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Abstract

In a previous paper [L. M. Ladino, E. I. Sabogal, Jose C. Valverde, General functional
response and recruitment in a predator-prey system with capture on both species,
Math. Methods Appl. Sci. 38(2015) 2876-2887], a mathematical model for a predator-
prey model with general functional response and recruitment including capture on both
species was formulated and analyzed. However, the global asymptotic stability (GAS)
of this model was only partially resolved. In the present paper, we provide a rigorously
mathematical analysis for the complete GAS of the predator-prey model. By using
the Lyapunov stability theory in combination with some nonstandard techniques of
mathematical analysis for dynamical systems, the GAS of equilibria of the model is
determined fully. The obtained results not only provide an important improvement for
the population dynamics of the predator-prey model but also can be extended to study
its modified versions in the context of fractional-order derivatives. The theoretical
results are supported and illustrated by a set of numerical examples.
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1. Introduction

Mathematical models describing the population dynamics of predator-prey
systems have played a prominent role in both theory and applications, especially
in biology, ecology as well as interdisciplinary sciences [3|, [l [6l, [18]. For many
years, a large number of mathematical studies for predator-prey systems have
been formulated and analyzed by many mathematicians and ecologists [9] 10
1T, 121 T4, [15], 16, 17, 20, 2], 22, 25| 27, 291 B0, 31, B3], 34, B5]. For predator-prey
models, the global asymptotic stability (GAS) analysis is one of the important
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problems with many useful applications in real-world situations [3] [6] 16} 18], 20,
29, (31, [34].

In this paper, we revisit a predator-prey model with general functional re-
sponse and recruitment including capture on both species, which was proposed
and analyzed in [22]. The mathematical formulation and dynamical properties
of this model will be recalled in Section In [22], the population dynamics of the
model was systematically established; however, the GAS of the model was only
partially resolved (see Theorem. More clearly, only the GAS of the extinction
equilibrium point was proved, meanwhile, other equilibria (ecological stability
equilibrium point, equilibrium point of extinction of the predator species and
equilibrium point of extinction of the prey species) were only confirmed their
local asymptotic stability. Nevertheless, numerical studies presented in [8] 22]
suggested that the equilibria may be not only locally asymptotically stable but
also globally asymptotically stable.

Motivated by the above reasons, in the present paper we will provide a rigor-
ously mathematical analysis for the complete GAS of the predator-prey model
(1). By using the Lyapunov stability theory [I9 23 26] in combination with
some nonstandard techniques of mathematical analysis for dynamical systems,
the GAS of the equilibria of the predator-prey model is determined fully. The
obtained results not only provide an important improvement for the popula-
tion dynamics of the predator-prey model but also can be extended to study its
modified versions in the context of fractional-order derivatives. Moreover, the
theoretical results are supported and illustrated by a set of numerical examples.

The paper is organized as follows. In Section [2| we recall from [22] the
mathematical model and population dynamics of the predator-prey model. The
complete GAS of the model is established in Section [3| Section {4] reports two
numerical examples. Some conclusions and open problems are presented in the

last section.
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2. Mathematical model and its dynamics

In [22], Ladino et al. proposed a mathematical model for a predator-prey
system with general functional response and recruitment including capture on

both species. The model is represented by

(1) = 2(t) f(x(t),y(t) = 2(t) [r(=(t) — y(t)d(x(t)) — ma],
§(t) = y(t)g(a(t), y(1)) = y(t) [s(y(t)) + ca(t)p(x(t)) — m2],

(1)

where z(t) and y(t) are prey population and predator population at time ¢,

respectively; the functions r(z), s(y) and ¢(x) satisfy

Va >0, r(z) >0, r'(z) <0, [zr(z)]" > 0, and lim r(z) =0,
r—r 00

Vy>0,  s(y) >0, S'(y) <0, [ys(y)]' >0,  and lim s(y) =0,
Y—00

Yz >0, o(z) >0, ¢ (x) <0, and [z¢(z)] > 0.

and

mp >0, ma>0, 0<c<l. (3)

We refer the readers to [22] for more details of the model (). It is clear that
the region Q2 = ]Rf_ is a positively invariant set of the model . Qualitative
dynamical properties of the model are given in the following results.

Lemma 1. (The existence of equilibria [22, Proposition 1]) The predator-prey
model has four distinct kinds of possible equilibrium points in the set §:

(i) A trivial equilibrium point Py = (zf,ys) = (0,0), for all the values of the

parameter.

(ii) An equilibrium point of the form Pf = (z7,y7) = (K,0), with r(K) = my,
if and only if my < r(0).

(#ii) An equilibrium point of the form Py = (x3,y3) = (0, M), with s(M) = maq,
if and only if ma < s(0).



(iv) An equilibrium point of the form P; = (x%,vy%) = (z*,y*), where z* satis-

fies the equation

r(z*) —m
cr*o(x”) + S<(gﬂ>a3"‘)1) —mg =0,
and y* is given, as a function of x*, by
G
Yy = ——F—5
o(z*)
55 if and only if (my1, ma) verifies my < r(0) — M$(0) and ma < s(0) or

my1 < r(0) and s(0) < ma < s(0) + cKP(K).
Theorem 1. (Stability analysis [2Z])

(i) If my > r(0) and ma > s(0), then the extinction equilibrium point Py =

(0,0) is locally asymptotically stable, and unstable otherwise.

o (i) If my > r(0) and ma > s(0) then the extinction equilibrium point P§ is

globally asymptotically stable.

(#ii) If my < r(0) and ma > s(0) + cK¢(K), then the equilibrium point of the
form Py = (K,0) is locally asymptotically stable, and unstable otherwise.
The equilibrium point (K, 0) is called the equilibrium point of extinction of

6 the predator species.

() If my > r(0) — M@(0) and mo < s(0), then the equilibrium point of the
form Py = (0, M) is locally asymptotically stable, and unstable otherwise.
The equilibrium point (0, M) is called the equilibrium point of extinction

of the prey species.

n  (v) If an equilibrium point of the form P; = (a*,y*) belongs to Q, then it is
locally asymptotically stable. This equilibrium point (z*,y*) is called the

ecological stability equilibrium.

In the next section, we will analyze the GAS of the equilibrium points Py,

P; and Pj.
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3. Global asymptotic stability analysis

In this section, the GAS of the model will be analyzed. For each case
of the parameters for the model , we denote by E(P*) the set containing
possible equilibrium points but not P*. For example, when m; < r(0) — M¢(0)
and mo < s(0) the model has four equilibrium points, which are Py, P}, Py

and Py . Hence,

E(Fy) ={P1, Py, Ps},
E(Pl) ={F, Py, Ps},
E(Py) ={F, P, P},
E(Py) ={Fy, P1, P3}.

8.1. GAS analysis for the equilibrium point of extinction of the predator species

Note that the condition for the existence of the equilibrium point of extinc-
tion of the predator species P = (K,0) is m1 < r(0), where K is the unique

positive solution of the equation r(z) = K.
Lemma 2. Consider the model in the case my < r(0). Then
(i) The set
Qg = {(m,y) € Q’x <K,y> O}
1s a positively invariant set of the model .

(i) In addition, if me > s(0) + cK¢(K) then Py = (K,0) is globally asymp-
totically stable with respect to the set Qg — E(Py).

Proof. Proof of Part (i). In order to show Qp is a positively invariant set
of the model we need to show that (z(t),y(t)) € Q for all ¢ > 0 whenever
(2(0),y(0)) € Qk, which is equivalent to z(t) < K and y(t) > 0 for all ¢ > 0.
Note that € is a positively invariant set of the model ; hence, y(t) > 0 for all
t>0.
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We introduce a new variable z(t) := K — z(t) for ¢ > 0. From ({1)) we obtain

a new system for z and y
i=—(K = 2)[r(K = 2) = yo(K — z) —m],

y=y[s(y(t) + c(K = 2)¢(K — 2) — ma],

which implies that

(4)

Zle=0 = —K[r(K) — yo(K) —mi] = Kyo(K) + Klmy — r(K)] = Ky¢(K) = 0,
Zlymo = 0.

Hence, by Proposition B.7 in [32], we have that z(t) > 0 and y(t) > 0 whenever
2(0) > 0 and y(0) > 0. Consequently, z(t) < K for all ¢ > 0.

Proof of Part (ii). First, the assumption mg > $(0) + cK¢(K) implies that
ma > s(0) > s(y) for all y > 0. Since [z¢(x)])’ > 0, for all (z,y) € Qi we have

9(z,y) = s(y) + cxd(z) —ma2 < 5(0) + cKP(K) —ma < 0. (5)

To show the GAS of P;* with respect to Qx under the condition mg > s(0) +
cK¢(K) we consider a Lyapunov function V' : Qx — R, given by

1

V(z,y) = §y2. (6)

It is clear that V (z,y) is continuously differentiable and positive definite. More-

over, the derivative of V' (z,y) along solutions of (1)) is

awv o,
e g(z,y).

By (), we conclude that dV /dt <0 for all (z,y) € Qk and

B ={ (@) € %IV (2.5) = 0} = {(2,9) € Qucly = 0}.

Let us denote by Mp the largest invariant set in £. Then Mg = E. In Mg, it
is sufficient to consider the sub-system of the system

i =x[r(z) —m]. (7)

Since /(x) < 0 and my < r(0), the equation (7)) has a unique positive equilib-

rium point z, = K. Consider a Lyapunov function defined by

L(x)zx—K—Kln% (8)



105

Then
i) = = =~ K)[rw) — ).

Because ' (z) < 0, L(z) < 0 for all 2 > 0 except for 2 = K, where L(z) = 0.
Consequently, by the Lyapunov stability theorem we have x, = K is globally
asymptotically stability. Hence, lim;_,o z(t) = K.

Now using LaSalle invariant principle [23] [19] and the local asymptotic sta-

bility of P}, we conclude that P;" is globally asymptotically stable. O

Lemma 3. Consider the model in the case my < r(0). If ma > s(0) +
cK¢(K), then the equilibrium point Pf is globally asymptotically stable with
respect to the set QF — E(Py), where Q¥ is defined by

QK:{(x,y)EQ|x2K, yzO}. (9)

Proof. From Case (iii) of Theorem [I} we only need to show that P = (K,0) is
globally attractive with respect to Q% — E(P}), i.e, for any (2(0),y(0)) € Q¥
the solution (z(t),y(t)) satisfies limy, (2(¢),y(t)) = (K,0). Indeed, we con-
sider two following cases.

Case 1. There exists a positive number ¢y, > 0 such that z(tp) < K.

In this case (z(to), y(to)) € Qxk. Then, by resetting the initial data at (z(to), y(to))
and using Lemma we obtain lim;_, o, 2(t) = K and lim;_,, y(t) = 0.
Case 2. x(t) > K for all £ > 0.

In this case, we have (z(t),y(t)) € Q¥ for all t > 0. Then, for any ¢ > 0

& = a[r(z) —yo(z) —mi] < alr(K) —m] —ayd(z) = —z(t)y(t)¢(x(t)) <0,

which implies that z(t) is decreasing and bounded from below by K. On the
other hand, if we set u(t) = x(¢) + y(t), then

i=i+y=a[r(zr) —mi] +yls(y) — ma] + (c — Dayd(z)
< a[r(K) = ma] + y[s(0) — ma] + (c — Da(t)y(t)d(z)
= y[s(0) — mao] + (c — Dayd(z)
< y[s(0) + cKp(K) — ma] + (¢ — Daye(x) < 0.
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Hence, u(t) is also decreasing and bounded from below.

Since x(t) and u(t) = x(t) + y(t) are bounded and decreasing functions,
lim; o 2(t) and limg_, o y(t) exist. Assume that lim;_, o (z(t),y(t)) = (e1, e2).
Obviously, (e1,e2) must be an equilibrium point of the model .

We recall that if mq < s(0) and mg > s(0) + cK¢(K) then the equilibrium
point (0,0) is unstable and there exists a unique equilibrium point of the form
(K,0) which is locally asymptotically stable. In this case, the model has
no equilibrium points of the form (0, M) or (z*,y*). However, z(t) is bounded
from below by K. So, (e1,e2) # (0,0). This implies that (e1,e2) = (K, 0).

From Theorem |1} P} = (K,0) is locally asymptotically stable if m; < s(0)
and mg > s(0) + cK¢(K). Combining this with the global attraction of Py, we
obtain its GAS. O

Because Q = QF |y, from Lemmas [2| and [3| we obtain the complete GAS
of Py.

Theorem 2. The equilibrium point of extinction of the predator species Py is
locally asymptotically stable with respect to the set Q@ — E(Py) if my < s(0) and
mo > s(0) + cK¢(K).

8.2. GAS analysis for the equilibrium point of extinction of the predator species

We recall that Py = (0, M) exists only if mg < s(0), where M is the unique

positive solution of the equation s(M) = K.
Lemma 4. Consider the model in the case ma < s(0). Then

(i) The set
oM = {(m,y) 69’&6207 yZM}

is a positively invariant set of the model .

(i) Additionally, if my > s(0) — M$(0) then Py = (K,0) is globally asymp-
totically stable with respect to the set QM — E(Py).
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Proof. Proof of Part (i). In order to show QM is a positively invariant set of
the model (T]), we need to show that (x(t),y(t)) € QM for all ¢ > 0 whenever
(2(0),y(0)) € @M. Since Q is a positively invariant set of the model (TJ), z(t) > 0
for all t > 0.
Set v(t) := y(t) — M for t > 0. The system ([1)) implies that
& = x[r(z) — (v+ M)p(z) — mi],

(10)
b= (v+ M)[s(v+ M)+ cxp(z) — ms].

Consequently,

&|z=0 = 0,

Dly=o = M [s(M) + czd(x) — ma] = cxd(z) > 0.
Proposition B.7 in [32] implies that v(¢) > 0 for all ¢ > 0 if v(0) > 0. Therefore,
y(t) > M for all t > 0.

Proof of Part (ii). Since m; > r(0) — M$(0), fz(z,y) < 0 and fy(z,y) <0,

for (z,y) € QM we have

f(.’L’, y) = ’I"(.%‘) - y(b(x) —mg < f(oay)
— 1(0) — y(0) — m1 < 7(0) — M (0) —my < 0.

(11)

To prove the GAS of Py with respect to Q™ under the assumption m; >
r(0) — M¢(M) we consider a Lyapunov function V : Qi — R defined by

V(z,y) = %xz. (12)

The derivative of V (z,y) along solutions of is

Y st e s

The estimate imply that V(z,y) < 0 for all (z,y) € QM and V = 0 if and
only if x = 0.

Repeating the proof of Part (ii) of Lemma [2] it suffices to consider the
following sub-system of

g =y[s(y) —ma]. (13)
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Since mg < $(0) and s'(y) < 0, the equation has a unique positive equilib-
rium y, = M and it is globally asymptotically stable. Hence, lim; o y(t) = M.
Then, by using LaSalle invariant principle [23] [19] and the local asymptotic
stability of P5, we conclude that Py is globally asymptotically stable. O

Lemma 5. Consider model in the case ma < s(0). If my > r(0) — M$(0),
then the equilibrium point Py is globally asymptotically stable with respect to the
set Qur — E(Py), where QM is defined by

Q= {(m,y) EQ‘xZO, ng}.

Proof. Thanks to Part (iv) of Theorem (1} it is sufficient to prove that Py is
globally attractive with respect to Qn; — E(Py). We need to show that for
any (z(0),y(0)) € Qar, the solution (x(t),y(t)) satisfies limy_,c z(t) = 0 and
lim; o y(t) = M. Indeed, consider two following cases.

Case 1. There exists to > 0 for which y(to) > M.

In this case (z(to), y(to)) € Q™. Then by resetting the initial data at (x(to), y(to))
and using Lemma we obtain lim;_, o, 2(t) = 0 and lim;—, o, y(t) = M.

Case 2. y(t) < M for all £ > 0.

In this case (z(t),y(t)) € Qs for all ¢ > 0. Consequently,

Yy =yls(y) + cx(x) —ma] > y[s(M) — ma] + cxyo(z) = cx(t)yp(z) > 0,

which implies that y(¢) is increasing and bounded from above by M. Hence,
lim;_, o y(t) exists. We will prove that lim;_, ., x(t) also exists. Consider the

following sub-cases.
(i) If my > r(0), then
& = z[r(z) — yo(z) —ma] < z[r(0) —mi —yo(x)] < —zyo(z) <0,

which means that z(t) is decreasing and bounded from below. Hence,

limy_, o, 2(t) exists.

(ii) If my < r(0), then the equilibrium point Py = (K, 0) exists. By Lemma
Q is a positively invariant set of (I)); consequently, if z(0) < K then

10
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z(t) < K for all £ > 0 and hence,

b4 g = a[r(@) — yo(a) — ] + oy [s) + cxpla) —mo]

=z[r(z) —mi] + %[s(y) — mo]
> x[r(K) —mq] + %[S(M) —mgy] =0.

1 M
Hence, z(t) + —y(t) is increasing and bounded from below by K + —.
c c

1
This implies that the function x(¢) + —y(¢) has a finite limit as ¢ — oo.
c

Therefore, lim;_, o z(t) and lim;_, o, y(t) exist.

Otherwise, if (0) > K then it is sufficient to consider z(t) > K for all
t >0 (*). Then,

& = alr(z) —yo(z) —m] <alr(K) —my —yd(z)] = —zye(y) < 0.

Hence, z(t) is decreasing and bounded from below by K. Consequently,

limy_, o, z(t) exists.

So, we have proved that x(t) and y(¢) have finite limits as ¢ — co. Suppose
limy o (2(¢),y(t)) = (e1,e2). Obviously, (e1,ez) must be an equilibrium point
of .

It is important to note that if mg < s(0) and r(0)—M@(0) < m; < r(0) then the
equilibrium point (0,0) is unstable and there exist a unique equilibrium point
of the form (K,0) and a unique equilibrium point of the form (0, M) both in
Q being (K, 0) unstable and (0, M) locally asymptotically stable. In this case,
the system has no equilibrium point of the form (z*,y*) € Q. Since y(t) is
increasing and bounded from above by M, (e, e2) # (K, 0) and (e1, e3) # (0,0).
On the other hand, if m; > r(0) and ma < s(0), then the extinction equilibrium
point (0,0) is unstable and also there exists a unique equilibrium point of the
form (0, M), which is locally asymptotically stable. In this case, the system
has no equilibrium point of the form (K,0) or (z*,y*) in Q. Thus, (e1,e2) #
(0,0).

Hence, we conclude that (e1,es) = (0, M) is globally attractive. This is the

desired conclusion. O

11
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Remark 1. In (x) we supposed that x(t) > K for all t > 0 to show that
lims_, o0 (t) exists. However, we also concluded that if lims_, oo x(t) exists then
lim; o z(t) = 0. Hence, (%) cannot occur, i.e, there is no solution x(t) satisfy-

ing x(t) > K for allt > 0.

Since Q = QM |JQyy, combining Lemmas |4 and [5| we obtain the complete
GAS of P5.

Theorem 3. The equilibrium point of extinction of the predator species Py =
(0, M) is globally asymptotically stable with respect to the set Q — E(Py) if
ma < $(0) and mg > s(0) + cK¢(K) .

8.8. Global asymptotic stability of the ecological stability equilibrium

In this subsection, the GAS of the equilibrium point Ps is analyzed. Gen-
erally, it is very difficult to investigate the GAS of P3 with general functional
response and recruitment; hence, we will consider an essential case for the func-
tional response and recruitment. More precisely, we assume that a recruitment
of the form Beverton-Holt for both species and a predator functional response
Holling type II. In this sense, the functions representing the per capita recruit-
ment rates of prey and predators and the predator functional response are given
by [22]

a1

zr(x) = , Qg > 0,
( ) /Bl_i_x 1 61
[eH¥A
x¢($) = 52 j_ "E, 2, /62 > Oa (14)
oy
ys(y) = ﬁgj_yv ag, 63 > Oa

respectively. In [22], a specific case of was considered for numerical simula-
tions. Importantly, the GAS of P; for this case was also confirmed by numerical

studies in [8] 22].

Theorem 4. Consider the predator-prey model with a recruitment of the

form Beverton-Holt for both species and a predator functional response Holling

12
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type 1I:

ﬂ'c:x( L 1 —ml),
itz Patz
. (6 %3 Qi
y—y<53+y+062+x—m2>.

Then the ecological stability equilibrium point Py = (x*,y*) is globally asymp-

(15)

totically stable with respect to the set Q@ — E(P5) whenever it exists.

Proof. Since P§ = (z*,y*) is the positive equilibrium point, we have

.1 _oay
L AEE At (16)
Qs n agx™
mo = c .
T Bty Bt
Consequently, the model can be written in the form
5= ;v( @ gy g T azy” >
Bi+z fotax Prtar fotar)’ (17)
. < o3 N oaT s oozt )
y=y c - —-cC )
Bs+y P2tz Bst+y*t  Pota*

or equivalently to

=z ( o — azy” )(x* —x) — azffz + aza” (y—y")
(Br+2)(Br+2*) (B2 +x)(B2 + %) (B2 + x) (B2 + 2*) ’

j= y{ (g - o3 (y— y*)}
(B2 + 2)(B2 + 2¥) (B2 + ) (B2 + z*)
(18)
Consider a Lyapunov function of the form
* * xz * * Yy
V(x,y)ﬁ(mx -z lnx*>+72<yy —y hly*)’ (19)

where 71 and 7 are undetermined positive real numbers. From (18]) and (|19)),

13
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the derivative of V' along solutions of satisfies

= a1 _ ay” o) — azfy + apx” S
_K(ﬁww)(ﬁlm*) e ) L R e e L] (g

604252 Y ag o %
Haremae e G )
=-7 { ot - oy ] (z" —2)* =7 =3 (y—y")?
(Br+2)(Br+2*)  (B2+2)(B2 + %) (B2 + ) (B2 + z*)
p| o bataset | coafh ](x—af*)(y—y*)-
L (B2 + z)(B2 + z*) (B2 +z)(B2 + z*)
(20)
If 7 and 7 satisfy
T1(a2f2 + aaz™) = Tacanfa,
then
. aq B azy” a2
N e R e | L.
as *\2
(y—y")"

" (B2 + x)(B2 + x*)

From the hypothesis f,(x,y) = r'(x) — y¢'(z) < 0 for all z,y > 0 we obtain

o B aoy”* 5 0.
(Br+x)(Br+2*) (B2 +2)(B2 + %)

This implies that the function V satisfies the Lyapunov stability theorem. Con-

sequently, the GAS of P; is confirmed. O

Remark 2. The GAS of the model with general functional response and
recruitment can be established similarly to Theorem[f} Numerical examples in
the next section will show the GAS of the model with some general functional

response and recruitment.

4. Numerical examples

In this section, we report two numerical examples to illustrate the theoretical

results.

14
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Example 1 (The predator-prey model with a recruitment of the form Bever-

ton-Holt for both species and a predator functional response Ivlev type).

Consider the predator-prey model (/1)) with a recruitment of the form Beverton-

Holt for both species and a predator functional response Ivlev type

15z oy

) 1—e "
S = g
c+100 YT 0

or(z) = =

z¢(x)

with ¢ = 0.003 and 6 cases of the parameters of m; and ms which correspond
to 6 cases listed in Corollary 1 and Figure 2 in [22]. We use the classical fourth-
order Runge-Kutta method [4] with step size h = 10~° to solve the model
on the interval ¢ € [0, 500].

15
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Phase planes for the predator-prey model that correspond to 6 cases of
(mq, mo) are depicted in Figures respectively. In all the figures, each
blue curve represents a phase plane corresponding to a specific initial data,
the green circle represents the globally asymptotically stable equilibrium point
(GAS equilibrium point) and the red arrows represent the evolution of two

species (predator & and prey y).

It is clear that all the solutions are stable and converge to the GAS equilib-
rium points. In other words, the GAS of the predator-prey is confirmed in

this example.
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Figure 2: The phase planes of the predator-prey model for Case 2 of Example
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Figure 3: The phase planes of the predator-prey model for Case 3 of Example
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Example 2 (The predator-prey model with a recruitment of the form Bever-

ton-Holt for both species and a predator functional response Holling type III).

Consider the model with a recruitment of the form Beverton-Holt for
both species and a predator functional response Holling type III
15z 5Y z?

ar(z) =

with ¢ = 0.003 and 5 cases of the parameters m; and ms given in Table
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Phase planes for the predator-prey model that correspond to 5 cases of
(mq, mo) are depicted in Figures respectively. Similarly to Example
the GAS of the predator-prey model is shown in this example. Hence, Exam-
ples 1] and |2 provide good illustrations for the theoretical results, especially for
the GAS of the predator-prey model.

It is important to note that Examples[[|and 2] suggest that the ecological sta-
bility equilibrium point may be globally asymptotically stable for general cases
of the recruitment and predator functional response. Therefore, it is reasonable

to give the following conjecture.

Conjecture 1. The ecological stability equilibrium point of the predator-prey

model s globally asymptotically stable whenever it exists.
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Figure 7: The phase planes of the predator-prey model for Case 1 of Example
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Figure 8: The phase planes of the predator-prey model for Case 2 of Example
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Figure 9: The phase planes of the predator-prey model for Case 3 of Example [2]
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5. Some conclusions and open problems

In this work, a rigorously mathematical analysis for the complete GAS of the
predator-prey model has been performed. By using the Lyapunov stability
theory in combination with some nonstandard techniques of mathematical anal-
ysis for dynamical system, we have fully determined the GAS of equilibria of the
predator-prey. The obtained results not only improve the results constructed
in the benchmark work but also provide an important study for the population

dynamics of the predator-prey model. Furthermore, the theoretical results are
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supported by a set of numerical examples.

Although Theorem [ only demonstrated the GAS of the ecological stability
equilibrium point of the predator-prey model with the recruitment of the form
Beverton-Holt for both species and the predator functional response Holling type
IT (the model (I5)), the numerical examples showed the GAS of the model in
some general cases. This suggests that the model may be globally asymptotically
stable in general cases of the recruitment and predator functional response (see
Conjecture [1).

The approach used in this work can be extended to study extensions of the
predator-prey model under fractional-order derivatives. For example, we

can consider the model in the context of the Caputo fractional derivative:

da;t(t) = z(t) f((t), y(1)) = 2(t) [r(z(t)) — y()p(z(t)) — ma],

o = v(g(x(t),y(1) = y(t) [s(y()) + ca(t)p(x(t)) — ma],

(22)

where a € (0,1) and d®f(t)/dt stands for the fractional Caputo derivative of the
function f(t) [7]. After that, the GAS of the model can be analyzed by using
comparison results [24] 28] and the Lyapunov stability theorem for fractional-
order dynamical systems [Il 2] [13]. The GAS problem for the predator-prey
model in the context of other fractional-order derivatives can be studied by the
same approach.

In the near future, we will analyze the GAS of the model in general cases
of recruitment and predator functional response (Conjecture [1)). Population
dynamics of extended versions of the model predator-prey model in the

context of fractional-order derivatives and their applications will be also studied.
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