SINGULAR LIMIT OF LAME EQUATIONS

ZENGYUN QIN

ABSTRACT. In this paper, we study the asymptotic behavior of the solution to the Lamé equa-
tions with a parameter e. We prove that the solution will converge to the solution of a Maxwell
type equations as € — 0; Meanwhile we will show that the solution converges to the solution of
a Stokes type equations as € — oco.

1. INTRODUCTION

Consider the following Lamé equations
{ curl?u, — 2Vdivu, +u. = f in €,

u. =u’ on 0,

(1.1)

where Q is a bounded, connected and C? domain in R?, ¢ > 0 is a parameter. We are
interested in the limit of the solution u, as ¢ — 0 or ¢ — o0.
Note that

curl? = —A + Vdiv.

The first equation of (1.1) can be written as
—pAu, — (p+ A)Vdivu, +u. = f, (1.2)

where 4 = 1 and \ = £2—2 are Lamé constants. Lamé equations are proposed in elasticity.
We refer to [12] for the physical background and applications. Lamé equations are also
closely related to the Maxwell equations, see for instance [5].

Equation (1.2) is a non-degenerately elliptic equation. When ¢ — 0, the equation
becomes degenerate. We are interested in the connection between Lamé equations and
degenerately elliptic equations. Equations involving operator curl with a small parameter
have been extensively studied by many mathematicians. They dealt with eigenvalue
problems, Landau-de Gennes model, Meissner solution of Ginzburg-Landau model and so
on in this topic, see for instance [4, 10, 13].

When ¢ — oo, it can be considered as a penalization parameter for the vanishing
divergence condition in the Lamé equations. For this kind of problem, M. Costabel and
M. Dauge [4] studied the following Lamé eigenproblems

curl *u — sVdivu = ou,

and obtained an interesting result: the eigenvalues converge to the Stokes eigenvalues as
the parameter s tends to infinity.
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In this paper, we make a comparison between the two cases where ¢ — 0 and € — oo,
and we show completely different asymptotic behaviors of the solution u. to the Lamé
equations (1.1).

e Case 1: When € — 0, we prove that the term £2Vdivu. is negligible and u, weakly
converges to u in H(S2, curl), the solution of the Maxwell type equations

curl’u4u=f in €,
0 (1.3)
uxv=u xXv on S,

where v is the unit outer normal on 92 and H(€, curl ) is defined as
H(Q, curl) = {u € L*(Q,R?) : curlu € L*(Q,R?)}.

Note that curl? is degenerately elliptic and divu # 0 in . So equations (1.3) is
degenerately elliptic equations. Thus as ¢ tends to 0, the equations (1.1) links the non-
degenerately elliptic equations and degenerately elliptic equations. As we all know, it is
difficult and interesting to study degenerate equations. One can see [9] for the second
order degenerate equations and [6, 7, 8, 11, 14] for the Maxwell equations.

An observation is that the Lamé equations and the Maxwell type equations admit
different kinds of boundary conditions. As € — 0, the solution sequence u. may change
dramatically in a thin layer near the boundary 0f).

e Case 2: When ¢ — oo, we prove that the solution u. strongly converges to u in
H'(2,R3), where u solves the following Stokes type equations

—Au+Vp+u="~f in (2,
diva =0 in ,
u=u’ on 0f).
In the equations above, divu = 0 in €. Thus the equations can be written as

{curl2u+Vp+u:f in Q,

u=u’ on 0f).

As ¢ — oo, the Lamé equations are closely related to the Stokes equations. We find
that the term £2Vdiv u. converges to a gradient term Vp where p represents the pressure
term in the Stokes equations. Moreover, the limiting equations admit the same kinds of
boundary condition with the Lamé equations which is different from case 1.

The paper is organized as follows. In section 2, we list several known results that will
be used in this paper. In section 3, we show existence of H' weak solution to (1.1). Then
we prove that the solution u. converges to the solution of a Maxwell type equations in
H (2, curl) as e — 0. In section 4, we prove that the solution u. to (1.1) converges to the
solution of a Stokes type equations in H'(€,R3) as ¢ — oo and moreover, we obtain the
convergence rate.

2. NOTIONS AND PRELIMINARIES

In this section, we will introduce our notations and several known results that will be
used in this paper.
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Throughout this paper we assume that 2 C R3 is a bounded and connected domain
with C? boundary. We use C to denote a generic constant independent of e, which may
vary from line to line. Let v is the unit outer normal on 9€). Then we introduce some
spaces:

Lo(Q) = L*(Q)/R,
H(Q,div) = {u € L*(Q,R?) : divu € L*(Q)},
H (9,div0) = {ue H'(Q,R?) :divu=01in Q, ux v =0 on 9Q}.

Remark 2.1. The space LE(Q) is isomorphic with the closed subspace of L?(2) made up
of functions with a zero mean, see [2, Lemma IV.1.9.].

The following lemmas are needed in this paper.

Lemma 2.2. (see [6, p.212, Corollary 1]) Let © be a bounded domain in R? with a C?
boundary 9. Then there exists a constant C' = C'(€) such that for any u € H'(Q, R3?),

||u||H1(Q) S C(”u||L2(Q) —+ ||CllI'111||L2(Q) + ||le11||L2(Q) + ||u X V||H1/2(89))'

Lemma 2.3. (Necas inequality [2]) Let Q be a Lipschitz domain in R? with compact
boundary. Define the space

X(Q) ={pe H(Q),Vpe H (LR},
endowed with the norm
Pl = Ipla-—@ + IVPla-1 @)
Then we have x(2) = L?(2) and, moreover, there is a C' > 0 such that
IPllz2(@) < Cliplve) ¥ p € L*(Q).

A new Poincaré type equality follows from the Necas inequality, see [2, Proposition
IV.1.7.].

Lemma 2.4. Let Q be a connected, bounded, Lipschitz domain in R®. There exists a
C > 0 such that for all p € L*(2), we have

1
Ipll-1co) < C gyl / p de| + IVplln1@)-

3. ASYMPTOTIC BEHAVIOR OF WEAK SOLUTION FOR SMALL PARAMETER

In this section, we study the asymptotic behavior of the solution u. to (1.1) as ¢ — 0.

First, we prove the existence of the weak solution u. to problem (1.1) for given data
(f,u?).

Lemma 3.1. Let f € H(Q,R3) and u® € Hz(9Q,R?). For any e > 0, there exists a
unique weak solution u. € H'(Q,R?) to (1.1).

Proof. The natural quadratic form associated with equations (1.1) is

a(u,v) = / (cwrlu-curlv + e*divudivv +u-v) dz, Vu,veHj(QRY. (3.1)
Q
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Since u® € H'/2(05,R?), there exists a vector field a® € H'(2,R?) such that
1’ = u’ on Q. (3.2)
Thus we turn to the following problem:
Find u. € H'(Q,R?) such that
u. —u’ € Hy(Q,R?),
{ a(u, — ", v) = (f, V)1 HL — a(@’,v) VveH;(QR?,
where a(-,-) is the quadratic form in (3.1). Fix ¢,
Je(e) >0, Yu. € Hy(Q), a(u,u,)> c(s)Hungql(Q).

Thus a(-,-) is coercive on H} (2, R?). By Lax-Milgram theorem, there exists a unique
solution u. to (1.1). O

It is well known that every vector field u € L*(Q, R?) can be decomposed as
u=v+ Vp,
where
divv=0inQ, pe Hy(Q).
This is the classical Hodge decomposition of L2-vector fields in bounded domains €2 in R3
with smooth boundary, see [6], [8].

With the help of the Hodge decomposition, for f € H(£2,div ), we have the following
decomposition:

f=1£+Vos, divlh=0, ¢;e Hy(Q), Ap;e L*(Q). (3.4)
For the boundary value u® € HY/2(9Q, R?), we have the following decomposition:

Lemma 3.2. Let Q be a bounded domain in R® with a C? boundary 0Q. Let u® €
HY2(0Q,R3), then we have a unique decomposition

W =v'+VEq, v0-v=0, & =0 ond0. (3.5)

Proof. Using H? trace theorem([7, Theorem 1.6]), there exists a function £° € H?(Q) such
that 560
=0, aizuo-l/onaQ.
v
Since VE° € HY(Q,R?), the trace of VE° is well defined and equals (u° - v) - v. Let

0 0 0

vi=u —(u-v)- v

Then v is also uniquely determined and satisfies v¥ - v = 0 on 0f). O
For the solution u. € H'(2,R3) to (1.1), we decompose it as follows:
u. =v+ VE + we,
where v and &, satisfy the following equations:
curl*v +v =f, in €,
divv =0 in Q, (3.6)

vy = v’ on 0f),



and

£ =¢" =0 on dQ, (3.7)

where fy, ¢; and &Y are functions in decompositions (3.4) and (3.5), and vy = (¥ X v) X v/
denotes the tangential component of v. Then w, solves the following equations

{ _€2A£5 +& = (bf in Q,

curl*w, — ?Vdivw, + w. =0  in Q,

w.xv=0 on 0f), (3.8)
0&.

w..ov=u'-v—v.-v— § on 0f).

v
3.1. Analysis of (3.6) and (3.7).

Lemma 3.3. Let fy and v° be the vector fields in decompositions (3.4) and (3.5). Then
there exists a unique weak solution v € H'(Q,R3) to (3.6).

Proof. Since
Fc¢>0, VveH,(Qdiv0), /Q (curlv - curlv + v - v)dz > CH"H?{%(Q@NO)’
thus the quadratic form is coercive on H} (€2, div0). Also since divfy, = 0 in §, by Lax-
Milgram theorem, we can have the unique solution v € H'(Q,R3) to (3.6). 0
For equations (3.7), we have the following lemma:

Lemma 3.4. Let ¢ be the function in decomposition (3.4) and & be the solution to (3.7).
Then we have

(a)
& — oy in H(Q), ase—0.

(b) There exists a constant C independent of € such that

%L .
”EHHW@Q) < C{l|div £]| 220y + [Ifl] 2o }-

Proof. (a) Let . =& — ¢f. Then

—&?AC + (. =e*A¢; i Q, (3.9)

=0 on Of).

We have
52/ V(. |?dx +/ ¢ dx = 52/ A (. dx.
Q Q Q
So
/ ¢ Pde < &2 / AgsC. da
Q Q
<2 ( [ 1dorPdn)( [ ctan)®
Q Q

Thus

161220y < €2l Ads o).
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We have
52/ |V |da geZ/Aqsfgedx
Q Q

gﬁ(/ Agy[2dx)? ( /g dx)?
Q
§54/ |Ap2dx.
Q
Thus

IVEllr2@) < ellAdglir2@):

So
(. —0in H(Q), ase—0.

& — ¢pin H(Q), ase—0.
(b) Since & = 0 on 02, using the div-curl-gradient inequality (Lemma 2.2), we have
IVEN 1) < COOLIAL I 20) + IVEN L2}
where C'(Q2) is a constant depending on 2. Hence

9¢.
H HHI/Q(aQ CONVE @ SC{|!A£s||L2<ﬂ)+\|V€s|\L2(Q>}

—C{ 1€ — drllrz@) + V&2 }

—C{ Gl 22 @) + 1VE:l 2@}

< C{||A¢f||L2(Q) +1IVorllira)}
= C{||div f|2(q) + If]|22() }-

3.2. The limit of solution u. to (1.1) as ¢ — 0.

Theorem 3.5. Assume f € H(Q,div) and u® € HY?(0,R3). Let u. € H'(Q,R?) be
the solution to (1.1). Then we have

u. — v+ Vo, weakly in H(Q,curl), ase — 0,

where v is the unique solution to (3.6), ¢y is the function in the decomposition (3.4) and
v + Vo satisfies the Mazwell type equations (1.3).

Proof. Step 1: Reduce the problem (3.8) to a new problem with homogeneous boundary
data.

Since Q is C?, by [7, Proposition 1.3], there exists a function 1. € H*(Q) such that
A*p. =0 in €,
we =0 on 8(2,
0
e _ ai —Vv-v s on 012,

ov  Ov v ov




and
0

[e]l 22

Lemma 3.4 leads to the estlmate

)

€0 .
el 202) < O{H%HHU?(W) + IV - vl 2oy + (1div |2 + [[f]l220) }-
Therefore we have
Y. — 1  weakly in H*(Q), ase — 0.

Recall the decomposition:
U, :V+V€E+WE7

we set
Z. = W, — V..
Note that
z.r = wop — (Vi.)r = 0 on 09,
zg-l/zwg-y—aw6 =0 on OfL.
v

Then we have

{ curl’z, — ?Vdivz, + z. = 2VAY, — Vi, in €, (3.10)

z. =0 on 0f).

Step 2: Analyze the vector field z..
Taking z. as a test vector field in the equations above, we have

/(|curlz5|2 + e*(divz.)? + |z.|*)dx = —/(V1/J€ z. + &2 A1, divz, )dz

/\wg 2y + /[z€|2dx+—/|Az/zs| dx—l——/|d1vz€] dz.
That means

leurl e || 20y + [ledivze]|2() + l|2el|2@) < C([Vellr2) + 180 120))
< LIV - vllmrzea) + 0 vl gizeo) + 1620 + [V érl 2@}
Thus there exists a z € H(Q, curl ) and a ¢ € L*(Q2) such that, up to a subsequence,
z. —z weakly in L*(Q,R?),
curlz, — curlz  weakly in L?(Q2,R?), (3.11)
edivz, — ¢ weakly in L*(Q), as & — 0.

Since z. is the solution of (3.10), we have

/(curl z.-curl p+e*divz, div ¢+z.-¢) do = —/(Vzba-gb—i—s?A@/Jg div @) dz, ¥V ¢ € C3°(Q,R?).
Q Q

Let ¢ — 0, we have

/(curlz~curl¢+z~¢) dx:—/vw~gbdx, V¢ € O (,RY).
Q Q
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So z satisfies

{ curl’z +z = -V in €2, (3.12)

zxv=0 on 0f).

Step 3: Analyze the vector field w..
Since w. = z.+ V1., using the results in step 1 and step 2, there exists aw € H (€2, curl)
such that, up to a subsequence,

w. — w weakly in H(Q,curl), ase — 0,
where
w =z+ Vi, (3.13)
and

(3.14)

curl ’w+w =0 in €,
wxrv=0 on 0f).

From the equations above, we have divw = 0 in 2. We claim that w = 0 in 2. Since
w e L*(Q,R?), curlw € L*(Q,R?), divw = 0 and w x v = 0, we have w € H'(Q,R?).
Set § € H?(Q), such that

=0, %:W'VODC()Q.
ov

Taking w — V0 € H}(Q,R?) as a test function in the weak formulation of (3.14), we have
/ (Jcurl w|* + [w]* — w - V) dz = 0.
Since divw = 0, we obtainQ
/Q (Jcurlw|* + [w|*)dz = 0.

Thus w = 0 in (2.
Step 4: Obtain the limit of u.. Back to the decomposition:

u. = v+ VE +w..
Using the result in step 3, we get
u. — v+ V¢, weakly in H(2,curl), ase — 0.

Combining with the definitions of v and ¢y, we prove that v 4+ V¢ solves the equations
(1.3). O

Remark 3.6. If we take divergence on both sides of (3.10), then divz. will satisfy the
following equation in a very weak sense

— ?Adivz, + divz. = —Ay, in €2,

0 (3.15)
divz, = divga(rz:) + 2(v - 2. )H + 8_(V -7:)  on 0L,
v

where wz.(x), for x € 082, denotes the projection of z. onto the tangent plane to x at 0);
div gq is the surface divergence of a tangent field to 0S); H(x) is the mean curvature at x,
see [6] for the expression of the divergence. The first and second terms of the divergence

divz. are well handled, but the estimate of the third term (%(V-ZE) will be a big challenge.
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As € — 0, the solution sequence z. may change dramatically in a thin layer near the
boundary 0f).

4. ASYMPTOTIC BEHAVIOR OF WEAK SOLUTION FOR LARGE PARAMETER

Compared to the case where ¢ — 0, we examine the asymptotic behavior of the solution
u. to (1.1) as ¢ — oo. In this case, the parameter € can be considered as a penalization
parameter for the vanishing divergence condition in the Lamé equations. In this section,
we rewrite the equations (1.1) as a penalty approximation of a Stokes type equations and
then we use the Necas inequality to obtain the limit of u. as ¢ — oo, see [2].

Given f € H71(Q,R?) and u® € HY2(98, R?), it follows from the Lax-Milgram theorem
that Lamé equations (1.1) has a unique weak solution in H'({2, R?).

If u® satisfies the compatibility condition, we will have the following main result:

Theorem 4.1. Assume f € H(Q,R?) and u® € Hz(8Q, R3) satisfying the compatibility

condition
/ u’ - vdo = 0.
£

Let u. be the unique solution of equations (1.1), then we have
u. — u weakly in H'(Q,R?), as e — oo.
Moreover, u satisfies the following Stokes type equations
—Au+Vp+u=f in €,
divu=0 in €, (4.1)
u=u’ on OS2,
where p € L(Q) is the pressure term.

Proof. Step 1: Reduce the problem (1.1) to a new problem with homogeneous boundary
data.

Since u® € H'/2(9Q,R?), using trace lifting operator theorem([2, Theorem III.2.22]),
there exists a function u® € H' (2, R3) such that u°|sq = u’. Since

/ divalde = / u - vdo =0,
Q o0

then from [2, Theorem IV.3.1], there exists a function u° € H} (2, R?) such that
diva’ = —diva’.
Hence 0° = u” + @° satisfies the conditions
diva’ = 0in ©, 4° = u° on 99.
Let i, = u. — 1Y, then it satisfies the following equations
curl i, — ?Vdiva. + 4. = f —curl*a’ —a°  in Q,
{ u. =0 on 0f).
Step 2: Estimate the vector field t..
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Taking 0. as a test function in the weak formulation of the equations above, we get
lewrl Gc[[72(q) + €% [[div iac]|72 () + [[8e]72) < If — cwrl®a® — 0°|| 10 [ 12 @)
By using the Poincaré inequality, and the formular
||Vﬁ5||%2(9) = ||curl ﬁ5||%2(9) + ||diVﬁE||%2(Q)’ Vi € Hy(Q,R%),
we deduce
leurl e[| 72 gy + (26% = Ddiv i ||72(q) + 2[0c]172(q) < CIIf — curl?*2® — 0°|F 1.

According to the Necas inequality (Lemma 2.3) and the trace lifting operator theorem([2,
Theorem I11.2.22]), we have

If — curl*6® — 0°|| g-10) < C(IE]l 1) + [0l rr2002)) -
By div-curl-gradient inequality(Lemma 2.2), we obtain
[l ) < CIElla-1) + 10|12 g00) -

Step 3: Examine the limits of i, and u,.
We rewrite the equations (4.2) as follows

—Au. +Vp.+ia.=f—cul?*@’—a’ inQ,
1
div ﬁs + 2—]?5 =0 in Q, (43)
€2 —1
. =0 on 0.

First, we use the Necas inequality(Lemma 2.3) and the Poincaré inequality (Lemma 2.4)
to estimate the pressure term p,,

Ipellz20) < ClIVPlla-1i0) = [If — cwrl®6® — &° + A, — @510
< (I -(0) + 0l ivon) + OV 220
Combining this with the estimate above, we obtain
1 ) + IPellzziey < C (-1 + 100 lgi200))-

It follows from this result that there exists a vector field i € H}(Q2,R?) and a function
p € LE(Q) such that, up to a subsequence,

0, — 1 weakly in Hj(Q,R?),
pe — p weakly in LS(Q% as € — 00.

These weak convergences let us pass to the limit in the equations (4.3) and prove that
the limits (0, p) actually solve the following Stokes type equations

—Au+Vp+ua=f—curl?a’ -’ in €,
diva=0 in ,
u=0 on 0f).
Recall the definitions of 11, and 0°, we obtain

u, — u =1+ 1" weakly in H'(Q,R?), as e — co.
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Note that
diva® =0 in Q,
Thus

In conclusion, u satisfies equations (4.1). O

Finally, we claim that u. strongly converges to u in H'(Q, R?) as ¢ — oo and we also
obtain the convergence rate.

Theorem 4.2. With the same assumption as in Theorem 4.1, there exists a constant

C > 0 such that
C

[ue — uf o) < o
Proof. We set v. = u. —u, ¢. = p. — p, then we have
—Av.+ Vg +v.=0 in Q,
Pe
e2—1
ve=0 on 0f).

divv. + =0 in €, (4.4)

Taking v. as a test function in the first equation of (4.4), we get
2 2 : ¢ ¢
(Vv + |ve[Hdz = [ (divv.)geds < g||pa||L2(Q)||qa||L2(Q) < gl|VQE||H*1(Q)
Q Q

C C
S ?HAVE - VEHH—l(Q) S §||VVE||L2(Q)

Therefore we obtain o
[Vell 1) < =t

and the theorem is proved. O
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