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Abstract. In this paper, we study the Cauchy problem for a generalized
Boussinesq type equation in R"™. We establish a dispersive estimate for the
linear group associated with the generalized Boussinesq type equation. As
applications, the global existence, decay and scattering of solutions are estab-
lished for small initial data.
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1. Introduction

In this paper, we study the following Cauchy problem of the sixth order gen-
eralized Boussinesq type equation in R"™, describing the surface waves in shallow
waters ( [1,2])

gy — Au 4+ A%u — Augy — Au = Af(u), (1.1)
u(x70) :u()(x)» ut(m,()) :ul(m)v (12)

where the nonlinear term has the form f(u) = O(|ulP),p > 1.
Boussinesq’s theory was the first to give a satisfactory, scientific explanation

of the phenomenon of solitary waves discovered by Scott Russell [24]. The classical
Boussinesq equation can be written

Ut — Uzg + QUgrzy = (u2)ww7 (13)

where a € R depends on the depth of fluid and the characteristic speed of long
waves. Actually the classical Boussinesq equation is a dispersive equation for a > 0.
The dispersion comes from the term u,,... By taking advantage of the dispersion,



the well-posedness and scattering of solutions to the Cauchy problem of (1.3) and
its generalized versions were established in [6,8,12,14]. For other results on local
existence, finite time blowup, stability and instability of solitary waves and so
on, see [3,5,7,13,25,33] and references therein. Also, the equation (1.3) with the
damped term —3dy,,u were studied by many researchers, see [15,26] and so on.

Following the work of the Boussinesq equation (1.3), various of Boussinesq
type equations have been carried out to describe different physical process. For
example, Makhankov [17] modified (1.3) to describe ion-sound waves in plasma as
follows

Utt — Ugy — Ugxtt = (uz)wc (14)

Samsonov, Sokurinskaya [22] modified (1.3) and (1.4) to describe the nonlinear
waves propagation in waveguide with the possibility of energy exchange through
lateral surfaces of the waveguide as follows

Utt — Ugy + Ugzas — Ugatt = (uz)xx (15)

Furthermore, Schneider and Wayne [23] modified (1.5) to model the water wave
problem with surface tension as below

Ut — Ugy + Ugrrx — Uzatt + Ugrratt = (uz)zm (16)

For the Boussinesq type equations (1.4)-(1.6) and their generalized versions, all
are dispersive equations. The dispersions were regarded as the basic tool for the
existence and scattering, see [16,28,31]. The local existence and finite time blowup
were studied by [10,32,34]. For the equations (1.4)-(1.6) with the damped term
—Uggq, there are also many results, see [11,19,20,30] and so on.

For the equation (1.1), it is also a Boussinesq type equation and dispersive
equation. But as far as we know, there are few results. Up to now, there are only
some results about the equation (1.1) with the damped term —Auw,. For example,
the initial boundary value problem was investigated in [35], they obtained the ex-
istence of strong solutions and the long time asymptotic. Later, [27,29] considered
the Cauchy problem, they established the global existence and asymptotic behav-
ior for small initial data. These results all depended on deeply the important role
of the dissipation term —Aw,. Inspired by the studies of Boussinesq type equations
(1.3)-(1.6), it is nature to ask whether we can use the dispersion in (1.1) to obtain
some fundamental mathematical results without the dissipation term —Auy.

Let’s observe the dispersion in (1.1). By the method of the Green function,
we can transform the Cauchy problem (1.1)-(1.2) into an integral equation. Con-
sidering the Cauchy problem

01G — AG 4+ A*G — AGy — APG =0, ()
G(z,0) =0, 0,G(z,0) = 4. '
By the Fourier transform * in (1.7), one has
0uG + € G + €' G + [£*Gu + |€]°G =0, (1.8)
G(£,0) =0, ,G(£,0) = 1. '

The characteristic equation of (1.8) is

24 E7 + 1€+ 1EPT+ [€1° =0,



which implies

T = Fip(|€]),

1 2 4
wieh = Iely | FEEEEE

Thus, one can solve the Cauchy problem (1.8)

where

Gle.n) = 0D 0.0 = costin(e),
The Duhamel principle implies that the solution of (1.1)-(1.2) is represented by
t
u(t) = BG(E) o + G(t) + uy + / LG« ), (19)
=

where 0,G(t) and G(t) are defined as

0,6(1) = F costip(le)). G(p) = 7~ PN
p(I¢])
and F~! is the inverse Fourier transform. From the expression of the Green func-
tion G, the equation (1.1) exhibits a dispersion phenomenon which is due to the
presence of terms Awu, A%2u, A3u. This is closely related to the dispersive estimate
for the operator e*?(IV]) defined by the Fourier integral

eitp(lv\)f _ f—leitp(lﬁl)f — ei(wé-i-tp(\&\))fdg. (1.10)
R’n

In order to describe the main results in this paper, we introduce some no-
tations and spaces. The dual number of r (1 < r < o) is denoted by 7/, i.e.
1+ L =1. The notation f € g(A|V|)X means g~ 1(|V|)f € X for a function space
X, where |V| is defined by (|V|f)(€) = [€]f(€). LY = LI(R™) and W*4(R") =
(1 —A)"2LIR")(1 < ¢ < 00,5 € R) denote Lebesgue spaces and inhomo-
geneous Sobolev spaces, respectively. In particular, H® = W*?2, Bﬁ,q and B,
(1 € rq¢ < 00,8 € R) represent the homogeneous and inhomogeneous Besov
spaces, respectively.

The first result in this paper is to obtain the dispersive estimate (1.10). The
strategy is described. We can use the stationary phase estimate to get the desired
decay estimate in R. Due to the symbol p(|¢]) of the operator is a radial function,
we can use the Fourier transform of a radial function to reduce the problem to one
dimensional case in R™(n > 2) . This way to deal with dispersive estimates has
been applied by many mathematicians [9,16,31] an so on.

Theorem 1.1. If2 < r < oo, then we have for f € 9_(1_%)35,1 N 351 that

i _n(1_2
7070 Sl S A+ D TFPUA oz pn o

where © is a operator defined by

09 =7 () 7 ey 2.



By making use of the above dispersive estimate, we obtain the estimates in
L space of linear part and nonlinear part associated to the equation (1.1), respec-
tively, which we apply to study the existence and decay of global small amplitude
solutions to the Cauchy problem (1.1)-(1.2) by the method of the contractive map-
ping principle.

Theorem 1.2. Suppose whenn =1 and 2 <r <4 or whenn > 2 and 2 < r < 0,
s> 1 and

b

2 1
p}s, p> ;‘i‘maX{:Lm
there exists small 6 > 0 such that

luoll + [

~a-2 BT ABT Aps
1 1

(1-2)p% gy
—d=% T r s
p(\V|)<e B B NH

Then the Cauchy problem (1.1)-(1.2) possesses a unique solution u(x,t) € C(R; H?®)
with a positive number p depending on p,d,r such that

n1_2
sup(1l + [t])2 @ r)||u||Loo + sup ||u|lgs < p-
teR teR

With the help of the representation of solutions (1.9) and the decay of solutions
in Theorem 1.2, we can construct the scattering of solutions.

Theorem 1.3. Let u(x,t) be the solution to the Cauchy problem (1.1)-(1.2) in
Theorem 1.2. Then there exists the unique solution u* of the linear equation cor-
responding to (1.1), i.e. f =0, with initial data

i =ior [ sinrp©) el e
° ; PN+ Ry’ &7
+oo 2 R
it =i [ cos(ral©) i e

such that
u(t) — u*(8) || as = O([t] PP~ D+, ¢ — oo,

where s,0,p are the same in Theorem 1.2.

The paper is organized as follows. We obtain the dispersive estimate in Section
2 and establish the existence and decay of global solutions in Section 3. Section 4
is to construct the scattering of solutions obtained in Section 3.

Throughout this paper, we denote by R, Z the set of real numbers and integer
numbers, respectively. Positive constants C' vary from line to line. A < B denote
A< CB, A~ B means that A < B and B < A hold at the same time.

2. The dispersive estimate

In this section, we aim to prove the dispersive estimate. Firstly, let us recall
the classical lemmas about the stationary phase estimate and Bessel function.

Lemma 2.1. [18,21] (Stationary phase estimate)



(i) Suppose ¢ is a real-valued function and smooth in (a,b), satisfying |¢* (x)| >
1 for all z € (a,b). Then

b .
/ (@) oy

holds when k > 2 or k =1 and ¢'(x) is monotonic.
(ii) Let h(z) be a smooth function in (a,b), then under the assumptions on ¢ in
(i), we have

< Ck)\_%

b
/ @ () dw| < CRATF (|[hl| e + 7] 1)
a

Lemma 2.2. [18, 21] (Properties of the Bessel function)
The Bessel function By,(r)(0 <r < co,m > —1) is

m 1
Bp(r)= —— /em(l—tQ)m—%dt,

S 2T (m 4 Lyre Sy

which has the properties
(i) Bn(r) < Cr™ and d%(r*mBm(r)) = —r""B41(r).
(ii) T’HTQB% (r) = CoRe(eh(r)), where h(r) is a smooth function satisfying

0Fh(r)| < Ch(1+7)" "7 % k>0

Then we recall the Littlewood Paley decomposition. Suppose :R™ — [0, 1]
be a smooth radial cut-off function

L [gl<,
(&) =< smooth, 1< <2,
0. l¢>2

Set

n(N~) = (NH) —p(2N7Y), (N €2%),
then the Littlewood-Paley operator Py can be defined by

Prg = F M (n(5)9)

Furthermore, we define the operator Py by
5 - 2¢ £ £\ -
Pyg=F"! = = =
N {(W(N)+77(N)+77(2N)>9},

PyPy = PyPy = Py.

From now on, we always set

then

o(l¢]) = (p'fg'))"ﬂpwa))-%.

In order to prove Theorem 1.1, the embedding Bgo’l — L implies that it is
enough to prove

. -z -2
”eztp(m)fHBgml < (14 t) z(1 T)||f|| (2.1)

n
—(1-2) L S )
o "DBE N5,



Equivalently,

Heitp(\Vl)prHLoo

_n(1_2 _2 n.5 no s
S (1) ED (O FNF P Sl + N7 |1 Puflr ). (22)

Since
(tp(VD) py f — ito(19) py By f — i ei(mww(s))n(%) Pufds,  (23)
by the Holder and Hausdorfl-Young inequalities, we have for any 2 < r < oo that
le"PTYD Py fl| e S IIU(%)IIM |PaF©ler S NF By fllpr. (24)

Thus, it follows from (2.2) and (2.4) that we only need to prove that when [¢| > 1,
eIV Py fll e S 172070 (N)NF | Py f] o (25)
In order to prove the inequality (2.5), due to the proof of the case n = 1 is

rather easier than that of the case of n > 2, we divided our proof into the following
two lemmas.

Lemma 2.3. Whenn =1 and 2 <r < oo and [t| > 1, then

2

PN Py fll e <t 207 PO F (N)N+

ﬁNf”LT"

Proof. By (2.3), the Hélder and Hausdorfl-Young inequalities, we have

||eitp(|V|)PNf||Loo — / el(rfﬂp(é))n(%)ﬁj\;fdf
R Lee
< /ei(ari-‘rtp(ﬁ))n(%)dg | Py f || oo
R Lee
i(x 5 p
< /6< et @y()e| 1 Puflun. (2.6)
R Lee

Next, we need to deal with the estimate of one dimensional oscillation integral

i(wE+t §
‘/Re( &+ p(f))n(ﬁ)dg .
Let
(&) =z +tp(I€)),
then

vr(g) = tp" (I€]) > 0.
We have by Lemma 2.1 (i) that
sup

w [ Dy ae| S S e, )

where we have used the fact [p”(|¢|)| = Cp”(N) for any [¢| € (§,2N). By (2.6)
and (2.7), we have

€0VD Py fll o S (6|7 2O(N) | Py £l (2.8)
Setting ' = 2 in (2.4), we have
1ePVD Py fll e < N || Py f] 12 (2.9)



Interpolating (2.8) with (2.9) implies
[P IVD Py fll e < #7207 DO T (N)N TPy | -
Thus we complete the proof of Lemma 2.3. d
Lemma 2.4. Whenn > 2 and 2 <r < oo and |t| > 1, then
UV Py fllee < [t 20D 5 (N)NF

Proof. A similar estimate with (2.6) shows that

i(atttp(el)), €
/n e n(N)f

Thus, it is necessary to obtain the estimate of the multidimensional oscillation

integral
‘ / el a(e £ € e
n LOO

By changing the variable £ — N¢ and the scaling invariance of || - ||, we get

/ Silae+ip(l€D) (f)dg /ei(Nw£+tp(\N§|))n(|§Dd§

[ ey e

where supp 7(§) C {£ : & < [¢] < 2}. Furthermore, the Fourier transform of a
radial function (see [21]) gives

1P £l (2.10)
LOO

e PUVD Py fll 1o <

— N©
Lo

Ioe

:Nn

Lo

. 0 —92
N [ et Ny ey = N7 [ ) o) 5 B (rlel)ar
Thus, we have

/ eitee+tnleD) (& e
. .

| e rlal) 5 B (el
0

=N (2.11)

LOQ
Setting

oo
Tnltsa) = N7 [ Oy rfal) 5 B (rfal)dr
0
we go to estimate the term ||Jy (¢, 2)| . Some simple calculations give

r) rd+r2 41
ry=r{—————
P 1472 7

2 +4rt +2r2 + 1

/
PO = T it )
() = r3(2r® + 816 5+ 1814 + 19r23+ 10).
1+7r2)2(rt+r2+1)2
If |z| < 2, let
1 d 1 d 1
D,g:= ANp (N dr g, (Dy)g:= _ﬁ%(p'(l\ﬁ“)g)’



then
Dr(eitp(Nr)) _ ez’tp(Nr)_

Integrating by parts for any ¢ € Z™ implies

Inftiz) = N [ ) rfal) 5 B (rfal)dr
0
=N [ DY () o) B (e
0

=N [ D rfal) T B Gl (212
0
By the chain rule of derivation, one has

(D) (n(r)r"~ (rf2]) =7 Buz (rla]))

1 ! _ _ _n—2

szck,quag F(r)rtH(rlz) T Baz (),
k=0
where
1 1
Fq: Z Ha:nj( ,(NT))’
q1,...,qr€E} j=1 P
and

2l ={mi,..,mg €ZT: 0<my <may < ... <mg,m1 +mo+ ... +mg = k}.

For any m > 0, r € [3,2], we have

1 1, N<1
m < ) )
oo 54 o Man 213)
By (i) in Lemma 2.2, we have for |z| < 2 and m > 0,
_ _n=2
07 () (rlal)~ 7 Bua (rfal))] S L (2.14)

It follows from(2.12)-(2.14) that

fmINTY N <1
< | ) )
|JN(t7x)| ~ { |t‘7an72q’ N 2 1. (215)

If |z| > 2, (iii) in Lemma 2.2 implies that
Tnltz) = N[ Oy rfal) 5 B (rfal)dr
0

=N [ ) R a]) + ()
0

= Iy (t, @) + Tna(t, ), (2.16)

where

o0 gk
JN1(75,3?) _ Nn/ €it(p(Nr)+%)n(T)Tn_lh(T‘aﬁl)d?",
0

(o)
Ina(t,x) = N"/ eit(p(NT)_#)n(r)rn_lﬁ(rm)dr.
0



We focus on the case of t > 0. For Jy1 (¢, x), we set

Uy (r) =p(Nr)+ @, Qi (r) = Np'(Nr) + % > 0.

From (iii) in Lemma 2.2, we obtain for |z| > 2 and m > 0,
O (n(r)r" i) S Jal = F S 1. (2.17)

With the help of stationary phase estimate as the case of |z| < 2, it follows from
(2.13) and (2.17) that for any ¢ > 0,

N N <1
< ‘ ) )
|JN1(t7-’I:)‘ ~ { |t|7an72q, N 2 1. (218)

For Jns(t,x), we set
rlz] ||

Us(r) = p(Nr) — 5 Ui (r) = Np/(Nr) — o Ui(r) = sz”(Nr).

which implies that there exists one critical point

@ = Np'(Nr).
When
2] ‘ / el 1 /
> 100 sup Np'(Nr) or < inf Np'(Nr),
t 1 t 100 re[l 2
re(3,2] 2
then

1
W(r) # 0, Vr € [5,2].

)
Similar to the estimate of Jy1 (¢, z), we have

fraNTe, N <1
< ‘ I 9
|:]N2(t7l')‘ ~ { |t|—an—2q, N 2 1. (219)
When
100 inf Np'(Nr) < @ < 100 sup Np'(Nr),
7€(3.2] re(d,2]

then

|z| ~ tNp'(Nr). (2.20)

By (ii) in Lemma 2.1, we have that
o0
Ina(t,x) = N"/ et ()i (r |2 drr
0
< N (N (N7)]) " F(a), (221)
where

F(z) = sup 77(7“)7“”1h(?“|ﬂf)|+/ooo |0 (n(r)r™ = (||| dr

r€(3,2]
Let us estimate the function F(z). By (iii) in Lemma 2.2, we have

|F@)] < =772
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Inserting the above estimate into (2.21) and then using (2.20), we have
Tna(t, @) € N"(EN*" (Nr)]) "] =%
Sl ENT (VR (N) E (N el (V7)) =5

< 1% () = ()
= [t|"2O(N).

It follows from

o) = CEh = prony t~ { VAT e
and (2.11), (2.15), (2.18), (2.19) with ¢ = 2 that
seuﬂg |Tna2(t,2)] < [t "2 O(N). (2.23)
It follows from (2.10), (2.11) and (2.23) that
e IYD Py fll e S 1™ 2O(N) |1 Px f] 11 (2.24)
Setting ' = 2 in (2.4), we have
le™P 0D Py fll e S N || P f 2. (2.25)
Interpolating (2.24) with (2.25) implies
[PV Py fllp S 17T DO T (N)NF | Py £l
Thus we complete the proof of Lemma 2.4. O

The proof of Theorem 1.1: It follows from Lemmas (2.3) and (2.4) that the
inequality (2.5) actually holds. By (2.4) and (2.5), we deduce that the inequality
(2.2) is valid, which results in the inequality (2.1) holds. Thanks to the embedding
BY,; < L™, the result of Theorem 1.1 is proved.

In fact, the dispersive estimate in Theorem 1.1 is very useful to estimate the
linear part ||(0;G *ug, G(t) *u1)|| >, but it is not enough to estimate the nonlinear

fot LGt —T7) = f(u)dTHL , because we do not have the embedding L"

part
B?,,l. In order to overcome the difficulty, we go to refine the dispersive estimate

in Theorem 1.1 by using the Besov space 32/72 instead of the Besov space BE,J.
Let us introduce the operators

B—a
)

{ Ao = A1+ A2
A =gl.
It was known in [6] and [16] for any € > 0 that

AZL BY , — L™, (2.26)

—e€, e 00
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Corollary 2.5. If 2 < r < oo and suppose w(|V|) is a LP(1 < p < o0) bounded
operator, then we have for f € (w(|V\)®)_(1_%)BE72 N B;Q that

IAcell o, tER,

UV (v flloe < 2 2
e DA

S

wivpey-o-bpt s =1
Proof. Since w(|V|) is a L* bounded operator, we have
PV Dw (V) fll e S NPTV f| o

By (2.4), we have for any € > 0,

e PIYD Py fll S N¥7 Ac (NI PNA—ce(N) fll
which implies that

e IYDPyA_ ((N)fllLoe S N7 [ PaA—ce(N)fl o (2.27)
Taking the % norm in (2.27) and using the embedding (2.26) give that

e IVD fll e S e TDA_cefllgo , S IA-cefll 2 - (2.28)

,2

When |t| > 1, by (2.8)-(2.9) and (2.24)-(2.25), we have
e IVD Pyw(1V)) fll e S [t~ O(N)w(N) | Py f 1,
and
eI Pyw (V) fll o S 1€PIVD Py fllpe S N# (| Py fl| 2,
which deduce that
1PTYD Pyaw(|V]) £ e
Sl 20D (Ow) " F(N)NF Ao ()| Pa A, (N) ]
that is equivalent to
PV Py A (N)w (V) £l L=
SIH7EOD(Ow)' = H (N)NF[|PNA o (N)fll e (2:29)
Taking the [? norm in (2.29) and using the embedding (2.26) give that
070w T) fllze S [€PITOA_c (V)] g

S EFO DA |

(w(vhe) =B (2.30)

It follows from (2.28) and (2.30) that the result of Corollary 2.5 holds. O

3. Existence and decay of solutions

In this section, we go to establish the global existence and decay of solutions
to the Cauchy problem (1.1)-(1.2). In the sequel, we always set

v=2a-2)

2 r
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3.1. The estimate of linear part

In this subsection, we aim to establish the L> and L? estimates of linear part

associated to the Cauchy problem (1.1)-(1.2).
Lemma 3.1. If2 <r < o and
ug € @7(17%)351 N Bil,

w ep(V) (670"DB] N BY,).
Then
[(0:G * uo, G(t) * u1)| Lo

<) (nuon@ug)gg gl
Proof. We first focus on the estimate of ||0;G * ug|| -
/ e cos(p(€)t)todE
n LO()

() 4 gitn(®)
- / e

~ / ei(zf+tp(§))a0d§

10:G * wol| Lo

[,

Lo

_ e“p('v“uoH ,
Loc

Theorem 1.1 and (3.1) deduce that

106 ol £ (4 1H) ol 2 o

Then we go to estimate ||G(t) * u1||poe-

I60) sl = | [ eS|
. _eitp(§) _ o—itp(§)
— /n emg%ﬁld{: N
) 1 .
~ /n el(xﬁﬂp(ﬁ))@uldg .
A 1
= ||e”p<|v‘)p(|v‘)ulllLoo.

It follows from Theorem 1.1 and (3.3) that
1G(#) * urllpee S (14 [E) 77 [Jua|

~

Concluding (3.2) and (3.4) implies the Lemma 3.1 holds.

Lemma 3.2. If s € R and ug € H®,u1 € p(|V|)H?, then
1(0:G * w0, G(8) ¥ wr)[ s S Nuollmrs + luallpwp e

2y .m .
G

(-2 )
p(ivD (e~ B] 0Bl )

n_ .
7./
r 1

(3.1)

(3.2)
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Proof. By the Plancherel Theorem, we have
10:G * uoll = = [|(1 = A)28,G % uo|| 2 = [[(L + [€]*)% cos(itp([€]))iol| 2
= (1 + &) 2ol L2 = lluol| s
Similarly, we also obtain
IG(#) * willgs = uallpw)mre-
Concluding the above two equations, we complete Lemma 3.2. Il

3.2. The estimate of nonlinear part

In this subsection, we aim to establish the L> and L? estimates of nonlinear
part associated to the Cauchy problem (1.1)-(1.2). Firstly, we recall the chain of
fractional derivation.

Lemma 3.3. ( /6, 11,28]) Suppose s with 0 < s < p, then

IV f )l < Jullf i, 19 ull s
forr € (1,00],r2 € (1,00),1/r1 + 1/r2 = 1. Furthermore,

1F ) e < Nullf= lfullze-
1£ () = F@) e S (lullf= + ol = ol| 2.
Then with the help of the Lemma 3.3, we have

Lemma 3.4. Suppose whenn =1 and 2 <r <4 or whenn > 2 and 2 < r < o0,
then we have for s > 77 that

t
’/ 7A G(t—T) fdr
0o 1-A
Proof. Due to (3.3), we have
t
’/ 7A G(t—T) fdr
0

! UV S
< / L+ |t — )l lul e dr.
LOC

1—A

[—

L A
i(t-)p(1V)) dr
/o ¢ S

Lo ‘

LOQ
t
. A
< et t=")p(IV]) f dr.
/0 p(IV(A = A) |l 1w
Let us compute the pseudo-differential operator
A B —|V|? V1+]|V|?
p(IVDA=4)  1+|V]? |V[\/1T+ VP +]|V[*
_ -Iv| |
VI+|VE/I+[VE+[V[
Denote w(|V|) by
\Y
w19 = I/ —
VIFIVEVI+VP 4]V
Thus, we have
t
/7Gt77)*fd7 g/ ei“*T)P(lVl)w(\w)fHL dr.  (3.5)
L 0 *
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Since w(|V|) is a —2 order pseudo-differential operator, it is a LP(1 < p < o0)

bounded operator. By Corollary 2.5, we have
i(t=m)p( V) (1Y H <A .
€ w( V|, L Sl 6’5f||B;/2

When [t| > 1, by Corollary 2.5, we have
IV f]| Sl A S,

12y - .
w(vhe) TP B

Now we analyze the norm ||A_67€f||( . Due to

—(1—-2)
w(vDe) "t PE],

N 1
w(N) = { N, N<1,

(1+N3)F (Vi N2+1)F LN ON>L
and
_ N7 N<1
_ € 2e\ ’ )
A_c(N)=N"¢(1+4 N*9) { N, N1,
it follows from (2.22) and (3.8)-(3.9) that

NE3E-0-D= N <1,
N—20=2)+e < Ne, N >1.

By (3.9), we can get for s > I and € > 0 small enough that
n < n n < s .
IAcefll g S10ga+ Wlgp s S 1l
By (3.10), we have
(Rl (T

2

91—%(N)w1—?(N)A7676(N) ~ {

2
=

2 Sl 3-a-2-- + |\f||3§;a~

2

L,
B
By some computations, we have

s>max{%—%,%}:%, n=1 2<r <4,
s>max{%—(1—%) —L}:ﬂ n=2 2<r<oo,

which combining with (3.12) shows that
|orFut = (VDA f

S 17
2

’B* Blrat
By the embedding W*"" — B 5(1 <r < 2) and Lemma 3.3, we obtain
<

/1

The interpolation of Lebesgue spaces implies that

—1
B,y S I llwer S IUlP 2gn. 1wl
2 L r—2

-1 =2, &1
ull” 2mnye S lullpes lull i
L r—2

By the above inequalities, one has
p—2 2
I1fllse, , S lullpee el -

Thus it follows from (3.5)-(3.7) and (3.11)-(3.14) that

t A t _l,
\ | £256u-n s ims| s [asie= el
o 1—A Lo 0

we complete the proof of Lemma 3.4.

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

2
full 7. dr.
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Lemma 3.5. It holds that for s € R,
LA
’ /0 ﬂG(t —7)* f(r)dr
Proof. By (3.5), we knows that
t A t
——Gt—71)* f(r)dr < /
|[ oget-nssmar| <

By the fact w(|V]) is a LP(1 < p < 00) bounded operator, we have
i(t—7)p(|V s _AVE
I = AV S| S [ = 2)5 ).

t
< [l ular.
Hs 0

ei=TR(VD (1 _ A)%w(IVI)fHLQ dr.

By Lemma 3.3, we obtain
(1= 2)2 f(u)]| 2 S ullf= llull e

Concluding the above inequalities completes the proof of Lemma 3.5 g

3.3. Existence and decay of global small amplitude solutions

In this subsection, we establish the existence and decay of global small am-
plitude solutions. Let us introduce a metric space

X" = {u € L=(R; L) 1 L®(R; H*)| sup(L + [¢])7|Jul| L + sup [[ul - < p}
teR teR
with the metric defined by
d(u,v) = |lu — v Lo (r;L2)-
By the standard way, the metric space (x5, d) is a complete metric space, see [6].
Then in order to prove the Theorem 1.2, we recall a primary lemma.

Lemma 3.6. (/6,11,28]) For any a,b > 0 and max{a,b} > 1, it holds

t
/ (14t—35)"%1+s)""ds < C(1 +t)” min{ab}
0

The proof of Theorem 1.2: Consider the mapping M,

M(u) = 0;G(t) * ug + G(t) * uy + /0 iG(t — 1) f(u)(r)dr. (3.15)

1-A
Let u € Xf;e. By using Lemmas 3.1 and 3.4, we have
t
A
| M (w)||pee < |G (E) * ug + G(t) * uq|| L~ + H/ ﬁG(t — 1) x f(u)(r)dr
0 - Loo

< 1 t - n n n n
S (L+ ) <||uoe<1;“.>f35,m3;jl+ullp(m(e“3>B;¢,1ﬂ35',1>>

t 2 2
- P37
+ [ @t =)l (3.16)
According to the information of space X;*G, we have from (3.16) that

t
IV ()| §(1+It\)_75+pp/ (L+[t =) A+ )= ®=dr. (3.07)
0
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The condition p > 2 + max{1, %} implies that

(p— %)7 > max{~, 1}. (3.18)

Combining (3.17) and (3.18) with Lemma 3.6 deduces that for small enough ¢ and
p, it holds

Sug(l DM (u)[[L~ S0+ p" < (3.19)
te

l\')\b

Using Lemmas 3.2 and 3.5 in (3.15) deduces that for small enough J and p,

MG < 1060 + w0+ Gy + | [ 256075 i

-
So+ / =
55+pfé(1+hn*¢ﬂWh. (3.20)
The fact 1 < 1’ < 2 and inequality (3.18) imply that
(0= 107> (= =)y > max{y, 1} (321)
vy (3.20)-(3.21), we have
1M @) S 6497 < . (3.22)

Therefore, the inequalities (3.19) and (3.22) mean that
M X;’O — X‘;’g.
For any u,v € x5, by Lemma 3.3, we have

£ () = F@)le2 S (lullf + ol w = o]l 22
Then

1M () — M) 12 < / 1 (u) = F)]gadr
< o d(u,v) / L+ )0 ar S p (), (3.23)
0

which implies that for small enough p, M is a contractive mapping in space X:;,e

Therefore, the existence and uniqueness of solution u € x5 to (1.1)-(1.2)
have been established by the contraction mapping principle. From the standard
argument, we can extend u(t) € L (R; H®) to u(t) € C(R; H®). Thus we complete
the proof of Theorem 1.2.
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4. Scattering

In this section, we go to establish the scattering of solutions obtained in
Section 3.
The proof of Theorem 1.3: Let u® solve the Cauchy problem

wg — Au+ A%y — Ay — A3u = 0,
u(z,0) = u%(m), ug(z,0) = uf ().
Then u* can be expressed by

ut = 9,G(t) x uT + G(t) * uf.

Equivalently,
i = costp(le)a + T n o

By the definition of initial data (uf,u)) in Theorem 1.3, we have

a* = cos(tp(|€])) o + Sln1()t(1|9§(|)§|))ﬁl

+/¢m@%U(WD$MT(ﬂ»—ﬁﬂfGEDwdTﬂﬂD)|&wa

0 g : g P pena+ieP)

_ o sintp(el)) R e g

= cos(tp(ll)) o+ T 1 [ sin(e — p€D)rerres o
which implies that

A

+o0
ut = 0,G(t) * ug + G(t) * uy +/
0

By Lemma 3.3, we have
-1
1f e S lullZa el s

By (1.7) and (4.1), one has
+oo
JRRr
t

+oo
[ sl oar
t

< pPt =P

lu(t) = w* Ol <

SoP

which implies the result of Theorem 1.3.
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