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1 | INTRODUCTION

Quantum calculus (sometimes is called g-calculus) is known as the study of calculus with no limits. It has been firstly stud-
ied by the famous mathematician, Euler (1707-1783). In 1910, F. H. Jackson" determined the definite g-integral known as
the g-Jackson integral. Quantum calculus has applications in several mathematical areas such as combinatorics, number the-
ory, orthogonal polynomials, basic hypergeometric functions, mechanics, quantum theory, and theory of relativity, see for
instance %58,5,5,0,8, 810,10, 3, [3, 5.8, LR M.00.0002 anq the references therein. The book by V. Kac and P. Cheung™ covers the
fundamental knowledge and also the basic theoretical concepts of quantum calculus.

In2013,J. Tariboon and S. K. Ntouyas* defined the g-derivative and g-integral of a continuous function on finite intervals and
proved some of its properties. Many well-known integral inequalities such as Holder, Hermite-Hadamard, trapezoid, Ostrowski,
Cauchy—Bunyakovsky—Schwarz, Griiss and Griiss—CebySev inequalities have been studied in the concept of g-calculus, see™
for more details. Based on these results, there are many outcomes concerning g-calculus, see P77 P950.81E2 83 BB EEELER ap
the references cited therein.

Post quantum calculus (sometimes is called (p, g)-calculus) is the further generalization of quantum calculus which was first
considered by R. Chakrabati and R. Jagannathan™. In 2016, M. Tung and E. Gov**" introduced the (p, g)-derivative and (p, q)-
integral on finite intervals, proved some of its properties and gave many integral inequalities by using (p, g)-calculus. Recently,
according to works of M. Tun¢ and E. G6v, many researchers started working in this direction, some more results about (p, ¢)-
calculus are in*2%3 56556, 8768 59 8081825308586 895% Tt i worth to note here that (p, g)-calculus cannot be derived directly by
replacing g by g/p in g-calculus, but g-calculus can be retaken by setting p = 1 in (p, g)-calculus.

A. Ostrowski™ established the following interesting integral inequality called Ostrowski inequality in 1983.
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Theorem 1. Let f : [a,b] — R be a differentiable function on (a,b) with bounded derivative, that is, || /'], :=
SUP,e(ap) |/ ()] < co. Then we have

1 dx| < 1 (x_%b) b ! 1
f(x)—m/f(x) x| < Z+W b= f s (D

for all x € [a, b]. The constant i is the best possible.

Inequality (II) can be rewritten in the equivalent form

b
2 b— 2
f(x)—ﬁ/f(X) dx| < [(" %) +( x) ] 11l

2(b —

Ostrowski inequality has been studied in many fields of mathematics, such as numerical analysis and probability. Many
researchers considered generalizations and extensions of the Ostrowski inequality for absolutely continuous, bounded variation,
convex, monotonic, Lipschitzian, and » times differentiable functions with error estimates for some numerical quadrature rules
and some special means. Some more results relating to Ostrowski inequality can be found in *>-54.250%.03,08.8455,55 1,

In 2010, M. A. Latif, S. Hussian and S. S. Dragomir™ presented the Ostrowski-type inequalities for convex functlons on
coordinates as follows:

Theorem 2. Let f : [a,b] X [¢c,d] — R be a twice differentiable function on (a, b) X (¢, d) such that % is continuous and

integrable on [a, b] X [c,d]. If ’—f’ is coordinated convex on [a, b] X [¢, d] and ’ (x y)‘ <M, (x,y) € la,b] X [c,d], then
we have

f(xy)+ )//f(ts)dsdt—Al
—a)? — )2 _ )2 )2
<M (x—a)+b=x)||(y=c)+d=-y) ’
2(b—a) 2(d - ¢)
where
1 1
Al(x,y)=—/f(x,S) dS+—/f(t,y) dt. 2
d—c b—a
Theorem 3. Let f : [a,b] X [c,d] — IR be a twice differentiable function on (a, b) X (¢, d) such that % is continuous
and integrable on [a, b] X [c,d]. If | is coordinated convex on [a, b] X [c,d], where a« > 1 with i + % = 1, and
|a at(x y)| <M, (x,y) €la,b] X[c,d], then we have

fix, y)+ )//f(t s)ds dt — A,

M [(x—a)2+(b—x)2] [(y—c’)2+(d y)z]
S+ pR

)

where A (x, y) is defined in (D).

Theorem 4. Let f : [a,b] X [c,d] — R be a twice differentiable function on (a, b) X (c, d) such that % is continuous and

integrable on [a, b] X [c, d]. If —f| is coordinated convex on [a, b] X [¢,d], where « > 1, and | (x y)| M, (x,y) €
[a, b] X [c, d], then we have:

f(x, y)+ )//f(t s)ds dt — A,

[(x - a)2 + (b— X)z] [(y— )’ + (d y)z]

<=
4

s
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where A,(x, y) is defined in (D).

In 2020, H. Budak, M. A. Ali and T. Tunc™ proved Ostrowski-type inequality for coordinated functions by using g-calculus.
Motivated by the above mentioned literatures, we propose to define new ’(p, q)-derivatives for coordinates and then extend the
Ostrowski type inequality in g-calculus for coordinated convex functions to (p, g)-calculus.

2 | PRELIMINARIES

Throughout this paper, we let [a, b],[c,d] CR,0 < g <p <1land0 < ¢g; < p; < 1 fori = 1,2. The definitions of (p, q)-
calculus, coordinated functions, g-calculus and (p, g)-calculus for coordinates are given in S5 85A0ISRLE Noreover, we use

the following notation:
n

_qn

p

[nl,q *= =p" +p"Pq 4+ pg" T+ g for neR.
Definition 1. *" Let f : [a, b] — R be a continuous function. Then the ,(p, q)-derivative of f at x € (a, b] is defined by
S (px+ (1 =p)a) = f (gx + (1 — g)a)

P-—9(x—a)

aDpgf(X) =

The ,(p., g)-integral of f on [a, x] is defined by

“ 4 q" q"
/f(t)adp,qf =p-9Kx-a Zo Wf <p"+1x + (1 - el > a>.
a n=
Definition 2. ™ Let f : [a, b] = R be a continuous function. Then the ?(p, g)-derivative of f at x € [a, b) is defined by

f (gx+ (1 —g)b) — f (px + (1 — p)b)
(r—q)(b—x) '

'D,, f(x)=

The ?(p, g)-integral of f on [x, b] is defined by

b
q" q" q"
/ f(t)bdp,qt = (p - q)(b - X) ;0 p"+1 f <pn+1 X+ <1 - pn+l > b)

Definition 3. ™ A function f : [a, b] X [c,d] = R is said to be convex on coordinates, if the partial mappings

fyile,dl2ve f(x,v) €R  and fy la,bl2u- f(u,y) €R

are convex for all x € (a,b) and y € (c, d).
The definition of coordinated convex functions may be stated as follows:
Definition 4. A function f : [a, b] X [c,d] — R is said to be convex on coordinates, if
fx+ A =0z, Ay+ (1 = Hw) KtAfx, ) +t(1 =D f(x,w)+ A =-DAf(z, )+ (1 = HAA-Df(z,w)

holds for all ¢, A € [0, 1] and (x, y), (z, w) € [a, b] X [c, d].
Definition 5. ¥ Suppose that f : [a, b] X [¢,d] — R is a continuous function of two variables. Then the (g,¢,)-derivatives are
given by

I Sy f iy =S (ax+ -q)ay)

= , X#a,
aaqlx (I -q)x—-a)
O, f, Y f Y= f(xqy+ (1 —gy)c)
oy (ETARED)  VEe
and
004 0, (X, 9) B 1

oy U= —me—ap=o  @x (1 -aweay+(-ax)

—f(ax+ A =g)a,y) - f (x.q9+ (1 =gy)c) + f(x,)] .
for x # aand y # c.
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Definition 6. ** Suppose that f : [a, b] X [c,d] — R is a continuous function of two variables. Then the (g, g,)-derivatives are

given by
20, f(x,)  f(q1x+(1~=q)b,y) = f(x.) c%b
bo,x (1-g)(b—x) ’ ’
10,/()) [ (x.qy+ 1 =q)d) ~ f(x.y) 44
Dy (I—a)d ) P Te
bo?, L f(x,¥) 1
¢’ 419 _ — -
Poxdey A= — 06200 [/ (a1x + (1 = qb, g2y + (1 = gy)c)
—f(@x+ A =q)by) = f (x.qy+ (A = q)c) + f(x,»)], x#by#c,
daZ ,
a CIMsz(x ») _ 1 [f (qlx + (1 _ ql)a, By + (1 _ qz)d)
a0g, X0, ¥ (1 =g = g)(x —a)d — y)
—f(gx+A=gpa,y) = [ (x.qy+ A =g)d) + f(x,y)], x#ay#d,
and

b,daqu,qu(x’ y) _ 1
b9, x40,y (1—g)(1 —g)(b—x)d—y
—f (ax+ A =qDb,y) = f (x. @y + (1 = g)d) + f (x. )],

) [f (@x+ (1= g)b,gyy+ (1 - g)d)

forx #band y # d.
Definition 7. ™ Suppose that f : [a, b]X[c,d] — R is a continuous function of two variables. Then the (p, p,, ¢, g,)-derivatives

are given by
a9, .q, S (X, ) B f (plx +(1-p))a, y) - f (qlx +(1-gq))a, y)

, X#a,
a%p,.q,% (py —qPx—a)
pa/ ) S (x,pzy +(1 - PZ)C) -f (x, gy + (1 - Q2)C)
- , Y#e,
g, Y (P — )y —o©)
and
a-cazl’lvl’zq‘thzf(x’ y) _ 1

[f (qix+ (1 = gpa, gy + (1 = gy)c)

d, . x,.0

a“piq1¢ Pz»qzy

(P1 = 4P, — @) (x — a)(y — ¢)
—f (@qyx+ (1 = gq)a,p,y+ (1 = py)c)
—f (pix+ (1 = ppa, gy + (1 = g,)c)
+f (px+ (1= ppa,p,y+ (1 = pye)|,
for x # aand y # c.
Next, we newly define another derivatives for continuous function of two variables.
Definition 8. Suppose that f : [a, b] X [c,d] — R is a continuous function of two variables. Then the (p, p,, ¢,¢,)-derivatives

are given by
20, o (. 3) [ (ax+(1—g)by) = f (px+ (1= p)b,y)

bdp],q]x (P1 — q)(b—x) - x#ED

19, 0 f (X, ) _ f(xqy+A=g)d) = f(x,py+ (1= pyd) b

dapz,qzy (Py — @2)(d — y) ’ ’
Zazpl,pz,ql,qu(x’ y) _ 1

[f (@x + (1 = g)b, pry + (1 = py)c)

bo Py — 4Py — g)(b—x)(y =)

=/ (prx+ 1 =pb,py+ (1 = py)c)

ISRV Xe apz,llzy
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—f (@x+ 1 = q)b, gy + (1 — gy)c)
+f (px+ (A =—pb.gyy+ (1 —g)c)], x#b, y#ec,

dj2
a() Puﬁz,‘hv‘hf(x’ y) _ 1

) [f (px+ 1 =pPa.gy+ (1 —q,)d)

9.0, X0, 0y (1 —a)Py—g)(x —a)d —y
—f(g@x+ 1 —q)a,qy+ (1 —g,)d)
—f (pix+ (1 = pa,py+ (1 —p)d)
+f (gx+A —qa,py+ (1 —pyd)], x+#a, y#d,
and
b’da2p1,pz,ql,qu(x’ ) _ 1

¥ )[f (gix+ (1 = g)b, gy + (1 —gy)d)

Pl,qlxdangihy (pl - ql)(p2 - qZ)(b - x)(d - y

—f (p1x+ 1 =pb.gry + (1 —gy)d)
—f (q1x + (1 = q)b, p,y+ (1 — p,)d)
+f (px+ (1 =pDb.py+ (1 —p)d)|, x#b, y#d.

Remark 1. If p; = p, = 1, then Definition B reduces to Definition B.

Example 1. Define a function f : [0, 1] %[0, 1] = R by f(x, y) = x>)?, which is a continuous function of two variables. Then

by the definition of (p, p,, q,q,)-derivatives, we obtain

0050 S V) fpix,y) = flaix,y) PV = qix2)

00, o X (py —qx (py —qpx

JSRUIT
2.,2.2 2,2.2
095,40,/ 4 9)  f(xX,p9) = f(xX,q0y) _ P2XV —ayx7y

09p,.0,Y Py — @)y Py — @)y

=+ ql)xyz’

= (p2 + q2)x2y7

10,0/ Y)  flax+1-q.9) = f(pix+1=p.y)
10, ,X (P — a))(1 = x)
_ (g x+1- 41)2 ? — (p1x+1 _P1)2y2
B (P — a1 = x)
=p; +q)x—(py+q)+ 2))%,
10,0, /())  foay+1—a)— fx.qy+1—q)

lapz,qzy P —a)(1 —y)
_ Xgy+1-g) =X (gqy+1-q)
- (P, —q)d -y
= x2((p2 +q,)y—(py +q) +2),
avca2p1,pz,ql,q2f(X, ¥) B 1

[f(a1x,a,9) = f (@, %, p,¥)

OpaXc0p oy (b1 — @) Py — @)xy
—f(p1X. q,9) + [ (p1x. pyy)|
GGXY = X’y = P Xy + pipx’y
B (P1 — 0)(P, — @)Xy
=(p; +q)(py + 42)xY,
00,y %) _ 1
20y 0 %0p 0¥ (1 — 4Py — @)(1 = x)y
= x+1=pLpy)— fgx+1-q1,.99)

+f(p1x+1=p,q,9)]
! 2.2.2
- +1-
(-pl - ‘h)(Pz - q2)(1 — x)y [(qlx ql) sz

[f(@x+1—-4q;,py)
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—(pix+ 1= p)?p3y* — (q,x + 1 — g’y
+(pix + 1= p)’a3)]
= [(py +9)x = (b1 + 4) + 2| (P2 + @)y,
Zazplspz g0/ (6 9) _ 1
Opa X0, oy (= )Py — @)x(1 = y)
—f@x,qy+1—=q,) = f(pix,py+ 1= p,)
+/(q1x,py+ 1 —Pz)]

1
N (P — 4, — @x)x(1 — y) [p%xz(qzy T q2)2
i x gy + 1 - )" — pix*(py + 1 — py)?
+@x*(py + 1 — py)?]
=(p +q)x [(p, + )y — (P, + ) +2], and
TG 1
20, 0 X0, .y (pr =P — a)(1 = x)(1 -
—fpix+1=pLay+1=q)— fgx+1—-q;,py+1-p,)
+f(px+1=p,ppy+1 —Pz)]
1
= B e iy XTI @ ey
—(px+1=p) @y +1-9) = (@x+ 1 =g (py + 1= p,)’
+(pix+1-p)(py+1-p)’]
- = [(Pl +q)x—(p; +q)+ 2] [(Pz +q)y—(py+q) + 2] .
Definition 9. > Suppose that f : [a, b] X [c,d] — R is a continuous function of two variables. Then the definite (p, p,, q,¢)-
integral is given by

[f(pix.qy+1—qy)

bd 62

3 [flax+1-g.qy+1-q)

Xy
/ / f(t7 S) cdpz,qzs adpl,qlt = (pl - ql)(pz - qz)(x - a)(y - C)

c
(o] [s9) n n m m
49, 9, 49, 49,
X Z Z n+] m+1 < n+l1 X+ <1 TS > a, m+1 y+ - m+1 ¢ )
n=0m=0 P, P, Py P p, by

for (x,y) € [a, p;b+ (1 — py)a] X [c,pzd + (1 = py)cl.
Definition 10. > Suppose that f : [a, b] X [¢,d] — R is a continuous function of two variables. Then the definite (p, p,, 4,¢5)-
integrals are given by

X

/ / Ft,9)%d, 5 ody ot = () = 4Py — 0)(x — @)(d — )

y
[s9) [e5) n n m
q q q q

XZZ n+l m+l ( n-ll—lx+(1_ n-ll—l> a 21)/-'_(1 m2+1>d>’
n=0 m=0 P pz pl pl p2 p2

for (x,y) € [a,p;b+ (1 —pl)a] X [e, p2d + (1 = py)cl,

/ /f(t 8) oy, g8 7dy 41 =(p; — 4Py — @)(b — x)(y — ¢)

0 o0 q" q" qm qr
X Z Z n+1 m+1 ni—l x+| 1= ni—l b, m+1 y+{1- m2+1 )
=0 m=0 P Py Py Py Py
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for (x,y) € [a,p;b+ (1 = p))a] X [c, p,d + (1 — py)c] and
b

/ / fs)?d, 50, 1= —a) Py — a:)b—x)d - )

Yy
o o0 n n m
9 9 9 9
x +(1- b,—2—y+{1- d),
r;) r;) n+1 ;n+1 <p}it+l < prlt+l > p2 +1 pr2n+l

for (x,y) € [a, p;b+ (1 — py)al X [¢, p,d + (1 = p,)c].
Theorem 5. ™' (Holder’s inequality for double sums). Let (x,,,),, men and (¥,,,),. men D€ sequences of real (or complex) numbers
and é + é = 1 with a, f > 1. Then the following inequality for double sums holds:

i i | X,V < (i i |xnm|“>1/a (i f‘, |ynm|">l/ﬂ,

n=0 m=0 n=0 m=0 n=0 m=0

where all the sums are assumed to be finite.

3 | MAIN RESULTS

In this section, we first introduce (p, p,, q,4,)-Holder’s inequality and (p, p,, g,9,)-power mean inequality for functions of two
variables.

Lemma 1. ((p,p,, q,9,)-Holder’s inequality for functions of two variables). Let f, g be (p,p,, q,4,)-integrable functions on
[a,b] X [c,d] and i + /lj =1 with &, # > 1. Then we have

//lf(t $)g(t, S)|C Pty a plq]t
1/a x oy 1/p
< / / DN dy s o, o1 / / )P ody 5 ody ot

for all (x, y) € [a, b] X [c,d].

Proof. By Theorem B and the definition of (p, p,, q,¢,)-integral for functions of two variables, we directly derive that

//lf(t S)g(t S)l c p2q2 a P1 ‘ht

= — 9P — @) x—a)y—c)

a q ‘4 ‘4
n+1x+ - n+1 a, m+1y+ - m+1 ¢
P P 12 2

S —q)P — )X —a)y—c)

3 i AW @
Z Z n+l m+1 n+1 x+| 1= n+1 a m+1 y+{1- m+1 ¢
=0 m=0 P by Py b P,
1
AV
qy qy 7 7
n+1x+ 1- n+1 4 m+1y+ 1- m+1 ¢
Py Py P, P,
x oy ar x oy 1/
o B
< / / If(t’ S)l cdpz,qzs adpl,qlt / / |g(t’ S)l CszJIzs adl’ls‘ht
a ¢ a ¢

%
X 2 2 pn+1 pm+l fg

n=0 m=0 ¥1 2

© o
ZZ n+l m+1

n=0 m=0 P
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O

Another form of of (p, p,. q,9,)-Holder’s inequality for functions of two variables was given as follows:

Lemma 2. ((p,p,, q,9,)-power mean inequality for functions of two variables). Let f, g be (p; p,. g, ¢,)-integrable functions on
[a,b] X [c,d] and & > 1. Then we have the following inequality for functions of two variables:

//If(t )W, | Ay, 05 ody g1
I-l/a 1/a

//lf(t N e@p,.4,5 ap g, //|f(t,s)||g(z,s)|a dppgpS alp g |

for all (x, y) € [a, b] X [c, d].

Next, we prove the (p, g)-Ostrowski type inequalities for coordinated convex functions. We may begin with Lemma B, which
are useful in further considerations.

Lemma 3. Let f : [a,b] X [c,d] — R be a twice partially (p,p,, q,4,)-differentiable function on (a, b) X (c,d). If

2 by2 dy2 bd 32
a,ca Pl-Pz-‘Ilstf(t’ S) a P1>P2:41 5 ‘12f(t S) aa P1:P2:41> q°f(t S) g Pl-Pz-‘Ilsqu(t’ S) . .

5 3 , , and — y are continuous and (p, p,, 4,4, )-integrable on
i, %0, °0),.4,1c0p,0,5 a%p,.0,70p.0, 9p,.0," Op,.0

[a,ab] ;< [e, d], then we have

1

G-ad-0 //f(plt+(1—p1)a s+ (L =pye).d, .5 ,d, .t

//f(Pﬂ"‘(l—Pl)b s+ (L =py)e) dy, .8 d[’l’qlt

X

+//f(p1t+(1 —p)a.pys+ (1 —p)d) *d, . s d, 1

b d
+//f(p1t+(1—pl)b,p2s+(1—p2)d) ‘d, ,s'd, .1

1
d—-c

/f(x s+ (1=pyo) Ms+/f(x ps+(L=pd) Ud, . s

1
b—a

/f(p1t+(1—p1)a Y) a ,,lqlt+/f(p1t+(l—p1)b,y) bd, 1|+ ()

1

_ 9192 5 (x —a)z(y—c)2//ts p1 prarg S (X + (1 —Da, sy+ 1 = 5)c) od

st‘hs Odplvqlt

(b—a)d - / Opy.a11e0p, 0.5
1
f(tx + (1 - t)b Sy+ (1 _ S)C)
2 2 171 sP2:91-92
+ (b=-x)(-c) / /IS 50, 410y 0.5 0y, 0,8 0y 41
0

fx+ A =0a,sy+ (1 -s)d)

+(X — a)z(d y)2 / / Pl D2:41-92 i | ) Od | t

aaplsql tdapz,qzs P2 P14
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1

1
bd g2 ftx+(1=0b, sy + (1 — s)d)
2 2 P1-P2-91-92
+(b—-x)"(d-y) //IS b 19 09p,.0,5 0dp, g1 |5

P1-41 Da» ‘12

0
for all (x, y) € [a, b] X [c, d].

Proof. Let (x,y) € [a, b] X [c, d]. From Definition [1, we have
a’cdz fx+ ({1 —=1ta,sy+ (1 —5)c)
aap] ‘ileapz 9
_ 1
T (01— 4 — g (x —a)y = o
—f (qtx+ (1 = q;0)a, pysy + (1 = pys)c) = f (pytx + (1 = piH)a, gysy + (1 — g55)c)

+f (‘h’x + (1 —gqDa,qysy+ (1 - ‘123)6)] .

P1:P2:91-92

- [f (py1x + (1 = piD)a, pysy + (1 = pys)c)

Moreover, by Definition B, we get

b32
0 pparay S 1x + (1= Db, sy + (1 = s)c)
bo

P1-q xcapzvﬂh y

1
(P = @)y — @b — )y —o)ts
-f (Pltx + (1= pD)b,pysy+ (1 - st)c) -f (‘Jltx + (1 —q1)b, gpsy + (1 — ‘125)0)

+f (pltx + (1 =pHb,gsy+(1-— qzs)c)] ,

[f (qytx + (1 = q,0)b, pysy + (1 = pys)c)

gazplypsz(tx + (1 =0ta,sy+ (1 —s)d)
%,.a, xd()pz,qzy
_ 1
(P = 4Py — ) (x — a)(d = y)ts
-f (‘11tx +(1—gqDa,qpsy+ (1 - ‘125)d) -f (pltx + (1 = pHa,pysy+ (1 — st)d)
+f (qitx+ (1 = q;0)a, pysy + (1 = pys)d)]
fx+ (1 —-1t)b,sy+ (1 —s)d)
bapl A x Op,.,Y

1
= o b @ s (@ = a0b syt (- g,d)

—f (pltx + (1 =p )b, gysy+ (1 — qzs)d) - f (qltx + (1 —q)b, pysy+(1 —pzs)d)
+f (pytx + (1 = py)b, pysy + (1 = pys)d )] .

[f (pltx + (1= pHa,qsy+(1 - QZS)d)

b,d 52
g P1:P2-41-92

By (@), we have

0 1t 0 0 Pzaqzs Odpl,ql
a=pisq; €7 Ps ‘IZ

11
2
_ //tsa,ca pl,pz,ql,qu(tx"'(l —ta,sy+ (1 —s)c) )
0 0

1 1
1
= 1 - p,ta, 1-
(p1—ql)(pz—qz)(x—a)(y—c)o/O/f(l’lt”( i@, pysy + (1 = pys)e)

—f (qltx +{—=q)a,psy+(1 - pzs)c) - (pltx +{-=pHa, gsy+(1 - qzs)c)
+f (qltx + (1 —¢gta, qzsy+ (1= gys)c) 0p,.4,5 09, 4,1

-1 1-=
T G-ab-o0 a)(y —c) lz Z tl ’”+‘ (pl < 8 ) @ pz ( 24 >

n=0 m=| ()p1

1 1
Y KT "\ 4 4,
- Z Z n+1 m+1 n+1 1 - n+1 4, _my+ 1 T om ¢
)4 p Py Py

n=0 m=0 p] 1

o

3

“

&)

(6)

@)
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1 m+1
a 4 qy q; a5 q,
_ZZ n+1 m+1 <p_ﬂx+ l_p_n a, m+1y+ 1- ol C
1 1 p2 P2

n=0 m=0 P

10

© qn+1 qn+1 qm+l qm+l
9 1 1 > >
+ 2 Z n+l m+l n+1 X+ - n+1 a m+1 y+ - m+1 ¢
=0 m=0 P P1 P %) Py
=1 L t 1 1- d t
s m f(P] + = ppa,pys+ (1 —py)e) d, .8 .d, o

C(x— a)(y —c)? /f(x ps+ (1 =pe) dy, g5

S 1
(x_a)z(y /f(p1t+(1—p1)a V) oly g1 mf(x,y) .

Similarly, by (), (B) and (1), we get

1 1
lﬂ)azl’lvpz,lll,fhf(tx + (1 - t)b sy+ (1 - S)C)
= ts 5 1o 04p,.q,8 Odpl,qlt
P1-41 €7 P2 42
=L —1 1 b, 1 by
=i (b_x)z(y_c)z f(P1t+( —pb,pys+ (1 =pye) d, ,5°d, 1

m/ J0xepas (1= p2)e) el

1

(b—x)z(y— )/f(P1t+(1—P1)b y) dplq] mf(x,y) .

t

0%py.q, S Odl’l -4

2, , 190

a=py.4q; P2 llz

1
/t ddzpl poaray S X+ (1 =Da, sy + (1= s)d)
s
0

O\H

X

1 1
= E (x — a)2(d — y)? //f(PN + (1 = ppa,pys+ (1 —pyd) ddpz’qzs adp o1

a

m/f(x prs+(1—=py)d) ‘d, s

(x — a)2(d /f(Plt + (1 =ppa,y) adl’l @ mf(x, y)

and

Plvqlt apzqus

11
b’dazmapz,qw‘hf(tx + (1 —-0b,sy+ (1 —1s)d)
1, . = //ts %) 7 Odpz-ths Odpqult
0 0

b d

1 —1 d b
40, (b—x)2(d—y)2//f(”l’+(1"’l)”’f’2s+<1—Pz>d> g, "y, g1
Xy
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(- X)(d y)?

C(b- x)2(d y)

Finally, we obtain
9149
(b—a)d-c)
+(x —a)’(d — y)* I3 + (b — x)*(d — y)*1,]

1
ORI / / S+ (= p)apos + (1= p2)0) o 5

b

/f(p1t+(1 —pbo) ', 1

[(x = 0’ = I, + (b= (v = )1,

/ f.pys+ (1 =pyd)dd, s

IR0

//f(plt + (1 - p])b PrS + (1 _pZ)c) c%py, 42 dpl,qlt

X

X

+//f(p1t+ (I =p)a,pys+ (= p)d) d, , s d, .1

a

b d
+ / / St + (1= p)b,pys+ (1= pd) “d, , s °d, 1
1
- /f(x p2s+(l—p2)c)ca’p2q2s+/f(x P+ (1 —p,)d) dp
1
i /f(p1t+(1—p1)a,y) ad,,,,q,t+/f(p1t+(1—p1)b,y) b, 1|+ ()

which completes the proof.

Remark 2. If p; = p, = 1, then (B) reduces to

X y b v
- .
(b—a)d —c¢) //f(t,s)cdqzsadqlt+//f(t,s)cdqs dt

x d b d
+//f(t,s)ddq2sadqlt+//f(t,s)ddqzsba’ t
a y Xy

[y
—dl_c /f(x,s)cdqzs+/f(x,s) Yd, s
| ¢ y

b—a

X b
- / S0 1+ / £, 1|+ 7o)

1

b1
—x)d -y

d _t

a=p1q;

2‘12

_ 4149 ) (x = a2y C)z//ts 200 f@x + (1 =1na,sy+ (1 = s)c)
c

(b—a)d -
0

a9q,1:04,8

fx 1

Oa’qzs Odq]t
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1

1
) 5 gdqu,qu(tx+(1 — Db, sy+ (1 = s)c)
+(-x)7(y=-c) ts 0y, ody t
0

b
/ 0,,1.0,,8

11
) ) Zaqu,q7f(tx+(l —ta,sy+ (1 —s)d)
+(x—a)(d-y) //ts - TR Odqzs Odq]t
a~q, 5}

11
5 5 b’dazq]’qu(tx+(l —tb,sy+ (1 — s)d)
+(b=x)(d-y) ts b9 199 s Odqzs odqlt ,
q 5}

which appears in"“*

For convenience, we will use the following notations:

2 b32
. a’ca Plvpzvfh’lhf(t’ s) P . ca Plypzqfh,lhf(t’ s)
O(r,5) : = = L W(es) 1= R
a=ppsq; ¢ Pzﬂzs p1og; ¢ pz»‘lzs
dj2 b,d 32
. aa P1:P2:4) sz(t S) . 7 p],pz,q],qu(L S)
O, s) : = T g s and Q(t,s) := b 5
a~p, qlt P24 P]vqlt Pzﬂzs

Theorem 6. Under the assumptions of Lemma B, in addition, if |®(z, s)|, |'P(z, s)|, |D(z, s)| and |Q(?, 5)| are coordinated convex
on [a, b] X [c, d], then we have the inequality

1

(b - a)(d - C) / / f(plt * (1 B pl)a p2S + (l pz)C) €7 P2 adpl,‘ht

//f(PlH'(l—P])b ps+ (L =pyec) d, .5 dpl,qlt

X

+//f(p1t+ (1—p)a,pys+ (1 —p)d)‘d, , s ,d, .1

b d

//f(P1t + (1 = ppb, pys + (1 = p,y)d) dpz 9, dpptht

/f(x pas + (1= py)e) p2q2s+/f<x ps+(1=pd) Ud, . s

/f(p|t+(1—p1)a Y) odp, qlt+/f(p1t+(1—p1)b,y) bd, 1|+ f(xy)

919

(b—a)(d = )p, + 4)(py + &)} + p1ay + 45 + P2y + 43)
X {(x = a)*(y — ) [(p, + @) (P2 + @) D(x, )]

+(py + 4)(P; + P2ty + 45 — Py — )| P(x, 0

+(py + )P + pray + 47 — py — 4)|D(a, )|

+(P% +pq + ‘If D~ CIl)(l’% + g t+ q§ — Py — @) P(a, C)|]
+Hb = x)*(y = &) [(py + 4Py + a)¥(x, y)

Py + )P + Prday + 43 = Py — )¥(x, D)

+(py + @)} + pray + 47 — Py — )| ¥(a. y)|

+(p} +piay + 47 — Py — 4)(P3 + Pydy + 45 — Py — 32)|W(a,d)]

IA
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13
+x = a)’(d = y) [(py + 4)(0> + 91O, y)|
+(py + 4)(P; + Pada + 45 — P, — 4)|O(x, d)]|
+(py + 4)(P} + p1ay + 4; — Py — 4)|O(a, y)|
+(p} +p1ay + 47 — Py — 4)(P; + Pty + 45 — P, — 42)19(a, d)]
+(b - x)z(d - J’)2 [(Pl +q)(py + 3,)|Q(x, )|
+(p1 + 4)(P; + P2ty + 45 — Py — 2)|Qx, d)]|
+(py + )P + pray + a7 — py — 4|, )|
+(P% +pq + ‘I% P - ‘Il)(P% + g t+ LI§ — Py — ¢)I€b, d)|] } )
for all (x,y) € [a, b] X [c,d].
Proof. Taking modulus in Lemma B, we have
1
G-ad—0 //f(P1T+(1 —pa.pys+ (A =pye) d, ,s,.d, .1
+//f(P1’ + 0 =p)b,pys + (A —pye) d, .5 dPl*‘]lt
x d
+//f(p1t+(1 —pDa,pys + (1 —pyd) ‘d, s d, 1
b d
+//f(p1t+(1 —pDb.pys + (1 —pyd) ‘d, ,s’d, 1
1
—— /f(x prs+(1=pye), pzqzs+/f(x,p2s+(1 —pyd) %d, s
y
1
> /f(plt+(1—p1)a Y a plqlt+/f(p1t+(1—p1)b,y) b, 1|+ f(xy)
1 1
<L(_)2(—)2 t|d)(t +(=Da,sy+ 1 =5)0) od, .5 od, 1
T (b-a)d-o) YoaryTe s x a5y S)EN 0%p,,0,5 09p, 0,
1 1
+ (b—x)z(y—c)z//ts [W(tx + (1 = 0b, sy + (1 = $)e)| od,, 4.5 0d,, 4.
+(x — a)*(d — y)* / / ts |O@tx + (1 —a, sy + (1 = )d)| od,, . s od, 41
1 1
+(b—x)*(d — y)z//ts 1Q(tx + (1 = 0)b, sy + (1 = $)d)| od,_, 5 od, 41| 8)



14 | FONGCHAN WANNALOOKKHEE ET AL.

Since |®(z, s)| is coordinated convex, we obtain

11
/ /ts |[®P(tx + (1 —B)a, sy + (1 — s)c)| Odngqzs Odplvqlt
0 0

11
< //ts [ ts|D(x, y)| + t(1 — 5)|DP(x, c)|
0 0

+(1 = 0s|®(a, y)| + (1 = (1 = )|D(a. )] od,, . 5 od, 41
1

(@) + DB+ P14y + P+ pray + 6D
X [(py + 4P, + @)IP(x, V)| + (py + @)D + P2dy + 45 — Py — 4)|D(x, 0)]
+(py + )Py + pray + 47 — Py — 91| D(a, y)|
+(pT +pia + 47 — p1 — 405 + P2ty + 45 — P, — 42)|D(a, 0)]] . )

By the similar way, as |¥(¢, 5)|, |©(%, s)| and |€(z, s)| are coordinated convex, we get
11

/ /ts |[P(x + (1 —10)b,sy+ (1 — s)c)| Odpz’qzs Odpl,qlt
0 0

1
: (1 +4)02 + @)B} + piay + 305 + Py + q3)
X [(p1 + 4Py + @)Y, V| + (b + 4)(P5 + pady + 45 — P, — @) P(x, )|
+(p, + 42)(17% +piq; + qlz = p; — g, )
+(PT +piq1 + 47 — p1 — 4)(P5 + Pt + 45 — Py — @)W (b, O], (10)

1 1

//ts [O@x + (1 —t)a,sy+ (1 — s)d)| Odpzyqzs Odpl,q]t
0 0
1

: (01 + 402 + @)B} + piay + 305 + Py + q3)
X [(py + 4P, + 4)IOC, Y| + (py + 4))(P; + P2ty + @5 — P, — 42)|O(x, )]
+(py + @)} + pray + 47 — Py — 4)|O(a, )|
+(P} +p1a1 + 47 — Py — 405 + P2t + 45 — P, — 42)|O(a, d)| (11)

and
11

//ts |Qtx + (1 = 1)b, sy + (1 — s)d)| Odpz,qzs Odppqlt
0 0
1

: Py +a)(p, + 42)(1’? +piq + ‘I%)(Pi + gt 45)
X [y + 4)(P2 + )10 Y| + (), + 405 + Py + @ — Py — 3)Qx, d)]
+(py + )P + pray + a7 — py — 4)|QD, Y|
+(PF+ a1 + a7 — Py — 4)(P3 + Pady + 45 — Py — 4|, )] . (12)
Substituting the inequalities (8)-(I3) in (B), the proof is completed. O
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Corollary 1. Under conditions of Theorem B, if |®(z, 5)|, |Y(z, 5)|, |O(, 5)|, |Q(¢, s)| < M for all (¢, s) € [a, b] X [c, d], then we
obtain the following (p, q)-Ostrowski-type inequality for coordinates:

(b—a)(d—c) //f([’11+(1—p1)a Pys+(1=py)e) oy, 4, up, 4,1

//f(p1b+(] _pl)t pys + (1 —Pz)c) c“p,, q2 dpl,qlt
x d

+/ / f(pit+ (1 = ppa, p,d + (1 = py)s) ddpz.qzs ap g

a
b d

//f(P1b+(1 —ptpyd + (1 = py)t) dpzqz dPl*Qlt

- /f(x,p2s+(l—pz)c)Cdpz?q2s+/f(x,p2d+(l—pz)s)ddpz’qzs
c y

- /f<p1t+<1—p1>a,y> ad,,l,qlt+/f(p1b+<1—p1>t,y> ’d, 1|+ f(x.7)

Mg, q, [(
(b —a)d = o)(p, + q)(Pp2+ q2)
for all (x,y) € [a, b] X [c,d].

x—ay +(b-x)7] [y=-e+@d-y’],

Remark 3. 1f p; = p, = 1 and q;, g, tend to 1, then Corollary 0 reduces to Theorem [, which appears in™

Theorem 7. Under the assumptions of Lemma B, in addition, if |®(z, s)|*, |P(z, 5)|*, |®(z, s)|* and |Q(¢, s)|* are coordinated
convex on [a, b] X [c, d], where é + % = 1 with a > 1, then we have the inequality

1
(b—a)d—c) //f(p1t+(1—p1)a Pys+(1=py)e) oy, 4,5 oy, g1

//f(plt + (1 - p])b PrS + (1 —])2)6) c%py, 42 dpl,qlt

X
X

+//f(p1t+ (1 =p)a,pys+ (1 = p)d) d, , s d, .1

a
b d

+/ / S(pit+ (1 = pb,pys + (1 = py)d) ‘d 0y bdm:qlt

__d—c /f(x P2S+(1 pz)c)c p7q2s+/f(x P25+(1—p2)d) szl}z

52 /f(p1t+(1—p1)a,y) ad,,l,qlt+/f(p1t+(1—p1)b,y) bd, 1|+ f(xy)
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1/p 1/a

< 4149, 1 1
~(b—a)d-c) <[ﬁ +11, ., 8+ 1, > ((p1 +q)(p, + q2>>

X ((x—a)’(y = o) ||, »I* + (p; + g, — DID(x, 0)|*

+(py + @ — DID@ I + (py + a1 — Dpy + 4 = DID(a, )]/

+(b = x)*(y — o) [P I + () + 9, — DI¥(x,0)|

+(py + g, — DIYO, I + (py + g1 — D(py + ¢, — DIY(D, )|*

+(x — a)’(d — y)* [|0x, »I* + (p, + g, — DIOx, d)|*

+(py + g, — DIO(a, »I* + (p; + g, — D(py, + g, — 1)|O(a, d)|*

+(b - x)*(d — y)* [|Qx. »|* + (p, + 4, — DIQx, d)|*

+(py + 43 = DI, YI“ + (py + 41 — D(py + ¢, — DIQD, d)|“]“"),

for all (x,y) € [a, b] X [c,d].

]l/a

]l/a

Proof. From Lemma B, we have

X

y

1

(b—a)d —c) //f(p1’+(1“’1)"’1’2”(‘—P2>0>cdpz,qzsadpl,qlf
c

a
by

+//f(p1t+(1—p1)b,p2s+(1—pz)c) ey a8 bdpl,qlt
c

x
x d

+//f(plt+(1 —pDa,pys+ (1 —pyd) “d, s ,d, .1
y

a

b d
+ / / Fit+ (= pb.pys + (L= pyd) 4d, . s°d, 1
x y

. ,
1
- /f(x,p2s+(1—p2)c) cdpz’q2s+/f(x,p2s+(l—p2)d)ddp2’qzs
| ¢ y
[ x b
1
> /f(p1t+(1—p1)a,y) ad,,l,qlt+/f(p1t+(1—pl)b,y) bd, 1|+ f(xy)
) 1 1
N8N _apy—cP [ [ a5 10x+ (1= Da,sy+ (1 =90 od, 0.5 oy o f
T (b—a)d-o) Yoaryme s X a5y $)E1 0%p,.0,5 09,4,
0 0

1 1

+ (b—x)z(y—c)z//ts [W(tx + (1 = 0b, sy + (1 = $)0)| od,, 0.5 0d,, 4,1
0 0

1 1
+(x —a)*(d — y)* / / ts |0(x + (1 = a, sy + (1 = )d)| od,, , 5 od,, 41
0 0

11
+(b—x)2(d—y)2//ts 1Q(tx + (1 = 0)b, sy + (1 = 5)d)| od,_, 5 od, ,1]- (13)
0 0
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Using Lemma [ and the coordinated convexity of |®(#, 5)|*, we obtain
11

/ /ts |[P(tx + (1 = BDa, sy + (1 — s)c)| Odpz,qzs Odplvqlt

1

I\

0

1/p 1 1
1 . ~ .
S(m+1]m,ql[ﬂ+nm,qz> 0/0/[ts|q)(x’y)' (1= 9)|@Cx,0)

+(1 — 1)s|D(a, y)|“+(1—t)(1—s)|q>(a ] od od z)”"

Py Ch JSRUSN
1/
_ 1 <I<1>(x,y)|" + (P +q — D|D(x,0)|*
B+1,,06+11,, (1 + 40 + )

L2+ 5= DI®@ I+ @1+ a0 = Dz + 4, = DI, c>|“)”
(ry +9)y + q5)
Similarly, we get

1 1
//z [¥(tx + (1 = Db, 5y + (1 = $)0)| o, 4.5 o, 4.1
0

0
1/p
<|‘P(x, WI*+(p +q — DY, )"
(B + 11,4 ﬂ+ P2t (p1 +9)(p2 + q2)
+

(py + g, — DIYOD, »)|* + (py + q; — D(py + g, — D[F(b, c)|“>
(P +9)p+q) ’

1 1
//z |O¢x + (1 —ta,sy+ (1 — s)d)| 0p,.4,5 04, 4,1
0

0
1/p
<|®(x, WI*+(py +q, — DIO(x, d)|*
ﬁ+11’1‘11ﬂ+1p2¢12 (p1 + 9Py + q3)
+

(py + g, — DIBO(a, Y)|* + (p; + q; — D(py + ¢, — 1)|O(a, d)|“>
(P + )y + qp)

and

11
//ts |Qx + (1 —1)b, sy + (1 — s)d)| 04p,.4,5 04y, 4,1
0 0

/
. i " <|s2<x, DI + (g + 4 = DI, )l
“\[B+1, ,B+1],, (P1 + 4Py + 42)

+(p2 + a4, - DIQBYI"+ (1 +91 — Dy + ¢, — 1)|9(b,d)l")1/

(py + 9Py + q»)
Substituting the inequalities (I4)-(I2) in (I3), the proof is completed.

1 Ve, 1 1
//tﬂsﬂ od vy Odplvqlt / / |[®(tx + (1 —Da, sy + (1 —s)c)|* Odpz’qzs Odm,qlt
0 0 0

1/a

(14)

5)

(16)

a7
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Corollary 2. Under conditions of Theorem [, if |®(z, 5)|, |Y(2, 5)|, |O(, 5)|, |Q(¢, s)| < M for all (¢, s) € [a, b] X [c, d], then we

obtain the following (p, q)-Ostrowski-type inequality for coordinates:

(b—a)(d—c) //f(P11‘+(1—p1)a Pas + (1 =p)e) dy, 4,5 adp 4,1
//f(P1t+(1_P1)b s+ (1 =pye) d, s dp]’q]t
x d

+//f(p1t+(l—p1)a,p2s+(1—pz)d) U, 05 oy gt

b d
+/,/f(P1f+(1—P1)b pys+ (1 —pyd) dpzqz dpl,qlt

y
_dl_c /f(x,p2S+(l—p2)c) Cdl’z,qzs+/f(x’1723+(1—Pz)d)ddpz’qzs
¢ y
_bla /f(p1t+(1—p1)a,y) adm,qlt"'/f(plt"'(l—P1)b,Y) bd, 1|+ ()
Mqq | ){/ﬂ
1% o . e o
T b-ad=o) <[ﬂ+11p,,q,[ﬁ+1]pz,q2> [0 =@y + b =07 [ = + (@ - 7],

for all (x, y) € [a, b] X [c, d].
Remark 4. If p; = p, = 1, then () reduces to

x y
1
—(b—a)(d—c) //f(t,s) d ,S 24 t+//f(t s) .d

b

//f(ts)d)ddsdt+//f(ts) ds

_ﬁ /f(x,s)cdq2s+/f(x 5)%d,,s

/ F@y) d, 1+ / @y ’d, 1|+ f(x,)

1/p
Mgq,q, 1 2 S o o
S(b—a)(d—c)([ﬁ+1]ql[ﬁ+1]qz> [x =@ + b =27 [y - +(d =],

which appears in™

Remark 5. If p; = p, = 1 and ¢y, g, tend to 1, then Corollary @ reduces to Theorem B, which appears in™

(18)
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Theorem 8. Under the assumptions of Lemma B, in addition, if |®(¢, 5)|%, |P(z, s)|*, |®(z, s)|* and |Q(¢, s)|* are coordinated
convex on [a, b] X [c, d], where a > 1, then we have the inequality

1

x oy
G-ad-0 //f(p1t+(1—pl)a,pZS+(1—p2)c) 08 iy ot
a c

b

y
+//f(p1t+ (1= p)b,pys + (1 = py)e) d, ,5°d, 1
c

X
X

d
+/ f(Pll +(1 —Pl)a’st +(1 _Pz)d) ddp s adp,,qlt

2,42
a 'y
b d

+/ / St + (1 —ppb,pys+ (1 —py)d) ddpz,qzs bdpl,qlt
y

X

. J
1
o /f(x,p2s+(l—pz)c)cdpz?qzs+/f(x,p2s+(1—pz)d)ddpz’qzs
[ ¢ y
[ x b
1
i /f(p1t+(1—p1)a,y) ad,,l,qlt+/f(p1t+(1—pl)b,y) bd, 1|+ f(xy)
| a x

1-1/a
919, < 1 )
T -ad-c) \(p + 9D+ q)

1/a
d 1 )
(P1 +4)P2 + )P} + 141 + )5 + Prdr + G5)
X ((x =@y = ) [0y + 4Py + D) O(x, V)|
+(py + 43 + Pada + 43 — P, — @) |P(x, 0)|°
+(p, + 42)(17% +pq + Qf =P — q)|Pa, y)|*
+(02 + p1dy + @ = Py — 0P + s + 6 — s — @) D(a, )]
+Hb = x)*(y = ) [(p1 + 4Py + @) ¥(x, )|
Py + )P + Prda + 45 = Py — @)P(x, 01"
+(py + )Py + pray + 47 — Py — )W (b, Y)|”
(P} + a1 + 4] — Py — 405 + prty + @ — Py — @)W (b, ©)|%]
+(x = a)’(d = y)* [(py + @) (P2 + 3)O(x, y)|*
+(py + q)(P; + P2ty + 45 — Py — ¢)|O(x, d)|*
+(py + @) (P} + pray + 47 — Py — 4)|O(a. y)|°
P2+ Py + 4 = Py — 4P+ Pry + @ — pa — 4)1Oa, D[]
+b = x)*(d = ) [(p1 + a0y + 3R, )|
+(py + 4)(P5 + P2ty + 45 — Py — @)IQUx, d)|*
+(py + )P} + pray + a7 — py — 4|, y)|*
+(PF +pia + 47 — Py — 4)(P5 + P2ty + 45 — Py — 42)|QAb, d)|% 1/“) ,
for all (x, y) € [a, b] X [c,d].

1/a
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Proof. Using Lemma [ and the coordinated convexity of |®(z, s)|*, we have
11

//ts |P(tx + (1 — )a, sy + (1 — s)c)| Odpzms Odp_q]t
0 0

1 1-1/a 11 1/a

1
/ /ts Odpz,qzs Odpl,qlt / / ts |®(x + (1 —ta,sy+ (1 —s)c)|* Odpz,qzs Odpl-qlt
0 0 0

0

11
1-1/a
1 o _ @
< (Grraeren) / / [l e

+(1 = 1s|®(a, )| + (1 = 1)(1 = 9)|P(a,0)|* | od, , s Odpl,qlt)l/a
_ < 1 >H/“( (1 + 4Py + 4,)|D(x, Y|
@+ 9D+ 9) (P + a2 + 4P} + p1dy + G5 + P2y + 4)
(1 + 4)(P; + P2ds + @) — Py — @) D(x, ©)|*
(P + )2 + @) + p1ay +@)@; + prgy + 43)
(02 + @)} + pray + 47 — py — )| D@, y)|*
(py +a)(p, + ‘12)(171 +piq t 412)(173 + Dt ‘I;)
PP+ 014+ @ = py — a2+ prdy + 6% — py — 3)|D(a, C)I“] >1/a
(P1 + 402 + )P} +p1a) + aDP5 + prdy + G3) '

IA

19)

Similarly, we get
1o

//ts [P(rx + (1 =0b, sy + (1 —s)0)| d,, 48 o), 41

0 0
< < ! >““"< (P1 + )2 + )| ¥(x. )
“\ (9D, + ) (1 + 902 + )Py +Piay + 305 + Py + q3)
(1 + 43 + P2ds + @ — P2 — @) P(x, )|
(P + 4P + 4P} + P14y + 43 + Prdy + 43)
(P2 + @)D + pray + 47 — p; — q)|P(b, y)|*
(P + a2 + 4P} + p1dy + 65 + P2y + 4)
+(P% +piq + 11% P - ‘Il)(P% + gt lI% =Py — @)Y (b, 0)|" >l/a
(P + 92 + )P} + p1ay + a5 + pray + G3) ’

(20)

ts |O(x + (1 —ta,sy+ (1 —s)d)| od

stlhs Od d

pPi-q1

o~ _

1
/
g 1 >1'““ < (21 +4) (P2 + )IO VI
"\ + 9, +a) (01 + 402 + @)Dy + P14y + 305 + Prgy + q3)
(p; + 111)(17% + gt ‘I; - D — )0, d)|*
(P + )Py + 4P} + p1dy + 65 + prds + 45)
(P2 + @)} + 1y + 4; — py — 4,)|0(a, y)|*
(P +a)(P2 + 4P} + P14y + 63 + P2y + 4)
(P} + 11+ 47 = p1 — )05+ P2da + @5 — Py — 42)|O(a, d)|* )w
(py +a)(p, + 42)(17} +piq t 412)(17% + gt CI%)

2y
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and
1

//ts |Q(x + (1 =0)b,sy+ (1 = 9)d)| od,, 48 0d)p 4.1
0 0
< < ! >H/“< (1 + 4D + )1 PI”
(P +a)(pr + a) (01 + 902 + @) Py +Piay + 305 + Py + q3)
(01 + 9)(P; + P2y + @5 — Py — @) IQx, d)|*
(P +a)Py + @)} + piay + )5 + P2y + ¢5)
. (P2 + @) + pray + 47 — p; — 4)|Qb, y)|*
(py +a)(p, + ‘12)(17} +piq + qf)(pﬁ + gt qs)
(DY +p1ay + 47 — Py — 45 + Prdy + 45 — Py — 42)|QAb, d)|* )1/
(P + a2 + 4] + p1ay + G5 + prgr + 45)
Substituting the inequalities (I9)-(22) in (I3), the proof is completed. O

(22)

Corollary 3. Under conditions of Theorem B, if |®(z, 5)|, ['P(2, 5)|, |O, s)|, |Q(¢, s)| < M for all (¢, s) € [a, b] X [c, d], then we
obtain the following (p, g)-Ostrowski-type inequality for coordinates:

—(b_a)(d_c) //f(P1t+(1—p1)a s+ (1 =pye) d, .5 ,d, .1

+/ / St + A = pb,pys + (1 —py)e) d,, .8 dpl:tht

x d

//f(p1’+ (1 =ppa, pys + (1 = py)d) dpz 4 adpl,qlt

a

+//f(p1t+ (1= ppb,pys+ (1 =p)d)d, ,s’d, 1

1
d—-c

/f(x pzs + (1 _pz)c) c“p,. qzs +/f(x,p2S + (] _pZ)d) ddpz,qzs
y

1
b—a

/f(p1t+(1—p1)a P plqlt+/f(p1t+(1—p1)b,y) bd, o1+ (X))

Maq,q, 2 ) ) 5
_ bh— _ d— ’
S oot am oy & TV T ot @ -y

for all (x, y) € [a, b] X [c,d].
Remark 6. 1f p; = p, = 1 and ¢, ¢, tend to 1, then Corollary B reduces to Theorem B, which appears in™

4 | CONCLUSIONS

We defined new definition of (p, g)-derivatives for continuous functions of two variables. Moreover, we established post quantum
Ostrowski—type inequalities for coordinated convex functions. Some previously published results of other researchers are some
special cases of our results for p;, p, are unity and g, ¢, tend to one.
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