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Abstract

In this paper, we consider Cauchy problem of a quasilinear Schrodinger equation which
has general form containing potential term, power type nonlinearity and Hartree type
nonlinearity. The space dimension is arbitrary, that is, it is larger than or equals to one.

First, we establish the local wellposedness of the solution and discuss the condition on
the global existence of the solution.

Next, we establish some conservation laws such as mass conservation law, energy conser-
vation law, pseudoconformal conservation law of the solution. Based on these conservation
laws, we give Morawetz type estimates, spacetime bounds for the global solution.

Last, we take two ideas to establish scattering theory for the global solution in different
functional spaces. The first idea is that we take different admissible pairs in Strichartz
estimates for different terms on the right side of Duhamel’s formula in order to keep each
term independent, another one is that we factitiously let a continuous function be the sum
of two piecewise functions and choose different admissible pairs in Strichartz estimates for
the terms containing these functions.

Keywords: Quasilinear Schréodinger equation; Spacetime estimate; Morawetz type
estimate; Scattering.

2000 MSC: 35Q55.

*E-mail: songxianfa2004@163.com(X.F. Song)



Contents.

1. Introduction.

2. Local well-posedness, global existence and pseudoconformal conservation law for the
solution of (1.1).

3. Morawetz type estimates based on pseudoconformal conservation law.

3.1. The proof of Theorem 3 in Case 1.

3.2. The proof of Theorem 3 in Case 2.

4. Spacetime estimates based on pseudoconformal conservation law.

5. Scattering theory for (1.3) in defocusing case and arbitrary space dimension.

5.1. Scattering theory in L?(R¥) for (1.3) in defocusing case and arbitrary space dimension.

5.2. Scattering theory in ¥ for (1.3) in defocusing case and arbitrary space dimension.

References.

1 Introduction
In this paper, we consider the following Cauchy problem:

iug = Au+ 2ub/ (Jul))Ah([ul?) + V(z)u + F(Jul®)u + (W * |u|?)u, z € RN, t >0 (1.1)
u(z,0) = ug(z), =€RN. '

Here h(s), F(s), V(z) and W(z) are some real functions, W(z) is even, N > 1. (1.1) can
be used to model a lot of physical phenomena, such as the superfluid film equation in plasma
physics if h(s) = s, physics phenomenon in dissipative quantum mechanics if h(s) = /s and
the self-channelling of a high-power ultra short laser in matter if h(s) = /1 + s. It also appears
in condensed matter theory and nonlinear optical theory, see [3, 5, 6, 24, 31, 33, 34, 36, 41,
42, 43, 44]. There are many interesting topics on (1.1), such as local wellposedness, global
wellposeness, decay rate and scattering phenomenon for the global solution.

First, we need to deal with the local wellposedness of the solution to (1.1). In convenience,
we always assume that h(s) > 0for s > 0, V(z) < 0and W(z) < 0 for z € R in this paper. We
say that (1.1) is in defocusing case if F'(s) < 0 for s > 0, while we say that (1.1) is in combined
defocusing and focusing case if F'(s) > 0 for s > 0 or changes sign. Other assumptions on V' (z)
and W (z) are as follows:

(WV1) If h(s) = 0 for s > 0, we require that V(z) € LP*(RY
p1 > max(1, &) and W(z) € LP2(RY) 4+ L>(RY) for some p; > max(1,

or

(WV2) If h(s) > 0,2 0 for s > 0, we require that V(z) € B>°RY), and W(z) €
LYRN)N{LP2(RN) + L>=(RN)} for some py > max(1, §). Here B>°(RY) denotes the space of
all functions in C°°(RY) such that all partial derivatives are bounded in R".

+ L®(RY) for some
)

~—

=2

We will prove that: Besides the assumptions on V' (z) and W (z), under certain conditions
on F(s), (1.1) posses a unique solution u € X, where

X = {we H'RY), / Vh(jw]?)[2dz < +oo}. (1.2)
RN
The asymptotic behavior and scattering phenomenon are very important and interesting

topics on the study of nonlinear Schédinger equation. Pseudoconformal conservation law is
essential for the study of the asymptotic behavior for the solution, Morawetz estimate is an



important tool to construct scattering operator on the energy space, see [4, 12, 14, 20, 21, 22,
23, 37, 38, 39].

However, two more interesting questions are as follows: 1. What is the relation between
pseudoconformal conservation law and Morawetz estimate? 2. How to establish the link between
pseudoconformal conservation law and spacetime estimate?

The first motivation of this paper is to obtain the answers of the two questions above.
To do this, we will establish Morawetz type estimates and weighted spacetime bounds based
on pseudoconformal conservation law, which reveals the relation among pseudoconformal con-
servation law, Morawetz type estimates and spacetime bounds. These results are also very
interesting discover in the study of quasilinear Schodinger equation in the following sense: To
our best knowledge, there are few results on Morawetz type estimates and weighted spacetime
bounds for the solution of (1.1) which contains potential and more general nonlinearities.

The second motivation of this paper is to show some applications of spacetime estimates
for the global solution. To do this, one thing is to consider the asymptotic behavior for the
solution of (1.1) as ¢ — 400, another one is to establish scattering theory for (1.1) in the case
of (WV1), i.e.,

{ iug = Au+V(@)u+ F(luH)u+ (W x ju*)u, 2 € RN, t >0, (13)

u(z,0) = up(z), xRN,

Many authors obtained scattering results on (1.3) when at least one of V(z) =0, F(|u|*)u =0
and W (x) = 0 holds. We can refer to [2, 7, 8, 10, 12, 14, 15, 16, 17, 18, 19, 20, 22, 25, 29, 30,
35, 38, 45, 46, 47, 48, 49, 50, 51] and the references therein. Especially, in Chapter 7 of the
book [12], Cazenave introduced systematically the scattering results on the Cauchy problem of
tu; = Au+|u|*u. There are also many scattering results on the Cauchy problem of Schréodinger
equation containing either power type potential or Hartree nonlinearity, see [1, 9, 11, 26, 28, 32].
However, to our best knowledge, there are few scattering results on the following special case
of (1.3), i.e., containing both power type potential and Hartree nonlinearity,

[z]™ [z]"™

iug = Au — 4w — blu?Pu — (5 * |ul?)u, =€ RV\{0}, t>0 (1.4)
u(z,0) =up(z), z€ RNv '

a#0,b#0and c # 0, let alone in the general case of containing both V(x) # 0, F(|u|*)u # 0
and W(x) £ 0.

Since we will establish several theorems, we will state and prove them in the corresponding
sections and don’t state the precise expressions of them here. However, we would like to say
something about them roughly below.

1. About the conditions on global existence of solution to (1.1) in the case of (WV2), if
F(s) = Fi(s) — F5(s) in the combined defocusing and focusing case, Fi(s) > 0 and Fy(s) > 0
for s >0, G1(s) = fos Fi(n)dn, then a criterion is to find

0<vy<1, ~'>1 satisfying

such that
1G1 ()] < exs, [|G1(s)]]" < h[s® +h(s)]* when h(s) #0.

2. We will establish pseoduconformal conservation law, which is essential for the study of
the asymptotic behavior for the global solution of (1.1). Based on it, we give Morawetz type



estimates, which reveals the relation between pseoduconformal conservation law and Morawetz
type estimate.
3. About the decay rate of the solution to (1.1), we obtain

1 C
/RNHV/”L(IUIZ)I2 + V(@)[uf* + [Gr([ul)] + |Ga(ul®) + S (W] uf)ul*)de < —
for some 0 < ¢ < 2 and asymptotic behavior

C
\/ |Vu(z, t)|?de — 2F(up)| < — lim |Vul2de = 2E(up).
) to5+too RN
under certain conditions.
4. Under certain assumptions, we establish Morawetz type estimates such as

00 2 2 2 2v1,,121¢
/+ / [VA(ul®)? + [V (@)[[ul? + |Gi([ul®)| + Ga([u®)] + 5 (IW ] * [ul?)|u]?] drdi
]RN

a(z,1)
< M (uo, ),

and weighted spacetime bounds such as

+00 2 %
||G1(|u|2>||L$U(R+)L{U(RN) = (/0 (/RN w(x7t)[|G1(|u2)|]rdx> dt) < C(uo,,q)-

5. Under certain assumptions, we establish classic scattering theory for (1.3) with general
V(x), F(jul*) and W(x),

e u(t) —uy|p2 =0 as t — +oo.

Especially, if V(z) = 0 and W (z) = 0, we can obtain the scattering result on (1.3) with general

F(luf?)

A u(t) —uy|s =0 as t— +oo.

To establish the scattering results, in the course of proof, we factitiously let a continuous
function be the sum of two piecewise functions and chose different admissible pairs in Strichartz

estimates for the two terms. For example, let = Vi(z) + Va(z), where

‘Ilnl

=, 0< |z <1 0, 0<|z|<1
— |a:|m7 — b — 9 — 9
e { 0, lal>1, and Va(@) =) L7 g

‘m‘ma

Then we have

zsA zsA
[ e mutelast = I [ @S Wat)uts) + Vateyu(e)ldsli
<1 [ e Viudsle + | [ @S Vaauts)is]

S

’
4

i /tT (/ Vj(x )uﬁ'dx) Tar| (1.5)



Here (gj,75), j = 1,2, are admissible pairs, ¢; and r} are the conjugated exponents of ¢; and
T; respectively.

The organization of this paper is as follows. In Section 2, we will give the local well-
posedness result, prove mass and energy conservation laws, obtain some sufficient conditions on
the global existence of the solution to (1.1) and establish pseudoconformal conservation law. In
Section 3, we will give Morawetz type estimates based on pseudoconformal conservation law.
In Section 4, we consider spacetime bound estimates for the solution. In Section 5, we will
establish scattering theory for (1.3) as the applications of these estimates.

2 Local well-posedness, global existence and pseudocon-
formal conservation law for the solution of (1.1)

In convenience, we will use C', C’, and so on, to denote some constants in the sequels, the
values of it may vary line to line.

First, we state the local well-posedness result below.

Theorem A. 1. Assume that h(s) = 0, V(x) and W (x) satisfy (WV1), ug € HY(RY),
F(s)=Fi(s)+...+F(s) when N > 1, or F(s) = F1(5)+...+Fm(s)fA5%’1 with A > 0 when
N > 3 where each Fj(s) is continuous in s and for every K; > 0, there exists L(K;) < 400
such that

(Fy(uf2)u — Fy(jof2)o] < LK) — o]

for all lu],|v| < K, j =1,2...,m. Furthermore,

L(K;) € C([0,+00)) if N=1
@2.1)
L(K;) <C(1+K{7) with0<a; <545 if N>2

Then there exist a unique, strong H'-solution u of (1.1) defined in a maximal interval
(0, Tmax) :

2. Suppose that V(x) and W (x) satisfy (WV2). For any K € Z+, 08XW(x) € LY(RY),
F(s),h(s) € B>=([0, M],R) for any M >0 and uy € H*RN), N > 1.

Then there exist a > 0 and a unique solution u € C*([0,a], H*(RN) of (1.1).

Proof: 1. By the classic results on semilinear Schrédinger equation(see Theorem 3.3.1 in
[12]), the conclusion in Case (WV1) is true.

2. Case (WV2). By the results of Theorem 1.1 in [13], Theorem A in [27]) and Theorem 6.4
in [40]), we only need to verify that for any J € Z+ and M > 0, (W * [u|?) € CJ (RN x By (0)),
where By (0) = {z € C: |z| < M}, while G}/ (RN x By (0)) is the space of all functions a(z,u)
such that all of the k-order(k = 0,1, ..., J) partial derivatives are bounded on RY x Bj/(0). In
fact, since 95X W (z) € L*(RY), denoting (W * [u|?) = a(z,u), it is easy to verify that

W < ful’) = [ Wla = )lut)Pdy € G R x B0,
@ W xluf) = [ 9W(a = p)lutr)Pdy € G (RY x Byr(0)

for any J € Z* and M > 0. Therefore there exist a > 0 and a unique solution u €
CL([0,a], H*®) of (1.1). O



We prove a lemma as follows.

Lemma 2.1. Assume that u is the solution of (1.1). Then in the time interval [0,t] when
it exists, u satisfies

(i) Mass conservation:

miw = ( [ Jutear) = ([ |uo<ac>|2d:e>é — m(uo):

(i) Energy conservation:

E(u) = %/RNHVM? + |VA(|ul?)|?]dz — ;/]RN V(2)|ul?dx
- %/RN G(jul*)dz — E/RN(W * |ul?)|ul?dz = E(uo); (2.2)
(i) ]

— \x|2|u|2dx:—4%/ (z - Vu)dz;
dt RN RN
(iv)
5 [ e vy
—_ u\x - u)ax
dt\s RN
:72/ |Vu\2dz—(N+2)/ |Vh(Jul?)|*dz
RN RN
fSN/ h”(|u\2)h’(\u|2)|u\4|Vu\2dzf/ (z - VV)|u|?dzx
RN RN

N A e e A e R )

Proof: (i) Multiplying (1.1) by 2&, taking the imaginary part of the result, we get

%MQ = 3(2uAu) =V - (28aVu). (2.4)

Integrating (2.4) over RY x [0,¢], we have

/\u|2dﬂc:/ luo|?de,
RN RN

which implies mass conservation law.

(ii) Multiplying (1.1) by 24, taking the real part of the result, then integrating it over
RN x [0,], we obtain

[ 6P+ [Fh(u?)Pldo— [ Vio)luPda
RN RN

1
- G(|u|2)dx—f/ (W s |ul?)|u)?dzx
RN 2 Jr~
= [ 19wl + [Vh(luoP)Plde ~ [ V(@)luoPda
RN RN
1
- [ GlluoPyde =5 [ fuoPlufdz,
RN RN



which implies energy conservation law.
iil) Multiplying (2.4) by |z|? and integrating it over RV, we get
ying Y g g g

2| dz :/ 22V - (23(aVu))dz = —43/ iz - Vu)da.
N RN

a
dt RN

(iv) Let a(z,t) = Ru(x,t) and b(z,t) = Su(x,t). Then

N N
d _
%Q/RN u(x - Vu)dz = /RN ;[xk(bt)zka — zp(ay)z, bldx + /RN ];(xkbzkat — Tpay, by)d

772/ |Vu|*dz — (N + 2) /RN \Vh(|u|?)|?dx

—8N/ (A (Jul?)|ul |Vu|2dac—/RN(x~VV)|u\2dx
e [ PP - Guas - [ T s,

Lemma 2.1 is proved. O
Next, we establish some sufficient conditions on the global existence of the solution.
Theorem 1. Let u(x,t) be the solution of (1.1) with ug € X. Assume that V(z) < 0,

W (z) <0 forx € RN, and satisfy (WV1) or (WV2), F(s) and h(s) satisfy the assumptions of

Theorem A. Then u(z,t) is a global solution in one of the following cases:

Case 1. Defocusing case, i.e., F(s) = F3(s) <0 for s >0, N > 1, and the initial data ug

satisfies 0 < M(up) < 400 and 0 < E(ug) < 400;

Case 2. h(s) # 0, F(s) = Fi(s) — Fa(s) in the combined defocusing and focusing case,

Fi(s) >0 and F5(s) >0 for s >0, N > 3, and there exist ¢1,c},ca,ch >0, 0<~1,%1 <1 and

Y2,%2 > 1 such that

2*(1—’}/1) 2*(1—’?1)

20n =) 2 29
1G1()1™ < ers, [Ga(s)]™ < fls? + h(s)]* for 0< s <1, (2.6)
G ()] < eas,  [IGa(5)[17? < h[s? + h(s)]* for s> 1, 2.7)

besides 0 < E(ug) < +00, the initial data ug satisfies

2"(1—m) 2"(1—") 2 VR (92 -1 1
=1, L <1, (ci|lu N (2 105 f <o,
S =1 eI <L (ol Fo )<
or
Z=m) <1 20 =) 1, (eallul22) % (22 ~1eyCy)~ < E
202 -m) 7 202-%) g “ 4
or ,
2"(1 =) 2°(1— %) 2 V292 -1 ez 1
il Gt £ VA U I it 4D eilluol|2.) ¥ (22 ~1e0,) 7 < -
2(72 — ) 2(%2 — 1) jz_:l( illwollz2)¥ € iCs) 4
Here Gy( fo =1,2) and G(s) = G1(s) — Ga(s), Cs denotes the best constant in

the Sobolev S mequalzty

/ w? de < O </ |Vw|2dx> for any w € H'(RY). (2.8)
RN RN



Remark 2.1. Before we give the proof of this theorem, we would like to point out that

there exist functions satisfy the assumptions of this theorem For example, if h(s) = sP,
fl()—spandp>2* 1,thenwecantake’yl:p—j_1,72 p+1 Ifh()—sp fi(s) = sP + s¢
and p > 2* 7, P < ¢ < 2"p—1, then we can take 71, 72 as above, while ¥1 = —5 and ¥2 = ;ﬁ.

The proof of Theorem 1:
Case 1. By energy conservation law and the assumptions on V(x), W(x), we have

B = 5 [ I9uf +1Vh(u)Plda+ 5 [ V@)l
+ % /RN |G (|u]?)|dz + i/RN(|W| * |ul?)|ul?dr = E(ug) < +oo. (2.9)

Case 2. Note the fact

2 2"

[ Gt e Yteoll) F g0t ([ 19ue 4 1wnuppas) ™ 210)

Here
1 1- 1 -1 1 1-—7 1 o — 1
- = 7717 = = 72 9 ~ = = f}j.l ) =7 — = ’yz . (211)
T1 Y2 — 71 1 Y2 — M ) Y2— M T2 Y2 — N
2%(1 — 2%(1 — 7 " 2 1
PU=) g 20T g (g g2 F (22 10 R < 2
2(v2 — ) 2(%2 — 1) 4

applying Young inequality to (2.10), we obtain

[ (Guuldz <€+ 5 [ [9uP + Th(juP)Plda, (219)
RN RN

Similarly, if

2°(1 — 1) 2°(1 —%1) 2 V2 52%—1 N-2 1
— <1, —/——= =1, collu N (2 AC) ™ < =
30— 1) 3G =51 (calluollz=2) ™ ( 5Cs) 1
applying Young inequality to (2.10), we get
1
/ G(Jul?)|dz < C + f/ (Vul? + |VA(|ul?) 2l dz. (2.13)
RN 4 RN
I )
2"(1 =) 2°(1 =) 2 e, N2 1
:]_, 7~ = Cillu N 2 Cs N VRl
e =) ) 223 luoll?2) )T <y
(2.10) becomes
: . = 2 2v)2
[ 16l < (e uolli) T €)% [ 6P + ()l
=
1
1/ (Va2 + [Vh(ul?) 2da. (2.14)



Noticing (2.12)—(2.14), in any case, we have

1 1
3 /RN[IVUI2 +IVA(ul)? + [V (@) [|ul* + |Ga(juf)[Jdz + 5 /RN(IWI * [ul?)[uldz

1 1
= BE(ug) + 5/ |G1(|u)?)|dz < C + Z/ [|[Vul? 4+ |[Vh(|ul?)|*]dz, (2.15)
RN RN

which implies that
/ |Vu|2dx+/ \Vh(Jul?)|?dx < C.
RN RN

Theorem 1 is proved. O
Now we state pseudo-conformal conservation law as follows.
Theorem 2. (Pseudoconformal conservation law) Let u(x,t) be the global solution
of (1.1), V(z) <0, W(z) <0 for x € RN, and satisfy (WV1) or (WV2), F(s) and h(s) satisfy
the assumptions of Theorem A, ug € X and xug € L*(RYN). Then

P(t) :/ |(3:—22'tV)u|2dx—|—4t2/ |Vh(|u\2)|2dx—4t2/ G(lul?)dz
RN RN RN
—4t2/ V(x)|u|2dx—2t2/ (W + Juf?)|ul2de
RN RN

= zuo|?dx t’T T)dT. .
_/RN| o|2d +4/0 o(r)d (2.16)
Here
o(t) = /RN —4AN 20" ([ul*)h' (Jul*)[uf® + (B (Ju[*))?]Ju|* | Vu[*dz

= [N +20G(u) = NF () fu o

_ /RN 2V + (z - VV)]|ul?dz — /RN ([W+ @] * |u|2) lu|?dz. (2.17)

Proof of Theorem 2: Assume that u is the solution of (1.1), ug € X and zug € L2(RY).
Using energy conservation law, we get

P(t) = / loul2de + 45 / iz - Va)dz + 82 (uo). (2.18)
RN RN

Recalling that

i/ || |ul|?dz = —4%/ a(z - Vu)dz,
dt Jp~ RN



using (2.18), we get

P'(t) = 4 / |zu|?dx + 4%/ w(x - Vu)dz + 4ti%/ a(x - Vu)dz + 16t E(ug)
dt RN RN dt RN

= 4t£$/ (z - Vu)dz + 16tE (ug)
dt ~ Jr~
= 4’«‘/ —AN2R" ([ul*)1' ([ul*)[ul* + (B ([ul*) 2]l Vul*de
RN

+4t/RN[N\u|2F(\u|2) _ (N+2)G(|u|2)]dx,4t/ 2V + (2 - VV)][ul2dz

RN
- VW
~at [ ([W L@V, |u|2> uf2dz. (2.19)
o 2
Integrating (2.19) from 0 to t, we obtain (2.16). O

3 Morawetz type estimates based on pseudoconformal con
servation law

In this section, we will establish Morawetz type estimates based on pseudoconformal con-
servation law.

Theorem 3. Let u(x,t) be the global solution of (1.1) in energy space X, ugp € X and
zug € L2(RY). Assume that V(z) <0, W(z) <0 for z € RN, and satisfy (WV1) or (WV2),
F(s) and h(s) satisfy the assumptions of Theorem A, the space dimension N > 1 in defocusing
case, N > 3 in combined defocusing and focusing case, 0 < M (ugp) < +00 and 0 < E(ug) < +00.
In addition, suppose that h(s) > 0,% 0, F(s) = Fi(s) — Fs(s) in the combined defocusing and
focusing case, Fi(s) > 0 and Fy(s) > 0 for s > 0, and there exist c3,c5,cq,¢) > 0,0 < y3,93 < 1
and Y4,754 > 1 such that

2°(1—93) 2°(1—73)
2(y4 —s) b 294 — 73) b 3.1)
4
Crug) 1= D (cslluoll22) ¥ (22 ~1ejCo) "7 <1 (32)
=3
1G1 ()17 < ess, [|Ga(s)[]"* < eh[h(s)]* for 0 < s <1, (3.3)
(IG(s)]72 < eas,  [|Ga(s)|]7* < cy[n(s)]? for s > 1. (34)

1. Assume that [2h" (s)h'(s)s
(N +2)G3(s)] >0 fors >0, [2V
Estimate (A):

+(h'(8))?] >0, [([N+2)G1(s)— NFi(s)s] > 0 and [N Fy(s)s—
+ ]

(- VV)] >0 and 2W + (2 - VW)] > 0 for z € RN. Then

dxdt

/C’O/ IV A(u®) + [V (@)ul? + G (jul?)] + |G (lul?)] + LW * [u]?)]uf?]’
o Jry ay(z,t)

< M (uo, 0), (3.5)

a(zx) satisfies a(lw) € Lﬁ(RN), 2 <0 <1, My(uo,0) is a positive constant depending on ug

and 6.

where the function ay(z,t) satisfies ai(x,t) > a(x) >0 for z € RN and t > 0, and the function
1

10



Estimate (B):

/“/ £ [[VA(ul)2 + V(@) [Jul® + |G (Jul)| + [Ga(|ul*)| + 5 (W] [ul)ul?] ,
0 RN

as(x,t)
< My (uo, k), (3.6)

where the function as(x,t) satisfies ag(w,t) > b(x) +t* forz € RN andt >0, 1 < k < 3 if the
function b(x) satisfies b(x) > 0, or 1 < k if the function b(x) satisfies b(x) > b > 0; Ma(ug, k)
is a positive constant depending on ug and k.

Especially, let b(z) =0, k = 2, then

Estimate (C):

L7 IR + 1Vl + Gl + ol + S0 ol s
< M3(uo). (3.7)

Here M3(ug) is a positive constant depending on .
2. Assume that
(i) —k1 (R (s))? < [2h"(s)h'(s)s + (h'(s))?] < 0 for some k1 > 0;
(ii) —k2|G1(s)| < (N +2)G1(s) — NFi(s)s <0 for some ky > 0;
(ii3) —k3|G2(s)| < NFy(s)s — (N + 2)Ga(s) <0 for some k3 > 0;
(i) —ka|V| <2V + (z- VV) <0 for some ks > 0;
(v) —ks|W| <2W + (x - VW) <0 for some ks > 0.
Let

[l = HlaX(N]{il,kg,kg,k4,k5). (38)

Then
Estimate (D):

dxdt

/“/ 2 [[VA(ul*)? + |G (Jul®)| + [Ga(jul®)| + [V (@) |ul® + 5(IW] * |u]*)|ul?]
0 RN a3(.73,t)
< M4(U07]{7,l) (39)

Here the function as(w,t) satisfies az(w,t) > (c(x) +t)* forx € RN andt>0,1+1<k <3
if | < 2 in defocusing case, k > 1+ % in combined defocusing and focusing case, if
the function c(x) > 0. While | + 1 < k in defocusing case, k > 1 + % in combinied
defocusing and focusing case, if the function c(x) > ¢ > 0. My(ug, k,1) is ‘a positive constant
depending on ug, k and [.

Especially, if c(x) =0,1 <1 and k = 2, then

Estimate (E):

L7 [onay + ieatu )+ 1Gau + @l + S0« ) 1?] s

Here Ms(ug,l) is a positive constant depending on ug and l.
We divide this section into two subsection according to Case 1 and Case 2.
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3.1 The proof of Theorem 3 in Case 1

In this subsection, we prove Theorem 3 in Case 1.
The proof of Theorem 3 in Case 1: First, we give estimates for

/ O(V,u, W)da ::/ IVA(ul)? + |G1(Jul?)] + |Ga(|ul®)[Jdz
RN RN
+/RNHV(I)HUIQ+ %(IWI * [ul®)ul*|da

in two subcases.
Subcase (1). Defocusing case, N > 1. By energy conservation law, we get

/ O(V,u, W)dz < 2E(ug) for t > 0(especially for 0 <t < 1).
RN

Using (2.16) and (2.17), we have

C(UO)
4¢2

4t2/ <I>(V,u,W)dx§/ |zug|da, / O(V,u, W)dz < for t > 1.
RN RN RN

Here
C(uo):/ |zuo|*d.
RN

Subcase (2). Combined defocusing and focusing case, N > 3.
By energy conservation law, we get

[1 = Cr(uo)] /RNHWL(IUIQ)I2 +V(@)lul? + |G2(|ul*)] + %(\Wl « Jul?) ul?]dz

< / IVAR(ul*)? = G (Jul)] + |G2([ul*) + [V (2)]|uf* + %(\Wl « Jul?)[ul?]dz
RN

= QE('LL()),

and

2E(uo)

1
VAlul®) 2 + 1V 2 G (ul? (W Hul?lde < ————
/RNH ()7 + IV @)lul” + |G2(lul)] + S (W] ul)|uf]de < [1— Cy(uo)]’
consequently,

2E(up)[1 + Cr(uo)]
[1 = Cr(uo)]

/ O(V,u, W)de < for t > 0 (especially for 0 < ¢ < 1).
]RN

Using (2.16) and (2.17), we obtain

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

1= o) (462 [ [P+ V@I + (Gl ide 2 [ (] ul®ufa

<= Colw)d? [ VA(u) P+ 48 [ V@l + (Galluf?) s

+2t2/ (|W\>«<|u\2)|u|2dw§/ |lzuo|2dz,
RN RN

12



which implies that

/RNHVh(\uF)FHV( o)|[uf® +[Ga(lul*)] + (IWI « [uf®)ul?|dz

C(uo)

= 41— Cr(uo)?’ (3:17)

and consequently

C(uo)[1 + Cr(uo)]
A1 = Cr (w2

/ O(V,u, W)de < for t>1. (3.18)
RN

Now Morawetz estimates can be proved below.
Estimate (A):
For any 1 <0 <1, ai(z,t) > a(z) and ﬁ € LTIO(RN), using (3.12)—(3.18), we have

/ /RN ZZ:V d:cdtg/ol /RN [(I)(V;’LZ;)VV”Odmdt
1-6
< [/O Cdt—s—/:o g;dt] (/RN [a(m;dx> < M (uo,0). (3.19)

Estimate (B):
Ifb(x) > 0,1 <k <3, we get

//t2 Vqudt<//t2 Vuw)ddt
RN agl‘t RN +tk

RN RN

If b(z) > b>0, 1 < k, we obtain

2 0o 2
/ / tcbqu)d dtg/ / EOV,u W)
RN RN b(x)+tk

Cct? el
g/o Tdzf+/ t—kdtSMé(uo,k). (3.21)

Especially, if b(z) = 0 and k = 2, we have
Estimate (C):

L7 R 1G4 V@l + S0« )]
0 RN
< M3 (uo). (3.22)

3.2 The proof of Theorem 3 in Case 2

In this subsection, we prove Theorem 3 in Case 2.

The proof of Theorem 3 in Case 2:

Estimate (D): We prove it in two subcases.

Subcase (i). Defocusing case, N > 1. By energy conservation law, we also have

/ O(V,u, W)dr < 2E(ug) for t > O(especially for 0 < ¢ < 1).
RN

13



Letting

t
:4/ 7'/ O(V,u, W)dzdr,
0 JRN

tA'(t) g/ |zug|*dz 4+ LA(t) = C(ug) + LA(t),
RN

using (2.16) and (2.17), we have

ie.,

Al(t) <

Applying Gronwall inequality to (3.24), we get
t
A(t) <elt %d"[A(1)+/ o) = i e gy < (4B (up) + C(l“(’)]tl
1 n
for t > 1. (3.24) and (3.25) mean that

/]RN O(V,u, W)dz < 12 + pYEE for t > 1.

In defocusing case, for ¢(z) > 0,1+ 1 < k < 3 if | < 2, we obtain

2 2
/ / e V“det</ / e VUW)dmdt<C
RN agxt RN

Similarly, for ¢(z) > ¢ >0, [+ 1 < k, we have

2 2
/ / t°® Vqudt</ / t°® Vuw)ddt<()
ry  as(z,t) RN

Subcase (ii). Combined defocusing and focusing case, N > 3. Recall that (3.16)

[1 - CT(UO)}

/ O(V,u, W)de <
RN

for t > O(especially for 0 < t < 1).
Using (2.16) and (2.17), we get

(1= Colw)d? [ [VH(uP)Pde 48 [ (V@) + (Gauf?) s
Lot /RN(|W|*\u| Yul2da
C(ug) + 41[1 + Cy (uo)] / . /}R VRGP P+ V(@) ol + [Ga(lul)

1
+ S (W uf)[uf*)dudr.

Letting

B(t) = 4/0 T/RN[IVh(Iu\Q)Ide+ V(@)[ul® +[Ga(|ul*)] + %(IWI  [uf?)|uf*)dzdr,

14

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



we have from (3.29)

Clu) ML+ Crluo)l iy (3.30)

/ ]
B < 5= tuoft T 1= 0wt

Applying Gronwall inequality to (3.30), and using (3.15), we obtain

A E (ug)[1 4+ Cp(uo)] + Cluo)[1 — Cr(uo)] ]tl[1+cr(ug)]

B <l I~ C%(ug)] e

and

[ IRARI? + IV @ll? + 5 o) ol
Clug) _ AIB(uo)[1 + Cyluo)] + Cluo)[1 = Co(uo)]

2 U[1+Cyr(ug)]

= A1 — Oy (up)]t2 A[1 = Cy(ug)|2t?~ T-0rtao)

(3.31)

for ¢t > 1. Consequently,
1 1
O(V,u,W)de < C 7] + PSR (3.32)
RN t 1—-Cr(ug)

for t > 1.
Similar to (3.27), in combined defocusing and focusing case,

2 00 2
/ / re,, W)d dtg/ / POV W) i < ¢ (3.33)
RN 0 RN (C(

as(z,t) x) +1)

for c(x) >0,k >1+ % Combining (3.27) and (3.33), we have

2 o0 2q)
/ / PV u W) 4, dtg/ / oV W) bogr < . (3.34)
RN (13 Z, t 0 RN (C(l’) +t)

Similarly to (3.28), (3.33) in combined defocusing and focusing case,

2 2
//t V”det</ /t Vuw)d:cdt<0 (3.35)
RN agl‘t RN

for e(z) >e¢>0,k>1+ M Combining (3.28) and (3.35), we get

2 2
//tq)V“deK/ / tq)vuw)dxdt<M4(uo,kl) (3.36)
RN agl‘t RN

Estimate (E):

Especially, if ¢(z) =0, k=2,1 < Lrg Eu‘);, by the discussions above, we have

/OO/ O(V,u, W)dadt < Ms(u,1). (3.37)
]RN

Remark 3.1. 1. The assumptions of Case 2 can be weaken as: Assume that at least one
of (i)—(iv) holds. And the corresponding value of [ can be take one of Nky, ko, ks and 2k,.
2. By the proof of Theorem 3, in defocusing case, we obtain

/ |(x — 2itV)u|*dz < C in Case 1, / |(z — 2itV)u|?dz < Ct' in Case 2.  (3.38)
RN

RN
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4 Spacetime bound estimates based on pseudoconformal
conservation law

In this section, we will establish spacetime bound estimates based on pseudoconformal
conservation law.

Theorem 4. Let u(z,t) be the solution of (1.1) in energy space X, ug € X and zug €
L2(RYN). Assume that V(x) <0, W(z) <0 for x € RN, and satisfy (WV1) or (WV2), F(s)
and h(s) satisfy the assumptions of Theorem A and Theorem 3, the space dimension N > 1
in defocusing case, N > 3 in combined defocusing and focusing case, 0 < M(ug) < +00 and
0 < E(ug) < +o00. Then

Bound (F): Weighted spacetime bound

(/Om (/RN w(z,t) [D(V, u,W)]edx)pdtyl) < C(ug,p,0). (4.1)

O(V,u, W) = [VA([ul*)]* + |G1(Jul*)]| + |Ga(Jul*)] + [V (2)]|ul* + %(IWI *ul)ul®. (4.2)

Here

0 <0 <1, wx,t) satisfies (wl) 0 < w(x,t) < ¢y, for allx € RN andt > 0if 0 = 1, or
(w2) 0 < w(x,t) for allz € RN and t > 0, [pn |w(x,t)\ﬁdac <d,if0<f<1,p>in
defocusing case, and

1 [1 = Cy (uo)] 201 — C, (ug)]
p>max(2e o12(1 cr<uo>>—zu+cr<uo>>]>’ O U5 Cr )

in combined defocusing and focusing case.
Moreover, if N > 3, then
Bound (G): Weighted spacetime norm

G () oy o) = ( [ ([ weonciupira)’ dt)é

S C(““OaﬂQv’Yl;’YQaﬁ/lv:yQ)' (43)

Here 1 <71 <7y, 1 <71 <, w(z,t) satisfies (w1) 0 < w(z,t) < ¢, for allz € RY andt >0 if
s
1<7r <7, 1 <7<, or (w2) 0 <w(x,t) for allz € RN andt >0, [pn |w(z,t)|7Tde < d,
for some 1 <6 <22 <y and1 <6 <22 < 5.
g>rele=y) oGz —h)
2%(ro — ) 2%(ro — 1)

for combined defocusing and focusing subcase of Case 1 in Theorem 3,

2ro(ya — 71 [1 - Cy(uo)]

)
17 3 (ro —)2(1 = Cr (o)) — (1 + Cr(ug))]’
2ra(Fa — 41)[1 — Cr(uo)]
92 3 (ro — A 2(1 = Oy (ug)) — 11 + Cy(w0))]

0<l< W for combined defocusing and focusing subcase of Case 2 in Theorem 3, where

o= 1if (wl) holds, while c = § if (w2) holds.
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Proof of Theorem 4: Similar to (2.10), we get

2

o oo EN
Jos 6100 < 3 el 27 200 [ 9h) P

- C’T(uo)/RN IV h(jul?)Pdz. (4.4)

it N> 3. 7, 7{, T2 and 7 are the same as those in (2.11).

Bound (F): We will prove (4.1) in three cases. We only give the details in Case (I), the
proofs in Case (II) and Case(III) are similar to that in Case (I).

Case (I). Defocusing subcase in Case 2 of Theorem 3. In this case,

/ O(V,u, W)de < 2E(ug) for 0<t<1,
RN

C(uo) i [41E (ug) + C(uo)]

12 12 for ¢>1.

/ O(V,u, W)de <
RN

We discuss it in two subcases.
Subcase (i). 0 < w(z,t) < ¢, forallz € RN and t > 0 if § = 1. By (3.12) and (3.26), we

obtain
([ ([ steononwiar) a)

< cu ( /O (9B (ug)|Pdt + /1 o <Ci:20) + 4ZE(Z(;22J_FZ)O(UO))pdt> <C. (45)

B =

Subcase (ii). 0 < w(z,t) for all z € RN and ¢ > 0, [pn Jw(z ) Trdr <

we get
</O+Oo (/RN w(z, )[RV, W)]eda:>p dt) ’
S </O+oo {(/RN lw(m)llgdx) - (/RN 2Vu, W)dx)e}pdty <C. (46)

Case (II). Combined defocusing and focusing subcase in Case 2 of Theorem 3. In this

if0<6<1,

w

case,
/ S(V,u,W)de <C, 0<t<1, (4.7)
RN
1 1
RN 57 T=Cr(ug)

Similarly, we get

</O+OO (/RN w(z,t)[P(V,u, W)]odx>pdt>; <C. (4.9)

Case (III). Case 1 of Theorem 3. In this case,

O/
/ O(Viu,W)de <C for 0<t<1, / O(V,u, W)dzx < — for t>1.
RN RN t

17



Similarly, we have
(4.10)

(/0+°° (/RN wiz,)[@V,u, W)]de>p dt) ’ <c

Bound (G): We only give the details in Case 2 in combined defocusing and focusing case
of Theorem 3, the proof in Case 1 in combined defocusing and focusing case of Theorem 3 is

similar.
We also discuss it in two subcases.
Subcase (i). 0 < w(z,t) < ¢, for any z € RY and ¢t > 0, 1 < 7 < min(y2, 72).

</o+m (/ W<w7t>|cl<|u|2>rdx) ' dt) "

1
. 1 2*7(1 E +OO C C 27‘7‘4
< (cw)"C (/ [2E(ug)]>™= dt) + / <4t2 + — e ) dt
0 1 1—Cr(ug)

) 1 N 22*1 %
1 2% g 4 <[ C C TT
+ (cw)™C (/ [2E(ug)]?74 dt) + / <4t2 R ETATy) ) dt
0 1 2~ T Crtug)

<C.

Q|-

(4.11)

Subcase (ii). 0 < w(z,t) for any z € RY and ¢ > 0, [on |w(z,t)|7Tdx < ¢, for some
I<o<<ypand 1 << <F. We have

(

1
a

(z,4)|G1 (|l )|de) T dt)

Q=

T

(o
{ |a61dx)5gl (/RN |G1(|u2)|r‘sd$)é} dt

1
1 . = +oo 2rdTy
5—1 2%q 4 C C
<(¢) 7 C </ [2E(uo)] > dt) + / <t2 + 2_1[1+c,,.<ug>1> dt
0 1 t°7 1 Cr(ug)

1
2%q q

) 1 . % +oo P EN
51 2 g c C
+ (c;) 5 C (/ [QE(UO)] roTa dt) + / ) + — 1+Cr (ug)] dt
0 1 127 I=Crtug)

<C.

(4.12)

O

Theorem 4 is proved.
As a corollary of Theorem 3 and Theorem 4, we can obtain the decay rate and asymptotic

behavior for the solution as t — +o0.
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Corollary 4.1. Let u(x,t) be the global solution of (1.1). Under the assumptions of
Theorem & and Theorem 4,

IV + V@Il + 161 () + [Galul?) + 50V x P )uflde < 5 (213

12
in Case 1,
2412 2 2 1 241,12 c
lRw[W’l(\UI I+ IV @)lul” + [Ga([ul )] + 5 W * u ) ul"ldz < 5 (4.14)
in defocusing subcase of Case 2,
1
/RNHVh(WP)\Z + V(@) ul* + 1Gr(jul*)] + [Ga(ul) + 5 (W« [uf)[u]*]dz
C
< e (4.15)
t 1—-Cr(ug)
in combined defocusing and focusing subcase of Case 2, and
1
lim IVA([ul®)? + [V (@)[[ul* +1G(jul*)] + 5 (W * [uf*)[u|*)de = 0, (4.16)
t—+oo Jpn 2

t——+o0

lim |Vul|?dr = 2E(ug),  lim / [[u? + |Vu|!|dz = M (ug) + 2F (u). (4.17)
RN t——+oo RN

Consequently, for any 2 <r < 2%, 2* = % if N >3, 2*=40c0if N=1,2,

/ lu|"dx < C. (4.18)
RN

Proof of Corollary 4.1: (4.13),(4.14), (4.15) and (4.16) are the direct results of (3.13),
(3.18), (3.26) and (3.32).

By mass and energy conservation laws, we have
1 1 1
*/ [Vul*da = E(ug) — */ IVA(ul)? + [V (@)l + [G(|uf®)] + 5 (W * [ul*)|u]*]de,
2 RN 2 RN 2

which means (4.17). (4.16) and (4.17) imply that

/ lul?dz < C, / |Vul|?dx < C,
RN RN

by embedding theorem, we get (4.18). O
We give two examples to show the results on Theorem 3 and Theorem 4.
Remark 4.1. 1. If h(s) = 0, F(ju|?) = —|u|?5, V(2) = —ﬁ and W(x) = —ﬁ, x#0,
B, m,n > 0, then we can verify the assumptions of Theorem 3 and 4 and especially have
- |u[>PH2 1 2, 1,1 2 2}
+ ——|ul® + = (—= * |[u|?)|u|*| dzdt < C, 4.19
I LB+ ot + 3 Pl der < (1.19)
DO |u[?+2 1 2, 1.1 2 2] )p
+ ——u|* + = (—— * [u|?)|ul|*| dz | dt <C, 4.20
L (L S+ e + 5 <l (1.20)

||u||m<R+>Lf<RN>=</O ([, wra) dt) <c (a.21)
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2. Consider the following Cauchy problem:

i = Au+ 20fu* 2l ([u]) — EE F JuPu — (e ),z € RV £ >0,
u(z,0) = ug(z), xe€RN.
(4.22)
Here o, 3 € Z*. Then
20" (s)W' (5)s + (W' (5))* = (2a — 1)a?s2*72,
N 42
NF(s)s — (N +2)G(s) = FN — T:l]sﬂﬂ,
2V 4+ (z-VV) <0, 2W+ (z-VW) <0 forsuitable a, m.
We can verify the assumptions of Theorem 3 and 4, and get
NG —2
kl :20671, k2: %, l:max(kl,kg),
- a2, Julr? o 1 241,12
IVA([ul?)" + 2= + [V(@)[|ul” + 5 (W (@)] * |u]") |ul]" | dzdt < C,
0o JrN p+1 2
OO oy, [t 2 1 241,12 :
[ (L [1ntupy? + B+ W@l + 5 (W)« | o) de <
0 RN ,8 + 1 2

1
ull Lar+yLr Yy = (/ (/ |u|’:dx) dt) <C.
0 RN

5 Scattering theory for (1.3) in defocusing case and arbi-
trary space dimension

In this section, applying the results of Theorem 3 and Theorem 4, we will establish scat-
tering theory in L2(RY) and ¥ (N > 1) under certain assumptions. Here

S={feH'(RY), lz|f € L*(RY)}. (5-1)

5.1 Scattering theory in L?(R") for (1.3) in defocusing case and arbi-
trary space dimension

In this subsection, we will establish scattering theory in L?(RY) for (1.3) in defocusing
case and arbitrary space dimension.

Theorem 5. Let u € C(R,X) be the solution of (1.3) in defocusing case, i.e., h(s) =0,
F(s) <0 for s >0, V(z) <0 and W(z) <0, W(z) is even forx € RN, N > 1, and up € X.

Assume that there exist C > 0, 01, p1, 02 and ps such that

[|F(s)|s%]% < Cs, [|F(s)|s2]"* < C|G(s)|, 0<s<1, (5.2)
[F(s)]s2]% < Cs, [[F(s)|s2]P* < C|G(s)], s> 1, (5.3)
and there exist c1, co, Vi(x), Va(x), Wi(x) and Wa(x) such that

V(z) = Vi(z) + Va(x), a(Vi(@)|+[Va(@)]) < [V(2)],
W(z) = Wi(z) + Wa(z),  co([Wi(z)] + [Wa(2)]) < [W(z)].
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In addition, suppose that there exist admissible pairs (q1,71), (g2,72), (¢3,73), (¢1,71) and
(G2, T2) such that

Vi(z) € L2 (RY), Va(x) € L2 (RY), (5.6)
Wi(z) € LT3 (RY), Wa(z) € LT22 (RY), (5.7)

and

2L =0 | (s =0
rh(p1 — 61) T rh(pe — 62)

if (N +2)G(s) — NF(s)s] > 0 for s >0, [2V + (z - VV)] > 0 and 2W + (z - VW)] > 0 for
x € RY, while

>1, ¢ >1, ¢g>1 (5.8)

g >1, ¢ >1,

(2 - Das(rs — 01)

2-Da (2-Dgs
—_—>1] —=>1, > 1, 5.9
2 2 ’I“é(pl — 91) ( )
(2 —1D)gz(rs — b>) 2-Daq 2-Dg
>1, —>1, —=>1 5.10
(o~ ) 2 2 10
if at least one of the following cases holds:
(i) —k1|G(s)| < (N 4+ 2)G(s) — NF(s)s <0 for some k1 > 0;
(iv) —ka|V| <2V + (z- VV) <0 for some ky > 0;
(v) —ks|W| <2W + (x - VW) < 0 for some ks > 0.
Here
= max(kl,kg,k3)7 (511)

Qjs 75 Qs Trn are the conjugated exponents of qj, Tj, Gm, Tm Tespectively.
Then there exists uy € L2(RY) such that

ePu(t) — ug in L2RY) as t— +oo.

Proof: Duhamel’s principle implies that

t
u(t) = e "Pug — Z/ e IR (V(@)u(s) + F(Jul*)u(s) + (W = [uf*)u(s)) ds.
0
By Strichartz estimates, for any 0 < ¢ < 7, we obtain
e u(t) — e u(r)|| 2

< ”/ zsAV u(s)ds| 2 + H/ ZSAF(|U‘ Yu(s)ds|| 2z + H/ eiSA(W* |u‘2)u(s)d8||L2
t

<le/ Vi ()u (8)d8||L2+H/t ¢S F (Jul?)u(s)ds|| 2

+ Z ||/t A (Wi * |ul?)u(s)ds|| 2
m=1
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. N . 5\
<0y / (/ ‘/j(x)uT9dx) Tdt| +C / </ [|F(|u2)||u|rédx> °dt
j=1 t RN t RN
7 1
2 T ) Z;nr [
Lo X ([0l talyhac) ™ a
m=1 t RN
(I) + (IT) + (II1). (5.12)
Using Holder inequality, it is easy to get
1
a4 aje—rp) a7
T El o
() <cC / (/ |V1(:v)||u|2d:r) </ [Vi(x)|21 d:r) dt
t RN RN
o ab(2—rh) =
’ z o 21
+C / </ Vg(:l:)|u|2dx) (/ [Vo(z)] 22 dx) dt
t RN RN
— 0 as t, 7= 400, (5.13)
T 173 T1Ty
an<c| [ ( / [|F<|u|2>|u|191dx> ( / [F<|u|2>||u|1p1dx> t
t \JHul<1} {Jul<1}
’ ’ 1
93 a3 as
T p Té?‘é 7'2"{:,
col (] g™ ([ i)
t {lul>1} {lu|>1}
/ 1 ’ 1
T ‘17?;/ af - % 4
<c (/ (/ G(u|2)dx) v dt) e (/ (/ |G(u|2)|dac> e dt)
t RN t RN
—0 as t, T — +oo, (5.14)
2 - één o T (P = 1)
(I1I) < Z C / (/ (|Win| * |u|2)u|2dx) (/ |u(x) r;nldx>
m=1 t RN RN
. ar, (2=71) i
Tm 277
([, [, Wl = dyae) ﬁ}
RN JRN
— 0 as t, T — +oo, (5.15)

because

/ |u|2dx:/ |ug|?d, / \Vul?dx < C, / u(z)| T Tda < C
RN RN RN RN

by the results of Section 3 and Section 4, moreover,
C C C
/ V(@)|uf?dz < & / G ul?)ldz < <, / (W] ul?)|ufPde <
RN t2 RN 12 RN t2
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and (5.8) in Case 1, while

C C C
[ W@luPde <, [ (6Pl < gz [ (W1 Pl <
RN RN
and (5.9), (5.10) in Case 2. Here
1 ry—06, 1 p—r3 1 r5—06 1 py—rh
T1 1??1*1917 7'{ p1*91’ T2 pz*oz’ Té p2*92.
Consequently, there exists u; € L*(RY) such that
leAu(t) —uy|pe =0 as t — 4oo.
That is, every solution in ¥ of (1.3) has scattering state in L2(R%). O
Remark 5.1. 1. A special case in the assumptions of Theorem 5 is 6; = 0 = 0,

p1 = pa = p. For example, if F(|u|?>)u = blu|?’u, then §; = O = ZﬁQﬁ, p1=Dp2 = gg—i? and

the assumptions of Theorem 5 can be satisfied.

2. In the proof of Theorem 5, we take different admissible pairs in Strichartz estimates for
different terms on the right side of Duhamel’s formula in order to keep the terms containing
V(z)u, F(Jul?)u and (W *|u|?)u independent each other. Consequently, Theorem 5 can directly
deduce scattering theory in L?(RY) for Cauchy problem of the equation contains one of V (x)u,
F(Ju*)u and (W * |u|?)u.

Corollary 5.1. Let u be the solution of the following problem

o N
{ iug = Au+ V(z)u, z € RN, t >0 (5.16)

u(z,0) =up(z) €%, xeRN.

Assume that V(x) <0 forz € RN, N > 1, and (5.4), (5.6), (5.8) and (5.9) hold. Then there
exists uy € L?(RN) such that

leAu(t) —ug|pe =0 as t— +oo.

Corollary 5.2. Let u be the solution of the following problem

{ iug = Au+ F(|lu]®*)u, z € RN, t >0

u(z,0) =ug(z) €%, =xcRVN. (5.17)

Assume that F(s) satisfies (G):
(G) CE 50 as s — 400, where G(s =[5 F(n)dn,

F(s) <0 fors >0, N>1, and (5.2), (5. 3), (5.8), (5 9) and (5.10) hold. Then there exists
uy € L2(RY) such that

e Au(t) —ug|pe =0 as t— +oo.

Corollary 5.3. Let u be the solution of the following problem

L 2 N
{zut—Au+(W*|u| Ju, z € RN, ¢ >0 (5.18)

u(z,0) =ug(z) €8, =xeRVN.
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Assume that W(x) is even and W(zx) < 0 forx € RN, N > 1, and (5.5), (5.7), (5.8) and
(5.10) hold. Then there exists uy € L*(RN) such that

e u(t) —uyl 2 =0 as t— 4oo.

2. If the nonlinearities of a semilinear Schodinger equation are combined by any two terms
of V(z)u, F(Ju|?)u and (W * |u|?)u, then we also can establish the scattering theory in L?(RY)
directly. For example, we have

Corollary 5.4. Let u be the solution of

. _ 2 N
{ iug = Au+ V(z)u+ (W [u)u, z e RN, £>0 (5.19)

u(z,0) = up(z) €8, = €RN.

Assume that V(z) <0 and W(z) <0 forz € RN, N > 1, W(x) is even, and (5.4)-(5.10) hold.
Then there exists uy € L2(RY) such that

leBu(t) —uq|2 =0 as t— +oc.

As a corollary of Theorem 5, we give the scattering theory in L2(RY) of (1.4) below.
Corollary 5.5. Assume that u(x,t) is the solution of (1.4) and ug € . Then there exists
uy € LA(RY) such that
e A u(t) —uy|p2 =0 as t— 400

if one of the following cases holds:

(I).N>2, 3<m<2, m<n<4, 5<m<NB<2,8<4m+n;

(II). N >2, Bp < NB<m<2, fp<NB<n<4,4<2NB+m, 8<4ANS +n;
(III). N>2, 8 <n<m<2,n<NB<2".

Here
5 _ 4—3N+VIN? 4+ 40N + 16
0 — SN )
2* =2 if N >3 and 2* = +o0 if N = 2.
Proof: Let
e, 0<z[ <1 0, 0<lz[]<1
Vi(z) = |z — 77 and Via(a) = ’ —
(@) {o, 1z > 1, 2(7) — 2l > 1,
2 28 +2
F(luP)u = [u*Pu, 6, =0, =—— =py =
(‘U| )U |’U" u, 1 2 25_*_1’ P1 D2 2B+17

-, 0<|z[ <1 0, 0<lz|]<1
= IR ) d _ ) =5
Wi(@) { 0, |z|>1, and - Wa() szl > L
Since
(2—m)
—2=-m)|V(z)|=2V(x)+z -VV(z)= T <0,
(n—2)
2W(x)+z-VW(z) = NP = (n—2)|W(x)|,

NF(s)s - (8 +2)6(5) = -2 I a2~ - Ng)iGo)
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it belongs to Case 2 of Theorem 6.
We can take 7], rh, r5, 7} and 74 respectively as follows:
(I). min(m, NG, n) = m.

2N _ ., _ 2N 2N ., AN
N+2 “"SNim Nt2 'SoNniw
2N _ ., _ 2N AN 2N
Nim 2SN+d—2m 2N+n 2 N+d—_2m’

IN 4m — 2NB . 28+2 .

f 2 N

WX (NS S amp 45 —Ng) <2 <2541 | 2> NG
2N , _28+2
= < _ 43— NB>
N+2<T3<2,6’+1 if 2m < NpB, 2m+4mp —46—- NS >0,
IN . 28+2 ONB — 4m

< 7y < min( , )
N +2 28+ 1 48+ NB — 2m — 4mpB

if 2m < NG, 2m +4mpB — 48 — NS < 0;

(I1). min(m, NG,n) = Nf.

oN , 2N ON 4N
N2 “""SNim Ny2 " "'SaNga
2N , IN AN IN
Nim “?SNT11-2N38 2Ntn 2SNid_2Ng’
ON 2 9N . 28+2
max( .

Ni2 B U N aNg 2 o5 1
(II1). min(m, NS, n) = n.

IN _ /< 2N 2N <~/<ﬂ
N+2 """SNtm N+2- "' aN+n
o\ e IN 4N <~/<L
Nam S Ntd—20" 2N+n  ?SNtd-2n
ON dn —2NB 12042
’ )<7"3<7
N+2 2n+4nB — 48— Nj 2p+1
2N / 26+2
A f2n<NB, 2n+4nf—45—-Nj >
Ntz ~"3%941 " = B, 2n+dnf—4f—-NB 20,
2N ’ (2B t2 2Np — 4n
7<r3<mln(26+1’4ﬂ+Nﬁ—2n—4n/8)
if 2n <NB, 2n+4nf - 45 - NS <0;

max(

if 2n> Ng,

It is easy to verify the assumptions of Theorem 5 and establish scattering theory in L?(RY)
for (1.4). O
Remark 5.2. Our idea can be applied to deal with the following problem:

iug = Au+ M Vi (@)u 4+ i, Fe(lul®)u+ S (W |ul?)u, 2 € RN, £ >0
u(z,0) = up(x), xRN,

And we can obtain the general scattering results similar to Theorem 5.
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5.2 Scattering theory in ¥ for (1.3) in defocusing case and arbitrary
space dimension

In this subsection, we will establish classic scattering theory in ¥ for the solution of (1.3)
in defocusing case and arbitrary space dimension.

Theorem 6. Let u € C(R,X) be the solution of (1.8) in defocusing case with uy € X.
Assume that V(z) = 0 and W(z) = 0 for x € RY, F(s) satisfies (G) and there exist C > 0,
01, p1, 02, po, 2<r<% ifN>3,2<r<+o00if N=1,2,0<1 <2, such that

T '
91 < m < p1, 92 < m < pa2, (520)
[1E(s)| + [F'(s)|s2)% < Cs, [|[F(s)] + [F'(s)|sZ]P* < C|G(s)], 0<s<1, (5.21)
[|E(s)| + |F'(s)]s2]% < Cs, [|F(s)| + |F'(s)[s%]* < C|G(s)], s > 1. (5.22)
Moreover,

4[7‘(1 — 6‘]) + QGJ]

BN - (Vo) -0y 0 TR 2
in Case 1: [NF(s)s — (N 4+ 2)G(s)] <0 for s >0,
2(2 = 0)[r(1 - 6;) + 26;] o1 j=1.2 (5.24)

2N — (N =2)r](p; —6;) =

in Case 2: 0 < (N 4 2)G(s) — NF(s)s <I|G(s)].
Then there exists uy € ¥ such that

ePult) suy in X as t — 4oo.

Proof: We only prove it in Case (B). The proof in Case (A) can be obtained similarly.
Let (g,7) be the admissible pair satisfying

2 1 1

Z=NG-),

q 2 r

wher62<r<%ifN23,2<r<+ooifN:1,2.

First, we prove that
||u||Lq((07t)7W1,T) <C for t>0. (5.25)

Duhamel’s principle implies that

¢
u(t) = e” "By — z/ e =B P (|u*)u(s)ds.
0
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By Strichartz estimates, using Holder’s inequality, we have

lull oo, wrry < Clluollms + CIE(ul*)ull o (0,0, w17

q—2
a(r—2) q
r(q—2)
dt) [l Lago.ry. Wi m)
q—2

cove( [ ([ umaunrs QP a )

a(r—2) q
t - r(q—2)
wo | (I 1 a2 ) dt) [l i

q—2
N ) a(r—2) Ta
2 t = ? r(q—2)
<C+C), / {</ |u|2dm) J </ |G<|u|2>|d$> dt l[ellza (e, win)
= \JT RN RN
9 alr(1—0,)+26;] 2
, t ) T@a—2)(p; —0;)
<croy | [ (] 16ue@Pds at)  lullzaqro.mwn
= \JT RN
1
<C+ §||u||L‘1((0,t),W1vT) (5.26)
if T is large enough because
C 4[r(1 —0;) + 26,] ,
G(lu*)|dx < =, J J >1, j=1,2,
Jo 16t < 5 g
in Case 1, while
C 2(2 = D[r(1—6;)+ 26, ,
G(luf)|dz < —— J d 1 =1,2
6Pl < . SRR B s o,

in Case 2. Here
1 r(1-0;)+20;, 1 _ (r—2)(p; —0;) —[r(1—0;)+20;]

—_— =, — = B ] == 1, 2
T (r=2)(p; —0;)" T7; (r—2)(p; — 0;)
(5.26) implies (5.25).
As a byproduct of (5.26), we get
||F(|u|2)u||Lq/((t77)7W1,,./) —0 as t, T > +oo. (5.27)
Consequently, we obtain
JeSut) ~ e Sur)m < | [ S P uls)ds]
t
< C||F(|U|2)u||m’((t,T),WM’) —0 as t, T =+ (5.28)
by the result of (5.27).
Therefore, there exists u, € H'(RY) such that
ePu(t) »uy in HY(RY) as t — 4o0.
Now we will prove that
I(x — Qitv)u“Lq((07t)7W1,r) <C for t>0. (5.29)
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Since .
(x — 2itV)u(t) = e”"rug — 2/ e~ A (1 — 2isV)[F(|ul?)u(s)]ds,
0

by Strichartz estimates, we obtain
(2 = 20tV )ull po(o0,17) < Cllatiollz2 + Cll(@ — 2itV) [F(uf2)ull por oy oy (5:30)
Letting H(t) := (x — 2itV), it is easy to verify that
H(O)F(|ul*)u] = 0u[F(Jul*)u] H(t)u — 85 [F (|ul*)u] H (t)u
and

(& = 2it V) [F (|u*)ulll Lot ((0.).+)
<N Ou[F (Ju)ul H ()l ot (0,0, 1) + 10alF ([ul*)ul H(E)ull par 0.9,
< CIIF(ul?) + [F (lul*) ) (@ = 2V )] Lo 0.1y, (5.31)

By (5.30) and (5.31), we get

||(5L' — 2itV)u||Lq((07t)7Lr)
< Cllzuoll g2 + CIIF (ful*)| + [F' ([ul)[ul)|(z = 2isV )l L (0,09,
< O+ CNIF(ul)| + | F (u)[ul) (@ = 2isV)ull L (0,0, (5.32)

Similar to the discussion of (5.26) and (5.27), we have (5.29) and
IEF () + [F (lu*) [ul*}(z = 26V )ull Lo ((1,), 10y —> 0 a8 £, 7 — +o00. (5.33)
Consequently,
lze” S u(t) — we ™ u(r)| 2 = | /T €2 (2 — 2isV) [F (|uf*)u(s)
¢
< CIIE(ul®) + [F' (jul*) [ul*)|(z = 26V )ulll Lor (¢,7), 1) — 0 (5.34)

as t, T — +oo by the result of (5.33).
Hence, there exists u4 € ¥ such that

ePult) suy in Y as t— +oo.

That is, if V(z) =0 and W(z) = 0, under the assumptions on F(s), every solution with initial
data ug € 3 of (1.3) has scattering state in X. O

Remark 5.3. The typical example of F(|u|?)u satisfying the assumptions of Theorem 6
is

F(uP)u = a1 [ul®®u+ ... + apm|u[**mu, a; <0, j=1,2,..,m,

27N+\/N2+12N+4<B <8 <z
AN 1 m N

In the last part of this subsection, we considered the following Cauchy problem

S B (1ar12Ye) — 2*—2 N
{ iug = Au+ F(lu]?)u — Alul? "2u, 2 € RN, ¢ >0, (5.35)

w(z,0) =ug(z) €8, xRN,
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where F(s) and G(s) = I F(n)dn satisfies (G).
We would like to say something about the nonlinearities in (5.35) below.
1. Let F(jul*)u = F(Jul*)u — Alu|*~2u. Then G(s) satisfies
(@) %2Mf01rsorneM>Oauss—)—i—oo7

which is a cosmplementary condition of (G) in Theorem 6.
2. If NF(s)s — (N +2)G(s) < 0, then

C

jodd 2A *
2 2
G T dr < =

by the result of Corollary 4.1 because

Q*SO

)

NF(s)s — (N 4 2)G(s) = NF(s)s — (N + 2)G(s) — %m

which satisfies the assumptions of Case 1 in Theorem 3 if h(s) = 0 and
F(s) = —Fy(s) = F(|u]*)u — AJu|* ~2u.

Now we will give the following scattering result on (5.35).

Theorem 7(Scattering theory in X) Let u € C(R,X) be the global solution of (5.35),
N >3, A>0 and ug € ¥. Suppose that NF(s)s — (N +2)G(s) < 0 for s >0, and there exist
C>0,6; <%<p1 and92<%<p2 such that

[E () +F'(s)|s]™ < Cs, ||
()| +1E'(s)]s]™ < Cs, ||

()] + |F'(s)|s]Pr < C|G(s)], 0<s<T, (5.36)

F
F(s)| +|F/(s)|s]P2 < C|G(s)], s> 1. (5.37)

Then there exists uy € X such that

A u(t) —uy|s =0 as t— +oo.

Proof: Note that (2,2*) is an admissible pair (g, r) satisfying
- =N(z--). (5.38)
We first prove that for this admissible pair

||U||Lq((07t),wl,7‘) <C for t>0. (539)

Duhamel’s principle implies that

t
u(t) = e=tByy — i / e~ (PP yu(s) + Aluf® ~?u(s)) ds.
0
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By Strichartz estimates, using Holder’s inequality, we have

lullLa(co,6), w17

< Clluollzr + CIE(ful*)ull o 0,0y, w0y + Clllul® "l Lot (0.1

<cto ( [ ([ v i) ([ s woras) dt) 5
Iye ( ([ e 1 a0 ! ([, 1l +19ulas) % dt)
)

N

e (/OT (/RNnu?*dmy (/R [ul” + |Vu|")da
v (fmrar) /RNW . W]dx)fdtf

4
7 N
} wll Lager,e),wir

IN
Q
(]
o
=E
—
——
I/~
S
2
=
o
jsW
S
N—
/7~
T
z
Q
S
i
jsW
=2
~_
u\"—‘

1
+C + phellzacnwin

5 2[N—20;]
d a o
<03 ox ([ 16Gu@PRde) ™l ey

+C' + EHUHL"((T,t),Wl*")

1
<C+ 3 lull a(o.6), w1

if T is large enough because N[év 205 ]) >0 and [y |G (Ju(z)]?)|dx < 2, we have

9 2[N—26,]
Np;j=05) 1
Yo ([ GGu@Pae) " <
Jj=1 T

]._ 2pj—N 1 N—29j

Here

T 2p—0;) T T 2(p; - )
(5.40) implies (5.39).

As a byproduct of (5.40), we get

IE(ulYull Lot 0,0, wr1y + Mul® 2 ull por o,y w2y S C, - >0,
which implies that

1 ()l o
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ull ot (4,0, wry —> 0 as t, T — +oo0.

=

=
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Therefore, we obtain
Je*Su(t) - eSur)
I [ B EQuPyu(edsln + ] [ e afu
t t

< CHF(W?)UHL«;’((T,t),ww’) + C”|u‘2*_2u”L4’((fr,t),Wlﬂ"/)

=20 (s)ds|| g

— 0 as t, T — 4o0.
Next, we prove that for this admissible pair (g, ),
I(x — QitV)U“Lq((07t)7W1,r) <C for t>0.

In fact, since

(5.42)

(5.43)

t
(x — 2itV)u(t) = e Prug — z/ e B (1 — 2i5V) (F(|u\2)u(s) + A|u\2*72u(5)> ds,
0

by Strichartz estimates, we have

(2 — 2itV)ul| La((o,0),27) < CllauollL2 + Cll(x — 2itV)[F(Jul®)ulll Lo (0.4, L)
+Cl(x = 2itV) [Jul® ~*ulll Lo (0.0 )-

Letting H(t) := (z — 2itV), it is easy to verify that

H(6)[F(|ul*)u] = 0ulF(Jul®)u] H(t)u — 0a[F(|u|*)u] H (t)u,
H()[Ju* ?u] = Oullul* "*u] H(t)u — Oallul* ~u]H ()u.

By Strichartz estimates (5.44), we get

(& — 20tV )ull oo,y < Cllzvollzz + CILE(ul) (& — 205V )ull o 0,1
Ol 2 — 205V )l (01,0

Similar to the discussion of (5.40) and (5.41), we obtain (5.43) and

||F(|U|2)($ - 2i5v)u||Lq'((t,T),LT') + |l |U|2*72(I - 2i5v)“||Lq’((t,r)7Lr')

— 0 as t, 7 — 4o0.
Consequently,
|zet A u(t) — zel™ u(t)| 12
.y / A (z — 2isV) (F(|u|2)u(s) + A|u|2*—2u(s)) ds| 12
t

< C|F(|ul*) (@ = 2isV)ull o (1.7, 1) + Clful (2 - 2isV)ull Lo’ ((,r), L)

—0 as t, 7T — 400

by the result of (5.48).
Hence, the solution of (5.35) has scattering state in 3.
Remark 5.4 1. A typical example of F(s) satisfying (5.36) and (5.37) is

F(luP)u = a1|ul® u + ... + apm|u|*mu.
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(5.47)

(5.48)

(5.49)



If% <pB1 <. <Bn< ﬁ and ug € X. Taking

S D1 ’ 02 =5 DP2= s
/81 Bl ﬁ’m B?n

we can verify the assumptions of Theorem 7 and obtain the corresponding scattering results.
2. Especially, if F(Ju|?) = 0 and F(|u|?>)u = a1 |u|*’'u, then our results meet those of [50]
and [47] respectively.

0, =

3. Obviously, Theorem 6 and Theorem 7 are complementary each other, the equation
in (1.3) only contains nonlinearities with subcritical Sobolev exponent, while the equation in
(5.35) contains nonlinearities with subcritical and critical Sobolev exponent. However, the
constrictions on space dimensions and nonlinearities are different. For example, if F(|Ju|?)u =
ar[uPru+ o+ ap|u?Pru, a; <0, 5 =1,2,...,m, we can take

2—N+\/N2+12N+4<5 << <§

and N > 1, that is, each 3; can be smaller than % or larger than % in Theorem 6. However,

if Flul?)u = ay|ul®®u+ ... + am|u/*Pmu, a; < 0, j = 1,2,...,m, we have to require that
% < Bre. < PBm < Qﬁ and N > 3, i.e., every ; must be larger than % in Theorem 7.
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