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Asymptotic analysis of time dependent
solutions for the coagulation equation
with source and efflux

Abstract: This article provides mathematical proof of the existence of stationary so-
lutions for the coagulation equation including source and efflux terms. We demonstrate
the convergence of time dependent solutions to these stationary solutions and highlight
the exponential rate of convergence. These properties are analyzed for affine linear
coagulation kernels, non-negative source terms and positive efflux rates. Numerical ex-
amples are included to demonstrate the predicted convergence behaviour.
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1 Introduction

The integro-differential equation modeling coagulation processes was originally pro-
posed by Smoluchowski in 1917 [24] and the continuous form of the coagulation equa-
tion was introduced in [19]. These equations appear in various scientific fields, includ-
ing astrophysics [7], chemical and process engineering [21] and aerosol science [22].
As in many application a source of new particles and a efflux of particles exists we will
takes these phenomena into account in the contribution. The mentioned coagulation
equation including a source and efflux term is presented in e.g. [4, 18] as the following
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integro-partial differential equation:
x (o)
Orctot) = § [ Ko = et~ .00l )y ~ c(o.) [ KCop)etyt) dy
0 0

+q(x) — a(z)c(w,1) (1
c(x,0) = co(x),

for all (z,t) € Ry x Rsg. In this equation ¢(z, t) is the concentration of particles of
size = at time ¢ and the function K is the so called coagulation kernel. K (x,y) gives
the rate at which a particle of size x and particles of size y form a new particle of size
2 + y. The term q is the source function and a(z)c(x,t) is the efflux term. A brief
physical interpretation of the model described in Equation (1) can be found in [18].

Definition 1.1 (Stationary solution). A solution ¢ to Equation (1) is said to be a sta-
tionary or equilibrium solution if it satisfies

5 [ K(x—y,y)é(x —y)ely)dy — e(z) | K(z,y)ely) dy = a(z)e(z) — q(x) (2)
/ /

Va € Rsq. That is, ¢(-,t) = ¢ is a solution of (1) with — by construction — vanishing
time derivative.

To further characterize the behaviour of the solution ¢ to the initial value problem (IVP)
defined in Equation (1) for ¢ — oo, we define the following:

Definition 1.2 (Stability of the system). If the time dependent solution c to the IVP de-
fined in Equation (1) tends to the equilibrium solution as t — oo, then the system is said
to be stable. If the rate of this convergence is proportional to exp(—kot) for kg € Rs,
then we call the system exponentially or asymptotically stable.

In the literature, the coagulation equation with a source and efflux term have also been
studied in a discrete setting including a spatial coordinate z € R? with d € N >1. This
results in the following equation:

i—1
Duci(z1) - diva iz, D)) = 5 3 Kicygei (2 1)es 2, ) 3)
j=1
—ci(z,t) Y Kijei(z,t) @)
j=1

+ Qi(zat) - ai(zvt)ci(zvt)
ci(2,0) = C?(Z)v
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where c;(z, ) is the concentration of the ™ particle size at spatial location z and time
t, v; is the spatial velocity of particles of size ¢ and K ; is the coagulation kernel of
particles of size 7 and j forming a new particle of size ¢ + j. The function c? (z) denotes
the concentration of particles of size 7 at the location z and initial time ¢ = 0. A brief
study on this can be found in [1, 11].

In this contribution we prove the following for the coagulation equation (1) with a
linear coagulation kernel:

(i) the existence and uniqueness of a stationary solution and
(ii) the convergence of time dependent solutions to this stationary solution.

It is important to note that, prior to this article, these two problems have only been
studied for a constant coagulation kernel. Moreover, it is worth noting that this article
is the first to analyze the problems for any continuous source function. To the best of
the authors knowledge, in all earlier works the source function was assumed to have a
special form, such as an exponential function [4].

This work is organized as follows: In Section 2, we prove the existence and unique-
ness of a stationary solution. Section 3 centres on proving convergence of time depen-
dent solution to their respective stationary solution. A numerical example, showing the
proved convergence behaviour, is shown in Section 4. In the final Section 5, we provide
a brief conclusion and propose some future directions for this study.

1.1 Literature

For the discrete case, in [26] the authors analyze the existence of solutions of the
coagulation-fragmentation equation with a source function and efflux term, i.e. they
consider equation (4) without the term div, (v;(z,t)c;). In [11] the authors prove the
existence of a stationary solution and the convergence of the time dependent solution
to a stationary solution. The first study to focus on the coagulation equation with a
source term, but no efflux term, was [4]. In this study, the authors proved the existence
of stationary solution and determined properties of the stationary solution, such as
boundedness of the moments of the equilibrium solution. In the case when the source
term is of the form ¢(z) = exp(—ax) V& € Ry, with a € Ry, the existence of an
equilibrium solution is shown. Importantly, an explicit expression of an equilibrium
solution is provided. However, the authors only consider constant coagulation kernels.

1.2 Definitions, Notation and Assumptions

In line with [5, Page 4] and [4, Chapter 2] we define the following function spaces:
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Definition 1.3 (Function spaces). For A € R~ we define:
O\ (T) == {c € L2([0,T]; C(R>0)) : [leflx < o0}

with the norm:

l[ellx == sup /exp(/\x)IC(w,t)ld%
t€(0,T)
R>o

In addition we define QT := | Jy o (T and the cone of non-negative functions in
UT), ie. QT (T) :={c € QT) : ¢=0}.

In this paper, we assume the coagulation kernel to be affine linear, i.e.

Assumption 1.4 (Affine linearity of the coagulation kernel). The coagulation kernel
K in the present manuscript is restricted to symmetric affine linear functions, i.e.

K(z,y) = Ko + Ki(z +y),

with Ko, KC1 € Rzo.

The kernels under consideration include well known kernels, such as Kapur’s kernel
(granulation kernel, see e.g. [14]), Smoluchowski’s kernel (linear velocity profile, see
e.g. [25]), non-linear velocity profile (see e.g. [23]) and Friedlander kernels (aerosol
dynamics kernel, see e.g. [10]).

Throughout the rest of the paper we use the following notation: The solution c¢ to
Equation (1) will be called the time dependent solution or instationary solution, the
solution ¢ to equation Equation (2) will be termed the equilibrium solution or station-
ary solution, ¢ will be called the source term and a the efflux rate. For convenience,
for £ € N we define the k—th moments of the instationary and the stationary solution,
as well as the source term, as follows:

Ny = /mké(x) dz, Mg(t) = /xkc(x,t) dz and Qy, = /xkq(x) dx. ()
Rso R>o Rx>o
For two functions f, g : Rsg +— R, their convolution f * g : R~ — R is defined as

x

(9@ = [ fwgle ).
0
2 Existence and uniqueness of an equilibrium solution

In this section we will demonstrate the existence and uniqueness of an equilibrium
solution as defined in Definition 1.1 of the IVP defined in Equation (1).
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Lemma 2.1 (Condition for the stationary solution). The stationary solution ¢ to Equa-
tion (1) satisfies

Ko+ Kiz)(c*c)(x T
o) = A@ (@), with A@)(x) = L Kot Ka2)x (@) +2()

= _ . 6
2 (/Co + /Clx)./\fo + KN + a(x) ©)

Proof. By Equation (2) and the linearity of the coagulation kernel (see Assumption 1.4)
for the stationary solution ¢ we obtain:

0= 3 Jo (Ko+Kiz)e(e — y)ely) dy —e(x) [;~ (Ko + Ki(x +y))e(y) dy
+q(z) — a(x)c(z)

3 [ (Ko + Kiz)e(a — y)e(y) dy — e(x) (Ko + K1z)No + K1M7)
+q(z) — a(x)c(z)

3 (Ko + K1z) (¢ x o) (2) + q(z) — e(x) (Ko + K1z)No + K11 + a(x)),

which directly results in the claimed equality. ]

To show the existence of a stationary solution, for &« € R we apply the Banach
fixed-point theorem [27, Theorem 1.A] to the space of continuous functions on [0, o],
i.e. C([0, ). To do this, we require the following contraction property:

Lemma 2.2 (Contraction property of A). Under the maximum norm, the operator A :
C([0,a] — C([0, a]) - as defined in Lemma 2.1 - is contractive on

(/CoNo + /C1N1)

B(Ra) = {ue C([0,qa]) : |lullL=(0,a)) < Ra} with Rq := m

Proof. Observe that

— — Ko+Kiz)((¢1+¢c2)*(c1—c x
IA(E1) = A@) | 1= (0,09 = 3 SRS )

< 1 (Ko+Kia)|lei+e2]lroe ((0,a)) 1€ =C2[Lo0 ((0,a))

= 9 2o No+K1 N7

_ a(’C(]Jra)Cl) — — — —

= smonn N 16 = C2llee (0,0 €1 + 2l Lo (0,0))- ™

It is clear that A is a mapping from the Banach space L°°((0, «v)) onto itself. Therefore,
from (7) we obtain that A is contractive on M C L*((0, «)) if there exists € > 0 s.t.

a(Ko+aki) 1=
Ko VgHCl Klf'l) e <1-¢

is satisfied for all ¢ € M. This holds by construction for M = B(R,,) for sufficiently
small o > 0. O
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Now, we show the invariance property of the ball B(R,,) with respect to the operator

A.

Lemma 2.3 (Self mapping property of A on B(Ry)). There exists « € Ry s.t. Ais
a self mapping on B(R,,), i.e. ||A(C)|| L= ((0,a)) < Ra forallc € B(R,).

Proof. We see that

_ 1 _(Ko+Kiz)(exc)(x)+2q(x)
L>((0,a)) = SUPz€(0,0) |2 (ico(irch;g/\fiflcf/\/ﬁrqaa)

[l A(e)

(Ko+K1a)allell? oo (0,09 T2Mlall Lo ((0,0))

= KoNo+K1 N1 :

D=

As by construction .A(c) is continuous, .4 is a self mapping on B(R,) for o € Ry if

lQ(K0+}C1a)”alioo((o,u))+2‘|(I‘|L°°((0,a)) < (KoNo+K1N1)
2 KoNo+K1 N = a(Ko+aks)

which, as ¢ € B(R,,), is equivalent to
2
a(Ko + K1a)llgll o< (0,0)) < 5 (KoNo + K1N)™ ®)

Therefore, the ball B (R, ) remains invariant with respect to A, i.e., [|A(¢)|| o ((0,a)) <
R, forall ¢ € B(R,,), whenever Equation (8) is satisfied for « positive but sufficiently

small. Through estimates, we obtain that Equation (8) is satisfied for

o€ (0, min {1, e fegEEli 1],

O

Using the Banach fixed-point theorem [27, Theorem 1.A], we can now show existence
of a unique solution for Equation (2).

Lemma 2.4 (Existence of a unique solution on a small time horizon). Let o € R be
chosen s.t. A is a self mapping on B(Ry,) (see Lemma 2.3). Then, there exists a unique
solution ¢ € B(R,,) for Equation (2).

Proof. By Lemma 2.2 and Lemma 2.3, the existence and uniqueness of the solution
¢ € C(]0, a]) to Equation (6) is a direct consequence of the Banach fixed-point theorem
[27, Theorem 1.A]. O

The latter result can be extended as follows:

Lemma 2.5 (Existence of a unique solution on a semi-infinite time horizon). There
exists a unique solution to Equation (2) on R~ .
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Proof. For the value of « that satisfies the restrictions in Lemma 2.4, Equation (6)
has been shown to have a unique solution ¢(z) on [0, @] in Lemma 2.4. To show that
Equation (6) admits a unique solution on R+, we now iteratively extend the domain
of existence by a constant steplength c.

Note that for any z in [a, 2a], Equation (6) can be written as:

| (Ko+Kra) [ e(z—y)e(y) dy+q(@)
Ale)(z) = 3 (IC0+IC19103)N0+IC1N1+¢1(1:) J

with ¢(z) = é(x) for all z € (0, o] and where ¢ is denoted by Lemma 2.4
1 Kotk (fi" ela—)etw) v+ [ ee—y)al) dyt [ da—y)e(v) dy) +a(x)
2 (K0+K11)N0+K1N1+a(z)

(Ko+Ka2) ([T ew)e@—y) dy+3 [ e(a—y)e(y) dy)+a(z)
(Ko+K12)No+K1 N1 +a(x)

(Ko+Ki2)§ [ e(e—y)e(y) dy+q(z)
(Ko+K12)No+K1 N1 +a(x)

o (Ko+K1z)e(z—y)
= fa c(y) ()C0+IC10:£)J\/10+)C1N1y+(l(m) d

=h(z,y) =g(z)

Thus, the solution of the fixed-point problem A; (c)(z) = ¢(z) for z € [«, 2¢] can be
written in the following form:

c(x) = [T c(y)h(z,y) dy + g(x). ©9)

As h, g are continuous functions, by standard methods (see e.g. [8]) this linear Volterra
equation of the second kind has a unique solution é(x) € C([«, 2a). The function

@) = {c(x) ifz € (0,0

é(z) ifx € (a,2a]

satisfies Equation (6) for « € [0, 2] and is continuous as é(«) = g(a) = A(é)(a) =
¢(a). We can now analogously extend the solution to the interval (0, 3c), and so on.
Hence the result follows. O

3 Exponential stability

In this section, we demonstrate convergence of time dependent solutions to the sta-
tionary solution for the coagulation equation (1) with if the effluc function is constant,
ie. a(z) = aVa € R with a € Ry, assumption 1.4 is satisfied and the following
assumption holds:

Assumption 3.1 (Condition on source term). The source term in (1) is a non-negative
continuous function on Rx, i.e. ¢ € C(R>0;R>q).

With the help of this assumption we can derive the following estimates for the zeroth
and first moment of the instationary solution:
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Corollary 3.2 (Estimates of M and exponential stability of M1). The function Mg
as defined in (5) satisfies

4 Mo(t) = —$KoME(t) — KiMo(t) My (t) + Qo — aMo(t) (10)
and can be estimated as follows
Mo (t) < exp(—at)Mo(0) + (1 — exp(—at)) <2 (11)
Vt € R>o. Moreover Vt € Rxq, M as defined in (5) is denoted by:

M (t) = exp(—at)M1(0) + (1 — exp(—at)) % (12)
Proof. By integrating (1) over [0, o) with respect to x, we obtain

Mo(t) = %fooo fow (/Co—i-x/Cl)cac—y, c(y, )dyda:—ufo
= Jy Jo" (Ko+ Kl +))e(w, ey, 1) dydo + [ g m)dxdx
= 2f0 fo (K0+’C1 CEJF?J)) (z,)c(y, t) dzdy
— I I (Ko + K (@ + 1)) e, )e(y, ) dy do + Q — aMo (t)
= — L (IRoME(t) + 21 Mo ()M (1)) + Qo — aMo (1)
< Qo — aMy(t).
The first postulated inequality in the corollary is a trivial consequence of the latter

formula. The second equality is a direct consequence of the fact that %Ml (t)= 01—
aMy (t) . O

For the difference between the first moment of the stationary solution and the instation-
ary solution, we have the following:

Corollary 3.3 (Equality for difference between A7 and M1). For the first moments,
i.e. M1, N1 as defined in (5), we obtain the following estimate:

[M1(t) — N1| = exp(—at)|M1(0) — M. (13)

Proof. As M (t) = exp(—at)My(0)+ (1 —exp(—at)) £ Land N; = Q1 , we obtain
M;i(t) = exp(—at) M7 (0) + (1 - eXp(*Clt))Nl. Thus, the claim holds. O

The zeroth moment of the stationary solution can be estimated as follows:

Corollary 3.4 (Equalities for NVg). The zeroth moment as defined in Equation (5) sat-
isfies

V202K Q0 + (a2 + K191)2 — a® — K104

NO - C(lCo

(14)
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for Ko > 0, and for Koy =0

aQo

No= 22 _
O T @Y KO

15)
To demonstrate exponential stability, the following assumption is crucial:

Assumption 3.5 (Implicit condition on moments). There exists T € Rx>q s.t. for all
t > T the zeroth and first moment as defined in (5) satisfy Mo(t) # No and

M (t) =Ny S
— >0.
Mo(t) = No —

Without loss of generality, in the following we assume that the latter assumption is
satisfied for 7' = 0.

In the following remark, we exemplary state an setting that satisfies this assump-
tion.

Remark 3.1 (Data satisfying Assumption 3.1). Lera = 1, ¢(x) = exp(—z), ¢(z,0) =
exp(—x), Ko = 1, and K1 = 1. By construction Qy = 1, Q1 = 1, No = /6 — 2 and
M =1, and thus M1(t) = exp(—t)M1(0) + (1 — exp(—t)) = 1, M1(0) = 1
and L Mo(t) = —3(MBE(t) + 2Mo(t)) + 1 — Mo(t), Mo(0) = 1. Conse-

quently My (t) — N1 = 0 and My(t) = (51{6@?2)\%{;) é;;(\ﬁ)\z)/g — 2. This leads

to Mo(t) — No = (5+2ﬁ)2e\){§(t\/§)71 . Hence, My (t) — Ny > 0 and Assumption 3.5
is satisfied.

Now, we can show exponential convergence of the zeroth moment of the instationary
solution.

Lemma 3.6 (Exponential convergence of Mg to Ny). Let Assumption 3.5 be satisfied,
then we obtain

|Mo(t) — Nol < [Mo(0) — Nolexp(—o(t)),  (16)

t
where 1 (t) := —t(a + %KQN()) — /lClMl(S) + %KOMO(S) ds.
0

Proof. Integrating (2) on [0, co) with respect to z, for an equilibrium solution we obtain

%’CON’(? + KaNoNL + aNp = Q.
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Together with (10), this yields
2 (Mo(t) = No)
— Lo MB(t) — K1 Mo(HM (t) + Q — aMo (1)
+ 3ICoNG + KiNoNT — Q + alp
= — 1Ko (ME(t) = NB) — K1 (Mo()M1(t) — NoN1) — a(Mo(t) — Np)
by the assumption 3.5 My (t) # Ny and we obtain
= <%ICO (Mo(t) +/\/0) + KiMq(t) + /ClNoiﬂM/l; 3 ANfl a) (NO — Mo(t))~

The non negativity assumption on the fraction in the latter formula in Assumption 3.5
concludes the proof.

O
To prove convergence we first define an auxiliary initial value problem for the differ-

ence between the stationary and the instationary solutions.

Lemma 3.7 (Initial value problem for ¢ — ¢). We define f(x,t) := c(z,t) — é(x) for
all (x,t) € R>g x Rxq. Then f satisfies the following initial value problem:

8tf(x7t) + af(xvt) = (]CO + /CLI‘) (%(f(?t) * f(vt))(l) + (f(vt) * E) (:U))
~ (Ko + Kaz) (@) (Molt) ~ No) + f . ) Mo (1))
K () (Mi (1) = M) + Fl M) A7)
f(z,0) = co(x) — ().
Proof. Equations (1) and (2) result in
0uf(w,t) +af(x,1) = § [§ K(w—y.y) (c(w—y. t)e(y,1) — ez —y)e(y)) dy (8)
+ Jo K(x,y)(@(x)ely) — ez, t)ely, 1) dy. (19)
For the right hand side of (18), we obtain
3 Jy K@ —y.y)(c(z =y, t)e(y, t) — e(z — y)e(y)) dy
= 5(Ko+ K1) [y (clz =y, t)e(y, t) — &(z — y)e(y, t)
+é(z — y)e(y, t) — ez — y)e(y)) dy.
By definition of f this results in
= 3(Ko+K1z) [y (fl@—y,t)ely, t) + c(x —y) f(y, 1)) dy
= §(IC0 + Kix) fo (f(o: y,t)e(y,t) — flz —y,t)c(y)
+ f(z —y,t)ely) + 6(96 —-9)f(y,1)) dy
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Again, by definition of f this results in

(Ko + K1) [ (F(@ =y, 0)f(y:t) + f(z =y, )ely) + e(z — ) f(y, 1)) dy
(Ko + Kaa) (£, 1) * f( ) (y) +2(f (1) ¥ ) ().

M\H w\»—A

Similarly from (19) we have

Jo© K(z,y)(e(2)ely) — ez, )ely. 1)) dy
=— [ (Ko + Ki(z +y))
(e, t)e(y, ) — e(@)ely, t) + e(x)e(y, t) — &(x)ely)) dy
== Jo (Ko + K1z +9)) (f(z, t)e(y, t) + () f(y, 1)) dy
= — (Ko + Kiz) f(z.t) [;° ey, t) dy — K1 f(z,y) [ yely,t) dy
—(ICO—}—IClac) c(x fo c(y,t) — e(y) dy — Kqie(z fo ( (y,t) — e(y ))dy

By definition of Mg. M1, Ny, N7 in (5), this results in

—(Ko + Kyz) f (2, t) Mo (t) — K1 f (2, t) M (t)
— (Ko + Kriz)e(z)(Mo(t) — No) — Kré(@) (M (t) — N1).

Thus, for f we obtain the claimed integro-differential equation, which concludes the
proof. O

To prove pointwise convergence of the instationary solution to its stationary counter-
part, we use the following two lemmata:

Lemma 3.8. For the IVP (1) with the assumptions a = a, continuous sources function
q and Assumption (1.4), the solution u of a linear part of (17) converge uniformly on
[0,m], for any 0 < m < oo to zero as t — oo with exponential rate, i.e. there exists
p € Ry s.t. Vt € Ry the following holds:

[ )| Lo (0,my) < pllul; 0)] Loo ((0,m)) exp (—t(KoNo + KiN1 +a))
Proof. Equation (17) can be rewritten as
Ouf(x,t) +af(z,t) (20)
= (Ko + K1z) (f(-, 1) * €) (x) — (Ko + K1) f (2, )No — K1 f (2, )M 21
-+ (ICO + ICliL‘ ( ( t) f )(JJ) — (/Co + ICl.T)E(l’) (Mo(t) — NO) (22)

— K1é(@) (Mi(t) = M) = (Ko + K1z) (1) (Mo () — No)
7K1f(w,t)(./\/t1(t)f 1) (23)
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We will first neglect (22) and (23) and investigate (20) and (21). The full equation,
i.e. (20) - (23) will be considered in lemma 3.9. Based on the following linear auxiliary
problem, i.e. with ug : R — R

Apu(x,t) + au(z,t) = (Ko + K1) (u(-,t) * &) (z)
—u(z,t) (IC()NO + K1 Ny + IC1N1) 24)
u(z,0) = uo(x) (25)
LetU(-,t), C(-,t),C, Uy be the Laplace transform w.r.t to the spatial variable of u(-, t),

c(-,t), ¢ and ug, respectively for all ¢ € R>¢. By taking the Laplace transform of (24)
with respect to z, we obtain the following partial differential equation:

Us(p, t) + aU(p, t) = KoU (p,t)C(p) — K1(Up(p, )C(p) + U(p,£)Cyp(p))
— (’Coj\/o + IClNl)U(p, t) + ’CINOUp(p7 t)
U(p,0) = Us(p)

for U which is equivalent to

Ui(p,t) + K1 (C(p) — No)Up(p. t) = (Ko(C(p) — No)
— K1(Cp(p) — K1) —a)U(p,t)  (26)
U(p,0) = Uo(p). 27
As KoNy + K1 N7 + ais independent of p, we can substitute U by W defined as
W(,*) :=exp(P(x)U(,x)  Vt€R>. (28)

where 1 (x) 1= fo* (KoNp + K1N1 + a)ds and obtain from (26) and (27) the following

initial value problem for W:
Wi(p,t) + K1(Cp) = No)Wp(p,t) = (KoC(p) — K1Cp(p))W (p,t)  (29)
W(p,0) = Uo(p)- (30)

The characteristic equation (see e.g. [2, 13, 9]) of (29) is given by

___dp _ AW ®Y) _ 31)
K1(C(p) = No)  (KoC(p) = K1Cp(p))W (p, t)

dt

By analysis similar to that in [6] (see (3.10) to (3.12), with b = 0) and from (28) we
can conclude that there exists p € R+ s.t. the claim holds. O

Theorem 3.9 (Exponential rate of convergence from cto ¢ ). For the IVP (1) with the
assumptions a(x) = a, a continuous source function q and Assumption (1.4), further
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suppose that condition (3.5) holds. Then, for any 0 < m < oo the solution c of (17)
uniformly converges to ¢ on [0,m] as t — oo with exponential rate, i.e. for every
m € Ry there exists v € R s.t.

(1) = el oo ((0,m)) < v exp(—tv)
forallt € Rygandv < a.
Proof. Here we recall the IVP
O f(x,t) + af(x,t)
= (Ko + K12) (f(-.1) # €) (2) — (Ko + K1) f (&, O)No — Ko f 2, A
(’CO + /Cla:) (f( ,t) * f( )) (.CIJ) — (/Co + IClx)E(x) (Mo(t) — NO)

— Kie(z)(M1(t) — M) = (Ko + Kiz) f (@, 1) (Mo (t) — No)
— K1 f(x,t) (Ml(t) - M). (32)

Let us denote u(x,t) = Tyug(x), where u(z, t) is the solution of equation (24) and
T% is the resulting semigroup operator. From Lemma 3.8 for the usual semigroup norm
| Tell == supjju, o<1 ITtuoll oo ((0,m)) We obtain the following: There exists p € R
s.t. for v := 3 the following holds:

IT¢] < pexp(—vt), (33)

for all ¢t € [0, T]. With the help of the semigroup operator, the nonlinear initial value
problem (32) can be written in integral form as (see e.g. [20, p. 110] and [17, Thm 6.5])

Fla,t) =Tifo + [ Ties (Ko + K12) 3 (f(8) % f(-8)) (2))
— (Ko + K1z)é(x) (Mo(s) — M)
— Kie(z) (Mi(s) = N1) — (Ko + K1) f (2, s) (Mo(s) — No)
— K1 f(z, s)(./\/ll(s) — J\/]) ds. 34)

Let the right hand side of (34) be defined as D(f(-,t)). Then it can easily be checked
that for any fixed ¢ > 0, D maps C([0,m]) onto itself. Expressions (33) and (34) yield

DGO 2w 0.my)
< pexp(=vt) (ol (o.my) + Jo exp(5) (5 (Ko + Kam)lL £ )13 .y
+ ((Ko 4+ K1m)|Mo(s) = No| + K1|My(s) = Ni|)Lf(, 9)l| oo ((0,m))
+ (Ko + K1m)Mo(s) = Nol + K1 Ma(s) = i) el e o,m ) ds)- 35)
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Multiplying (35) by exp(vt) and taking the supremum over ¢ € (0,7"), we can — with
the norm as defined in definition 1.3 — establish the following condition

ID(F)lw < pllfoll Lo ((0,m)) + Zo (Ko + Kim)|| £I1Z + par + a2 fl

where

v = [| (o + KOO | g gy Jo P Mo(s) ~ Aol ds
+ N1l Lo (0,my) Jo - exp(vs)|Mi(s) — Ni| ds
ag = (/CQ -+ IClm) fOoo |M0(8) 7./\/0| ds + K1 fooo |M1(8) 7N1|d8. 36)
From (35) it is possible to show that if

v(l1—as)?

||f0||L°°((O,m)) +a1 < 3p7m (Kot Kim) and as < 1, 37

then the mapping D has an invariant ball in C([0, m]) with radius 7 satisfying 77 <
1n < m2 where 11 and 75 are the real positive roots of the quadratic equation

5 (Ko + Kim)z? — (1 —az)z + p(|| follc +a1) = 0. (38)
In fact, if || f||, < n for some 7 € [n1, n2], then from (36) we obtain

ID(H)llv < pllfolle + G2 (e + m)n* + pay + azn <, (39)

which follows from the fact that 7; < 72 and conditions (37) hold. We will now derive
a conditions for D to be a contraction on C'([0, m]). For any f; and fa, it follows from
(33) and (34) that
ID(f1) = D(f2)l > ((0,m)) (40)
< Lp(Ko + Kam) [y exp(—v(t — )[[(f1 = f2) * (f1 + f2) | L ((0,m)) ds

+ (Ko + Kim) fy exp(—v(t = 8))|Mo(s) = Nolllf1 = follLos 0,m)) ds

+ K1 fy exp(=v(t = 8)Mas) = Nilllf1 = fall o ((0,m) ds
< 55 (Ko + Kam) exp(=vi)|| f1 = fallu (1 fillo + (1 f2[l)

+ exp(—vt)az| f1 — f2l|o- 41)

If the functions f; and f3 belong to a ball with radius n, thatis || f1|| < nand || f2] <,
then from (39) we obtain

ID(f1) = D(f)llv < (& (Ko + Kim) + az2) [|f1 = fallu- (42)
Thus the mapping D is a contraction mapping in the ball with radius

(1 — CLQ)

< —0 .
K mp(Ko + K1m)

(43)
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From equation (38), n; and 79 are given by

_ (- 2P oyl or)
M = el (14 /1 - 22mletgmliplote)) (44)

and hence the bound of contraction belongs to the closed interval [n1, 72]. From Ba-
nach’s fixed-point theorem [27, Theorem 1.a], we see that there exists a solution of [IVP
(32) that is unique in the ball of radius ||f|l, < 7o and belongs to the ball of radius
[lf1lo < m1 < mo. Moreover, this solution tends to zero no slower than exp(—vt). O

The latter result can be extended to exponential convergence in L' ((0, 00)) as follows:
Lemma 3.10 ( Convergence in L'(0, 00)). Consider the problem (1) with a(x) = a
and continuous source function q. Further, suppose that Assumption (3.5) is satisfied.
Then, the solution of the problem (1) converges in L'((0, 00)) to the equilibrium solu-

tion as t — oo in C([a,b]) for all 0 < a < b < oo. And the rate of convergence is
proportional to exp (—vt).

Proof. In order to prove convergence in the space L ((0, 00)), using Theorem 3.9, we
note that

fooo le(x,t) —é(z)|da = fom le(x,t) — é(x)| da + fnio le(z, t) — é(z)| dz
<noexp(—vt)m + j;o c(z,t) + é(x) dx. (45)
The latter integral can be estimated as follows:

[ ety ) +a(w) de < L [ a(c(t,2) + (o)) de < MM (46)

n

with M; € Rs.t. My (t) < My Vit (see (13)). From (45), we thus have the following

fooo le(z,t) — é(x)| dz < ng exp(—vt)m + MlTJer 47

Therefore, for every € € R>o choose m. =
large s.t. exp(—vte) <

and t. € Ry sufficiently
< Soms- Then [[e(,t) — €l Lo (ro,) < € VE > tc and as € was
arbitrarily chosen we have the claimed convergence. O

2(M1+N1)
€

4 A numerical example

This section provides a numerical example pertaining to the analysis conducted in the
previous section.

We consider the problem (1) with the coagulation kernel K (z,y) = = + y, ie.
Ko = 0,1 = 1, the efflux term a = 1, the source term ¢(x) = exp(—z) Vo € Rsg
and the initial condition co(x) = exp(—z) Yz € Rsyp.



16 —— D. Ghosh, L.

Pflug, J. Kumar

— My |

1

0.9998
2 0.9 B « 0.9996
g g
£ £0.9994
=] 1=}
=08 1 Fo.9992
0.999
0.7 | | | | | | | | | 0.9988 1 | | | | | | | 4
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
time
1.6 [ T ) : B
— Mz
1.5+ i
5 14 1.
5} 5
£ 1.3 b =}
=} =]
£ £
1.2 B
10-6 |- i
1.1H B
1 Il Il Il Il Il Il Il Il Il ]078 Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
time time

Fig. 1. Zeroth (top left), First (top right) and Second (bottom left) order moment of the
time dependent solution ¢(-, t) of Equation (1) for ¢ € [0, 10]. In the plot bottom right, the
difference of the moments to their respective equilibrium counterpart is shown.

The finite volume scheme of [16] is applied to obtain numerical results with a high
degree of accuracy. The computational domain under consideration is [10_6, 800] and
it is discretized into 200 non-uniform subintervals

Ai = [xi,l/Q,xZ-+1/2] 1= 1,2,7200

The end points of A; satisfy x; 1 /2 = rTi_1/2, Where v > 1 is the geometric ratio.
The mid-point of each A; is considered to be the cell representative or the pivot. The
system of ODEs is solved using the adaptive Runge-Kutta 4(5) solver in MATLAB.

The number density function ¢, and the moments M, M1 and M, are calculated
to observe the equilibrium of the system. An almost constant value of M after a certain
time indicates that the total number of particles in the system remains approximately
constant. Further, constant values of M and M5, after a certain amount of time support
the conclusion that the system has achieved the equilibrium. The graphs of the functions
My, My and M5 (see Figure 1) are discussed in the following.

In the upper left plot in Figure 1, the zeroth order moment of c, i.e. My, is shown
with respect to time. From the figure we observe that after a short time, the zeroth
moment remains almost constant. This can also be seen in the lower right plot of Figure
1, which shows the convergence of M towards its stationary counterpart /. The blue
curve clearly depicts an exponential convergence. This suggests that the total number
of particles in the system approaches a constant value at exponential rate. In the upper
right plot in Figure 1 the first order moment of ¢, i.e. M, is shown with respect to time.
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Fig. 2. Time dependent solution c(z, t) at various time steps (top row) and their respective
volume weighted distribution z3¢(x, t) (bottom row)

From the figure we observe that the mass of the system appears to be almost constant
after a short time. Again, the lower right plot of the same figure depicts an exponential
convergence of M1 to N7.

Finally, in the lower left plot of Figure 1 the second order moment of c, i.e. Ma, is
plotted and, again, convergence to N5 can be observed. This is further validated in the
lower right plot of the same figure.

In the upper row of Figure 2, the density function c is shown at various times ¢ over
the particle size x. A clear trend of ¢(¢, -) towards its stationary counterpart ¢ ~ ¢(10, )
can be observed. In the lower row of the figure, the same is shown for the volume
weighted distribution i.e. x — x3c(t, x) for various t.

From fig. 1 and fig. 2, it is evident that all moments are almost constant after ¢ = 10.
Moreover, the solution c itself seems to have converged and thus the system has almost
reached equilibrium after ¢ = 10.

5 Conclusion

This article has examined the existence of stationary solutions and the convergence of
instationary solutions to their respective stationary solution. The entire analysis was
performed with the help of the Banach contraction mapping theorem, Laplace trans-
forms and the method of variation of constants. The convergence proved in the earlier
sections of the article is demonstrated by a numerical example. Explicit formulas for
stationary solutions remain a subject of further research.
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In terms of future research, the discussed coagulation kernel will be generalized
[12] and kinetics both independent of growth size and size dependent growth kinetics
(see e.g. [3] for a modeling perspective and [15] for a theoretical perspective) will be
added to the model equation. Studying the asymptotic behaviour of these cases in addi-
tion to the case presented here will provide further insights into the system’s behaviour.

Acknowledgment: L. Pflug is grateful for funding provided by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID 416229255
—SFB 1411.
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