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1 INTRODUCTION

Quantum calculus (sometimes is called 𝑞-calculus) is known as the study of calculus with no limits. It has been firstly stud-
ied by the famous mathematician, Euler (1707-1783). In 1910, F. H. Jackson1 determined the definite 𝑞-integral known as
the 𝑞-Jackson integral. Quantum calculus has applications in several mathematical areas such as combinatorics, number the-
ory, orthogonal polynomials, basic hypergeometric functions, mechanics, quantum theory, and theory of relativity, see for
instance2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22 and the references therein. The book by V. Kac and P. Cheung23 covers the
fundamental knowledge and also the basic theoretical concepts of quantum calculus.

In 2013, J. Tariboon and S. K. Ntouyas24 defined the 𝑞-derivative and 𝑞-integral of a continuous function on finite intervals and
proved some of its properties. Many well-known integral inequalities such as Hölder, Hermite–Hadamard, trapezoid, Ostrowski,
Cauchy–Bunyakovsky–Schwarz, Grüss and Grüss–Čebyšev inequalities have been studied in the concept of 𝑞-calculus, see25

for more details. Based on these results, there are many outcomes concerning 𝑞-calculus, see26,27,28,29,30,31,32,33,34,35,36,37,38 and
the references cited therein.

Post quantum calculus (sometimes is called (𝑝, 𝑞)-calculus) is the further generalization of quantum calculus which was first
considered by R. Chakrabati and R. Jagannathan39. In 2016, M. Tunç and E. Göv40,41 introduced the (𝑝, 𝑞)-derivative and (𝑝, 𝑞)-
integral on finite intervals, proved some of its properties and gave many integral inequalities by using (𝑝, 𝑞)-calculus. Recently,
according to works of M. Tunç and E. Göv, many researchers started working in this direction, some more results about (𝑝, 𝑞)-
calculus are in42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58. It is worth to note here that (𝑝, 𝑞)-calculus cannot be derived directly by
replacing 𝑞 by 𝑞∕𝑝 in 𝑞-calculus, but 𝑞-calculus can be retaken by setting 𝑝 = 1 in (𝑝, 𝑞)-calculus.

A. Ostrowski59 established the following interesting integral inequality called Ostrowski inequality in 1983.
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Theorem 1. Let 𝑓 ∶ [𝑎, 𝑏] → ℝ be a differentiable function on (𝑎, 𝑏) with bounded derivative, that is, ‖𝑓 ′‖∞ ∶=
sup𝑥∈(𝑎,𝑏) |𝑓 ′(𝑥)| < ∞. Then we have|||||||𝑓 (𝑥) −

1
𝑏 − 𝑎

𝑏

∫
𝑎

𝑓 (𝑥) 𝑑𝑥
||||||| ≤

[
1
4
+

(𝑥 − 𝑎+𝑏
2
)

(𝑏 − 𝑎)2

]
(𝑏 − 𝑎)‖𝑓 ′‖∞, (1)

for all 𝑥 ∈ [𝑎, 𝑏]. The constant 1
4

is the best possible.

Inequality (1) can be rewritten in the equivalent form|||||||𝑓 (𝑥) −
1

𝑏 − 𝑎

𝑏

∫
𝑎

𝑓 (𝑥) 𝑑𝑥
||||||| ≤

[
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

2(𝑏 − 𝑎)

] ‖𝑓 ′‖∞.
Ostrowski inequality has been studied in many fields of mathematics, such as numerical analysis and probability. Many

researchers considered generalizations and extensions of the Ostrowski inequality for absolutely continuous, bounded variation,
convex, monotonic, Lipschitzian, and 𝑛 times differentiable functions with error estimates for some numerical quadrature rules
and some special means. Some more results relating to Ostrowski inequality can be found in60,61,62,63,64,65,66,67,68,69,70,71.

In 2010, M. A. Latif, S. Hussian and S. S. Dragomir71 presented the Ostrowski-type inequalities for convex functions on
coordinates as follows:

Theorem 2. Let 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ be a twice differentiable function on (𝑎, 𝑏) × (𝑐, 𝑑) such that 𝜕2𝑓
𝜕𝑠𝜕𝑡

is continuous and
integrable on [𝑎, 𝑏] × [𝑐, 𝑑]. If ||| 𝜕2𝑓𝜕𝑠𝜕𝑡

||| is coordinated convex on [𝑎, 𝑏] × [𝑐, 𝑑] and ||| 𝜕2𝑓𝜕𝑠𝜕𝑡
(𝑥, 𝑦)||| ≤ 𝑀, (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑], then

we have |||||||𝑓 (𝑥, 𝑦) +
1

(𝑏 − 𝑎)(𝑑 − 𝑐)

𝑏

∫
𝑎

𝑑

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑑𝑠 𝑑𝑡 − 𝐴1

|||||||
≤ 𝑀

[
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

2(𝑏 − 𝑎)

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

2(𝑑 − 𝑐)

]
,

where

𝐴1(𝑥, 𝑦) =
1

𝑑 − 𝑐

𝑑

∫
𝑐

𝑓 (𝑥, 𝑠) 𝑑𝑠 + 1
𝑏 − 𝑎

𝑐

∫
𝑎

𝑓 (𝑡, 𝑦) 𝑑𝑡. (2)

Theorem 3. Let 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ be a twice differentiable function on (𝑎, 𝑏) × (𝑐, 𝑑) such that 𝜕2𝑓
𝜕𝑠𝜕𝑡

is continuous
and integrable on [𝑎, 𝑏] × [𝑐, 𝑑]. If ||| 𝜕2𝑓𝜕𝑠𝜕𝑡

|||𝛼 is coordinated convex on [𝑎, 𝑏] × [𝑐, 𝑑], where 𝛼 > 1 with 1
𝛼
+ 1

𝛽
= 1, and||| 𝜕2𝑓𝜕𝑠𝜕𝑡

(𝑥, 𝑦)||| ≤ 𝑀, (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑], then we have|||||||𝑓 (𝑥, 𝑦) +
1

(𝑏 − 𝑎)(𝑑 − 𝑐)

𝑏

∫
𝑎

𝑑

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑑𝑠 𝑑𝑡 − 𝐴1

|||||||
≤ 𝑀

(1 + 𝛽)2∕𝛽

[
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

𝑏 − 𝑎

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

𝑑 − 𝑐

]
,

where 𝐴1(𝑥, 𝑦) is defined in (2).

Theorem 4. Let 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ be a twice differentiable function on (𝑎, 𝑏) × (𝑐, 𝑑) such that 𝜕2𝑓
𝜕𝑠𝜕𝑡

is continuous and
integrable on [𝑎, 𝑏] × [𝑐, 𝑑]. If ||| 𝜕2𝑓𝜕𝑠𝜕𝑡

|||𝛼 is coordinated convex on [𝑎, 𝑏] × [𝑐, 𝑑], where 𝛼 ≥ 1, and ||| 𝜕2𝑓𝜕𝑠𝜕𝑡
(𝑥, 𝑦)||| ≤ 𝑀, (𝑥, 𝑦) ∈

[𝑎, 𝑏] × [𝑐, 𝑑], then we have:|||||||𝑓 (𝑥, 𝑦) +
1

(𝑏 − 𝑎)(𝑑 − 𝑐)

𝑏

∫
𝑎

𝑑

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑑𝑠 𝑑𝑡 − 𝐴1

|||||||
≤ 𝑀

4

[
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

𝑏 − 𝑎

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

𝑑 − 𝑐

]
,
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where 𝐴1(𝑥, 𝑦) is defined in (2).

In 2020, H. Budak, M. A. Ali and T. Tunc70 proved Ostrowski–type inequality for coordinated functions by using 𝑞-calculus.
Motivated by the above mentioned literatures, we propose to define new 𝑏(𝑝, 𝑞)-derivatives for coordinates and then extend the
Ostrowski type inequality in 𝑞-calculus for coordinated convex functions to (𝑝, 𝑞)-calculus.

2 PRELIMINARIES

Throughout this paper, we let [𝑎, 𝑏], [𝑐, 𝑑] ⊆ ℝ, 0 < 𝑞 < 𝑝 ≤ 1 and 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1 for 𝑖 = 1, 2. The definitions of (𝑝, 𝑞)-
calculus, coordinated functions, 𝑞-calculus and (𝑝, 𝑞)-calculus for coordinates are given in31,37,38,40,53,55,57,72. Moreover, we use
the following notation:

[𝑛]𝑝,𝑞 ∶=
𝑝𝑛 − 𝑞𝑛

𝑝 − 𝑞
= 𝑝𝑛−1 + 𝑝𝑛−2𝑞 +⋯ + 𝑝𝑞𝑛−2 + 𝑞𝑛−1, for 𝑛 ∈ ℝ.

Definition 1. 40 Let 𝑓 ∶ [𝑎, 𝑏] → ℝ be a continuous function. Then the 𝑎(𝑝, 𝑞)-derivative of 𝑓 at 𝑥 ∈ (𝑎, 𝑏] is defined by

𝑎𝐷𝑝,𝑞𝑓 (𝑥) =
𝑓 (𝑝𝑥 + (1 − 𝑝)𝑎) − 𝑓 (𝑞𝑥 + (1 − 𝑞)𝑎)

(𝑝 − 𝑞)(𝑥 − 𝑎)
.

The 𝑎(𝑝, 𝑞)-integral of 𝑓 on [𝑎, 𝑥] is defined by
𝑥

∫
𝑎

𝑓 (𝑡)𝑎𝑑𝑝,𝑞𝑡 = (𝑝 − 𝑞)(𝑥 − 𝑎)
∞∑
𝑛=0

𝑞𝑛

𝑝𝑛+1
𝑓
(

𝑞𝑛

𝑝𝑛+1
𝑥 +

(
1 −

𝑞𝑛

𝑝𝑛+1

)
𝑎
)
.

Definition 2. 55 Let 𝑓 ∶ [𝑎, 𝑏] → ℝ be a continuous function. Then the 𝑏(𝑝, 𝑞)-derivative of 𝑓 at 𝑥 ∈ [𝑎, 𝑏) is defined by

𝑏𝐷𝑝,𝑞𝑓 (𝑥) =
𝑓 (𝑞𝑥 + (1 − 𝑞)𝑏) − 𝑓 (𝑝𝑥 + (1 − 𝑝)𝑏)

(𝑝 − 𝑞)(𝑏 − 𝑥)
.

The 𝑏(𝑝, 𝑞)-integral of 𝑓 on [𝑥, 𝑏] is defined by
𝑏

∫
𝑥

𝑓 (𝑡)𝑏𝑑𝑝,𝑞𝑡 = (𝑝 − 𝑞)(𝑏 − 𝑥)
∞∑
𝑛=0

𝑞𝑛

𝑝𝑛+1
𝑓
(

𝑞𝑛

𝑝𝑛+1
𝑥 +

(
1 −

𝑞𝑛

𝑝𝑛+1

)
𝑏
)
.

Definition 3. 72 A function 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is said to be convex on coordinates, if the partial mappings

𝑓𝑥 ∶ [𝑐, 𝑑] ∋ 𝑣 → 𝑓 (𝑥, 𝑣) ∈ ℝ and 𝑓𝑦 ∶ [𝑎, 𝑏] ∋ 𝑢 → 𝑓 (𝑢, 𝑦) ∈ ℝ

are convex for all 𝑥 ∈ (𝑎, 𝑏) and 𝑦 ∈ (𝑐, 𝑑).

The definition of coordinated convex functions may be stated as follows:

Definition 4. A function 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is said to be convex on coordinates, if

𝑓 (𝑡𝑥 + (1 − 𝑡)𝑧, 𝜆𝑦 + (1 − 𝜆)𝑤) ≤ 𝑡𝜆𝑓 (𝑥, 𝑦) + 𝑡(1 − 𝜆)𝑓 (𝑥,𝑤) + (1 − 𝑡)𝜆𝑓 (𝑧, 𝑦) + (1 − 𝑡)𝜆(1−])𝑓 (𝑧,𝑤)

holds for all 𝑡, 𝜆 ∈ [0, 1] and (𝑥, 𝑦), (𝑧,𝑤) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].
Definition 5. 37 Suppose that 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is a continuous function of two variables. Then the (𝑞1𝑞2)-derivatives are
given by

𝑎𝜕𝑞1𝑓 (𝑥, 𝑦)

𝑎𝜕𝑞1𝑥
=

𝑓 (𝑥, 𝑦) − 𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑦

)
(1 − 𝑞1)(𝑥 − 𝑎)

, 𝑥 ≠ 𝑎,

𝑐𝜕𝑞2𝑓 (𝑥, 𝑦)

𝑐𝜕𝑞2𝑦
=

𝑓 (𝑥, 𝑦) − 𝑓
(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
(1 − 𝑞2)(𝑦 − 𝑐)

, 𝑦 ≠ 𝑐,

and
𝑎,𝑐𝜕2𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑎𝜕𝑞1𝑥𝑐𝜕𝑞2𝑦
= 1

(1 − 𝑞1)(1 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)
[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑦

)
− 𝑓

(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
+ 𝑓 (𝑥, 𝑦)

]
,

for 𝑥 ≠ 𝑎 and 𝑦 ≠ 𝑐.
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Definition 6. 38 Suppose that 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is a continuous function of two variables. Then the (𝑞1𝑞2)-derivatives are
given by

𝑏𝜕𝑞1𝑓 (𝑥, 𝑦)
𝑏𝜕𝑞1𝑥

=
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑦

)
− 𝑓 (𝑥, 𝑦)

(1 − 𝑞1)(𝑏 − 𝑥)
, 𝑥 ≠ 𝑏,

𝑑𝜕𝑞2𝑓 (𝑥, 𝑦)
𝑑𝜕𝑞2𝑦

=
𝑓
(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
− 𝑓 (𝑥, 𝑦)

(1 − 𝑞2)(𝑑 − 𝑦)
, 𝑦 ≠ 𝑑,

𝑏
𝑐𝜕

2
𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑏𝜕𝑞1𝑥𝑐𝜕𝑞2𝑦
= 1

(1 − 𝑞1)(1 − 𝑞2)(𝑏 − 𝑥)(𝑦 − 𝑐)
[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑦

)
− 𝑓

(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
+ 𝑓 (𝑥, 𝑦)

]
, 𝑥 ≠ 𝑏, 𝑦 ≠ 𝑐,

𝑑
𝑎𝜕

2
𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑎𝜕𝑞1𝑥
𝑑𝜕𝑞2𝑦

= 1
(1 − 𝑞1)(1 − 𝑞2)(𝑥 − 𝑎)(𝑑 − 𝑦)

[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑦

)
− 𝑓

(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
+ 𝑓 (𝑥, 𝑦)

]
, 𝑥 ≠ 𝑎, 𝑦 ≠ 𝑑,

and
𝑏,𝑑𝜕2𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑏𝜕𝑞1𝑥
𝑑𝜕𝑞2𝑦

= 1
(1 − 𝑞1)(1 − 𝑞2)(𝑏 − 𝑥)(𝑑 − 𝑦)

[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑦

)
− 𝑓

(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
+ 𝑓 (𝑥, 𝑦)

]
,

for 𝑥 ≠ 𝑏 and 𝑦 ≠ 𝑑.
Definition 7. 53 Suppose that 𝑓 ∶ [𝑎, 𝑏]×[𝑐, 𝑑] → ℝ is a continuous function of two variables. Then the (𝑝1𝑝2, 𝑞1𝑞2)-derivatives
are given by

𝑎𝜕𝑝1,𝑞1𝑓 (𝑥, 𝑦)

𝑎𝜕𝑝1,𝑞1𝑥
=

𝑓
(
𝑝1𝑥 + (1 − 𝑝1)𝑎, 𝑦

)
− 𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑦

)
(𝑝1 − 𝑞1)(𝑥 − 𝑎)

, 𝑥 ≠ 𝑎,

𝑐𝜕𝑝2,𝑞2𝑓 (𝑥, 𝑦)

𝑐𝜕𝑝2,𝑞2𝑦
=

𝑓
(
𝑥, 𝑝2𝑦 + (1 − 𝑝2)𝑐

)
− 𝑓

(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
(𝑝2 − 𝑞2)(𝑦 − 𝑐)

, 𝑦 ≠ 𝑐,

and
𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑎𝜕𝑝1,𝑞1𝑥𝑐𝜕𝑝2,𝑞2𝑦
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)
[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑝2𝑦 + (1 − 𝑝2)𝑐

)
−𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑎, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
+𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑎, 𝑝2𝑦 + (1 − 𝑝2)𝑐

)]
,

for 𝑥 ≠ 𝑎 and 𝑦 ≠ 𝑐.

Next, we newly define another derivatives for continuous function of two variables.

Definition 8. Suppose that 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is a continuous function of two variables. Then the (𝑝1𝑝2, 𝑞1𝑞2)-derivatives
are given by

𝑏𝜕𝑝1,𝑞1𝑓 (𝑥, 𝑦)
𝑏𝜕𝑝1,𝑞1𝑥

=
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑦

)
− 𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑏, 𝑦

)
(𝑝1 − 𝑞1)(𝑏 − 𝑥)

, 𝑥 ≠ 𝑏,

𝑑𝜕𝑝2,𝑞2𝑓 (𝑥, 𝑦)
𝑑𝜕𝑝2,𝑞2𝑦

=
𝑓
(
𝑥, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
− 𝑓

(
𝑥, 𝑝2𝑦 + (1 − 𝑝2)𝑑

)
(𝑝2 − 𝑞2)(𝑑 − 𝑦)

, 𝑦 ≠ 𝑑,

𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑏𝜕𝑝1,𝑞1𝑥𝑐𝜕𝑝2,𝑞2𝑦
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑏 − 𝑥)(𝑦 − 𝑐)
[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑝2𝑦 + (1 − 𝑝2)𝑐

)
−𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑏, 𝑝2𝑦 + (1 − 𝑝2)𝑐

)
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−𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)
+𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑏, 𝑞2𝑦 + (1 − 𝑞2)𝑐

)]
, 𝑥 ≠ 𝑏, 𝑦 ≠ 𝑐,

𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑎𝜕𝑝1,𝑞1𝑥
𝑑𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑑 − 𝑦)

[
𝑓
(
𝑝1𝑥 + (1 − 𝑝1)𝑎, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
−𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑎, 𝑝2𝑦 + (1 − 𝑝2)𝑑

)
+𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑎, 𝑝2𝑦 + (1 − 𝑝2)𝑑

)]
, 𝑥 ≠ 𝑎, 𝑦 ≠ 𝑑,

and
𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑏𝜕𝑝1,𝑞1𝑥
𝑑𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑏 − 𝑥)(𝑑 − 𝑦)

[
𝑓
(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
−𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑏, 𝑞2𝑦 + (1 − 𝑞2)𝑑

)
−𝑓

(
𝑞1𝑥 + (1 − 𝑞1)𝑏, 𝑝2𝑦 + (1 − 𝑝2)𝑑

)
+𝑓

(
𝑝1𝑥 + (1 − 𝑝1)𝑏, 𝑝2𝑦 + (1 − 𝑝2)𝑑

)]
, 𝑥 ≠ 𝑏, 𝑦 ≠ 𝑑.

Remark 1. If 𝑝1 = 𝑝2 = 1, then Definition 8 reduces to Definition 6.

Example 1. Define a function 𝑓 ∶ [0, 1] × [0, 1] → ℝ by 𝑓 (𝑥, 𝑦) = 𝑥2𝑦2, which is a continuous function of two variables. Then
by the definition of (𝑝1𝑝2, 𝑞1𝑞2)-derivatives, we obtain

0𝜕𝑝1,𝑞1𝑓 (𝑥, 𝑦)

0𝜕𝑝1,𝑞1𝑥
=

𝑓 (𝑝1𝑥, 𝑦) − 𝑓 (𝑞1𝑥, 𝑦)
(𝑝1 − 𝑞1)𝑥

=
𝑝21𝑥

2𝑦2 − 𝑞21𝑥
2𝑦2

(𝑝1 − 𝑞1)𝑥
= (𝑝1 + 𝑞1)𝑥𝑦2,

0𝜕𝑝2,𝑞2𝑓 (𝑥, 𝑦)

0𝜕𝑝2,𝑞2𝑦
=

𝑓 (𝑥, 𝑝2𝑦) − 𝑓 (𝑥, 𝑞2𝑦)
(𝑝2 − 𝑞2)𝑦

=
𝑝22𝑥

2𝑦2 − 𝑞22𝑥
2𝑦2

(𝑝2 − 𝑞2)𝑦
= (𝑝2 + 𝑞2)𝑥2𝑦,

1𝜕𝑝1,𝑞1𝑓 (𝑥, 𝑦)
1𝜕𝑝1,𝑞1𝑥

=
𝑓 (𝑞1𝑥 + 1 − 𝑞1, 𝑦) − 𝑓 (𝑝1𝑥 + 1 − 𝑝1, 𝑦)

(𝑝1 − 𝑞1)(1 − 𝑥)

=
(𝑞1𝑥 + 1 − 𝑞1)2𝑦2 − (𝑝1𝑥 + 1 − 𝑝1)2𝑦2

(𝑝1 − 𝑞1)(1 − 𝑥)
= ((𝑝1 + 𝑞1)𝑥 − (𝑝1 + 𝑞1) + 2)𝑦2,

1𝜕𝑝2,𝑞2𝑓 (𝑥, 𝑦)
1𝜕𝑝2,𝑞2𝑦

=
𝑓 (𝑥, 𝑞2𝑦 + 1 − 𝑞2) − 𝑓 (𝑥, 𝑞1𝑦 + 1 − 𝑞1)

(𝑝2 − 𝑞2)(1 − 𝑦)

=
𝑥2(𝑞2𝑦 + 1 − 𝑞2)2 − 𝑥2(𝑞1𝑦 + 1 − 𝑞1)2

(𝑝2 − 𝑞2)(1 − 𝑦)
= 𝑥2((𝑝2 + 𝑞2)𝑦 − (𝑝2 + 𝑞2) + 2),

𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑎𝜕𝑝1,𝑞1𝑥𝑐𝜕𝑝2,𝑞2𝑦
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)𝑥𝑦
[
𝑓 (𝑞1𝑥, 𝑞2𝑦) − 𝑓 (𝑞1𝑥, 𝑝2𝑦)

−𝑓 (𝑝1𝑥, 𝑞2𝑦) + 𝑓 (𝑝1𝑥, 𝑝2𝑦)
]

=
𝑞21𝑞

2
2𝑥

2𝑦2 − 𝑞21𝑝
2
2𝑥

2𝑦2 − 𝑝21𝑞
2
2𝑥

2𝑦2 + 𝑝21𝑝
2
2𝑥

2𝑦2

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)𝑥𝑦
= (𝑝1 + 𝑞1)(𝑝2 + 𝑞2)𝑥𝑦,

𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑏𝜕𝑝1,𝑞1𝑥𝑐𝜕𝑝2,𝑞2𝑦
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(1 − 𝑥)𝑦
[
𝑓 (𝑞1𝑥 + 1 − 𝑞1, 𝑝2𝑦)

−𝑓 (𝑝1𝑥 + 1 − 𝑝1, 𝑝2𝑦) − 𝑓 (𝑞1𝑥 + 1 − 𝑞1, 𝑞2𝑦)
+𝑓 (𝑝1𝑥 + 1 − 𝑝1, 𝑞2𝑦)

]
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(1 − 𝑥)𝑦
[
(𝑞1𝑥 + 1 − 𝑞1)2𝑝22𝑦

2
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−(𝑝1𝑥 + 1 − 𝑝1)2𝑝22𝑦
2 − (𝑞1𝑥 + 1 − 𝑞1)2𝑞22𝑦

2

+(𝑝1𝑥 + 1 − 𝑝1)2𝑞22𝑦
2]

=
[
(𝑝1 + 𝑞1)𝑥 − (𝑝1 + 𝑞1) + 2

]
(𝑝2 + 𝑞2)𝑦,

𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)

𝑎𝜕𝑝1,𝑞1𝑥
𝑑𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)𝑥(1 − 𝑦)

[
𝑓 (𝑝1𝑥, 𝑞2𝑦 + 1 − 𝑞2)

−𝑓 (𝑞1𝑥, 𝑞2𝑦 + 1 − 𝑞2) − 𝑓 (𝑝1𝑥, 𝑝2𝑦 + 1 − 𝑝2)
+𝑓 (𝑞1𝑥, 𝑝2𝑦 + 1 − 𝑝2)

]
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)𝑥(1 − 𝑦)
[
𝑝21𝑥

2(𝑞2𝑦 + 1 − 𝑞2)2

−𝑞21𝑥
2(𝑞2𝑦 + 1 − 𝑞2)2 − 𝑝21𝑥

2(𝑝2𝑦 + 1 − 𝑝2)2

+𝑞21𝑥
2(𝑝2𝑦 + 1 − 𝑝2)2

]
= (𝑝1 + 𝑞1)𝑥

[
(𝑝2 + 𝑞2)𝑦 − (𝑝2 + 𝑞2) + 2

]
, and

𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑥, 𝑦)
𝑏𝜕𝑝1,𝑞1𝑥

𝑑𝜕𝑝2,𝑞2𝑦
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(1 − 𝑥)(1 − 𝑦)
[
𝑓 (𝑞1𝑥 + 1 − 𝑞1, 𝑞2𝑦 + 1 − 𝑞2)

−𝑓 (𝑝1𝑥 + 1 − 𝑝1, 𝑞2𝑦 + 1 − 𝑞2) − 𝑓 (𝑞1𝑥 + 1 − 𝑞1, 𝑝2𝑦 + 1 − 𝑝2)
+𝑓 (𝑝1𝑥 + 1 − 𝑝1, 𝑝2𝑦 + 1 − 𝑝2)

]
= 1

(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(1 − 𝑥)(1 − 𝑦)
[
(𝑞1𝑥 + 1 − 𝑞1)2(𝑞2𝑦 + 1 − 𝑞2)2

−(𝑝1𝑥 + 1 − 𝑝1)2(𝑞2𝑦 + 1 − 𝑞2)2 − (𝑞1𝑥 + 1 − 𝑞1)2(𝑝2𝑦 + 1 − 𝑝2)2

+(𝑝1𝑥 + 1 − 𝑝1)2(𝑝2𝑦 + 1 − 𝑝2)2
]

=
[
(𝑝1 + 𝑞1)𝑥 − (𝑝1 + 𝑞1) + 2

] [
(𝑝2 + 𝑞2)𝑦 − (𝑝2 + 𝑞2) + 2

]
.

Definition 9. 53 Suppose that 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is a continuous function of two variables. Then the definite (𝑝1𝑝2, 𝑞1𝑞2)-
integral is given by

𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡 = (𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)

×
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑎,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑐

)
,

for (𝑥, 𝑦) ∈ [𝑎, 𝑝1𝑏 + (1 − 𝑝1)𝑎] × [𝑐, 𝑝2𝑑 + (1 − 𝑝2)𝑐].
Definition 10. 57 Suppose that 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ is a continuous function of two variables. Then the definite (𝑝1𝑝2, 𝑞1𝑞2)-
integrals are given by

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑡, 𝑠) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡 = (𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑑 − 𝑦)

×
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑎,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑑

)
,

for (𝑥, 𝑦) ∈ [𝑎, 𝑝1𝑏 + (1 − 𝑝1)𝑎] × [𝑐, 𝑝2𝑑 + (1 − 𝑝2)𝑐],
𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡 = (𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑏 − 𝑥)(𝑦 − 𝑐)

×
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑏,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑐

)
,
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for (𝑥, 𝑦) ∈ [𝑎, 𝑝1𝑏 + (1 − 𝑝1)𝑎] × [𝑐, 𝑝2𝑑 + (1 − 𝑝2)𝑐] and
𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑡, 𝑠) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡 = (𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑏 − 𝑥)(𝑑 − 𝑦)

×
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑏,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑑

)
,

for (𝑥, 𝑦) ∈ [𝑎, 𝑝1𝑏 + (1 − 𝑝1)𝑎] × [𝑐, 𝑝2𝑑 + (1 − 𝑝2)𝑐].
Theorem 5. 31 (Hölder’s inequality for double sums). Let (𝑥𝑛𝑚)𝑛,𝑚∈ℕ and (𝑦𝑛𝑚)𝑛,𝑚∈ℕ be sequences of real (or complex) numbers
and 1

𝛼
+ 1

𝛽
= 1 with 𝛼, 𝛽 > 1. Then the following inequality for double sums holds:

∞∑
𝑛=0

∞∑
𝑚=0

|𝑥𝑛𝑚𝑦𝑛𝑚| ≤ ( ∞∑
𝑛=0

∞∑
𝑚=0

|𝑥𝑛𝑚|𝛼)1∕𝛼 ( ∞∑
𝑛=0

∞∑
𝑚=0

|𝑦𝑛𝑚|𝛽)1∕𝛽

,

where all the sums are assumed to be finite.

3 MAIN RESULTS

In this section, we first introduce (𝑝1𝑝2, 𝑞1𝑞2)-Hölder’s inequality and (𝑝1𝑝2, 𝑞1𝑞2)-power mean inequality for functions of two
variables.

Lemma 1. ((𝑝1𝑝2, 𝑞1𝑞2)-Hölder’s inequality for functions of two variables). Let 𝑓, 𝑔 be (𝑝1𝑝2, 𝑞1𝑞2)-integrable functions on
[𝑎, 𝑏] × [𝑐, 𝑑] and 1

𝛼
+ 1

𝛽
= 1 with 𝛼, 𝛽 > 1. Then we have

𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)𝑔(𝑡, 𝑠)| 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

≤ ⎛⎜⎜⎝
𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)|𝛼 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛼 ⎛⎜⎜⎝

𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑔(𝑡, 𝑠)|𝛽 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛽

,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Proof. By Theorem 5 and the definition of (𝑝1𝑝2, 𝑞1𝑞2)-integral for functions of two variables, we directly derive that
𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)𝑔(𝑡, 𝑠)| 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

= (𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)

×
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

||||||𝑓𝑔
(

𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑎,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑐

)||||||≤ (𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)

×

( ∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

||||||𝑓
(

𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑎,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑐

)||||||
𝛼) 1

𝛼

×
⎛⎜⎜⎝

∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

||||||𝑔
(

𝑞𝑛1
𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛1
𝑝𝑛+11

)
𝑎,

𝑞𝑚2
𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚2
𝑝𝑚+12

)
𝑐

)||||||
𝛽⎞⎟⎟⎠

1
𝛽

≤ ⎛⎜⎜⎝
𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)|𝛼 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛼 ⎛⎜⎜⎝

𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑔(𝑡, 𝑠)|𝛽 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛽

.
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Another form of of (𝑝1𝑝2, 𝑞1𝑞2)-Hölder’s inequality for functions of two variables was given as follows:

Lemma 2. ((𝑝1𝑝2, 𝑞1𝑞2)-power mean inequality for functions of two variables). Let 𝑓, 𝑔 be (𝑝1𝑝2, 𝑞1𝑞2)-integrable functions on
[𝑎, 𝑏] × [𝑐, 𝑑] and 𝛼 ≥ 1. Then we have the following inequality for functions of two variables:

𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)𝑔(𝑡, 𝑠)| 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

≤ ⎛⎜⎜⎝
𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)| 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1−1∕𝛼 ⎛⎜⎜⎝

𝑥

∫
𝑎

𝑦

∫
𝑐

|𝑓 (𝑡, 𝑠)||𝑔(𝑡, 𝑠)|𝛼 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛼

,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Next, we prove the (𝑝, 𝑞)-Ostrowski type inequalities for coordinated convex functions. We may begin with Lemma 3, which
are useful in further considerations.

Lemma 3. Let 𝑓 ∶ [𝑎, 𝑏] × [𝑐, 𝑑] → ℝ be a twice partially (𝑝1𝑝2, 𝑞1𝑞2)-differentiable function on (𝑎, 𝑏) × (𝑐, 𝑑). If
𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑎𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
,
𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑏𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
,
𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑎𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

and
𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑏𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

are continuous and (𝑝1𝑝2, 𝑞1𝑞2)-integrable on

[𝑎, 𝑏] × [𝑐, 𝑑], then we have

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1

𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

=
𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣(𝑥 − 𝑎)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠
𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑎𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+ (𝑏 − 𝑥)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠
𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑏𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+(𝑥 − 𝑎)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠
𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑎𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
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+(𝑏 − 𝑥)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠
𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑏𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ , (3)

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Proof. Let (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑]. From Definition 7, we have

𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑎𝜕𝑝1,𝑞1𝑥𝑐𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)𝑡𝑠

[
𝑓
(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑎, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑐

)
−𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑎, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑐

)
− 𝑓

(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑎, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑐

)
+𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑎, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑐

)]
. (4)

Moreover, by Definition 8, we get
𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑏𝜕𝑝1,𝑞1𝑥𝑐𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑏 − 𝑥)(𝑦 − 𝑐)𝑡𝑠

[
𝑓
(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑏, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑐

)
−𝑓

(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑏, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑐

)
− 𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑏, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑐

)
+𝑓

(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑏, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑐

)]
, (5)

𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑎𝜕𝑝1,𝑞1𝑥
𝑑𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑑 − 𝑦)𝑡𝑠

[
𝑓
(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑎, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑑

)
−𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑎, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑑

)
− 𝑓

(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑎, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑑

)
+𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑎, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑑

)]
, (6)

𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)
𝑏𝜕𝑝1,𝑞1𝑥

𝑑𝜕𝑝2,𝑞2𝑦

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑏 − 𝑥)(𝑑 − 𝑦)𝑡𝑠

[
𝑓
(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑏, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑑

)
−𝑓

(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑏, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑑

)
− 𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑏, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑑

)
+𝑓

(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑏, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑑

)]
. (7)

By (4), we have

𝐼1 ∶ =

1

∫
0

1

∫
0

𝑡𝑠
𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑎𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

= 1
(𝑝1 − 𝑞1)(𝑝2 − 𝑞2)(𝑥 − 𝑎)(𝑦 − 𝑐)

1

∫
0

1

∫
0

𝑓
(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑎, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑐

)
−𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑎, 𝑝2𝑠𝑦 + (1 − 𝑝2𝑠)𝑐

)
−
(
𝑝1𝑡𝑥 + (1 − 𝑝1𝑡)𝑎, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑐

)
+𝑓

(
𝑞1𝑡𝑥 + (1 − 𝑞1𝑡)𝑎, 𝑞2𝑠𝑦 + (1 − 𝑞2𝑠)𝑐

)
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

= 1
(𝑥 − 𝑎)(𝑦 − 𝑐)

[ ∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓
(𝑞𝑛1
𝑝𝑛1

𝑥 +
(
1 −

𝑞𝑛1
𝑝𝑛1

)
𝑎,

𝑞𝑚2
𝑝𝑚2

𝑦 +
(
1 −

𝑞𝑚2
𝑝𝑚2

)
𝑐
)

−
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛+11

𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛+11

𝑝𝑛+11

)
𝑎,

𝑞𝑚2
𝑝𝑚2

𝑦 +
(
1 −

𝑞𝑚2
𝑝𝑚2

)
𝑐

)
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−
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛1
𝑝𝑛1

𝑥 +
(
1 −

𝑞𝑛1
𝑝𝑛1

)
𝑎,

𝑞𝑚+12

𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚+12

𝑝𝑚+12

)
𝑐

)

+
∞∑
𝑛=0

∞∑
𝑚=0

𝑞𝑛1
𝑝𝑛+11

𝑞𝑚2
𝑝𝑚+12

𝑓

(
𝑞𝑛+11

𝑝𝑛+11

𝑥 +

(
1 −

𝑞𝑛+11

𝑝𝑛+11

)
𝑎,

𝑞𝑚+12

𝑝𝑚+12

𝑦 +

(
1 −

𝑞𝑚+12

𝑝𝑚+12

)
𝑐

)]

= 1
𝑞1𝑞2

⎡⎢⎢⎣ 1
(𝑥 − 𝑎)2(𝑦 − 𝑐)2

𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

− 1
(𝑥 − 𝑎)(𝑦 − 𝑐)2

𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠

− 1
(𝑥 − 𝑎)2(𝑦 − 𝑐)

𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +
1

(𝑥 − 𝑎)(𝑦 − 𝑐)
𝑓 (𝑥, 𝑦)

⎤⎥⎥⎦ .
Similarly, by (5), (6) and (7), we get

𝐼2 ∶ =

1

∫
0

1

∫
0

𝑡𝑠
𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑏𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

= 1
𝑞1𝑞2

⎡⎢⎢⎣ 1
(𝑏 − 𝑥)2(𝑦 − 𝑐)2

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

− 1
(𝑏 − 𝑥)(𝑦 − 𝑐)2

𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠

− 1
(𝑏 − 𝑥)2(𝑦 − 𝑐)

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡 +
1

(𝑏 − 𝑥)(𝑦 − 𝑐)
𝑓 (𝑥, 𝑦)

⎤⎥⎥⎦ ,
𝐼3 ∶ =

1

∫
0

1

∫
0

𝑡𝑠
𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑎𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

= 1
𝑞1𝑞2

⎡⎢⎢⎣ 1
(𝑥 − 𝑎)2(𝑑 − 𝑦)2

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

− 1
(𝑥 − 𝑎)(𝑑 − 𝑦)2

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠

− 1
(𝑥 − 𝑎)2(𝑑 − 𝑦)

𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +
1

(𝑥 − 𝑎)(𝑑 − 𝑦)
𝑓 (𝑥, 𝑦)

⎤⎥⎥⎦
and

𝐼4 ∶ =

1

∫
0

1

∫
0

𝑡𝑠
𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑏𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

= 1
𝑞1𝑞2

⎡⎢⎢⎣ 1
(𝑏 − 𝑥)2(𝑑 − 𝑦)2

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡
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− 1
(𝑏 − 𝑥)(𝑑 − 𝑦)2

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠

− 1
(𝑏 − 𝑥)2(𝑑 − 𝑦)

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡 +
1

(𝑏 − 𝑥)(𝑑 − 𝑦)
𝑓 (𝑥, 𝑦)

⎤⎥⎥⎦ .
Finally, we obtain

𝑞1𝑞2
(𝑏 − 𝑎)(𝑑 − 𝑐)

[
(𝑥 − 𝑎)2(𝑦 − 𝑐)2𝐼1 + (𝑏 − 𝑥)2(𝑦 − 𝑐)2𝐼2

+(𝑥 − 𝑎)2(𝑑 − 𝑦)2𝐼3 + (𝑏 − 𝑥)2(𝑑 − 𝑦)2𝐼4
]

= 1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1

𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦),

which completes the proof.

Remark 2. If 𝑝1 = 𝑝2 = 1, then (3) reduces to

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑐𝑑𝑞2𝑠 𝑎𝑑𝑞1 𝑡 +

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑐𝑑𝑞2𝑠
𝑏𝑑𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑡, 𝑠) 𝑑𝑑𝑞2𝑠 𝑎𝑑𝑞1 𝑡 +

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑡, 𝑠) 𝑑𝑑𝑞2𝑠
𝑏𝑑𝑞1 𝑡

⎤⎥⎥⎦
− 1

𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑠) 𝑐𝑑𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑠) 𝑑𝑑𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑡, 𝑦) 𝑎𝑑𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑡, 𝑦) 𝑏𝑑𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

=
𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣(𝑥 − 𝑎)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠
𝑎,𝑐𝜕2𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑎𝜕𝑞1 𝑡𝑐𝜕𝑞2𝑠
0𝑑𝑞2𝑠 0𝑑𝑞1 𝑡
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+ (𝑏 − 𝑥)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠
𝑏
𝑐𝜕

2
𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)

𝑏𝜕𝑞1 𝑡𝑐𝜕𝑞2𝑠
0𝑑𝑞2𝑠 0𝑑𝑞1 𝑡

+(𝑥 − 𝑎)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠
𝑑
𝑎𝜕

2
𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑎𝜕𝑞1 𝑡
𝑑𝜕𝑞2𝑠

0𝑑𝑞2𝑠 0𝑑𝑞1 𝑡

+(𝑏 − 𝑥)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠
𝑏,𝑑𝜕2𝑞1,𝑞2𝑓 (𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)

𝑏𝜕𝑞1 𝑡
𝑑𝜕𝑞2𝑠

0𝑑𝑞2𝑠 0𝑑𝑞1 𝑡
⎤⎥⎥⎦ ,

which appears in70.

For convenience, we will use the following notations:

Φ(𝑡, 𝑠) ∶ = 𝑎,𝑐𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑎𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
, Ψ(𝑡, 𝑠) ∶=

𝑏
𝑐𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑏𝜕𝑝1,𝑞1 𝑡𝑐𝜕𝑝2,𝑞2𝑠
,

Θ(𝑡, 𝑠) ∶ =
𝑑
𝑎𝜕

2
𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑎𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

and Ω(𝑡, 𝑠) ∶=
𝑏,𝑑𝜕2𝑝1,𝑝2,𝑞1,𝑞2𝑓 (𝑡, 𝑠)

𝑏𝜕𝑝1,𝑞1 𝑡
𝑑𝜕𝑝2,𝑞2𝑠

.

Theorem 6. Under the assumptions of Lemma 3, in addition, if |Φ(𝑡, 𝑠)|, |Ψ(𝑡, 𝑠)|, |Φ(𝑡, 𝑠)| and |Ω(𝑡, 𝑠)| are coordinated convex
on [𝑎, 𝑏] × [𝑐, 𝑑], then we have the inequality|||||||

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

×
{
(𝑥 − 𝑎)2(𝑦 − 𝑐)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Φ(𝑥, 𝑦)|

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑥, 𝑐)|
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Φ(𝑎, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑎, 𝑐)|]
+(𝑏 − 𝑥)2(𝑦 − 𝑐)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ψ(𝑥, 𝑦)|

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑥, 𝑑)|
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ψ(𝑎, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑎, 𝑑)|]
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+(𝑥 − 𝑎)2(𝑑 − 𝑦)2
[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Θ(𝑥, 𝑦)|

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑥, 𝑑)|
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Θ(𝑎, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑎, 𝑑)|]
+(𝑏 − 𝑥)2(𝑑 − 𝑦)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ω(𝑥, 𝑦)|

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑥, 𝑑)|
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ω(𝑏, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑏, 𝑑)|]} ,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Proof. Taking modulus in Lemma 3, we have|||||||
1

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣(𝑥 − 𝑎)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠 |Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+ (𝑏 − 𝑥)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠 |Ψ(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+(𝑥 − 𝑎)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠 |Θ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+(𝑏 − 𝑥)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠 |Ω(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ . (8)
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Since |Φ(𝑡, 𝑠)| is coordinated convex, we obtain
1

∫
0

1

∫
0

𝑡𝑠 |Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
1

∫
0

1

∫
0

𝑡𝑠 [ 𝑡𝑠|Φ(𝑥, 𝑦)| + 𝑡(1 − 𝑠)|Φ(𝑥, 𝑐)|
+(1 − 𝑡)𝑠|Φ(𝑎, 𝑦)| + (1 − 𝑡)(1 − 𝑠)|Φ(𝑎, 𝑐)|] 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

= 1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

×
[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Φ(𝑥, 𝑦)| + (𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑥, 𝑐)|

+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Φ(𝑎, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑎, 𝑐)|] . (9)

By the similar way, as |Ψ(𝑡, 𝑠)|, |Θ(𝑡, 𝑠)| and |Ω(𝑡, 𝑠)| are coordinated convex, we get
1

∫
0

1

∫
0

𝑡𝑠 |Ψ(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤ 1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

×
[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ψ(𝑥, 𝑦)| + (𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑥, 𝑐)|

+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ψ(𝑏, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑏, 𝑐)|] , (10)

1

∫
0

1

∫
0

𝑡𝑠 |Θ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤ 1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

×
[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Θ(𝑥, 𝑦)| + (𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑥, 𝑑)|

+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Θ(𝑎, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑎, 𝑑)|] (11)

and
1

∫
0

1

∫
0

𝑡𝑠 |Ω(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤ 1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

×
[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ω(𝑥, 𝑦)| + (𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑥, 𝑑)|

+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ω(𝑏, 𝑦)|
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑏, 𝑑)|] . (12)

Substituting the inequalities (9)-(12) in (8), the proof is completed.
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Corollary 1. Under conditions of Theorem 6, if |Φ(𝑡, 𝑠)|, |Ψ(𝑡, 𝑠)|, |Θ(𝑡, 𝑠)|, |Ω(𝑡, 𝑠)| ≤ 𝑀 for all (𝑡, 𝑠) ∈ [𝑎, 𝑏] × [𝑐, 𝑑], then we
obtain the following (𝑝, 𝑞)-Ostrowski-type inequality for coordinates:|||||||

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑏 + (1 − 𝑝1)𝑡, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑑 + (1 − 𝑝2)𝑠) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑏 + (1 − 𝑝1)𝑡, 𝑝2𝑑 + (1 − 𝑝2)𝑡) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑑 + (1 − 𝑝2)𝑠) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑏 + (1 − 𝑝1)𝑡, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑀𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)
[
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

]
,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Remark 3. If 𝑝1 = 𝑝2 = 1 and 𝑞1, 𝑞2 tend to 1, then Corollary 1 reduces to Theorem 2, which appears in71.

Theorem 7. Under the assumptions of Lemma 3, in addition, if |Φ(𝑡, 𝑠)|𝛼 , |Ψ(𝑡, 𝑠)|𝛼 , |Φ(𝑡, 𝑠)|𝛼 and |Ω(𝑡, 𝑠)|𝛼 are coordinated
convex on [𝑎, 𝑏] × [𝑐, 𝑑], where 1

𝛼
+ 1

𝛽
= 1 with 𝛼 > 1, then we have the inequality|||||||

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
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≤ 𝑞1𝑞2
(𝑏 − 𝑎)(𝑑 − 𝑐)

(
1

[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 (
1

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1∕𝛼

×
(
(𝑥 − 𝑎)2(𝑦 − 𝑐)2

[|Φ(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Φ(𝑥, 𝑐)|𝛼
+(𝑝2 + 𝑞2 − 1)|Φ(𝑎, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Φ(𝑎, 𝑐)|𝛼]1∕𝛼
+(𝑏 − 𝑥)2(𝑦 − 𝑐)2

[|Ψ(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Ψ(𝑥, 𝑐)|𝛼
+(𝑝2 + 𝑞2 − 1)|Ψ(𝑏, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Ψ(𝑏, 𝑐)|𝛼]1∕𝛼
+(𝑥 − 𝑎)2(𝑑 − 𝑦)2

[|Θ(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Θ(𝑥, 𝑑)|𝛼
+(𝑝2 + 𝑞2 − 1)|Θ(𝑎, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Θ(𝑎, 𝑑)|𝛼]1∕𝛼
+(𝑏 − 𝑥)2(𝑑 − 𝑦)2

[|Ω(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Ω(𝑥, 𝑑)|𝛼
+(𝑝2 + 𝑞2 − 1)|Ω(𝑏, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Ω(𝑏, 𝑑)|𝛼]1∕𝛼) ,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Proof. From Lemma 3, we have|||||||
1

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣(𝑥 − 𝑎)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠 |Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+ (𝑏 − 𝑥)2(𝑦 − 𝑐)2
1

∫
0

1

∫
0

𝑡𝑠 |Ψ(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+(𝑥 − 𝑎)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠 |Θ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

+(𝑏 − 𝑥)2(𝑑 − 𝑦)2
1

∫
0

1

∫
0

𝑡𝑠 |Ω(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ . (13)
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Using Lemma 1 and the coordinated convexity of |Φ(𝑡, 𝑠)|𝛼 , we obtain
1

∫
0

1

∫
0

𝑡𝑠 |Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤ ⎛⎜⎜⎝
1

∫
0

1

∫
0

𝑡𝛽𝑠𝛽 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛽 ⎛⎜⎜⎝

1

∫
0

1

∫
0

|Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)|𝛼 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛼

≤
(

1
[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 ⎛⎜⎜⎝
1

∫
0

1

∫
0

[
𝑡𝑠|Φ(𝑥, 𝑦)|𝛼 + 𝑡(1 − 𝑠)|Φ(𝑥, 𝑐)|𝛼

+(1 − 𝑡)𝑠|Φ(𝑎, 𝑦)|𝛼 + (1 − 𝑡)(1 − 𝑠)|Φ(𝑎, 𝑐)|𝛼 ]
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

)1∕𝛼
=

(
1

[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 (|Φ(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Φ(𝑥, 𝑐)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

+
(𝑝2 + 𝑞2 − 1)|Φ(𝑎, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Φ(𝑎, 𝑐)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1∕𝛼

. (14)

Similarly, we get
1

∫
0

1

∫
0

𝑡𝑠 |Ψ(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
(

1
[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 (|Ψ(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Ψ(𝑥, 𝑐)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

+
(𝑝2 + 𝑞2 − 1)|Ψ(𝑏, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Ψ(𝑏, 𝑐)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1∕𝛼

, (15)

1

∫
0

1

∫
0

𝑡𝑠 |Θ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
(

1
[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 (|Θ(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Θ(𝑥, 𝑑)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

+
(𝑝2 + 𝑞2 − 1)|Θ(𝑎, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Θ(𝑎, 𝑑)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1∕𝛼

(16)

and
1

∫
0

1

∫
0

𝑡𝑠 |Ω(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
(

1
[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 (|Ω(𝑥, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)|Ω(𝑥, 𝑑)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

+
(𝑝2 + 𝑞2 − 1)|Ω(𝑏, 𝑦)|𝛼 + (𝑝1 + 𝑞1 − 1)(𝑝2 + 𝑞2 − 1)|Ω(𝑏, 𝑑)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1∕𝛼

. (17)

Substituting the inequalities (14)-(17) in (13), the proof is completed.
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Corollary 2. Under conditions of Theorem 7, if |Φ(𝑡, 𝑠)|, |Ψ(𝑡, 𝑠)|, |Θ(𝑡, 𝑠)|, |Ω(𝑡, 𝑠)| ≤ 𝑀 for all (𝑡, 𝑠) ∈ [𝑎, 𝑏] × [𝑐, 𝑑], then we
obtain the following (𝑝, 𝑞)-Ostrowski-type inequality for coordinates:|||||||

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑀𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

(
1

[𝛽 + 1]𝑝1,𝑞1[𝛽 + 1]𝑝2,𝑞2

)1∕𝛽 [
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

]
, (18)

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Remark 4. If 𝑝1 = 𝑝2 = 1, then (18) reduces to|||||||
1

(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑐𝑑𝑞2𝑠 𝑎𝑑𝑞1 𝑡 +

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑡, 𝑠) 𝑐𝑑𝑞2𝑠
𝑏𝑑𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑡, 𝑠)𝑑) 𝑑𝑑𝑞2𝑠 𝑎𝑑𝑞1 𝑡 +

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑡, 𝑠) 𝑑𝑑𝑞2𝑠
𝑏𝑑𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑠) 𝑐𝑑𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑠) 𝑑𝑑𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑡, 𝑦) 𝑎𝑑𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑡, 𝑦) 𝑏𝑑𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑀𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

(
1

[𝛽 + 1]𝑞1[𝛽 + 1]𝑞2

)1∕𝛽 [
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

]
,

which appears in70.

Remark 5. If 𝑝1 = 𝑝2 = 1 and 𝑞1, 𝑞2 tend to 1, then Corollary 2 reduces to Theorem 3, which appears in71.
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Theorem 8. Under the assumptions of Lemma 3, in addition, if |Φ(𝑡, 𝑠)|𝛼 , |Ψ(𝑡, 𝑠)|𝛼 , |Φ(𝑡, 𝑠)|𝛼 and |Ω(𝑡, 𝑠)|𝛼 are coordinated
convex on [𝑎, 𝑏] × [𝑐, 𝑑], where 𝛼 ≥ 1, then we have the inequality|||||||

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)

(
1

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1−1∕𝛼

×

(
1

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

)1∕𝛼

×
(
(𝑥 − 𝑎)2(𝑦 − 𝑐)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Φ(𝑥, 𝑦)|𝛼

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑥, 𝑐)|𝛼
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Φ(𝑎, 𝑦)|𝛼
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑎, 𝑐)|𝛼]1∕𝛼
+(𝑏 − 𝑥)2(𝑦 − 𝑐)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ψ(𝑥, 𝑦)|𝛼

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑥, 𝑐)|𝛼
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ψ(𝑏, 𝑦)|𝛼
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑏, 𝑐)|𝛼]1∕𝛼
+(𝑥 − 𝑎)2(𝑑 − 𝑦)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Θ(𝑥, 𝑦)|𝛼

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑥, 𝑑)|𝛼
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Θ(𝑎, 𝑦)|𝛼
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑎, 𝑑)|𝛼]1∕𝛼
+(𝑏 − 𝑥)2(𝑑 − 𝑦)2

[
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ω(𝑥, 𝑦)|𝛼

+(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑥, 𝑑)|𝛼
+(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ω(𝑏, 𝑦)|𝛼
+(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑏, 𝑑)|𝛼]1∕𝛼) ,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].
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Proof. Using Lemma 2 and the coordinated convexity of |Φ(𝑡, 𝑠)|𝛼 , we have
1

∫
0

1

∫
0

𝑡𝑠 |Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤ ⎛⎜⎜⎝
1

∫
0

1

∫
0

𝑡𝑠 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1−1∕𝛼 ⎛⎜⎜⎝

1

∫
0

1

∫
0

𝑡𝑠 |Φ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑐)|𝛼 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡
⎞⎟⎟⎠
1∕𝛼

≤
(

1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1−1∕𝛼 ⎛⎜⎜⎝
1

∫
0

1

∫
0

𝑡𝑠
[
𝑡𝑠|Φ(𝑥, 𝑦)|𝛼 + 𝑡(1 − 𝑠)|Φ(𝑥, 𝑐)|𝛼

+(1 − 𝑡)𝑠|Φ(𝑎, 𝑦)|𝛼 + (1 − 𝑡)(1 − 𝑠)|Φ(𝑎, 𝑐)|𝛼 ]
0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

)1∕𝛼
=
(

1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1−1∕𝛼
(

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Φ(𝑥, 𝑦)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑥, 𝑐)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Φ(𝑎, 𝑦)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Φ(𝑎, 𝑐)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

])1∕𝛼

. (19)

Similarly, we get
1

∫
0

1

∫
0

𝑡𝑠 |Ψ(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑐)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
(

1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1−1∕𝛼
(

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ψ(𝑥, 𝑦)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑥, 𝑐)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ψ(𝑏, 𝑦)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ψ(𝑏, 𝑐)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

)1∕𝛼

, (20)

1

∫
0

1

∫
0

𝑡𝑠 |Θ(𝑡𝑥 + (1 − 𝑡)𝑎, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
(

1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1−1∕𝛼
(

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Θ(𝑥, 𝑦)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑥, 𝑑)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Θ(𝑎, 𝑦)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Θ(𝑎, 𝑑)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

)1∕𝛼

(21)
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and
1

∫
0

1

∫
0

𝑡𝑠 |Ω(𝑡𝑥 + (1 − 𝑡)𝑏, 𝑠𝑦 + (1 − 𝑠)𝑑)| 0𝑑𝑝2,𝑞2𝑠 0𝑑𝑝1,𝑞1 𝑡

≤
(

1
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)

)1−1∕𝛼
(

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)|Ω(𝑥, 𝑦)|𝛼
(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝

2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝1 + 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑥, 𝑑)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝2 + 𝑞2)(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)|Ω(𝑏, 𝑦)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

+
(𝑝21 + 𝑝1𝑞1 + 𝑞21 − 𝑝1 − 𝑞1)(𝑝22 + 𝑝2𝑞2 + 𝑞22 − 𝑝2 − 𝑞2)|Ω(𝑏, 𝑑)|𝛼

(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)(𝑝11 + 𝑝1𝑞1 + 𝑞21)(𝑝
2
2 + 𝑝2𝑞2 + 𝑞22)

)1∕𝛼

. (22)

Substituting the inequalities (19)-(22) in (13), the proof is completed.

Corollary 3. Under conditions of Theorem 8, if |Φ(𝑡, 𝑠)|, |Ψ(𝑡, 𝑠)|, |Θ(𝑡, 𝑠)|, |Ω(𝑡, 𝑠)| ≤ 𝑀 for all (𝑡, 𝑠) ∈ [𝑎, 𝑏] × [𝑐, 𝑑], then we
obtain the following (𝑝, 𝑞)-Ostrowski-type inequality for coordinates:|||||||

1
(𝑏 − 𝑎)(𝑑 − 𝑐)

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑦

∫
𝑐

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

+

𝑥

∫
𝑎

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠 𝑎𝑑𝑝1,𝑞1 𝑡

+

𝑏

∫
𝑥

𝑑

∫
𝑦

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
𝑏𝑑𝑝1,𝑞1 𝑡

⎤⎥⎥⎦
− 1
𝑑 − 𝑐

⎡⎢⎢⎣
𝑦

∫
𝑐

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑐) 𝑐𝑑𝑝2,𝑞2𝑠 +

𝑑

∫
𝑦

𝑓 (𝑥, 𝑝2𝑠 + (1 − 𝑝2)𝑑) 𝑑𝑑𝑝2,𝑞2𝑠
⎤⎥⎥⎦

− 1
𝑏 − 𝑎

⎡⎢⎢⎣
𝑥

∫
𝑎

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑎, 𝑦) 𝑎𝑑𝑝1,𝑞1 𝑡 +

𝑏

∫
𝑥

𝑓 (𝑝1𝑡 + (1 − 𝑝1)𝑏, 𝑦) 𝑏𝑑𝑝1,𝑞1 𝑡
⎤⎥⎥⎦ + 𝑓 (𝑥, 𝑦)

|||||||
≤ 𝑀𝑞1𝑞2

(𝑏 − 𝑎)(𝑑 − 𝑐)(𝑝1 + 𝑞1)(𝑝2 + 𝑞2)
[
(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

] [
(𝑦 − 𝑐)2 + (𝑑 − 𝑦)2

]
,

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].

Remark 6. If 𝑝1 = 𝑝2 = 1 and 𝑞1, 𝑞2 tend to 1, then Corollary 3 reduces to Theorem 4, which appears in71.

4 CONCLUSIONS

We defined new definition of (𝑝, 𝑞)-derivatives for continuous functions of two variables. Moreover, we established post quantum
Ostrowski–type inequalities for coordinated convex functions. Some previously published results of other researchers are some
special cases of our results for 𝑝1, 𝑝2 are unity and 𝑞1, 𝑞2 tend to one.
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