fractals, 102 (2017) 140-148.

[41] X. Li , Z. Liu, J. Li and C. Tisdell, Existence and controllability for non-linear fractional control
systems with damping in Hilbert spaces, Acta Math. Sci., 39B(1) (2019) 229-242.

[42] D. Aimene, D. Baleanu and D. Seba, Controllability of semilinear impulsive Atangana-Baleanu
fractional differential equations with delay, Chaos Solitons Fractals, 128 (2019) 51-57.

[43] H. P. Ye, J. M. Gao, and Y. S. Ding, A generalized Gronwall inequality and its application to a
fractional differential equation, J. Math. Anal. Appl., 328 (2007) 1075-1081.

[44] E. Hernandez, J. Wu and A. Chadha, Existence, uniqueness and approximate controllability of
abstract differential equations with state-dependent delay, J. Differential Equations, 269 (2020)
87018735.

[45] M. F. Pinaud and H. R. Henrquez, Controllability of systems with a general nonlocal condition,
J. Differential Equations, 269 (2020) 46094642.

15



[46] R. Sakthivel, R. Ganesh, R. Yong and S. M. Anthoni, Approximate controllability of nonlinear
fractional dynamical systems. Commun. Nonlinear Sci. Numer. Simul., 18 (12) (2013)3498-3508.

[47] K. Balachandran, Y. Zhou, and J. Kokila, Relative controllability of fractional dynamical systems
with delays in control. Commun. Nonlinear Sci. Numer. Simul. 17 (2012) 3508-3520.

[48] A. Shukla, N. Sukavanam and D. N. Pandey, Approximate controllability of fractional semilinear
control system of order α ∈ (1, 2] in Hilbert spaces, Nonlinear Studies 22 (1) (2015) 131-138.

[49] D. Aimene, D. Seba and K. Laoubi, Controllability of impulsive fractional functional evolution
equations with infinite state-dependent delay in Banach spaces. Math. Methods Appl. Sci. 44
(2021) 7979-7994.

[50] L. Shu, X. Shu and J. Mao, Approximate controllability and existence of mild solutions for
Riemann-Liouville fractional stochastic evolution equations with nonlocal conditions, of order
1 < α < 2, Fract. Calc. Appl. Anal., 22 (4) (2019) 1086-1112.

[51] R. Patel A. Shukla and S.S. Jadon, Existence and optimal control problem for semilinear fractional
order (1,2] control system, Math. Methods Appl. Sci., (2020) https://doi.org/10.1002/mma.6662.

[52] M. M. Raja, V.Vijayakumar and R. Udhayakumar, A new approach on approximate controllability
of fractional evolution inclusions of order 1 < r < 2 with infinite delay, Chaos Solitons Fractals,
(2020) https://doi.org/10.1016/j.chaos.2020.110343.

[53] M. M. Raja, V.Vijayakumar and R. Udhayakumar, Results on the existence and controllability
of fractional integro-differential system of order 1 < r < 2 via measure of noncompactness, Chaos
Solitons Fractals, (2020) https://doi.org/10.1016/j.chaos.2020.110299.

[54] A. Haq and N. Sukavanam, Existence and approximate controllability of Riemann-Liouville frac-
tional integrodifferential systems with damping, Chaos Solitons Fractals (2020) 139, 110043.

[55] Y. Chang, Controllability of impulsive functional differential inclusions with infinite delay in Ba-
nach spaces. J. Appl. Math. Comput. 25 (2007), 137-154.

[56] A. Haq and N. Sukavanam, Partial approximate controllability of fractional systems with Rie-
mannLiouville derivatives and nonlocal conditions, Rendiconti del Circolo Matematico di Palermo
Series 2 (2020) https://doi.org/10.1007/s12215-020-00548-9

[57] T. Sathiyaraj, J. Wang and P. Balasubramaniam, Controllability and optimal control for a class
of time-delayed fractional stochastic integro-differential systems. Appl Math Optim, 84 (2021)
2527-2554 .

16


	Introduction
	Preliminaries
	Definition of mild solutions
	Existence and uniqueness of mild solutions
	Main results
	Example
	Concluding remarks

