MULTIPLICITY OF SOLUTIONS TO CLASS OF NONLOCAL ELLIPTIC PROBLEMS
WITH CRITICAL EXPONENTS
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ABSTRACT. In this paper, we establish existence of infinitely many weak solutions for a class of quasilinear
stationary Kirchhoff type equations, which involves a general variable exponent elliptic operator with critical
growth. Precisely, we study the following nonlocal problem

—M(Jz«(u))div(a(|qu>)\vu|P<z>*2vu): Af (@, u) + |ul*@ 2 in Q,
u =0 on 09,

where  is a bounded smooth domain of RY, with homogeneous Dirichlet boundary conditions on 82, the
nonlinearity f : QxR — R is a continuous function, a : RT — R is a function of the class Ct, M : Rar — Rt

is a continuous function, whose properties will be introduced later, A is a positive parameter and p, s € C(2).
We assume that ¢ = {z € Q : s(z) = v*(2)} # 0, where v*(z) = Nvy(z)/(N — v(z)) is the critical Sobolev
exponent. We will prove that the problem has infinitely many solutions and also we obtain the asymptotic
behavior of the solution as A\ — 0. Furthermore, we emphasize that a difference with previous researches is
that the conditions on a(-) are general overall enough to incorporate some interesting differential operators.
Our work covers a feature of the Kirchhoff’s problems, that is, the fact that the Kirchhoft’s function M in
zero is different from zero, it also covers a wide class of nonlocal problems for p(z) > 1, for all € Q. The
main tool to find critical points of the Euler Lagrange functional associated with this problem is through a
suitable truncation argument, concentration-compactness principle for variable exponent found in [9], and
the genus theory introduced by Krasnoselskii. The result of this paper extends or complements, or else
completes recent papers and is new in several directions for the stationary Kirchhoff equations involving the
p(z)—Laplacian type operators.

1. INTRODUCTION

The present research deals with the existence and multiplicity of weak solutions of the nonlocal boundary
value problems of a class of quasilinear Kirchhoff type equations involving a critical nonlinearity, in the
framework of function spaces with variable exponents and, therefore, we need more delicate estimates.
Motivated by the little literature in the critical case for nonlocal operators of elliptic equations with variable
exponents, the objective of this research is to demonstrate the existence of infinitely many solutions of
the critical problem (£2y), by using the Krasnoselski genus theory. In this sense, our result is new even
in the p—Laplacian operator’s context, nonlocal type problems and problems involving critical terms with
exponents variables.

Kirchhoff established in [1883] (see [39]) a model for his celebrated equation

E 2L
pOZu — p—}f t51 ; |0, u(x)|? do | 92,u =0,

as a nonlinear extension of D’Alembert’s wave equation by considering the small vertical vibrations of a
stretched elastic string when the tension is variable and the ends of the string are fixed. Here u = u(x,t) is
the transverse string displacement at the space coordinate x and time ¢, L is the length of the string, A is
the area of the cross section, F is Young’s modulus of the material (also referred to as the elastic modulus)
it measures the string’s resistance to being deformed elastically, p is the mass density, and pg is the initial
tension.

2000 Mathematics Subject Classification. 35A15, 35A16,35J70.

Key words and phrases. Variable exponent Lebesgue Sobolev spaces, critical point theory, Mountain Pass Theorem,
concentration-compactness principle, boundary value problems.

First author was supported by CAPES/Brazil, the second author named was partially supported by INCTMAT /CNPq/Brazil
and CNPq/Brasil 304015/2014-8, while third author was supported by Grant 2015/11912-6, Sdo Paulo Research Foundation
(FAPESP).



2 ELARD JUAREZ HURTADO, OLIMPIO H. MIYAGAKI, RODRIGO S. RODRIGUES

These types of problems have received a lot of attention of many researchers only after Jacques-Louis
Lions [42], proposed a framework to attack it. Several papers are dedicated to these kinds of problems, for
example, see [2], [6], [7], [14], [I5], [20], and references therein.

In the last decades, the study of nonlocal problems has generated a lot of interest, by their structure,
by theoretical aspects, and by the presence of the p(x)—Laplacian type operators, these mathematical
complications motivate our work. Such problems are being studied intensively in recent years due to its
mathematics difficulties, and also by the applications in the motion of electrorheological fluids, elastic
mechanic, image restoration, mathematical biology, polycrystal plasticity, non-Newtonian fluids with thermo-
convective effects, we refer the reader to [5], [19], [23], [36], [44], [46], [47], and references therein for more
applications. However, such generalizations are nontrivial, since p(z)—Laplacian type operators possess more
complicated structures than the p—Laplacian type operators, for instance, the p(z)—Laplacian operator is
nonhomogeneous.

The goal of this research is to complete, complement, extend, and improve the study of quasilinear
stationary Kirchhoff equation involving p(z)—Laplacian type operators for a wide class of problems since
elliptic problems wrapping variable exponent with critical growth still is new. We will need to overcome
various difficulties arising from the fact that the problem is nonlocal and M (0) > 0.

Some authors obtained infinitely many solutions in the critical case, in the case M = 1, for instance, we
refer to [37] for the classical Laplacian operator, to [§] for the p—Laplacian, to [35] for the (p, ¢)—Laplacian
operator, and for a class of p&q elliptic problems when 2 is a bounded domain of RY we cite [32], for the
p(z)—Laplacian operator we cite [9]. For the (p,q)—Laplacian operator defined in all RY we cite [I8] and
for a class of p&q elliptic problems on RY we refer to [31].

Concerning these types of nonlocal problems with critical growth, for example, we refer to [I] and [30]
for Kirchhoff problem involving the classical Laplace operator, to [16], [I7], and references therein for the
Kirchhoff type problem involving the p(z)—Laplacian operator.

On the other hand, there has been an increasing interest in problems involving critical exponents,
we mention the famous work of Brezis and Nirenberg [II], since then there have been several types
of research and generalizations. Furthermore, the novelty of this research is to consider the operator
div(a(|VuP®) | Vul[P®~2Vu) with p(z) > 1, for z € Q.

More precisely, we study the following variable exponent nonlocal elliptic problem:

4ﬂ4@i@0»dN(aQVM“”HVWW@*QVu):Af@;@—#WP@VQuinQ, ()
u = 0 on 02, A

where Q € RY, N > 3, is a bounded domain with smooth boundary 9, and A > 0 is a real parameter,
p(x), q(z), r(z), and s(x) are continuous function on {2 satisfying the folllowing inequalities
L<r™ <r(e) <rf <p” <pla) <ph <q” <q@) <¢" <N,
and (1.1)
IT<r™ <r(x)<rt <y <v(@) <vT <s™ <s(x) < y*(w) < +oo,
for all z € Q, where p~ := minp(z), p™ := maxp(x), and analogously to r—, r=, ¢~, ¢*, v, v, s7, and

€S z€Q
st, with y(z) = (1 — H(ks))p(z) + H(ks3)q(x), and the variable critical exponent v*(x) defined by

(o) = { 292G sery(x) < N,

+oo,  sey(z) > N,
for all € Q, where H : R — {0,1} is given by
1, if >0,
H(”)_{ 0, if k=0.
Furthermore, we consider the set ¢ = {z € Q : s(z) = v*(z)} # 0. The operator &/ : X — R is defined
by

1
d@:/gfmwwwm%
o p(z)
where A(-) is the function A(t) = fot a(o)do and the function a(-) is described in the hypothesis (ag).

We assume that the function a : Rj — RS’ verify the following hypotheses:
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(ag) The function a(-) is of class C;

(a1) There exist positive constants, ko, 1, and k2, and a nonnegative constant k3, such that
q(z)—p(z) a(z)—p(x)

ko + H(kg)kar *@ < a(r) < k1 + K37 P®

for all 7 > 0 and for all z € Q;
(az) There exists ¢ > 0 such that

T r)—2
min {a(TW))TP(I)?, a7 @) r-2 4 Ol (;)T”( : )} > erpe)-2
T

for almost every z € Q) and for all 7 > 0;
(az) There is a positive constant « such that

+

1 r vt s~
A(T) = — ith — <
(1) aa(T)T wi e

o SES e

N

for all 7 > 0.

The problem (£2)) is called nonlocal because of the presence of the nonlocal Kirchhoff function M («7(-))
which implies that the quasilinear partial differential equation (£2,) is no longer a pointwise identity.

In terms of Kirchhoff’s function, we assume general conditions on M : Rg — R. We consider that M is a
continuous function that satisfies the conditions:

(M1) There exists mo > 0 such that M(t) > mg = M(0) > 0 for all t € RT;
(My) The function M is increasing.

In the present research, we denote by . (t) := fot M (7)dr for all t € R
The standard Kirchhoff function introduced in [39] is given by

M(s) = as + mg, with a, my > 0.

For such M the problem ()) is degenerate if mg = 0 and a > 0, and non-degenerate when mg > 0 and
a > 0. Finally, when mg > 0 and a = 0, the Kirchhoff function M is simply a constant and (£2) reduces to
a local quasilinear elliptic Dirichlet problem.

We assume that the nonlinearity f : Q x R — R is a continuous function satisfying:

(f1) f is odd in the second variable, that is,
f(x,—t) = —f(x,t) for any (z,t) € Q x R;
(f2) There exist positive constant a;, as and a function r € C*(Q) such that
art" @ f(x,t) < agt" ™7 for all (z,t) € Q@ x RY.

A simple example for the nonlinearity f is given by f(x,t) = 9(z)|t|"®)~2t, where ¥ : @ — R is a
continuous nonnegative function.

Note that the assumption (f) implies that the function u = 0 is solution of the problem ().

The main result in this paper establishes the existence of infinitely many solutions to problem (£)) under
the above hypotheses.

Theorem 1.1. Assume that the functions a, M, and f satisfy the conditions (ag) — (a3z), (M1) — (My),
and (f1) — (f2). Then, there exists X > 0, such that problem has infinitely many weak solutions for
each A € (0,)\). Moreover, if uy is a solution of problem () then

lim |juy| = 0.

A—0+t

In order to prove our principal result we follow the main ideas of [30], [32], [33], and [35]. The hypothesis

(M) provides only a positive lower bounded for M near zero, this creates serious technical difficulties, we
will need to do a truncation on the Kirchhoff function to obtain priori estimates of the boundedness from
above, and thus obtain a new auxiliary problem, afterward, we do another truncation to control the Euler-
Lagrange’s functional associated with the auxiliary problem. Note that there are serious difficulties to prove
the existence of solutions for canonical variational methods. For instance, a difficulty that arises is to prove
the Palais-Smale condition due to the lack of compactness of the embedding of VVO1 P (')(Q) into LP"()(Q),
and, to overcome this difficulty we use the concentration compactness principle (see [9]). Then, to obtain
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infinitely many solutions to the auxiliary problem for any A sufficiently small, we will use genus theory as in
[8], and, due to the truncation on M, we obtain infinitely many solutions to problem ().

Finally, we would like to emphasize that our result improves, complements and generalizes some recent
results including the following aspects:

(A1) We extended the results in three directions: the equations involving the p(z)—Laplacian type
operators or a more general nonlocal operator, and study of the existence of infinitely many solutions,
we refer to [§], [16], [I7], [30], [35], and [45]. Moreover, observe that the Theorem [1.1| improves the
main results of the articles mentioned above, with slight differences in the nonlinearities, where the
authors consider only the case where p(x) is a constant, or an operator that is included in our general
operator, so we show a general result for a large class of operators. In some important cases, our
result covers the nonlocal problems involving for instance the p—Lapalacian, the p(z)—Laplacian,
the (p(z),q(z))—Laplacian, the p(x)—Laplacian-Like operator, among other types of differential
operators.

(A2) In the study of quasilinear Kirchhoff equations type involving critical growth. In particular, our
results cover a wide class of problems with variable exponent, which also has a difficulty due to
Kirchhoft’s function be different from zero in zero.

(A43) We emphasize that in our work, we cover the case p(z) > 1 for all x € Q, for a broad class of
operators compare, see [30], [31], and [37].

Now, we are going to illustrate the kind of problems that surrounds our operator. We set some examples

that are of mathematical interest, as well as of great physical interest due to applications in different areas.
The following operators satisfy the hypotheses a(-).

1.1. Some examples. The following operators satisfy the hypotheses (ag) — (a3):
(a) If a =1, then
—div(|Vu[P®2Ty),

which coincides with the usual p—Laplacian when p(z) = p and with the Laplacian when p(z) = 2.

(b) Ifa(r) =1+ TQ(m;(_mz;(m), we get
—div(a(|Vu|p(x))\Vu\p(z)ﬂVu) = —Ap)t — Dyt

when p(z) = p and ¢(z) = ¢ it is the known (p, ¢)—Laplacian operator.

(c) fa(r) =1+ iz we have

p(x)
—div(a(|Vul[P )| Vu|P®)=2Vu) = —div ( (1 + W“') |Vu|p(””)2Vu> :

V14 [Vul?@)

which is called p(z)-Laplacian like operator.

This paper is organized as follows. In the Section 2 we fix the notation and recall the definition of the
variable exponent spaces that will be used throughout our research. In the Section 3, we will give some
necessary definitions and properties of genus theory. In Section 4 we discuss the variational formulation of
the problem (£2)). In Section 5 we introduce the truncated auxiliary problem. Section 6 is dedicated to
the local Palais Smale condition for the Euler - Lagrange’s functional associated to the truncated auxiliary
problem. In Section 7 we prove some technical results that imply the existence of infinitely many solutions
for the auxiliary truncated problem and therefore infinitely many solutions for the original problem (£2)),
and finally get the asymptotic behavior for these solutions when A — 07. Finally in the last section we
present some fundamental properties of the operator that will be useful in all our work.

2. PRELIMINARIES

In this section, we recall some results about the Lebesgue and Sobolev space with variable exponent and
properties, the spaces L") (Q), W) (Q), Ol’h(')(Q), where ) is an open subset of R which are used
throughout all our work. For details, we refer to [22], [24], [26], [27], [28], [29], and [40].

Let X be a Banach space, we denote by X’ its topological dual and by (-, -) the duality brackets between
X’ and X. The following notations will be used in the present work. C and C; will denote generic positive
constants. We set

CtQ)={heC(), h(z) >1forallzcQ}.
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For each h € CT(Q), we define

h™ = max h(x) and h~ = min h(z).
€N z€Q

Also, we define the variable exponent Lebesgue space L"()(Q)
LM (Q) = {u :Q—>Ris measurable:/ Ju(z)|M® da < Jroo}
Q
which is equiped with the Luxemburg norm

h(x)
||Uh(.):inf{)\>0:/ ’@‘ dxgl}.
Q

Note that, for a constant function h, the Luxemburg norm || - [/5(.) coincides with the standard norm || - ||,

of the Lebesgue space L"(Q). As usual, we denote by h/(z) = h?T()wll the conjugate exponent h(z). Since
0 < || < 400, the following result holds.

Lemma 2.1. (|25, Proposition 2.1])
(i) The space (Lh (Q), || 1138 ) is a separable, uniform convex Banach space, and its conjugate space
is LM O)(Q), where h(ﬂ + h,( = 1. For any v € L") (Q) and v € L" )(Q), we have
1 1 he) e
uv dz| < =T (R [ullnyl[ollnr ey, Yu € L(Q), v e L 7(Q).
Q

(ii) If h1,ha € CT(Q), hi(z) < ho(x) for any x € Q, then the embedding L") (Q) — LM O)(Q) is
continuous.

)

We introduce an important function, so called p(-)—modular of the L™)(Q) space, that will help us in
handling of generalized Lebesgue-Sobolev spaces, which is the convex function py(. : Lh(')(Q) — R defined
by

Pr(( / lu|"®) dz, Yu e LMO(Q).
Proposition 2.2. (|25, Proposition 2.3]) For u € L")(Q) and {u, }neny € L"(Q). Then, we have
Ifus0, lullpy =A< p(3) =1
lullney < L(=1;>1) & plu) < 1(=1;> 1),

he h
IF Ny > 1 then Julllc, < p(u) < Jlullss.

h h_
IF gy < 1 then ull'F, < p(u) < Jlull’s,
limy, s 4 oo [[Unlp) = 0 < limy, s oo p(un) = 0.
limy, s oo [[tnln) = +00 & limp s 400 p(un) = +00.

A o

Lemma 2.3. (24, Lemma 2.1]) Let h € L>®(Q) be such that 1 < h(z)p(x) < +oo for almost everywhere
(a.e.) x € Q. Let u € L") (Q), u#0. Then

+ .
lullbpey < Ml llpey < llullipeys i lellnpe) =1,
lullipey < Ml Ollpey < Mellhpeys o el < 1.
In particular, if h is a constant function, then
|||u|h||hp(») = HUHZp(v)-

The following lemma is a version of the well-known Brezis-Lieb Lemma for variable exponents, the proof
follows the same steps of the constant case, the reader can see for instance [34].

Lemma 2.4. Suppose {u,}nen bounded in L) (Q) and un(z) — u(z) a.e. in Q. Then, u € L") (Q) and

lim (/ |un|h($)dx—/ \un—u|h(I)dx :/ |U|h(z)d1',
n—-4oo Q Q 9
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The variable exponent Sobolev space W) (Q) is defined by
w*“%g):{ueLMNQ)Jvmezﬁﬁan}
endowed with the norm
lullyney = llullaey + 1Vellng.-
The space Wl’h(')(ﬂ) is defined as the closure of Cif>°(Q2) in W"()(Q) with respect to the above norm.
Proposition 2.5. ([25, Proposition 2.5]) Let Q@ C RY be a bounded domain with smooth boundary 0Q and

h € C(Q) with h(z) < N for all x € Q.

(i) WPO)(Q) and X are separable reflexive Banach spaces.
(ii) If g € CT(Q) and q(x) < p*(x) for any x € Q, then the embedding W'P()(Q) < LIO)(Q) is compact
and continuous.
(iii) There is a constant C > 0, such that
Hqu(.) < CHVUHP(.), Yu € X.

Note that, by (i4i) of Proposition we know that ||[Vull,.) and [[ul[, ) are equivalent norms on X.
We will use ||[Vul|,.) to replace [[ul p.) in the following discussions.

Theorem 2.6. (|27, Theorem 3.1]) Consider the mapping L : Wol’q(')(Q) — (Wol’q(')(Q))’ defined by
(L(u),v) = / Vu|1®) =2V Voda.
)

Then, the mapping L is of the type (Sy), that is, if up, — u weakly in Wol’q(')(Q) and lim sup(L(uy,), un —u) <

n—oQ

0, it follow that u,, — u strongly in W, Lat: )( Q).

Proposition 2.7. ([9]) Let p(z), q(x) be two continuous functions such that
1< inf p(z) <supp(z) < N and 1 < g(z) < p*(z) in Q.
€N €Q

Let {un }nen be a weakly convergent sequence in WPC)(Q) with weak limit u and such that:
|V, [P@) — 1 weakly-* in the sense of measures.
|t |1®) — v weakly-* in the sense of measures.

In addition we assume that € = {x € Q : q(x) = p*(x)} is nomempty. Then, for some countable index set
J, we have:

v =|ulf® + Z Vi0q,, v; >0,
JjeET
H 2 |Vu|p(z) + Z /U'jazja Mj > 07
JjET
- 1
SI/jp () g P(I VJ c j
Where {z;}jcq C € and S is the best constant in the Gagliardo-Nirenberg-Sobolev inequality for variable
exponents, namely
\Y
S=5,):= inf m.
vecg=@) Ilvllac)
Lemma 2.8. (Deformation Lemma)([4, Lemma 1.3]) Let X be a Banach space, ¢ € C1(X,R) and satisfy
the (PS) condition. Let ¢ € R and N be any neighborhood of K. := {u € X : p(u) = ¢, ¢’'(u) = 0}. Then
there exists n(t,z) = mn(z) € C([0,1] x X, X) and positive constants € > & such that:
(1) no(x) = for all z € X;
(2) me(x) =2 for allz & p~c—E,c—E] and all t € [0,1];
(3) n: is a homeomorphism of X onto X for allt € [0,1];
(4) o(n(x)) < p(z) for allz € X, t € [0,1];
(5)

3
4
5) m(Acre — N) C Ao_e, where A, = {x € X : p(x) < ¢} for any c € R;
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(6) Zf KC - (Z)u nl(Ac+5) C Acfé
(7) if ¢ is even, n; is odd in x.

Remark 2.9. The Lemma remains valid if ¢ satisfies the (PS). condition for ¢ < 0.

3. KRASNOSELSKII'S GENUS

In order to prove the multiplicity results stated in Theorem 1.1} our main tool is given by the classical
Krasnoselskii’s genus theory. We will present some basic notions on Krasnoselskii’s genus and, for more
information about this subject, we refer [3], [4], [12], [13], [41], and [43].

Let E be a real Banach space and let us denote by 2 the class of all closed subsets A C E'\ {0} that are
symmetric with respect to the origin, that is, u € A implies —u € A. Let A € 2. The Krasnoselskii’s genus
7(A) of A is defined as being the least positive integer k& such that there is an odd mapping ¢ € C (4, R¥)
such that ¢(x) # 0 for every x € A. If such a k does not exist, we set y(A) = +oo. Furthermore, we set
v(0) = 0.

Theorem 3.1. Let E = R and 09 be the boundary of an open, symmetric and bounded subset Q C R* with
0€ Q. Then v(09) = k.

Corollary 3.2. ~(S*~!) = k where S¥~! is a unit sphere of R¥.
As a consequence, we have that, if F is a separable infinite dimensional vector space and S is the unit
sphere in E, then ¥(S) = +oo.
Proposition 3.3. If K € i, 0 ¢ K, and v(K) > 2, then K has infinitely many points.
Proposition 3.4. ([43] Proposition 7.5] and [3| Lemma 10.4]) Let A, B € 2. Then
(1) Mapping property: If there exists p € C(A, B), odd, then v(A) < ~(B);
If there exists an odd homeomorphism between A and B, then y(A) = v(B);

(2)

(3) Monotonicity property: If A C B, then v(A) < y(B);
(4) Subadditivity: If v(AU B) < vy(A) +v(B);
(5)
(6)

If ¥(B) < +o0, then v(A\ B) = v(A) — v(B);
Continuity property: If A is compact, then y(A) < oo, and there exists 6 > 0 such that v(A) =
v(Ns(A)) where Ns(A) = {z € X : d(z,A) < d};
(7) ifn € C(A,E) is odd then v(A) < v(n(A)).
4. VARIATIONAL FRAMEWORK

The problem (7)) has a variational structure and the natural space to look for solutions are variable
exponent Sobolev spaces.

Definition 4.1. We say that u € X is a weak solution of the problem () if verifies
M(d(u))/ o[Vl VPO -2V Vo dy /\/ P, u)v da +/ @20 g (4.1)
Q Q Q
for allv € X, where X is the Banach space

X =Wy P @) nwy (@),
endowed with the norm
l[ull = [[Vullpey + Hiks)[[Vullge)-
Thanks to our hypotheses on a, M, f, Q, p(-), and s(-) the integrals in are well defined if u,v € X.
The weak solutions of () coincides with the critical points of the C!- functional ® : X — R given by

1
Dy (u) = (A (u)) — )\/ F(z,u)dr — / —— |u*™ d,
Q o s()
for all u € X. Note that the functional ®, is Fréchet differentiable in v € X with Fréchet derivative

(P (u),v) = M(%(u))/Qa(|Vu|p(”))|Vu|p(m)_2Vqud:v—)\/Qf(x,u)vdx—/g|u|s(z)_2uvdx,

for all v € X. Hence, the critical points of ®) are weak solutions for (Z)).
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5. THE AUXILIARY PROBLEM

One of the difficulties of the problem (£2y) is the presence of the critical term which makes it not simple
to show that the functional ® verifies the Palais-Samle condition. The genus Krasnoselskii theory requires
that the functional ®, is bounded from below. Moreover, since, we only have the information of that M
is an increasing function bounded from below, it complicates to prove that the functional ®,, ) verifies the
Palais-Smale condition. In order to prove Theorem we will make a truncation in the function M and get
an truncated problem (.#)). Therefore, we will obtain infinity many solutions to the problem (. ), which
will be proven that are solutions to the original problem (£2).

Since v < s7, there exists o € R such that o € (y*, s7). Furthermore, by (M3), exist tg > 0 such that
mo = M(0) <w = M(ty) < 2

pta

_f M(t) if0<t<to,
M ®) _{ w if ¢ > to. (5.1)

Now, we introduce the auxiliary truncated problem

{—Mw(d(u)) div (a(|Vu|p(g”))|Vu|p(‘”)_2Vu): Af(z,u) + [uf® =20 in Q, )
u=0 on 01,
with a, f, and A defined as in problem (£)). Note that, due to , we have

M,(t) w forallt > 0. (5.2)

Theorem 5.1. Assume (ag) — (a3), and (M1) — (My), and (f1) — (f2). Then, there exists X > 0, such that
Problem (My) has infinitely many weak solutions in X for each X € (0, \).

5.1. Variational formulation of the auxiliary problem.
We observe that problem (.#)) has a variational structure, the Euler-Lagrange functional ®,, 5 : X — R

is defined as follows
D, 2 (u) = )\/ T, U dm—/ @ )|u|s @) dz

where A, (t) = fot M,,(s) ds. Moreover, by standard arguments the functional ®,, » € C!'(X,R), and

( f‘,)\(u),v}:Mw(ﬂ(u))/ga(|Vu|p(””))|Vu|p(m)_2Vqudx—)\/Qf(x,u)vdx—/ﬂ|u|5($)_2uvdx, (5.3)

u € X and for any v € X.

6. THE PALAIS-SMALE CONDITION

In order to use variational methods, we give some results related to the Palais-Smale condition. We say
that a sequence {u, }neny C X is a Palais-Smale sequence for the functional @y at level ¢ if

Dy (uy) — ¢ and P (u,) — 0in X', as n — +oo. (6.1)

If implies the existence of a subsequence of {u, },en which converges in X, we say that ®, satisfies the
Palais-Smale condition. Moreover, if this strongly convergent subsequence exits only for some ¢ values, we
say that &) satisfies a local Palais-Smale condition.

We will discuss the property of compactness of the auxiliary functional ®,, », given by the Palais-Smale
condition. In order to overcome the lack of compactness will use the compactness principle of variable
exponent Sobolev spaces (see Proposition . However, the Palais-Smale condition is not hold at any level.
In fact, we will see that this occurs just below an adequate level, which depends on the best constant in the
inequality Gagliardo-Nirenberg-Sobolev for exponents variables, namely,

[Vollpey

S =28,(9Q) = LhA 09
Q( ) veC§e () Hqu(.)

(6.2)

Lemma 6.1. Let {uy}nen C X be a Palais-Smale sequence for @, x, with energy level cy, then {uy,}nen is
bounded in X.
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Proof. Fix A > 0. Let {uy, }neny C X be a Palais-Smale sequence with energy level ¢, (see (6.1))). Hence, there
exists C' > 0 such that Q)wﬁA(un)’ < C for any n € N. Therefore, by (My), (as), (5.2)), and remembering

that mo < w < ’;fg, we obtain

C (Ut ) 2B r (1) — (@, () )

A 1)) = M (1) | a9, PV, |p<f>da:+A( “2) [ @

w

>m—f/A(|Vun|p(””))dx——/ |V [P Vet Pz 4 (22— 2 /| @ dg
p Q o

><”j°—°">/a(|vun|1’<w>)|vun|ﬂ<w> do+ (2 - 22) /|un|f<w> dz
pta o Q o r Q

Then, we have

C 1+ funl) 42 (2 =22 [ funlr® o > (2% < 2) [ a9,V 0
Q

pta

Furthermore, by (a1), there are positive constants C7, Cs, and Cy such that

O+ unl) + Cr mae { ™ Jal”~ } > (/ |Vt [P dx) + CyH(rs) </ [Vt 1) d:c). (6.3)
Q Q

Thus, if k3 = 0, suppose by contradiction that, up to a subsequence, ||u,|| = +o0, then, we get from (6.3))
that

rt -
CA A [lunl)) + Crllunl" = Csllun|”

which it is a contradiction, because 1 < r* < p~. So, we conclude that {uy}nen is bounded in X.
If kg > 0, suppose by contradiction that, up to a subsequence, |u,| — +oo. Then, we analyze the
following cases:

(@) IVun|lpy — +oo and [|[Vuy||q) — +00 as n — +00;
(i1) |Vtn|py — 400 and [[Vuy||q.) is bounded;
(4i1) [[Vun||pe.) is bounded and ||V |lqy — +oo.

In the case (i), for n large enough, HVunHZ;;p_ > 1, this is ||Vun\|g;) > HVuan;;). Hence, follows from
©3) that
rt - -
OOt Junll) + Crllunl™ > CollTunly, + O ()| Tl
> Cs || Vun |2y + CoH(ks) [ Vun ? .,

> Cho (| Vtnllpey + Hks) [ Vinlgcy)”
= Ciollun |,

therefore, taking limit as n — +o00, we obtain an absurd.
In the case (ii), we achieve by (6.3]) that

T‘+ 'r’+ 'r‘+
C(1+ [[unll) + K([Vunllyey + Hka) [Vunllg)) = CQ+ [lunll) + Crllual
Cual| Vaallp s,

so, it follows

7,+

—] - —
Since p~ > rt > 1, taking limit as n — o0, we obtain a contradiction.

The case (4i7) is similar to case (7).

Then, we conclude that {u, },en is bounded in X. a

p() p()
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In the following lemma, we obtain a local Palais-Smale condition for the truncated functional ®,, x, the
main result of this section.

Lemma 6.2. Assume (ag), (a1), (a2), (as), (M1), (Mz), (f1), and (f2). Let {un}nen be a Palais-Smale

sequence at level cy with

() )
oy < (1 - 1) (MorS)™ — K min {)\(3)1 ) NOM }, (6.4)

0 Sg

1

where Mok = min § (mo((1 — H(ks))kop; + H(ks)kop;)) 7~ (mo((1 — H(ks))kop; + H(ks)kep;)) ™ o and
KC is a positive constant independent of A\. Then, up to subsequence, {un }nen is strongly convergent in X.

Proof. We have by Lemma that the sequence {uy,}nen is bounded in X. Thus, as X is reflexive, by
FEberlein — Smulian Theorem ([10], Theorem 3.19), up to a subsequence, still denoted by {u, }nen, there is
u € X, such that

Uy, — u weakly in X
u, — win LHO(Q), for all 1 <t~ < t(z) <tT < v* (),

U, — u a.c. in .

From the concentration compactness principle of Lions for variable exponents (see Proposition [2.7)), we
have that there exist two nonnegative measures u,v € # (1), a countable set J, points {z;}jes C € C Q2
and sequences {1 }jes, {Vj}jes C [0,+00), such that

|V, [7®) — 11 (weak*-sense of measures ) in .# (),

[un|*® — v (weak*-sense of measures) in . (1),

V= |u|s(m) + Zujérj , v >0, (6.5)
jeT
JET

where §,; is the Dirac’s delta measure supported on z; € {2 and
Sv " <p Y vje g, (6.6)

where S is the best positive constant of the Gagliardo-Nirenberg-Sobolev embedding (6.2]).
Claim 1. We claim that the set 7 is empty. Consequently, {u, }nen converge strongly to u in L5C) ().
Arguing by contradiction, suppose J # (). Fix j € J. Then, we prove that

v; > (morS)".

We consider a cutoff function ¢ € C§°(€2, [0, 1]) such that ¢y = 1 in B(0,1) and ¢ = 0 in RV \ B(0,2), and
[V < 2. We define, for all € > 0, the function

e (@) =0 (I Ij) ,

3

thus 1. ; € CF°(RN), 0 < . j(z) < 1, for all z € RN, |Vih j|oo < 2, and

e

[ 1 ifxe B(zj,e),
¢E7J(x)_{ 0 ifz e RN\ B(z;,2¢).
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Clearly by Lemma Proposition and Lemmathe sequence {t. jun }nen is bounded in X. Thus,
as {un }nen is a Palais-Smale sequence, it follows that (@[, , (un), e jun) — 0 as n — +o0, that is,

Moy (o (un) / (Yt PO Vi [P 2Vt 1, Vi, dt
Q
My (e () / (V[P [V [P s+ A / e, un)unthe s da (6.7)
Q Q

" / Ve jlun|*®) da + 0, (1),
Q

where 0,(1) — 0 as n — +o0.
We obtain by (a1), (M1), and (6.7) that

M, (A(uy)) / a(|Vn |P@) | Vu, [P~V u,u, Vi ; da
Q
<—my (/ /@0|Vun|p(m)¢g7j dr + 7—[(/13)/@2/ |Vun|q(z)7j1a7j dx) (6.8)
Q Q

LA / F (@t Yuntpe da + / Ve lunl?®) d + 0n(1).
Q Q

Since that the sequence {uy }nen is bounded in X, we have, up to subsequence, that {u, }nen converges
strongly to u in L") () and that there exists h € L"()(Q) such that |u,(z)| < h(z) and u,(z) — u(z), for
a.e. in Q (see [2I, Proposition 2.67]). From (f2) we get

| (2, Junte 5| < aolh(z)]"®) € LY(9).

Hence, applying the Lebesgue Dominated Convergence Theorem, we obtain

lim )\/Qf(x,un(z))un(x)ws,j(x) dz:/\/Qf(a:,u(z))u(x)ipw(z) dz. (6.9)

n—-+oo

Again, by applying the the Lebesgue Dominated Convergence Theorem, we get

im w(@) PP, (z) de = im z,u(x))u(x (z)dr =
tim, [ [Vu(@)P e a) dz =0, Jim [ flau(@)u(e)ie @) de =0,

=07 (6.10)
lim / Yiedp = pip(0), and lim Yiedv = v;9(0).
e—0t+ Jq e—=0t Jq
Futhermore, we achieve by (6.5)) that
lim / |t (2)|* 1), (z) do = / Pe j(z)dv. (6.11)
n—+4oo Q Q
From (a1), and since M, (-) is bounded, we argue like in [8] to obtain that
lim [hmsup (Mw(%(un) / (| Vtn [P [Vt [P 2V 0, Vi dx)} =0, (6.12)
e—0*+ n—4oo 9]

Now, we will use the expressions , , (6.10), (6.11), and (6.12) to analyze the following cases:
(I) When k3 = 0, we have

Og lim [/ ¢57jdyfm0n0/ ¢5’jdu]
e—0t Q Q

< lim / Ve, jdv *moﬁo/ Ve jdp
=0t B(xj,2¢) B(xj,2¢)

SV — Moko iy,

then, we achieve

mokoflty < vj. (613)
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(II) When x3 > 0, we have

O< lim [/wayjdy—moH(Kg)ﬁg/¢5)jdu)]
e—0t Q Q

< lim / %,jdV—moHo/ e jdu
e=0% | JB(x;,2¢) B(z;,2¢)

<vj — moH(ks) k2,

thus, we obtain

moH(k3)kapt; < vj. (6.14)
Consequently, by combining and , we get
mo((1 — H(ks))kop; + H(ks)kap;) < vj. (6.15)
Therefore, by using and , we obtain
(morS)N < vj, (6.16)

where

1

Mok = min { (mo((1 —H(k3))ko + H(ks)k2)) 7~ , (mo((1 — H(ks))ko + H(,@g)m))ﬁ }

Now, we claim that the inequality (6.16]) cannot hold, and hence the set J is empty. Indeed, remembering
that mo < M, (t) < ZF2, for all t € R, we get

pta?

ex =Pz (un) — %< o (Un), un) 4 0n(1)

1 1
>m /—A Vu,|P®) dx—/\/Fx,un dx—/ |y P dx
0 o p(x) ( | ) Q ( ) Q 5(55)‘ |

A 1 )
/ a(|Vun|p(w))|Vun\p(x) dx + 7/ fzyup)uy, do + 7/ |un\b(’”) dx + o, (1).
Q 0 Ja o Ja

However, by (a3), we have

1 1
—— A(|Vu, [P® d:cf—/a Vi, [P |V, [P dxr >0,
| i A9 de = —— [ a9, ) V|

for all n € N. Hence, since 0 < ¢ ; < 1 and by using (f1) and (f2), we obtain

1 1 X 1 1 .
cx = —Aag ( + ) / |t |"®) daz + ( - ) / |t [*@®) daz + 0, (1)
g T Q g S Q
1 1 1 1
> —Mas < + _) / Iun‘T(w) dx + ( — _) / ws’j|un|5(w) dx + On(]-)
g T Q g S Q
Taking limit in (6.17) as n — +oo and by using (6.5) and Lebesgue Dominated Convergence Theorem,
we get
1 1 1 1
cy = lim ( — Aas < + ) / |un|7"(:c) dx + ( — ) / "/’e,j‘un|s(w) d.’E)
n——+00 g r— Q g S Q
1 1 1 1 1 1
> — Aaz < + _) / u["®) dz + ( - _> / e jlul*™) da + < - _) Vi
g T Q g S Q g S

On the other hand, observe that

mo
pta

(6.17)

u(@)|* e (@)X B (o, 20) = [u(@)|**) as e = 400, ae. in Q,

and
|u($)|S(x)¢5,j<x)XB(xj,25) < |u(x)|€(x) a.e. in Qv
thus, by applying the Lebesgue Dominated Convergence Theorem, as € — 0T, we obtain

1 1 1 1 1 1
ey = —Aag ( + ) |u|"®) dz 4 ( — ) |u|*® dz + ( — ) vj.
g r Q g S Q g S
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Then, by using (6.16) and Hélder inequality (Lemma , we achieve
1 1 1 1 1 1
— \ag ( + ) / lu|"®) dz + ( — ) / |u|*® da + ( — ) (morS)™
g r Q (o S Q g S
1 1 1 1 1 1
- )\ag ( + ) ( S\ + S 7) s(- s(0) + < - ) / |’U,|s($) dx
g T (%) (ﬁ) ) SO —r() o s Q

+ (le - ;) (morS) ™

Now, we will examine the possible cases:
(i) If ||u|m@ o) > 1, by Proposition we have

B r(z)-22) r(z) (& "
ﬁ:? < / 5 do < @ 3)

Q -
Hence, by (6:18) and (6.19), we get

ex > eiful@

]

O = xeall[ul @y + s,
) ()

o S o

13

(6.18)

(6.19)

Wherec1:(l—i) 02—a2(1—|— 1)(( )_—i-( 1 )||1|| SION andc;),:(l—i)(mof-@S)

Defining the function & : RT — R given by 51( ) = clt( ) — Acot (observe that ()™ > 1),

attains its absolute minimum at the point

1
Aco ) (s/m——1
"= ———— > 0.
(01(8/7“)‘

Moreover, note that 7~ < r(z) <7t < s~ and we have

(s/m)— 1
x _ Aco Gm==1 Ca G/m——1
& (t ) (1 ( (S/T) ) ACo <C1 (S/T‘)_)

(s/m)—

Ace (s/m)~ =1 S\~
= —_— 1 — —
“ <c1<s/r>) ( (7) )
(s/m)—
= —A\G/mT-1K,

where IC is a positive constant independent of A.
(ii) If [||u]"®)||.» <1, by Proposition we obtain
Zo)

/ ‘u|7"(96)
Then, by combining (/6.18] and -, we achieve

(O eaul"@

r()

ex = ea[ful]"®

s() + €3,
()

(6.20)

where ¢y = (£ = L), ca=az (£ + 1) (@%+(é),)”1\| =,\<>.) and 03:(l7%)(m0n5)

g S T o

Therefore, defining the function & : RT — R given by () = clt( )" — A\eat (observe that ()t >1),

admits absolute minimum at the point

1
A (s/m)T—1
t* - ( S e ) > 0.
(2)ta

Furthermore, analogously to the previous case (i), we get

(s/mT
Ea(t,) = —AT/HTIK,

where /I is a positive constant independent of .
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Therefore, by using (i) and (ii), we get

e > <1 - 1_> (RS)Y — K min {A(ij_l,ﬂi)“ }

(2 S

Then, due to , we obtain that J is empty, and consequently pg.)(un) — ps()(u) as n — 4o0. Thus,
from Lemma and Proposition we conclude that the sequence {u,}nen converges strongly to u in
L*C)(Q) as n — +o00. Thus, we conclude the proof of Claim 1.

Claim 2. We affirm that u,, — u strongly in X as n — +o0.

In fact. We have that ®/, ) (u,) — 0 in X', as n — +oo, and the sequence {uy }nen is bounded in X, then

p— 1 / —
0= nﬂrfoo@w(“”)’ Up — )

n—-+4oo

— lim My ( () / |Vt [P [V PO -2V, (Vi — Vi) d
Q (6.21)

— )\/Qf(x,un)(un —u)dr — /Q |un|s(z)_2un(un —u) dx}.

But, as {up }nen is bounded in X, by (a;), we have that {7 (up)}nen is bounded in R. Thus, by applying
the Bolzano-Weierstrass Theorem, there exists t € R* such that A (uy) — tasn — 400, and, as M is
continuous,

lim M, (o (un)) = M, (t) > my.

n—-+oo

By using (f2) and the Lebesgue Dominated Convergence Theorem, we get

lim ‘/\ fz,un(2))(un(z) — u(z)) de| = 0.

n—+4o0o Q

Also, by applying the Hélder’s inequality and since u, — w in LS(')(Q) as n — —+o00, we achieve

im Un (2) @) 20, (2) (un (z) — u(z)) dz| = 0.
| [ fun )20 ()0 0) ~ ) e =0

n—-+o0o

Therefore, follows from ((6.21) that

lim a(|Vtun [PV, |P@ 2V, (Vu, — Vu) dz = 0.
n—+oo [

Consequently, follows from [38, Lemma 8.2] that w,, — u strongly in Wol’p(')(ﬂ) as n — +oo, that is,

nEIJIrloo [V, — Vullp.y = 0. (6.22)
In particular, we point out that by the Holder’s inequality and (6.22]) follows that
lim / |Vt PP =2V, V (1, — u)da = 0. (6.23)
n—+o0o /o

Note that, if k3 = 0, we get from (6.22)) that u, — wu strongly in X as n — +o00. Now, let us consider
kg > 0. Then, since that {u,}nen is a bounded Palais-Smale sequence, by using (a1), (M1), (6.21), ,
and (6.23]), we obtain

on(1) = <¢;,A(un)vun — u)
= M,((uy,)) /Q a(|Vtun|P®) | Vit [P =2V 0, V (uy, — 1) da + 0,(1)

> O a(|Vun|P™®) |V, |P@2Vu, V (u, — u) dz + 0,(1)
Q

WV

C/ |V, [P =2V, V(ty, — 1) + [V |9 2V, V(u, — u) de + 0, (1)
Q

= C’/ |V, |1 =2V, V (u,, — u) da + 0,(1),
Q
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so, we get

limsup/ |Vt |7 =2V u, V (1, — u) dz <0,
o

n—-+oo
Therefeore, by Theorem E, we obtain u,, — u strongly in Wol’Q(')(Q) as n — +o0o, that is,
nll)rfoo |V, — Vull4y = 0. (6.24)

Then, we conclude, by (6.22)) and (6.24)), that u,, — u strongly in X as n — +oc.
This concludes the proof of the Claim 2.

7. A TRUNCATION ARGUMENT

We note that the Euler-Lagrange functional @, » is not bounded from below in X as shown in the following
lemma.

Lemma 7.1. The Euler-Lagrange functional ®, x associated with () is not bounded from below in X.

Proof. Let us take v € X \ {0}. Then, by using (f2) and (5.2), we have for each ¢ > 1 that
o (tv)
D, 2 (tV) g/ Mw(t)dtf)\/ F(z,tv)dz 7/ 5@
0
o.ml / |V (t0)[P@) do 4+ == wis / |V (t0)|7®) dz:

—|——/ |to|"(®) dm——/ |to]*@) dx

<@tp /|V,U|p ’J)dx—i— */ (V0|9 dy
Q

c 1 -
r r(x) _ s s(x)
+ p— t /Q |v|™*) da: pen t /Q |v]*'*) dz.

Therefore, since 1 < r~ <r(z) <rt <y~ <y(x) <7 < s~ forall x € Q, we get

|t ‘s(:r

tl}lﬁloo D, 2\ (tv) = —00.
(]

Now, we will follow the ideas of Alonso and Azorero (see [§]). We will use an argument of truncation to
obtain a new functional that will be bounded from below.
Remembering (a1), (M1), (f2), and Proposition 2.2 we have

lul*@ dzx

B o (u) B B L ()
_/0 M, (¢) dt /\/QF(J:,u)dx /Qs(x)|u| dx

Ko K2
>m — | VulP®) + H (k) |V W))d/ (@) g 77/ () dg.

min{ [ ull?). | Vul2)} + H(xs) minf |V

Bun(w) = Al () = [ Plowydo - [
Q Q

Note that

Va2 } = min{ [ Val 20, Va2 (7

Q()’| 7()"

Also, applying the Gagliardo-Nirenberg-Sobolev inequality (6.2)), we have

T o rt
/Q\UI @ dx < Jullycy + iy NulleeySe < [ Vully,
and

r(x 1 r 1 rt
/Q\u| ) dz < = [Vl + g IVl
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Now, we consider || Vu||, ) < 1, to build the truncated functional ®,, 5 associated with the truncated auxiliary
problem (., ). Hence, we achieve

/\CL2 )\a2

mOf%/ + 1 s 1 +
Dy (u) = ?HWII% S =[[Vull ) — S 7 |VU||T S s <= IVullse - WHVUH?)
Moreover, there is a positive constant C;. such that
1 — 1 t - o+
?HVUHV(.) + o IVulll oy < C(Vullh oy + 1Vullh ),
ST
and, since ||Vul|,) < 1, we have that HVUHT ||Vu||fyz) and ||VuH7() ||Vu||5 , thus
By (u) > |\VU\\7() AC:[Vully ) = CslVulle) = G Vully)), (7.2)

where 9, : [0, +oo[— R given by
moz%/t,)ﬁr
q+
We will show that there is A* > 0 such that ¥ assumes positive values for each A € (0, A*). Indeed, since
~T < 57, we can take f small enough such that

G\(t) = —AC, " —Cyt° .

mo‘%/?er 0. >0,
qt
and, we define
— 1 1 K-
A= — (mo O )
QCT fr qu

Thus, for each 0 < A < X, follows that ¥4,
q C

(
AR s omo gy T Y ogrT 3
) , we obtain ;—+t7 —AC,t" <0, forall 0 <t <t Since

On the other hand, taking t < (
C,t* >0, we have

G\(t) <

mMoX ot T <0
q+

for all ¢t < t. Then, as ¥, assumes positive and negative values and lim;_, o, % (t) = —o0, we conclude, by
the Rolle’s Theorem, that the function ¥, has exactly two roots, namely, 0 < Zo(\) < %4 ( )
The following lemma is fundamental to build our truncated functional.

Lemma 7.2. Assume (M1), (M2), (f1), (f2), (ao), (a1), and ([L3). Then
A—=0+

Proof. Since 9\(%o(\)) = 0 and ¥ (Zo(X\)) > 0, we have
m()%/ A
q+

Sakoly Al 4-470§%*-ﬂ (7.3)

and

+
%%>m%“ﬂ+c%*% (7.4)

for all A € (0,\*). Hence, combining (7.3) and (7.4)), we get

(Be-T)]

s

Therefore, as s~ > r™, taking limit as A — 07, we obtain

lim :%)0()\) =0.
A—=0t

0<%y < )\3—1,«—
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Remark 7.3. From Lemma we can consider \* € (0,\) such that

() ()
(1 - 1) (WS)N — K min {)\(f«)17)\(i)+1 } >0

g S

and %o(N) < min{l,to}, for each A € (0, \*). In particular, we have Zo(N\) < min{%#1(N), to,1}.
We consider a function 7 : RY — [0,1], 7 € C;*°(R{, [0, 1]), nonincreasing such that

1 it <AV,
7(t) —{ 0 ift}m?n{%ﬁ()\),l}-

We define the truncated functional @, , : X — R given by
_ 1
Bun(w) = Ao/ (W) = A [ Flacwydo = r(Jul) [ —fu" da,
Q a s(x)

for all A € (0, \).
Note that if [Jul < Zo(N), then [[Vull,) < Zo()), and, consequently @, (u) = Py 2 (u). Moreover, if
lull = [[Vully ) = max{Z1()\), 1}, then

T r (1) = Mo (7 (1)) — )\/QF(x,u) da.

Lemma 7.4. The functional ®,, \ is bounded from below in X.

Proof. Consider |u|| > |[Vu|,.) = 1. Following as in (7.2) and since that the norms || - || and || - ||, are
equivalent in X there are positive constants %7, J#5 such that

D2\ (u) = M, (A (u)) — )\/QF(x,u) dx

- +
= Jalul” = Al

consequently, as 1 < r™ < 47, it follows that 1y = 400 ®,, \(u) = +00. Then, we have @, , bounded from
below in X.
a

~ Now, we will prove a local Palais-Smale condition and a topological result for the truncated functional
[

Lemma 7.5. If ®,x(u) < 0, then |[Vul,.) < Zo and Oy, (v) = P\ (v) for all v in a small enough

neighborhood of u. Moreover, ®,, x verifies a local Palais-Smale condition for cy < 0.

Proof. Assume that @, 5(u) < 0. Supposing by contradiction that [[Vull,.) > %o, we obtain by the
construction of truncated functional that 0 > ®,, x(u) > % (||Vully(.)) = 0, which is a contradiction. Thus,
we conclude that [|[Vull,) < Zo and @, \(u) = ®y, x(u). Remembering that the norms || - ||,y and [ - ||
are equivalent, we get, for each u € B(0,%,), that there exists ¢ > 0 such that B(u,e) C B(0,%) and

Oy A (v) = Py a(v) for all v € B(u, ) once that [|[Vvl,) < Zo.

Now, we will prove a local Palais-Smale condition for @, at level ¢x < 0. Consider {up}nen a
Palais-Smale sequence at level ¢y < 0. Then, for n large enough, @, \(un) = @y a(un) — cx < 0 and

‘I)L,)\(Un) = @', x(un) = 0 in X. Moreover, since ®,,  is coercive, we get {u, }nen bounded in X. Also, by
Remark we have

(2 S

() )
(1 - 1) (morS)" — K min {A(i)_l PYCAS } >0> ey,

for each A € (0, A*). Therefore, from Lemma up to a subsequence, {up }nen is strongly convergent in
X. a

We will construct an appropriate minimax sequence of negative critical values for the functional 6% A
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Lemma 7.6. For every k € N\ {0} there exists (k) > 0 such that
7(6;,5)\) 2k,
where A € (0, %), 5;; ={u€ X :®,(u) < —¢}, and v is Krasnoselskii’s genus.

Proof. Fix k € N. Since C;>°(Q) C X has infinite dimension, we can consider X3, (X; C C{*°()) a k-linear
subspace of X. Note that %y < min{%1()),t, 1}, then, for any u € X with [Ju|| =1 and 0 < t < %, we get

By (tu) <2497 / VufP®) dy + L5844 / |VulP® dz
p Q q Q

art + st
_)\17/ Ju|"®) dz —
Q

WK WK3 - A
< L P8y A0t
P~ q- rt
WK WK - Aa
<(1+3>tp -2
p q
where
= inf {/ lu|"®) da - u € Xy, ||ul| = 1} > 0.
Q
Since X is k-dimensional, then the norms || - || and [ - [|,(.) are equivalent on X. Therefore, there is a
positive constant pj such that
1
Aaiay pm—rt
0 < pp < min{ %o, | ———— . (7.5)

o ()

Spr = {u € X« [ull = pr}-
We know that S,, is homeomorphic to SF=1, then, by Corollary ., we have ¥(S,,) = k. Also, as 7t < p~,
for any u € S, 1 and by .7 we obtain

D(t),x

Let us define

=Pu,» (Pk” H)
WK wr@g - ar o+
hadd S AL

<o KW + wn3> pii_r+ — @ak < 0.

D q
Thus, we conclude that there exists a positive constant € such that

D, (u) < —¢ for any u € S,
Hence, we achieve S, C 5;; and 7(5;;) >(S,,) = k. O
We define, for any k € N\ {0}, the set
r={C C X\ {0}:Cisclosed, C = —C and v(C) > k},

and the number

A
cpy = inf sup @, (u).
Celx wec

Lemma 7.7. For all k € N\ {0} and X € (0, \*), the number c} is negative.
Proof. Let A € (0,A*) and k € N. Due to Lemma for each k € N, there exists e > 0 such that y(®, ) > k.
We know that ®,,  is continuous and even, consequently 5;78/\ € I'y and

sup Dy, 5\ (u) < —¢.
ued, 5
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Therefore, since ®,, , is bounded from below, we obtain

—00 < 02 = inf sup 5w7>\(u) < sup Py a(u) < —e <0
Cely welC u6676>\

The following lemma shows the existence of critical points for the functional ®,, .
Lemma 7.8. Let k € N\ {0} and A € (0,A*). If cx = cp = cpq = ... = Cpyy, for some | €N, then
”Y(Kq) =1+1,
where K., = {u€ X : &, (u) =, 6;),\(10 = 0}. In particular, each c}) is a critical value of ®,, .

Proof. Let A € (0,A*) and k,l € N. We affirm that K., is compact. Indeed, let {u,}nen be a sequence in
K., . Due to Lemma we know that c) = c? = cgﬂ =...= Cﬁ+l is negative, and, by Lemma we
have the sequence {u,}nen is bounded in X and 6w7>\(un) = O, x(uy), for all n € N. By Lemma the
functional 5% A = @y at level ¢y < 0 satisfies the Palais-Smale condition in K, . Hence, it follows that K,
is compact. Furthermore, since 5w7,\ is even, K., = —K.,.

Suppose by contradiction that y(K.,) < I, since K., is compact, by the Proposition there exists a

closed and symmetric set U, with K., C U such that v(U) = (K., ) < l. Note that we can choose U C 527/\,

since ¢y < 0, K., C Eg,/\. Since 6%,\ = &, at any level ¢y < 0, by the Deformation Lemma we have
an odd homeomorphism 7 : X — X such that

—cx+0 ° —=cx—0
for some § € (0,—cy). Note that 63:5 C 527)\, because 6§ + ¢y < 0. By definition of ¢y = cp,, =

Célﬁﬁﬂ 2225w7,\(u), there exists A € Ty such that sup,c 4 Pwx(u) < cx + 8, which implies that A C 62;5.
Therefore, by , we achieve
(A=) @) - 0) c 25", (7.7)
We have A C m U U, so, it follows by the Proposition that
VA=T) 2 4(A) —4(U) > (k+1) ~1 = k.
Thus, since 7 is odd, by Proposition we obtain
Y(A=T)) 2v(A-T) > k.

Note that (A — U) is closed and symmetrical, then n(A — U) € ', Hence, we get

sup Byn(u)
uen(A-U)

WV
ES

¢, = Ca. (7.8)

. —ca—0 . . .
On the other hand, since <I>Zf » is closed and 7 is a homeomorphism, by (7.7)), we have

76)\75

nA-U)C P,y ,
which is a contradiction with (7.8). Then, we conclude that
V(K¢ ) 21+ 1.

In particular, we obtain K., # ), that is, ¢y is a critical value of 6%,\. O
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7.1. Proof of Theorem Let A* be the constant given in Remark and let A € (0,\*). Note that,
from Lemma[7.7] we have

r <y <y <o < By, 2(0) = 0.

We will consider two cases.

Firstly, if (;;‘ + c?‘, for all 4,5/ € N, j # j/, thisis, —co < &} <3 < ... <cp < ... < D, (0) = 0.
Moreover, due to Lemma each 02 is a critical value of 5% A. Consequently, we obtain infinitely many
critical points for ®,, x. Hence, the problem (.#)) has infinitely many solutions.

Now, if for some k € N\ {0} there is [ € N'\ {0} such that ¢ = ¢, this is,

A A A
Cx = Cp :Ck+1 :"':Ck+l7
hence, from Lemma [7.8] we achieve
V(Ke) Zl+122

Thus, from Proposition @ the compact set K., has infinitely many points, which are critical points for
®,, . Hence, the problem (. ) has infinitely many solutions. |

7.2. Proof of Theorem Let us consider A € (0, A\*) and u, a nontrivial solution of Problem (.#)) (see
Theorem . Note that, by Lemma we have

||V’U,)\H,Y() < %o < tg and EN’A(UA) = @w’)\(’LL)\) < 0.

We have the followign cases:

(I) If k3 = 0, by Lemma we have limy_,o+ ||Vua|[p) = 0. Thus, by (a1) and changing A* by other
smaller, if necessary, we have

K1 p~ *
o (u) < Vsl < to, YA€ (0,17)

(IT) If k3 > 0, by Lemma we obtain limy_,o+ [[Vull4.y = 0. Thus, by (a1), Wol’q(')(ﬂ) C Wol’p(')(Q),
p~ < q~, and changing A\* by other smaller, if necessary, there is a positive constant C, such that

K1 - K3 -
A (u) < FHVWHZ(-) + qi||VUA||Z(.)

R1 - R3 -
< SOVl + 22Vl

< (;C + :;f) ||Vux||§;) < to, ¥\ € (0,\").

Therefore, by (I) and (II), we conclude that
M, (o (u)) = M(a/(u)), VYA € (0,\%).

Consequently, u) is solution of the problem (42)) for each (0, A\*). Since the problem (.#)) has infinite many
solutions for each A € (0, ), it follows that the problem (4?y) has infinite many solutions for each A € (0, \).
Now, we will study the asymptotic behaviour of solutions to problem (£2)). We remember that

lull = [[Vuallpe) + Hiks) [[Vullqc)- (7.9)
We analyze the following cases:
(K1) If k3 =0, we know by Lemma and (7.9) that
li =1l \% 3 =0.
Jim fluall = tim [[Vuallpe
(K2) If k3 > 0, we obtain from the Sobolev embedding Wol’q(')(Q) C Wol’p(')(Q) and ([7.9) that
[uxll = IVuxllpe) + [[Vuallqc
<(C+ D)[[Vuallgey-

Thus, by Lemma [7.2] follows that
lim |juy| = 0.
A—=0t
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Hence, by (K;) and (Ksz), we conclude
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